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Mathematical Analysis

1 Existence of Equilibria with No shedding

Substituting £ = 0 in system (1) and noticing that R = N — S — I, the third
equation is then not necessary. Thus, system (1) reduces to

S=—a(B,)S — uS — S+ uN +nN —nl
I =a(B,)S — ul — 51

. B, + B, B
B,=1B, (1 —~ u) - lelTpP + 6(Bnp, P)

. B B, B,
By, = 1By, (1 — %) — VQIQTPBP — Q(Bnp, P)
np
. B B
P = P + e ) P—dP
B (’Yl Ky + Bp V2 K+ Bnp

By considering the values of a(B,), we get two cases:

Case 1: if the pathogenic bacteria level is below or equal to the minimum
infectious dose, then a(B,) = 0. Hence system becomes:

S =—uS —nS+uN+nN —nl

[ =—ul —6I

) B,+ B B
B,=rB,[1-—2—"2) -~ —2—_P+0(B,,, P

pt p( K ) K.+ B, 0B P) (3)
. B,+ B B
B, =rB, 1]— =2 ") $P—93n P

P r p< K ) 72K1+Bnp ( D> )

. B B
P = P4 np P—dP
b (%Kl + B, PR Bnp>

Then system has 4 equilibrium points which are listed below:
1. By =(N,0,0,0,0) always exists.

2. Ey = (N,0,m, K —m,0) always exists, where m is a non-negative constant
such that if K < ¢, then m < K, and if K > ¢, then m < ¢. Special cases of
FEy are:

a. Ell = (N,0,0,K,O) .
b. Eis = (N,0,K,0,0), where K < c.
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3. By = (N,0,B,,,0, ) exists if fy; —d > 0. In this case, B, Bflfjd >0

is such that it K < ¢, then B,, < K, and if K > ¢, then B, < ¢, so that
P, =" (Ky+ B,,) (K —B,,) > 0.

71K

4. The interior point E* = (N, 0, B;, By, , P*), exits if the following conditions

hold:

(i) By <ec.

dK,
ii) B
( ) b 7 By —d
K1(d - 572)
iii) B .
(i) B, # By + 1) —d
(iv) K > By + B},
(v) By, By, and P* > 0.

= B,,. Note that the existence of B} and B, is contrary.

np
The existence of the equilibria Ey and E; is obvious. In the following we will

show the existence of equilibria Ey and E*.

Equation (4) of system implies that at steady state either B,, = 0 or B, # 0.

Under the assumption that B, = 0, one can obtain the equilibrium point Ey by
solving the following system of equations:

0=—pS—nS+uN+nN—nl (1)
0= —pl — oI 2)
_ By By
0=rB, <1 K) ’lel f BpP (3)
B
0=8(n—2—)—d 4
i (neg) (@)

From equation (2), we have I = 0 and then from equation (1), we have S = N.

From equation (4), we have d = I’izjr%p so B, = B‘ff_l - such that B,, < cand v >
d.
From equation (3), we get P» = — (K1 + By,) (K — By,). In order to have a

positive value for P, the following conditions on B, must hold:
B,, < K and if K < ¢, then B,, < K, and if K > ¢, then B,, <c.
If B, # 0 and P # 0, then the equilibrium E* is obtained by solving the following



system of equations:

0=—uS—nS+uN +nN —nl (5)

0=—ul —461 (6)
B,+ B B

0=rB, (1-2—"™") —~n—2_P+0B, P 7

Tp( K ) ﬁlel_i_Bp + P ()

B, + B,
o—r(l——ii—i P—opP (8)

1
K ) " PK 1B,

B B
0= P P ) 9
b (%Kl +B, " Pk, +Bnp) 9)

Clearly, I = 0 from equation (6). Thus, from equation (5), we get S = N. From
equation (9), we have

Ky (—d(K + By) + 81 Bp)
Ki(d = f72) + Bp(d — (01 +72))
where z = Ky[—d(K: + dBp> + B By) and y = K1(d — Br2) + By(d — B + 7))

