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1. Introduction

In 2021, Lin [1] stated on page 4 of 12 that “Recently, Professor Tianxin Cai visited Northwest University
and gave a talk about a series of linear recurrence sequences and their properties, which incited our interest
in this field. There are many recursive identities concerning the Fibonacci, Tribonacci, and Lucas sequences,
etc. However, few studies have been conducted regarding the Narayana sequence. Professor Cai proposed
an open problem: Whether and how can the Narayana sequence at negative indices be expressed by the
sequence itself at positive indices?” Then Lin presented the following theorem as a main result and proved

it:
THEOREM 1. For n € Z, we have
N_, =2N2 + Ny, — 3N, 1N,.
Here, Narayana’s cows sequence {N,,} satisfies a third-order recurrence relation:
N, =N,_1+ N,_3, forn >3
with the initial values Ny = 0, No = 1, Ny = 1. It can be extended to negative indices by defining
N_p=—-N_n_2)+ N_(n_3), forn=1,2,3,....

Lin also stated on the same page that “Theorem 1 solves Professor Cai’s problem completely. It illustrates

the connection between the Narayana sequence at the positive index and the negative index. By Theorem
1
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1, we obtain the recurrence property of the sequence at the negative index, which deepens our knowledge of
the nature of the sequence.”

Now, we can propose an open problem as follows: Whether and how can the generalized Tribonacci
sequence W, at negative indices be expressed by the sequence itself at positive indices?

We present our main result as follows which completely solves the above problem for the generalized

Tribonacci sequence W,.

THEOREM 2. For n € Z, we have
n 1
W_,, =t " (Way, — H,W,, + 5(Hg — Hap)Wo).

Note that H,, can be written in terms of W,, using Lemma 4 below. Next, we recall the definitions of
generalized Tribonacci sequence W,, and its two special cases, namely (r, s, t) sequence G,, and (r, s,t) Lucas
sequence H,. The generalized (r,s,t) sequence (or generalized Tribonacci sequence or generalized 3-step

Fibonacci sequence) {W,,(Wy, W1, Wa; 7, s,t) }n>0 (or shortly {W,,},>0) is defined as follows:
Wop=rWpn_1+sW,_o+tW,_3, Wo=a,Wi=bWy=¢, n>3 (11)

where Wy, Wiy, Wy are arbitrary complex (or real) numbers and r, s,t are real numbers. This sequence has
been studied by many authors, see for example [3] and references therein. The sequence {W,,},>¢ can be

extended to negative subscripts by defining
s T 1
W_, = —;W,(n,l) — EW,(n,Q) + ZW,(n,g)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

In the following Table 1 we present some special cases of generalized Tribonacci sequence.

Table 1 A few special case of generalized Tribonacci sequences.

No Sequences (Numbers) Notation

1 Generalized Tribonacci {Vo} = {W,,(Wo, W1, Wo;1,1,1)}
2 Generalized Third Order Pell {Vo} = {W,(Wo, W1, Wa;2,1,1)}
3 Generalized Padovan {(Vn} = {W,(Wp, W1, W2;0,1,1)}
4 Generalized Pell-Padovan {Vn} = {W,(Wp, W1, W2;0,2,1)}
5 Generalized Jacobsthal-Padovan {Vo} = {W,(Wo, W1, W2;0,1,2)}
6 Generalized Narayana {Vo} = {W,(Wy, W1, W2;1,0,1)}
7 Generalized Third Order Jacobsthal {Vo} = {W,,(Wo, W1, Wa;1,1,2)}
8 Generalized 3-primes {Vn} = {W,(Wy, W1, W2;2,3,5)}
9 Generalized Reverse 3-primes {Vo} = {W,(Wy, W1, Wa; 5,3,2)}
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In literature, for example, the following names and notations (see Table 2) are used for the special case

of 7, s,t and initial values.

