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Abstract

We present a MATLAB-based, open source reconstruction software for
Hybrid Imaging problem arising from Current Density Impedance Imaging
(CDII) and Acoustic-Electrical Impedance Tomography (AEIT), utilizing
mixed finite element method solver of Darcy toolbox DarcyLite .

For a formulation of hybrid inverse problems in impedance tomography
the successive substitution iterative schemes are adapted and an reconstruc-
tion algorithm is developed. The problem formulation is a class of hybrid
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imaging modality which is current density impedance imaging or Acoustic-
Electrical Impedance Tomography. The proposed algorithm is implemented
numerically in two dimensions.

Keywords: Hybrid inverse problems, Iterative reconstruction methods,
Impedance tomography, Current density impedance imaging, Magnetic
resonance imaging, electrical impedance tomography, Ultrasound
modulated electrical impedance tomography

Required Metadata

Current code version

Ancillary data table required for subversion of the codebase. Kindly re-
place examples in right column with the correct information about your cur-
rent code, and leave the left column as it is.

Nr. Code metadata description Please fill in this column
C1 Current code version Version 0.0
C2 Permanent link to code/repository

used for this code version
NA

C3 Code Ocean compute capsule
C4 Legal Code License CC-BY NC 4.0 International
C5 Code versioning system used For example svn, git, mercurial, etc.

put none if none
C6 Compilation requirements, operat-

ing
MATLAB/GNU OCTAVE for the
future

C7 Compilation requirements, operat-
ing environments & dependencies

DarcyLite

http://www.math.colostate.edu/ li-
u/DarcyLite.zip

C8 If available Link to developer docu-
mentation/manual

NA

C9 Support email for questions agah.garnadi[at]gmail.com

Table 1: Code metadata (mandatory)

The permanent link to code/repository or the zip archive should include1

the following requirements:2

README.txt and LICENSE.txt.3

Source code in a src/ directory, not the root of the repository.4

Tag corresponding with the version of the software that is reviewed.5
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Documentation in the repository in a docs/ directory, and/or READMEs,6

as appropriate.7

1. Motivation and significance8

In this note we develop and analyse an iterative reconstruction method9

for the following hybrid inverse problem:10

11

Reconstruct the scalar function σ from measurements of the form12

A = σ|∇u|p in Ω, p = 1, 2 (1)

where u is the solution to the linear PDE problem13

∇(−σ∇u) = 0 in Ω,
u|∂Ω = uD,

}
(2)

Here Ω is a smooth open bounded domain in Rn, n ∈ {2, 3}, and σ is14

bounded from above and from below by positive constants in Ω. We will15

henceforth assume that |∇u| is uniformly bounded from below by a positive16

constant in Ω. The problem formulation and the reconstruction methods are17

independent of the spatial dimension, here we only works on n = 2, for pro-18

totyping. This inverse problem can be identified as a hybrid inverse problem19

or, equivalently, as a coupled-physics inverse problem, since it models an20

imaging modality utilizing coupled different physical phenomena.21

The functions (1) model measurements from a couple of hybrid inverse22

problems of Electrical Impedance Tomography, i.e.23

1. In the case p = 1, the functions (1) model measurements of the internal24

electrical current density and the tomographic method is known as25

Current Density Impedance Imaging (CDII); the same model appears26

in certain formulations of Magnetic Resonance Electrical Impedance27

Tomography (MREIT). [12], [13],[14]28

2. While for p = 2, coming from AEIT (Acoustics Induce Electric Impedance29

Tomography). [15], [16] [17], [18]30

The only package we are aware of with fully fledged capabilities was [21],31

implemented in PDE suite FENICS, written in C++.32

2. Software description33

In this section we derive an iterative reconstruction algorithms for the pre-34

sented inverse problem. It is common feature of all the presented algorithms,35
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that they are based on a transformation of a non-linear problem into a series36

of linear problems for which the corresponding solutions, under appropriate37

conditions, converge to a solution to the original non-linear problem. In this38

section, we explain how to use the successive iterative scheme to reformulate39

the inverse problem, develop a general iterative reconstruction algorithm and40

implement it numerically.41

A way to reformulate (1)-(2) is to recast the set of generalized Laplace42

problems (2) as non-linear PDE problems. The unknown function σ can be43

eliminated from the PDEs using the internal measurements, since44

σ =
A
|∇u|p

, p = 1, 2.