K
are such that B, # !

py —d
Ki(d — Bv2) z .
B . Thus, we get B,, = —, where either z,y > 0O or z,y < 0.
p#ﬂ(%—i—w)—d g » = y y

In order to show that both x and y are negative, and by solving equation (8) above,
we get

X

= B,,; otherwise x = 0 but B,, > 0. Clearly

P = (5) 0 = B~ B (g7 1) )

Since P* > 0, then we must have K > B,+ B,,,. Consequently, and by substituting
equation in equation ((11)), we get

T X Kl—i_g
P*:<f>(K‘Bp‘§>(m)
r —B,—x (yK1+I>
:<§> [yK fp H y72+0(gyJK1+m) ]
(=)
Thus, o <L> [yK_Bp_xH ykKi+z ] (12)
K Yy byy + 0y Ky + )}



where yK — yB, — x < 0 in order for P* to be positive. To see that, and by
simplifying y K7 + x, we get

yKy 4+ = (—K187)(K1+ B,) <0 (13)

Thus, x,y < 0. Hence, equation becomes

Pt ( r > [yK - B, — x} [ — K1 6v2(Ky + By) ] (14)

K y Y2 — 0K 57 (K1 + By)
Using equation and equation (14) in equation (7), we get

x
Y2 — 0Ky (K1 + By)) y (y’Yz — 0K Bv2(K1 + By))

0 — <r>[yK—Bp—x} [B ( NYK18B, K187 (K1 + By) )}

K (]

Then KB
Y — Dp — ]
[—y ] ~0 (15)

or
N2 K188, x K1 B7v2(K;1 + By)
B, + —0(= =0 (16
[ P (yye — K1 87( Ky + By)) Y (y72 — 0K, By (K, + Bp))ﬂ (16)

Notice that equation (15) has no solution since P* > 0. Thus, and by using
Mathematica, equation (16) has three solutions, one of which is real, say B, and
the other two are imaginary. Substituting B in equation (14) to get P* and in

equation to get By, and this proves the existence of the interior point E*.

Case 2: if the pathogenic bacteria level is above the minimum infectious dose,
then a(B,) # 0, Leaving us with the following system:

S=—a(B,)S — uS —nS + uN +nN —nl
I =a(B,)S — ul — 51

: B,+ B B
B,=rB,[1—- 22—~ —2_P+1+9B, P
p rp( ) %Kl—i—Bp + P

. B, + B, B,
By = 1B, (1 _ M) P = 0B, P
np
. By
pep(s gt ) P ap
np

1—p
K, + B,
Let I'y =a(p+0+n)(By,—¢)+ (u+n)(u+0)(B, — c+ H). Then One can easily

check that 7 = 0 if I, = O‘}Efg)S, and hence S = 0 if
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S1=(pu+n) (u+9) (W) N. Consequently, I} = (%) N.

The third, forth and fifth equations of do not contain terms including S and
I so the non-trivial values for B, and the values of B,,, and P that satisfy these
equations of system are the same as third,fourth and fifth equations of system
(3) with the condition that B, > ¢ so that a(B,) # 0. That is, the equilibrium
points of system are:

1. E3 = (51,11,m, K—m,0), where m is a positive constant such that if K > c,
then ¢ < m < K and the point does not exist if K < ¢ .
Special case of Ej3 is E3; = (51, I1, K,0,0), where K > c.

2. B, = (S, 11,B,,,0,P,), where B,, = B,, = Bif(—ld > 0 is such that if K <,
then E, does not exist, and if K > ¢, then ¢ < B,, < K. Hence, P, = P, =
= (K1 + B,,) (K — B,,) > 0.

nK
3. B = (51, I, By, By, P™), exits if the following conditions are hold:
(i) By >c.
(ii) B # s B,,. Note that the exist fB** and B,, i
ii = . Note that the existence o an is con-
P 5’71 o d yZt P P4
trary.
Ki(d —
(iii) B # d=5r)
Bn+1)—d

(iv) K > B + Bz,
(v) By, By and P > 0.