Table 2 A few special case of generalized (r,s,t) (generalized Tribonacci) sequence

No Sequences (Numbers) Notation OEIS [2]

1 Tribonacci {T,} ={W,(0,1,1;1,1,1)} A000073, A057597
2 Tribonacci-Lucas {Kn,}={Wxn(3,1,3;1,1,1)}  A001644, A073145
3 Tribonacci-Perrin {M,} ={W,(3,0,2;1,1,1)}

4 modified Tribonacci {Un} ={W,(1,1,1;1,1,1)}

5 modified Tribonacci-Lucas {Gn} ={W,(4,4,10;1,1,1)}

6 adjusted Tribonacci-Lucas {H,} ={W,(4,2,0;1,1,1)}

7 third order Pell {P®P} = {W,(0,1,2;2,1,1)}  A077939, A077978
3 third order Pell-Lucas {QPY} = {(W,,(3,2,6;2,1,1)}  A276225, A276228
9 third order modified Pell {E®} = {(W,(0,1,1;2,1,1)}  A077997, A078049
10 third order Pell-Perrin {RS)} ={W,(3,0,2;2,1,1)}

11 Padovan (Cordonnier) {P,} ={Wx,(1,1,1;0,1,1)} A000931

12 Perrin (Padovan-Lucas) {E,} ={W,(3,0,2;0,1,1)} A001608, A078712
13 Padovan-Perrin {S.} ={W,(0,0,1;0,1,1)} A000931, A176971
14 modified Padovan {A,} ={W,(3,1,3;0,1,1)}

15 adjusted Padovan {U,} ={W,(0,1,0;0,1,1)}

16 Pell-Padovan {Rn} = {Wn(1,1,1;0,2,1)}  A066983, A128587
17 Pell-Perrin {Cr} ={W,(3,0,2;0,2,1)}

18 third order Fibonacci-Pell {Gn} ={W,(1,0,2;0,2,1)}

19 third order Lucas-Pell {B,}={W,(3,0,4;0,2,1)}

20 adjusted Pell-Padovan {M,}={W,(0,1,0;0,2,1)}

21 Jacobsthal-Padovan {Qn} ={W,(1,1,1;0,1,2)} A159284

22 Jacobsthal-Perrin (-Lucas) {L,}={W,(3,0,2;0,1,2)} A072328

23 adjusted Jacobsthal-Padovan {K,}={W,(0,1,0;0,1,2)}

24 modified Jacobsthal-Padovan {M,}={W,(3,1,3;0,1,2)}

25 Narayana {Nn} = {W,(0,1,1;1,0,1)} A078012

26 Narayana-Lucas {U,} ={W,(3,1,1;1,0,1)} A001609

27 Narayana-Perrin {H,} ={W,(3,0,2;1,0,1)}

28 third order Jacobsthal {IP} = {(W,(0,1,1;1,1,2)} A077947

29 third order Jacobsthal-Lucas G®Y = (Wa(2,1,51,1,2)} A226308

30 modified third order Jacobsthal-Lucas  {K(?} = {W,(3,1,3;1,1,2)}

31 third order Jacobsthal-Perrin {Qf’)} ={Wxr(3,0,2;1,1,2)}

32 3-primes {Gn} ={W,(0,1,2;2,3,5)}

33 Lucas 3-primes {H,} ={W,(3,2,10;2,3,5)}
34 modified 3-primes {E,} ={W,(0,1,1;2,3,5)}
35 reverse 3-primes {N,} ={W,(0,1,5;5,3,2)}
36 reverse Lucas 3-primes {Sn} ={W,(3,5,31;5,3,2)}
37 reverse modified 3-primes {U,} ={W,(0,1,4;5,3,2)}

Here, OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on, we

drop the superscripts from the sequences, for example we write .J,, for J,(f).