This gives the non-linear PDE problems45

∇− A
|∇u|p∇u = 0 in Ω, p = 1, 2,

u|∂Ω = uD,

}
(3)

In this setting a procedure for solving the inverse problem would be to46

first solve the non-linear problems for u and then determine σ by (1). One of47

the simplest approaches to approximate solutions to such a non-linear PDE48

problem is to use a fixed-point iteration or successive iterative scheme, also49

known as the method of successive substitutions [4]. The idea behind the50

successive substitution scheme is basically to make an initial guess on the51

non-linear coefficient in the PDE problems (3); then the now linear PDE52

problem is solved, and we get an approximation of u which is used to up-53

date the estimate of the coefficient. Let the initial guess be denoted by σ0.54

Throughout this paper, we use a superscript to denote the iteration num-55

ber. The successive substitution scheme, applied to (3), generates a series of56

solving linear problems of the type57

∇(−σk∇uk) = 0 in Ω, k = 0; 1; ...;
uk|∂Ω = uD,

}
(4)

which are solved successively for (uk). The coefficient σk+1 is defined by58

the relation59

σk+1 =
A
|∇uk|p

It is important to notice that the transformation of the non-linear problem60

into a series of linear problems is not a result of any algebraic or symbolic61

manipulations; it simply a consequence of a substitution made directly in the62

non-linear PDE. The choice of stopping criteria for the successive iterations63

depends on the application. For problems like ours, where the objective is64
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to estimate the PDE coefficient σ, and not to the functions u, it is natural65

to choose a stopping criteria based on the tolerance ‖σk+1 − σk‖ in some66

suitable function space and the iteration number k.67

The performance of the successive substitution relies on an initial guess68

that provides a sufficiently good starting point, such that the successive ap-69

proximation of the nonlinear coefficients is improved in each iteration. The70

convergence properties of the successive substitution scheme can be studied71

using contraction maps and the application of the Banach fixed point theo-72

rem, however the practicality of applying this theory on a general non-linear73

PDE problem seems rather limited [4]. Nonetheless, for our case, the con-74

vergence properties of the successive substitution have been analysed [2, 6].75

The successive substitution scheme was the main idea behind one of the76

first reconstruction algorithms for the hybrid inverse problems expressed in77

the form of the non-linear PDE problems given by (3). The resulting al-78

gorithm was denoted the J-substitution algorithm, due to the fact that the79

functions A models measurements of the magnitude of the current density80

vector field, often denoted by A [3]. Note that the original formulation of81

the J-substitution algorithm considered the corresponding Neumann prob-82

lem. A similar implementation of the Dirichlet problem for a single internal83

measurement has also been used to solve the equivalent inverse problem from84

CDII [5, 6].85

2.1. Software Architecture86

The successive iterative scheme can be applied directly to the non-linear87

PDE formulation of the inverse problem to produce the following algorithm:88

- Algorithm. Successive algorithm89

• Define σ0, maximum number of iteration K and tolerance level T.90

• Set k = 0 and ε = 2T.91

• while k < K and ε > T do92

1. Solve for (uk,pk) in93

pk − σk∇uk = 0 in Ω

∇ · pk = 0 in Ω

uk = uD on ∂Ω,

2. update94

σk+1 =
A

|pk/σk|p
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3. Set ε = |σk+1 − σk| and k = +195

• end while96

We assume that σk is uniformly bounded above and below in Ω for all k,97

such that the PDE problems for uk are all well-posed.98

2.2. Software Functionalities99

The successive substitution Algorithm is fairly simple to implement, since100

each iteration only involves some arithmetic operations on known functions101

and the solution of a linear PDE problem.102

For σk, we want to solve for ∇uk in103

∇(−σk∇uk) = 0 in Ω,
uk = uD, on ∂Ω,

(5)

We use a mixed formulation, such that we get a problem for the gradient104

∇uk, which is crucial for the reconstruction algorithm. In this way, we do not105

need to numerically differentiate uk, which can introduce additional errors.106

−σk∇uk + pk = 0 in Ω,
∇ · pk = 0 in Ω,
uk = uD, on ∂Ω,

(6)

We fully utilize DarcyLite [10], which provide solver for equation 6 in MAT-107

LAB using Mixed Finite Element Method.108

3. Illustrative Examples109

We illustrate an example to test the implementation for p = 1, i.e. Cur-110

rent Density Impedance Imaging, the case for p = 2, can be implemented111

by modification a view lines within the main MATLAB script given below.112

Here, we consider the reconstruction of a piece-wise constant conductivity113

[11],114

σ =

{
1.0, 0 < x < 0.5, 0 < y < 1
1.4, 0.5 < x < 0, 0 < y < 1

For simplicity, the exact uσ in Ω = [0, 1]2 is set to be115

uσ = cos(x− 0.5) ∗ exp(y).