2 Linearization

Depending on the pathogenic bacteria level, the linearization of system has
two forms, one for system (3) when a(B,) = 0, denoted .J, and one for system (4)

when a(B,) # 0, denoted J.
Define: U = r—28e By _KinP_onqy = p—"8e 2By _KimP . gp Thep:

K K (K1+Bp) K K (K1+Bnp)?
[ —n 0 0 0 0 ]
0  —(u+0) 0 0 0
2 0 U =Be4ep AT 4+ 0By,
rBp, —~2Bn,
0 0 -Z= v Kiws 0By,
By K1 P B2 K1 P + +Bn
4 L 0 (K?1+Blp)2 (K?iBipP B (1?1+B1; + 1€+an;) N d_
an



—a(By) —p—mn 0
a(By) —(u+9)
Jy = 0 0
0 0
0 0

—aS1H
(Bp—c+H)? 0 0
—CLSlH 0 0
(BP_C+H)2
—rB —v1 B
U =t + 0P —Klﬁ B’; + 6B,
_ TBnp —¥2Bnp -
K V K1+Bnp eBnp
By K1 P B2 K1 P 5( 71 Bp + Y2 Bnp
(K1+Bp)? (K14 Bnp)? Ki+By ' Ki1+Bnp

2.1 Stability of the equilibrium Ej

The Jacobin matrix for Fjy is:

—u—n 0 00 O

0 —(u+9) 00 O

Jo = 0 0 r 0 0
0 0 0 r O

0 0 0 0 —d

The eigenvalues corresponding to Fy are: —pu —n, —(pu +6), —d < 0 and r,r > 0.

Since r > 0, then Ej is unstable.

2.2 Stability of the equilibrium E}
The Jacobin matrix foe E; is: )
—u—n 0 0 0 0
0 —(p+90) 0 0 0
T e T T a0
r(K—m r(K—m —v2 (K —m
0 0 T K UK K;y-i-(KB—m) - ‘9<£( —m)
1+ D 2+ np
0 0 0 0 /8(;1+Bp + I’z'l‘f‘Bnp) —d

The eigenvalues corresponding to By are: —u — 1, —(u+6), —r,0 and

—m)

)<t

)_

Considering the special case Eq;, we get the following eigenvalues: —(u+mn), —(u+

Blum 4 p2omly g
+m T Ki+K—m
Hence, F; might be stable if the following condition holds:
Rr = 5( Tam ”}’2([(
5=
d\Ki+m K +K-m
§), 7,0 and 22E — d. Thus, if 77205
—d(@ﬁ}) > 1, then E7; might be unstable.

< 1, then Ej; might be stable, and if

When considering the equilibrium point F5, we found that the eigenvalues cor-
—d. SO, E12 mlght

responding to J; are: —(u + 1), —(u + 9),—r,0 and

B K

be stable if ARARD

dK1  __
K<g =

be unstable whenever F, exists.

B,,. But if E, exists, then K >

Byi—d

B K
K+Kiq

dKi

< 1, which is equivalent to say that FEj, might be stable if
B,, and hence, E}; might

d




2.3 Stability of F,

2r Bp,,

_ Kim P _ 2P _ PnKiP
Let O =r — 174 —(KlgBPQ)Q,Q—T—T—’%—l—epgandL—(l{lr—Bz&)Q,theﬂ
the Jacobin matrix is:
[~ —n 0 0 0 0]
0 —(u+6) 0 0 0
—1Bp, _
=] 0 0 O ZP2igp, =4
0 0 0 Q 0
Bra K1 P
I 0 0 L (702 0 |

Now,

det(Jy = M) = (== 1= M= =6 = N(Q = ) [GL = AO = X)

d

5@~ N2 =20+ Lo

=(=p=n=N(=p=0-2X)
B
Note that the equation (A\*> — \O + %L) = 0 has two real solutions non of which

is zero since %L > 0. Hence, the stability of F5 is determined by the sign of the
eigenvalue A = Q).