It is well known that the generalized (r,s,t) numbers (the generalized Tribonacci numbers) can be

expressed, for all integers n, using Binet’s formula

Wn = A1oz” + Agﬁn + Ag’yn
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where
W =B+ Y)W+ BWe , Wa—(a+y)WitayWy , Wa—(a+B)Wi+afWy
Al = aAQ - 7A3 -
(a=pB)(a—7) (B—a)(f—n) (v —a)(y—5)
and «, 3,7 are the roots of characteristic equation of W,, which is given by
3 —ra? —szr—t=0 (1.3)
Note that we have the following identities
at+pf+y=r,
af +ay+ By = —s, (1.4)
afy =t.

Note that the Binet form of a sequence satisfying (1.3) for non-negative integers is valid for all integers
n. Now we define two special cases of the generalized (r, s,t) sequence {W,}. (r,s,t) sequence {G,,},>0 and

Lucas (r, s,t) sequence {H,},>0 are defined, respectively, by the third-order recurrence relations
Gn+3 = TGn+2 + SGn+1 =+ th, Gy = 0, Gy = 1, Gy = T,
Hnys = rHppo+sHyy +tH,,  Hy=3,Hy=r Hy=2s5+1"

The sequences {G,, } >0 and {H, },>0 can be extended to negative subscripts by defining

s T 1
G, = ——G_(n_1y—-G_(n_ ~G_(n—
n ;G- = 70 —(n 2)+t (n—3)>
S T 1
H., = —2H 1 —-H (o +-H_(, 3,
y (-1 = 7 H-(n-2) T T H-(n-3)

forn =1,2,3, ... respectively. Some special cases of (, s,t) sequence {G,,(0,1,7;7,s,t) }n>0 and Lucas (r, s, t)

sequence {H,,(3,7,2s + 1% 7,5,t) },>0 are as follows:

(1) Gn(0,1,1;1,1,1) = T,,, Tribonacci sequence,

(2) H,(3,1,3;1,1,1) = K,,, Tribonacci-Lucas sequence,

(3) G,(0,1,2;2,1,1) = P,, third order Pell sequence,

(4) H,(3,2,6;2,1,1) = @, third order Pell-Lucas sequence,

(5) Gn(0,1,0;0,1,1) = U, adjusted Padovan sequence,

(6) H,(3,0,2;0,1,1) = E,,, Perrin (Padovan-Lucas) sequence,

(7) G»(0,1,0;0,2,1) = M, adjusted Pell-Padovan sequence

(8) Hn(3,0,4;0,2,1) = B, third order Lucas-Pell sequence,

(9) G»(0,1,0;0,1,2) = K,,, adjusted Jacobsthal-Padovan sequence,
(10) H,(3,0,2;0,1,2) = L, Jacobsthal-Perrin (-Lucas) sequence,
(11) G»(0,1,1;1,0,1) = N,,, Narayana sequence,

(12) H,(3,1,1;1,0,1) = U, Narayana-Lucas sequence,
(13) G,(0,1,1;1,1,2) = J,, third order Jacobsthal sequence,
(14) H,(3,1,3;1,1,2) = j,, modified third order Jacobsthal-Lucas sequence,
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(15) G,(0,1,2;2,3,5) = G, 3-primes sequence,
(16) H,(3,2,10;2,3,5) = H,,, Lucas 3-primes sequence.
(17) G»(0,1,5;5,3,2) = N, reverse 3-primes sequence,
(18) H,(3,5,31;5,3,2) = S, reverse Lucas 3-primes sequence.

For all integers n, (r,s,t) and Lucas (r, s,t) numbers can be expressed using Binet’s formulas as

n+1 n+1 n+1
G, — o B v ,
@—Ba—  G-a)B-2 G —a0-5)
Hn - an+ﬁn+'yn7

respectively.

2. The Proof of Theorem 2

To prove Theorem 2, we need following lemma.

LEMMA 3. Forn € Z, denote
S, =a"B" + a™y" + By
where a, 8 and v are as in defined in Formula (1.4). Then the followings hold:
(a): Forn € Z, we have S, =t"H_,, and S_, =t " H,.