The forward problem is sought successively iterated on a uniform trian-116

gulation of the domain Ω = [0, 1]× [0, 1].117
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Figure 1: Domain Triangulation

Figure 2: Exact Conductivity is on the left column, while on the right column shows
the approximate conductivity after the iteration satisfied the given tolerance with rate
convergence given in table 2. In the middle column, given the current density as artificial
measurement data.

4. Impact118

Despite the clear relevance of Hybrid inverse in multiple research facets,119

to the best of our knowledge, there are no open-source for Hybrid inverse120

packages available. To that end, HyEIT is developed using a MATLAB -121

based platform to solve the non-linear hybrid inverse problem.122

k’th-iterates ‖σk+1−σk‖2
‖σk+1‖2

‖σk+1−σk‖2
‖σexact‖2

1 0.718569590056506 0.718569590056506
2 5.31152248204223e-16 5.31152248204223e-16

Table 2: Stopping error value criteria at each iterate
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Due to the rapid advances with the field of Hybrid Inerse over the recent123

years by numerous researchers (for example, [22],[23] [24], [25]), we decided124

to initiate releasing the package HyEIT as an open-source communal project,125

which will allow users to continually improve HyEIT.126

Potential near - term advances improving the applicability and perfor-127

mance of HyEIT over the coming years may include128

(i) additional prior models, for example Bounded Variation [19], which is129

easily tested using Weak-Galerkin Element in DarcyLite as [20] studied130

for Electrical Impedance Tomography, and pointed out some estimates131

in Boundary Variation.132

(ii) estimation of unknown boundaries and Uncertainty Quantification on133

boundary values,134

(iii) nonGaussian noise models, and135

(iv) different optimization approaches, such as full Newton, quasi - Gauss,136

gradient descent, primal dual interior point methods, and more[21].137

Moreover, we look forward to extending the 2D HyEIT to a 3D version.138

5. Conclusions139

In this Note, we presented the MATLAB-based Hybrid Electrical Impedance140

Tomography Imaging (HyEIT) open-source package. The present version of141

the packages only provide a basic successive iterations solver by users, but142

open to the developer to adds-on for HyEIT problems with different prior143

models, constraints, optimization parameters, geometries, boundary condi-144

tions, and more. In the future, we hope to engage other researchers to further145

develop and improve the capabilities of HyEIT for a large suite of potential146

applications.147
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Current executable software237

Main MATLAB Script238

1 %%239

2 %% run HyEIT CDII MFEM v0240

3 %%241

4 %% ...242

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% ...243

%%244

5 %% Algorithm 1 Successive Iteration algorithm ...245

%%246

6 %% Define: \sigmaˆ0, %%247

7 %% maximum number of iteration K and ...248

%%249

8 %% tolerance level T. ...250

%%251

9 %% Set k = 0 and \varepsilon = 2 T. ...252

%%253

10 %% while k < K and \varepsilon > T do ...254

%%255
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11 %% 1 ...256

...257

%%258

12 %% 2 Solve for uˆk in ...259

%%260

13 %% 3 \nabla (− \sigmaˆk nabla uˆk) = 0 in \Omega ...261

%%262

14 %% 4 u = u D on \partial \Omega , ...263

%%264

15 %% 5 update ...265

%%266

16 %% 6 \sigmaˆ{k+1} = a/ |\nabla uˆk | ...267

%%268

17 %% 7 Set \varepsilon = | \sigmaˆ{k+1} − \sigmaˆk | and k ...269

=+1 %%270

18 %% end while ...271

%%272

19 %% ...273

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% ...274

%%275

20 %%276

21 %% Modified from :277

22 %% run Darcy MFEM TriRT0P0.m278

23 % Assuming CondKs is an elementwise constant scalar279

24 % James Liu, ColoState; 2012/07−−2017/02280

25 % DarcyLite281

26 %282

27 % Modified by A.D. Garnadi, Institut Pertanian Bogor; ...283

2019/03−2020/12284

28 % For Riset Kolaborasi Indonesia − 2019/2020285

29 % Hybrid Imaging : EIT+MRI and USG+EIT286

30 %287

31 % Conductivity := CondKs288

32 %289

33 %290

34 % clc;291

35 clear all; close all;292

36 format compact; format short e;293

37294

38 %% Setting up the problem295

39 xa = 0; xb = 1; yc = 0; yd = 1;296

40 BndryDescMat = [xa,yc,xb,yc, 0,−1;...297

41 xb,yc,xb,yd, 1, 0;...298

42 xb,yd,xa,yd, 0, 1;...299

43 xa,yd,xa,yc,−1, 0];300

44 % Setting up the Darcy equation & boundary conditions on ...301

four sides:302

45 % 1 for Dirichlet, 2 for Neumann, 0 for coding convenience ...303

in Matlab304
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46 BndryCondType = [0;1;1;1;1]; % Dirichlet Data305