Q50 ey
— -2 -0 <0
K < 5 (3 + ) (0o + 5)(K - 35
(1- GO < i, At
K < ﬁfly{id = Bp2

which is not the case since we must have B,, < K. Thus, () > 0, and hence Fj is
unstable.

2.4 Stability of Ej

We have the following Jacobin matrix for Ej:

K
__r(K-m)

0

—-rm

K

__ r(K-m)

—a(m) —p—1n 0 Gy 0 0 1
a(m) —(p+0) % 0 0

7l 4+ (K —m)

0
0

K
0

Hence, E3 might be stable if Rp < 1.

K
0

0
0
0
The eigenvalues of J; are:—a(m)—p—n, —(u+0), —r,0 and S(

2 (K-m) i
Ki+K—m 9(K m)
/B( y1im +
Ki+m Ki+K—-m
nm_ 4 Y2 (K—m)
Ki4+m Ki+K—m

W2(K—m)) —d

)—d.




Considering the equilibrium point E3; = (51, [1, K,0,0), K > ¢, we get the follow-
ing eigenvalues: —(a(K)+pu+n),—(u+0),—r,0 and Ig”f; d. Hence, Es3; might

be stable if Lp—lJrKK) < 1.

2.5 Stability of F,

We recall that £, = (51, 1, B,,, 0, Py), where B,, = B,,, = Bflfld > ( is such that

if K < ¢, then E, does not exist, and if K > ¢, then ¢ < B,, < K, so that
Py =P, = "= (K, + B,,) (K - B,,) > 0.

LetO:T—ZT?Q—(KIfﬁ%:E)Z,Q: —TB%—W—PQ—QPQandL:(?i#then
the Jacobin matrix corresponding to £} is:
—a(Bp)—p=n 0 im0 0
) a(B,,) —(p+9) Gy 0 0
Ji= 0 0 O =2 gp, =
0 0 0 Q 0
P
I 0 0 L ke 0
Then,
. d
Qet(J3) = A1) = (=a(By,) = =0 = )= = 8 = N)(Q = ) | 5L = O = ]
d d
=(=p=N(p—-0- /\)E(Q AN >\0+3L)

Hence, and is shown in Section 2.3, none of the eigenvalues is zero, and one of the
eigenvalue, namely (), is positive. So, Fj is unstable.

For the equilibrium points £E*, E** we lack exact expressions for the equilibrium
quantities, and so the local stability is difficult to find analytically.



3 Existence of Equilibria with shedding

In this section, we determine the equilibrium points of the model system when
¢ # 0, and then perform stability analysis of the equilibria. Since R= N — 5 — 1,
then the third equation of system (1) is not necessary, leaving us with the following
system:

S = —a(B,)S — uS + uN + nR
I=a(B,)S — ul — 61

. B,+ B B
B,=rB,[1—-—2_—_""™")_~_"P P I+6(B,,, P

r=! p( K > K, +B, T+ 8B, P) (5)
. B, + B, B,
Bnp:anp (1_%) _’)/2_K'1+—I‘JBP+£I_9(BTLP’P)

np
) B B
P = P4 P P —dP + ¢€1
5<%K1+Bp 721?(’1+Bnp) o

If a(B,) = 0, then we will have the same equilibrium points Ey, Ey, E; and E* as
in Section 1, with the same conditions.
If Bp > ¢, then a(B,) # 0, and hence at steady state system reduces to:

0=—a(B,)S —uS—nS+uN+nN —nl
0=a(B,)S — pul — 41

B,+ B B
0=rB,(1—-2—""2) _~n—"L P4 (]+0B,,P
o (1B ) e e
B,+ B B
0=7rB,, [1-—2—"2) —ny—"__P I1-6B,,P
r p( I ) ’72K]_+Bnp +¢& D

B B
0= P + P )P—dP+ I
B <’Vl K, —i—Bp 72K1 —I-Bnp €

a(Bp)S

Then solving equation (2) of (6) for 7, one has I = e

, and hence, and by solving
equation (1) of (6)), one can easily check that S = S; = (u+7) (1 + 6) WN.