(b): S, has the recurrence relation so that
S, = —8S,_1 —1rtSp_o + tQSn_3

with the initial conditions Sy = 3, S1 = —s, Sy = s2 —2rt. The sequence at negative indices is given
by
—rt —s 1
an = —t—QS_(n_l) - t—ZS_(n_Q) + t—QS_(n_g), fO’/‘ n = 1,273,
(c): S, has the identity so that

1
S, = §(H§ — Hy,).

Proof.
(a): From the definition of S,, and H,,, we obtain

ie., S, =t"H_, andso S_, =t "H,.

(b): With Formula (1.4) or using the formula S,, = (—u)"H_,,, we obtain initial values of S,, as

So = tOH() =3,
Sl = tlH_lti (—;)Z—S
1
Sy = t*H_,=1t*x —(s* —2rt) = s* — 2rt,

12
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or
Sy = a8+ 0’y + 79" = (af + ay + ) — 2aBy(a+ B +7) = > — 2rt.

For n > 3, we have

S18u-1 = (a"B"+a"y" + B"") + apy(a" 2" (a + B)
+a" 2 (@ ) + BT (B 4 )
= S, +7tSy_o— 1S, 3= (—5)Sn_1.
(c): From the definition of S,, we get

28, = (a" + B" +9")? = (™" + ™" +9") = H}, — Ha,. O

Now, we shall complete the proof of Theorem 2.

The Proof of Theorem 2: For n € Z, we have
WnH, = (Aia"+ A" + Azy")(a" + " +7")
= Wau + (A1 + Az + A3)a" " + (A1 4 Az + Ag)a™y"
+(Ag + Az + A1) """ — (Aza” " + Aga™y" + A1 "9")
= Wan + (A1 4+ Az + A3)(a"B" + "y + "") — (A3 B" + Az " + A1 "")
= Wap +WyS, —t"W_,,.
By Lemma 3 (c), it follows that

1
Wan = W2n + i(HZ - H2n)W0 — th—n

and so
“n 1
W_p =t7"(Wap — H,W, + i(H,% — Hy,)Wo). O
Now, we present a few basic relation between {H,} and {W,,} which can be used to write H,, in terms

of W,.

LEMMA 4. The following equality is true:

(W3 +(t+rs)WE+12W3 + (r? — s)WEWo — 2r Wi W3 — sWoW3 +rtWEWa + (82 +rt) Wo W + 25t WEW1 +
(rs=3t)WoW1Wa)H,, = (3W3 + (12— s)WE +rtWe —drWiWo —2sWoWo + (rs — 3t ) Wo W1 )Wy o+ (—2rWi +
StWE—2sWy Wo — 3tWoWa+3rsWE+2stWE +2r2 Wy Wo+ 282 Wo Wy +rsWoWa + 2rtWo W1 )W, 1+ (—sW3 +
(82 + rt)WE + 3t2W§ + (rs — 3t)W1 Wa + 2rtWoWa + 4stWo W1 )W,

Proof. Tt is given in Soykan [3]. O

Next, we present a remark which presents how H,, can be written in terms of W,,.
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REMARK 5. To express W_,, by the sequence itself at positive indices we need that H,, can be written in

terms of W,,. For this, writing

H,=axW,uioa+bx Wy +cx W,

and solving the system of equations

Hy

H,y

axXx Wo+bxWi+ecx W,

axXWs+bx Wy+cx Wy

H, axWi+bxW3+cx Wy
or
—1
a Wg W1 Wo HO
b = W3 WQ W1 Hl
c W4 Wg W2 H2

we find that H, can be written in terms of W,, and we can replace this H,, in Theorem 2.
Using Theorem 2 and Lemma 4 or Remark 5, we have the following corollary.

COROLLARY 6. Forn € Z, we have

(a): G, = 71 ((2rt — $%)G2 + tGap + $Gpi2Gpn — (3t +75)Gpi1Gy).

(b): H_, = g (H? — H,).

Note that if we take r =1,s =0,t = 1 and G,, = N,, in the above Corollary, we obtain Lin’s Theorem 1.
Using Theorem 2 and Lemma 4 or Remark 5 (or using the last corollary for special cases), we can give some
formulas for the special cases of generalized Tribonacci sequence (generalized (r,s,t)-sequence) as follows.