47 % EqnBC = EqnBC Poisson Ex00Linear; % Case 0306

48 EqnBC = EqnBC Poisson ExactTrikiYin; % Case 1307

49 % EqnBC = EqnBC Poisson KelloggIntfc; % Case 2308

50 % % Domain for case 2 : [−1,1]x[−1,1]309

51 %310

52 %311

53 % BndryCondType = [0;1;1;1;1];312

54313

55 %314

56315

57 %% Discretization: Mesh generation and preparation316

58 % Modified later to accept the size of an image,317

59 k powerExperiment = [0:4]; % Experiment index318

60 k power = k powerExperiment(3)319

61 n = 2ˆk power320

62 %321

63 nx = n; ny = n;322

64 TriMesh = RectDom TriMesh GenUnfm(xa,xb,nx,yc,yd,ny,2);323

65 TriMesh = TriMesh Enrich2(TriMesh,BndryDescMat);324

66 TriMesh = TriMesh Enrich3(TriMesh,BndryDescMat);325

67326

68 %% Setting up quadratures327

69 GAUSSQUAD = SetGaussQuad(5,25,13);328

70329

71 %% Sampling the conductivity/permeability (as a scalar)330

72 fxnKs = EqnBC.fxnKs ;331

73 CondKs = Darcy SmplnPermSca TriMesh(fxnKs, TriMesh, GAUSSQUAD);332

74333

75 %% Sorting out boundary edges: Dirichlet, Neumann334

76 DirichletEdge = find(BndryCondType(TriMesh.BndryEdge+1)==1);335

77 NeumannEdge = find(BndryCondType(TriMesh.BndryEdge+1)==2);336

78 %%337

79 show TriMesh(TriMesh,25)338

80 %% TriMesh: Show the mesh in a specified figure window339

81 %340

82 % show TriMesh labels(TriMesh,26,1,1,1)341

83 %show TriMesh labels(TriMesh,fwn,ch0,ch1,ch2)342

84 %% TriMesh: Show node, element, edge labels in a specified ...343

window344

85 % fwn: figure window number345

86 % ch0: choice for showing node labels (0 or 1)346

87 % ch1: choice for showing edge labels (0 or 1)347

88 % ch2: choice for showing element labels (0 or 1)348

89 %349

90 %% Assembling and solving...350

91 % tic;351

92 [sln,MatA,MatB,GlbRHS] = Darcy MFEM TriRT0P0s AsmSlv(...352

93 EqnBC,TriMesh,CondKs,DirichletEdge,NeumannEdge,GAUSSQUAD);353
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94 % toc354