Thus, [ = I, — (%) N, where

Iy =a(p+0+n)(By* —c)+ (u+n)(p+06)(By™ — c+ H). Noting that these are
the same formulas for S and I in system at steady state.

By solving the other three equation of system @, we will prove that system @ has
only one equilibrium point, namely E*** = (Sl, I, B, ByYs P***) which exists if
the following condition holds:

B*** B***

p np
_'_
Ky + By PR By

24
7 B’
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K +B*** K+B’;kl**
where P+ = —g¢ I | B0 By

, where

Py = B (K1 + By') + 6728, (Ky + B)™) — d(Ky + B)™) (K + By).

P

In order to have a well-defined and positive value for P***, I'y must be negative.
That is, the value of P provides a condition for B™ and B, "

Now, I'y < 0 if

By B, (K1 + Byyp) + B72Bnp(K1 + B,) < d(Ky + B,) (K1 + Byyp).

Dividing both sides by: (K7 + B,)(K; + B,,), to get: lelBTp% Yoy B o d

Kl +Bnp ﬁ

Then, and by substituting the values of S, I and P in equation (4) of system

@, we get
_r . §puNa(B, —c)
0= R B = B G ki) (B, — )+ )
V2 Bup(Bp — ¢) (K1 + By) 1
+¢£'uNa[(,u+5)(a+p)(Bp—c)—I—,uH]F_Q (17)
By(By — ) (K1 + B,) (K + Bnp)} 1

(ut0)((a+ p)(B, — ) + ) * T2

+9K¢§uNa[ s

Consequently,

0= K¢{uNa(B, — c)(K1 + By)[v2Bnp + 0 (K1 + Byy)]

+ (v Bup(K — By = Buy) (i + 0)[(a + 1) (B — ©) + puH] + § KpiNa(B, — o))
(18)

Using Mathematica to solve equation , we found out that it is a cubic equation
of B, which has three solutions. Only one of these solutions is a real solution, say
By, which is in-terms of By,

Substitute B3**, I and P*** in equation (3) of system (6) to get an equation in
terms of B, only, then solve the resulting equation to get the value of B;7*. The
exact formula of B}’* is so complicated, and since the other four coordinates of

E*** depend on B, 7", exact formulas of these variables are not given.

4 Linearization

According to the level of pathogenic bacteria, we will have two linearizations of
system (5). First when a(B,) = 0, denoted by J and the other when a(B,) # 0,
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denoted by j .

. o 2rB, 7Bn KimP _ B, 2r By, K1y P
’i‘e}f U = r — KP _ KP . (Kll—:’pr)z a,nd V =T — 71) —_ e r __ (Klj"gnp)Q - QP
CeIl:
[— 0 0 0 0 i
0 —(p+9) 0 0 0
J=10 ¢ UB =rBe 4 gp %;;f; + 0B, 7
0 3 K 4 K;—Qi-BT; - Hf’w
By1 K1 P Bya K1 P + +Bn
| 0 28 WiBp?  (KaiBag? D (I?IJFBZ + Ewi) —d

Letting J; be the Jacobian matrix corresponding to the equilibrium point F;,
1= 20,1 or 2, one can easily check that the eigenvalues of J; are the same as those
for J;. Consequently, the stability of the equilibrium points of system has been
already stated in section 2.

The Jacobian matrix corresponding to system (@ is

[—a(B,) — 0 Tl 0 0
a(B,)  —(n+d) G 0 0
J = 0 3 y =B 1 gp %g;; + 0B, ,
0 3 — e 1% )
0 kP BroK1 P 0By Y By d
L o (K1i+Bp)?  (Ki+Bnp)? 5(K1+Bp T K1+Bn,,) N

Since we lack exact expressions for the coordinates of E***, the stability of this
equilibrium point is difficult to find analytically.
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