We have the following corollary which gives the connection between the special cases of generalized

Tribonacci sequence at the positive index and the negative index.

COROLLARY 7. Forn € Z, we have the following recurrence relations:

(a): Tribonacci sequence:
T_p=T2+Top + T2y — 4T 11T,
(b): Tribonacci-Lucas sequence:
K_n = 5(K; — Kan).
(c): Tribonacci-Perrin sequence:
M_y, = 3365 (243M2 o +12M2 | +805 M2 —1107 Moy 2+246 Moy 1 —943 Moy, — 108 My o My 41+
1152M,, oM, — 256 M,y 41 M,,).
(d): modified Tribonacci sequence:

U_, = %(U3+2 + 4U,€+1 + U2n+2 - 2U2n+1 - 4Un+2Un+1 - 2Un+2Un + 4Un+1Un)~
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(e): modified Tribonacci-Lucas sequence:
G—n = %(G%Jrz + 4G%+1 - 2G2n+2 + 4G2n+1 - 4Gn+2Gn+1 + Gn+2Gn - 2Gn+1Gn)
(£): adjusted Tribonacci-Lucas sequence:

H_, = %(H2+1 - 2H2n+1 + Hn+1Hn)~

The following corollary illustrates the connection between the special cases of generalized third-order

Pell sequence at the positive index and the negative index.

COROLLARY 8. Forn € Z, we have the following recurrence relations:

(a): third order Pell sequence:
P, = 3P2+ Py, + PouyoPy — 5Pyt P
(b): third order Pell-Lucas sequence:
(c): third order modified Pell sequence:
E_p = Y(~E2% 4 3By, — 1By 1 B,y + 2E,19E,).
(d): third order Pell-Perrin sequence:
R_p = 5555 (972R2  ,+48R?% || +1081R2 — 3186 Ry 2+ 708 Ron+1— 1357 Ry — 432 Ry, 2 Ry +
92952R,, 10 Ry — 656,11 Ry ).

The following corollary presents the connection between the special cases of generalized Padovan sequence

at the positive index and the negative index.

COROLLARY 9. Forn € Z, we have the following recurrence relations:

(a): Padovan (Cordonnier) sequence:
P, = 1(9P2 ,+4P2,  +8P2+3Py, 5—2Psy11—2P3y—12P, (P11 — 18P, 12 Py +12P, (1 P,).
(b): Perrin (Padovan-Lucas) sequence:
E_, = 3(E} — Ez).
(c): Padovan-Perrin sequence:
S_y, = 82 + Say, — 35,425n.
(d): modified Padovan sequence:
Ay = =5(3A2 5 + 10842, + 61642 + 5TAgn 4o + 3424241 — 53242, + 3645424541 —
94 A, 0 Ay — 564 4,1 Ay).
(e): adjusted Padovan sequence:

U,n = —U,QL + U2n + Un+2Un - 3Un+1Un~

We have the following corollary which gives the connection between the special cases of generalized

Pell-Padovan sequence at the positive index and the negative index.

COROLLARY 10. For n € Z, we have the following recurrence relations:
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(a): Pell-Padovan sequence:
R, = L(16R2, | + 9R2 5+ 5R2 + 6Ryp 15 — 8Ropt1 — 2Ran — 24Rp10Ry sy — 18R, 1o Ry +
24R,.1Ry).
(b): Pell-Perrin sequence:
C_p = 555(432C2 5, +972C2 | +665C2 + 396Cap 12 — 594C32p+1 — 385C5;, — 1296C), 42Chi1 —
1104C},42Cy, + 1656C,, 11 Cy).
(c): third order Fibonacci-Pell sequence:
G_n = 3(16G2 5, +4G2 | 4+ 35G2 — 4Gony2 + 2Gon1 + TGop — 16Gp42Gry1 — 48Gp 412Gy +
24G1Gh).
(d): third order Lucas-Pell sequence:
By = %(BZ — Bay,).
(e): adjusted Pell-Padovan sequence:

M_,, = —AM2 + Myy, + 2M oM, — 3My iy M,

The following corollary illustrates the connection between the special cases of generalized generalized

Jacobsthal-Padovan sequence at the positive index and the negative index.