95355

96 %% Computing numerical ElectricalPotential, velocity, flux, etc.356

97 [NumElPotEm,NumElCurrEmCntr,NumerFlux,LMCR,FluxDscp] = ...357

98 Darcy MFEM TriRT0P0 PresVelFlux(TriMesh,sln,BndryDescMat);358

99 %359

100 % NumElPotEm(i) = p h(i), 1≤ i ≤ NumEl360

101 % NumElCurrEmCntr(i) = u h(i,[1 2]), 1≤ i ≤ NumEl361

102 % u h = − K grad p h362

103 % NumerFlux(i,[1 2 3]) = u h(i,[1 2])'(n(i,[1 2]))363

104 %364

105 %% GENERATE SYNTHETIC DATA :365

106 %366

107 %367

108 NumCurrPowerDensity = zeros(size(CondKs)) ;368

109 %369

110 for ix=1:length(NumCurrPowerDensity)370

111 absJix = norm(NumElCurrEmCntr(ix,:),2) ;371

112 %% For CDII, sigma | \nabla u |:372

113 % NumCurrPowerDensity(ix) = absJ;373

114 NumCurrPowerDensity(ix) = absJix;374

115 %% For AEIT, sigma | \nabla u|ˆ2:375

116 % NumCurrPowerDensity(ix) = (1/CondKs(ix))*absJixˆ2;376

117 end377

118 % NumElPotEm = Elementwise Numerical ElectricalPotential378

119 % NumElCurrEmCntr = Elementwise Numerical Velocity/Current ...379

(at the centre of Element)380

120 %% Presenting numerical & graphical results381

121 %382

122 show TriMesh ScaVecEm mix(TriMesh, NumCurrPowerDensity, ...383

NumElCurrEmCntr, ...384

123 23, 'MFEM: Current Density (CDII) and Current', 1);385

124 %386

125 %% show TriMesh ScaVecEm mix(TriMesh, NumCurrPowerDensity2, ...387

NumElCurrEmCntr, ...388

126 %% 24, 'MFEM: Current Density (AEIT) and Current', 1);389

127 %%390

128 % DATA for Successive Iteration391

129 %392

130 %% CDII:393

131 % element coordinate NumCurrPowerDensity394

132 %% AEIT:395

133 % element coordinate NumCurrPowerDensity2396

134 %397

135 %%398

136 %% Define: \sigmaˆ0, ...399

%400

137 Sigmak = ...401

mean(NumCurrPowerDensity)*ones(size(NumCurrPowerDensity)) ;402
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138 % Sigmak = CondKs ;403

139 %404

140 absGradU = zeros(size(NumCurrPowerDensity)) ; % Memory ...405

allocation406

141 %%maximum number of iteration K407

142 %408

143 Kmax = 10 ;409

144 Norm2OfRatio = zeros(1,10)' ; % Place holder410

145 Norm2OfRatioRel = zeros(1,10)' ; % Place holder411

146 NumGradEmCntr = zeros(size(NumElCurrEmCntr(:,1))) ;% Place ...412

holder413

147 %% tolerance level T. ...414

%%415

148 TolLevel = (max(NumCurrPowerDensity) − ...416

min(NumCurrPowerDensity))/2 ;417

149 %% Set k = 0 and \varepsilon = 2 T. ...418

%%419

150 kIteration = 0 ; VarEpsilon = 2*TolLevel ;420

151 %% while k < K and \varepsilon > T do ...421

%%422

152 while (kIteration < Kmax) & (VarEpsilon >TolLevel)423

153 %% 1 ...424

...425

%%426

154 %% 2 Solve for uˆk in ...427

%%428

155 %% 3 \nabla (− \sigmaˆk nabla uˆk) = 0 in \Omega ...429

%%430

156 %% 4 u = u D on \partial \Omega , ...431

%%432

157 %% Assembling and solving...433

158 % tic;434

159 [sln,MatA,MatB,GlbRHS] = Darcy MFEM TriRT0P0s AsmSlv(...435

160 EqnBC,TriMesh,Sigmak,DirichletEdge,NeumannEdge,GAUSSQUAD);436

161 % toc437

162 %%438

163 %% Computing numerical ElectricalPotential, velocity, flux, etc.439

164 [NumElPotEm,NumElCurrEmCntr,NumerFlux,LMCR,FluxDscp] = ...440

165 Darcy MFEM TriRT0P0 PresVelFlux(TriMesh,sln,BndryDescMat);441

166 %442

167 %% 5 update ...443

%%444

168 %% 6 \sigmaˆ{k+1} = a/ |\nabla uˆk | ...445

%%446

169 % absGradU = sqrt(NumerFlux(:,1).ˆ2 + NumerFlux(:,2).ˆ2) ;447

170 NumGradEmCntr(:,1) = NumElCurrEmCntr(:,1)./Sigmak ;448

171 NumGradEmCntr(:,2) = NumElCurrEmCntr(:,2)./Sigmak ;449

172 absGradU = sqrt(NumGradEmCntr(:,1).ˆ2 + ...450

NumGradEmCntr(:,2).ˆ2) ;451
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173 Sigmak1 = NumCurrPowerDensity./absGradU ;452