COROLLARY 11. Forn € Z, we have the following recurrence relations:

(a): Jacobsthal-Padovan sequence:
Q-—n = 55 (9Q2 5 +4Q% | +21Q% +6Q2n12 — 4Q2n11 — 6Q2n — 12Qn12Qn11 — 30Qn12Qy +
20Qn4+1Qn)-
(b): Jacobsthal-Perrin (-Lucas) sequence:
Lo = U2~ L)
(c): adjusted Jacobsthal-Padovan sequence:
K_p = 525 (—K2 + 2Ks, + Kpy2 K, — 6K, 11 Ky).
(d): modified Jacobsthal-Padovan sequence:
M_py = =5k (108M2, , +75 M2, y+3551M2+690 My, o828 Mayy 1 —3082 Moy +180My 42 My p1—

529 x2n+3
1130M,, 4o M,, — 1356 M,, 41 M,,).

The following corollary presents the connection between the special cases of generalized Narayana se-

quence at the positive index and the negative index.

COROLLARY 12. For n € Z, we have the following recurrence relations:
(a): Narayana sequence:
N_,, = 2N2 + Na,, — 3N, 11 N,.
(b): Narayana-Lucas sequence:
U_, = 3(U3 = Usp).

(c): Narayana-Perrin sequence:
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H_, = =4<(2028H2 | +1323H2  ,+429H?2—3339Hs,, 4 2+4134 Ho;, 1 —583Hay, — 3276 Hyp o Hyy 1 +
2688 H,, 1o H, — 3328H,,,1H,).

We have the following corollary which gives the connection between the special cases of generalized

third-order Jacobsthal sequence at the positive index and the negative index.

COROLLARY 13. For n € Z, we have the following recurrence relations:

(a): third order Jacobsthal sequence:
Jon = 55 (3J2 4 2Jon, + Jns2dn — Thpi1dy).
(b): third order Jacobsthal-Lucas sequence:
Jon = g (1215215 + 44152 — 9552 — 26452542 + 50452041 + 1202, — 462004 20n41 +
154jn12jn — 294jn11n)-
(c): modified third order Jacobsthal-Lucas sequence:
K_n = gurr (K — Kan).
(d): third order Jacobsthal-Perrin sequence:
Q-n = Togsagrrs (243Q% 1 4+3Q2 1 +3328Q2 —1890Q 21 +24+210Q21,+1—3640Q 2, —54Qn 4 2Qn+ 1+
2196Q 1 2Qn — 244Qp 11Qn).

The following corollary illustrates the connection between the special cases of generalized generalized

3-primes sequence at the positive index and the negative index.

COROLLARY 14. For n € Z, we have the following recurrence relations:
(a): 3-primes sequence:
G_n = 51 (11G2 + 5Gan + 3Gni2Gy — 21G11Gh).
(b): Lucas 3-primes sequence:

H_, = 2><15" (H2 — Ha,).

(c): modified 3-primes sequence:

E_p = g (—TE2 + 9B, + 4B, 12 B, — 31E, 1 Ey).

n T 9x5H™

The following corollary presents the connection between the special cases of generalized reverse 3-primes

sequence at the positive index and the negative index.

COROLLARY 15. For n € Z, we have the following recurrence relations:

a): reverse 3-primes sequence:
(a) 3-pri q
N_y = g (1IN2 4 2Ny, + 3Ny 2Ny — 21N, 41 N).
(b): reverse Lucas 3-primes sequence:
S_, = 2%(5% — Sop).
c): reverse modified 3-primes sequence:
P q

U_n = gag7 (=TUZ + Vs, + 10U, 42Uy, — 67U 41 Un).
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