174 %% 7 Set \varepsilon = | \sigmaˆ{k+1} − \sigmaˆk | and k ...453

=+1 %%454

175 kIteration = kIteration + 1;455

176 %% Computing errors :456

177 %% Compute \Vert Sigmak1 − Sigmak \Vert (Lˆ2)/\Vert Sigma ...457

\Vert (Lˆ2)458

178 % [L2ErrPotential] = ...459

Darcy MFEM TriRT0P0 Err(EqnBC,TriMesh,sln,GAUSSQUAD);460

179 Norm2OfRatioRel(kIteration) = norm((Sigmak1 − ...461

Sigmak),2)/norm(Sigmak1,2) ;462

180 Norm2OfRatio(kIteration) = norm((Sigmak1 − ...463

Sigmak),2)/norm(CondKs,2) ;464

181 %465

182 VarEpsilon = norm((Sigmak1 − Sigmak),1) ;466

183 Sigmak = Sigmak1 ;467

184 %% end while ...468

%%469

185 end470

186 show TriMesh ScaEm ClrImg(TriMesh,CondKs,24,' Exact ...471

Conductivity ')472

187 show TriMesh ScaEm ClrImg(TriMesh,NumCurrPowerDensity,26,' ...473

Current Density (CDII) ')474

188 show TriMesh ScaEm ClrImg(TriMesh,Sigmak1,27,' Approximate ...475

Conductivity ')476

189 disp('==========FINISH=========')477

190 return;478

191 %479

Test Case480

1 function EqnBC = EqnBC Poisson ExactTrikiYin481

2 %% EqnBC: EqnBC Poisson ExactTrikiYin482

3 % Exact Solution of483

4 %484

5 % Inverse conductivity equation with internal data,485

6 % Triki, Faouzi and Yin, Tao,486

7 % arXiv preprint arXiv:2003.13638},487

8 % 2020488

9 %489

10 % Let $\Omega 1$ be the unit square [0,1]ˆ2490

11 % Set491

12 % p(x,y) = cos(x−0.5).*exp(y);492

13 % Ks = \sigma = 1.0, 0<x<0.5, 0<y<1493

14 % 1.4, 0.5<x<0, 0<y<1494

15 %495

16 % Now, define the boundary fluxes as496
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17 % f n = u497

18 % Observe, that¬:498

19 % p satisfies \[\nabla k \nabla p =0,\]499

20 % with Dirichlet data500

21 % g D = p =501

22 %502

23 %503

24 EqnBC = struct('fxnKs',@fxnKs, 'fxnK',@fxnK, 'fxnf',@fxnf, ...504

25 'fxnpD',@fxnpD, 'fxnuN',@fxnuN, ...505

26 'fxnp',@fxnp, 'fxnpg',@fxnpg, 'fxnu',@fxnu);506

27507

28 % Diffusion coeff. or permeability as a scalar508

29 function Ks = fxnKs(pt)509

30 x = pt(:,1);510

31 y = pt(:,2);%511

32 Ks = ones(size(x) ;512

33 %Ks = \sigma = 1.0, 0<x<0.5, 0<y<1513

34 % 1.4, 0.5<x<0, 0<y<1514

35 ix = (x => 0.5) ;515

36 Ks(ix) = 1.4 ;516

37 end517

38518

39 % Diffusion coeff. or permeability as 2x2 SPD matrix519

40 function K = fxnK(pt)520

41 x = pt(:,1);521

42 NumPts = size(pt,1);522

43 ix = (x => 0.5) ;523

44 K = zeros(NumPts,2,2);524

45 %525

46 K(:,1,1) = 1;526

47 K(:,2,2) = 1;527

48 %528

49 K(ix,1,1) = 1.4;529

50 K(ix,2,2) = 1.4;530

51 end531

52532

53 % The right−hand side function in the Poisson/Darcy equation533

54 function f = fxnf(pt)534

55 x = pt(:,1); %y = pt(:,2);535

56 f = zeros(size(x)) ;536

57 end537

58538

59 % Dirichlet boundary condition539

60 function pD = fxnpD(pt)540

61 % x = pt(:,1); y = pt(:,2);541

62 pD = fxnp(pt);542

63 end543

64544

65 % Neumann boundary condition545
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66 % None546

67547

68 % Known exact "pressure" solution548

69 function p = fxnp(pt)549

70 x = pt(:,1); y = pt(:,2);550

71 % u exact = cos(x − 0.5)*exp(y)551

72 p = cos(x−0.5).*exp(y);552

73 end553

74554

75 % Known gradient of the exact "pressure" solution555

76 function pg = fxnpg(pt)556

77 x = pt(:,1); y = pt(:,2);557

78 pg = [sin(x−0.5).*exp(y), cos(x−0.5).*exp(y)];558

79 end559

80560

81 % Known exact solution for "velocity"561

82 function u = fxnu(pt)562

83 x = pt(:,1); y = pt(:,2);563

84 u1 = − sin(x−0.5).*exp(y) ;564

85 u2 = − cos(x−0.5).*exp(y);565

86 u = [u1,u2];566

87 end567

88568

89 end569

18

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 8 February 2021                   


