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Impulsive control and global stabilization of reaction-diffusion epidemic model
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Abstract

In this paper, by using the variational method, a sufficient condition for the unique existence of the stationary solution
of the reaction-diffusion ecosystem is obtained, which directly leads to the global asymptotic stability of the unique
equilibrium point. Moreover, delayed feedback ecosystem with reaction-diffusion item is considered, and utilizing
impulse control results in the globally exponential stability criterion of the delayed ecosystem. It is worth mentioning
that the Neumann zero-boundary value that the infected and the susceptible people or animals should be controlled in
the epidemic prevention area and not allowed to cross the border, which is a good simulation of the actual situation
of epidemic prevention. And numerical examples illuminate the effectiveness of impulse control, which has a certain
enlightening effect on the actual epidemic prevention work . That is, in the face of the epidemic situation, taking
a certain frequency of positive and effective epidemic prevention measures is conducive to the stability and control
of the epidemic situation. Particularly, the newly-obtained theorems quantifies this feasible step. Besides, utilizing
Laplacian semigroup derives the pth moment stability criterion for the impulsive ecosystem.

Keywords: Neumann boundary value, Laplacian semigroup, Poincare inequality lemma, impulse control,

Lyapunov-Razumikhin method

1. Introduction

Infectious diseases have existed for thousands of years in the history of human development and brought great
harm to human beings. In the 6th century, the prevalence of smallpox in the Middle East reduced the population
by nearly one tenth. From 1347 to 1352, the spread of plague in Europe killed nearly one third of the European
population. AIDS is due to the infection of human immunodeficiency virus and make the human immune system
destroyed, loss of immune capacity. In 1927, Kermack and McKendrick established the famous Sir chamber model
in order to analyze the spreading law of London black death from 1665 to 1666 and Bombay plague in 1906 ([3]).
In 1932, Kermack and McKendrick established the famous SIS model ([4,5]). The idea of compartment model is
to divide the population into susceptible individuals, infected individuals and recovering individuals, and ignore the
birth and death of the population, that is, the total population remains unchanged. Such infectious diseases as measles

and chickenpox, patients with lifelong immunity after recovery, recovery individuals will not enter the susceptible
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individuals. On this basis, numerous scholars have done a lot of work ([6-10]). Stability analysis is an important part
of infectious disease dynamics. The stability of equilibrium point is studied by qualitative theory of delay differential
equations and uniform persistence theory. The stability of equilibrium includes local stability, uniform persistence
and global stability. Local stability means that the initial value is near the equilibrium point, and the value at any
time is near the equilibrium point [6]. Uniform persistence means that the system eventually has a positive lower
bound, which reveals that infectious diseases eventually spread in the population [7]. Global stability means that
the equilibrium point is stable. For any initial value, when the time is sufficiently large, the solution of the system
will converge to the equilibrium point [7,8], The disease is extinct or epidemic. The research on the stability and
consistent persistence of the dynamic model of infectious diseases is helpful for people to find the epidemic law of
infectious diseases, and is of great significance for the prevention and control of infectious diseases. Time delay effect
exists widely in the objective world. The epidemic law of infectious diseases not only depends on the current state,
but also related to the previous state. In the process of infectious disease transmission, for some infectious diseases,
such as tuberculosis, AIDS, etc., the susceptible become infected after infection, but they do not necessarily have
the ability to infect immediately. It takes a period of time for the susceptible to become infected to have the ability
to infect, so people need to take the infection delay into account in the infectious disease model. For influenza and
other diseases, since the infected person can still reinfect the disease after recovery, it is necessary to consider the
recovery delay. The recovery delay is the time from the recovery stage of the convalescent person to becoming a
susceptible person again. In order to study gonorrhea, Cooke and Yorke established an epidemic dynamics model
with time delay ([9]). There are a lot of classical works on the time-delay epidemic model (see [10 - 13]). In the
virus dynamics model, since it takes a period of time from the virus infecting the host cell to the host cell producing
virus particles, it is necessary to take the infection delay into account in the virus dynamics model. Because there is a
period of time between the immune system receiving antigen stimulation and producing immune cells, it is necessary
to take the immune delay into account in the virus dynamics model. In recent years, many scholars have obtained
many interesting results by analyzing the stability of various infectious disease models ([14-23]). For example, in
2021, Xiaodan Chen and Renhao Cu investigated a diffusive cholera epidemic model with nonlinear incidence rate.
By constructing suitable Lyapunov functionals, they derived the global stability of the disease free equilibrium and
the endemic equilibrium ([23]). Besides, there are a lot of literature involved in impulsive epidemic model ([24-27]).
In [24], Jianjun Jiao, Shaohong Cai and Limei Li established an SIR model with impulsive vaccination, impulsive
dispersal and restricting infected individuals boarding transports, and proved that there exists globally asymptotically
stable infection-free boundary periodic solution. Recently, reaction-diffusion epidemic model has been widely studied
for its good simulation of epidemic infection (see, e.g. [31-36] and the related literature therein), for instance, Yantao
Luo, Sitian Tang, Zhidong Teng and Long Zhang in [31] studied a reaction-diffusion multi-group SIR epidemic
model with nonlinear incidence in spatially heterogeneous and homogeneous environment, and the global asymptotic
stability for the disease-free and endemic steady states was obtained by way of Lyapunov functions method. In
addition, Lyapunov-Razumikhin method of [28-30] inspires the author of this paper. For example, in [30], Dan Yang,
2
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Xiaodi Li and Shiji Song employed Lyapunov-Razumikhin method to derive the global stability criterion. In this
paper, a dynamic model of infectious disease patients and susceptible patients with diffusion is studied , and a global
stability result is obtained. Furthermore, since the artificial epidemic prevention can be regarded as an impulsive
effect. So the impulsive delay dynamical system is also considered, and the global exponential asymptotic stability
criterion is obtained by way of Lyapunov-Razumikhin method and impulse control technique. Besides, Laplacian
semigroup, fixed point theory and inequality technique are applied to derive pth moment stability of the impulsive
ecosystem by the inspiration of [46,47, 50].

In this paper, the innovative points are listed as follows,

o By using the variational method, a sufficient condition for the unique existence of the stationary solution of
the reaction-diffusion ecosystem is obtained, which directly leads to the global asymptotic stability of the unique
equilibrium point.

o Utilizing impulse control technique derives the globally exponential stability criterion of delayed feedback
ecosystem. And numerical examples illuminate the effectiveness of impulse control, which has a certain enlightening
effect on the actual epidemic prevention work .

¢ The Neumann zero-boundary value that the infected and the susceptible people or animals should be controlled
in the epidemic prevention area and not allowed to cross the border, which is a good simulation of the actual situation
of epidemic prevention.

For convenience, throughout of this paper, the author denotes by A; the smallest positive eigenvalue of the Neu-
mann boundary problem in [1, Lemma 4]. Symmetric matrix A > 0 represents A is a positive definite symmetric
matrix, and A > B or B < A represents A — B is a positive definite symmetric matrix. Adpy.xA represents the maximum
eigenvalue of the symmetric matrix A. For a matrix A = (a;;)uxx, denote |A| = (|a;;)uxs. For a vector U = (Uy, U,)7,

denote |U| = (U, |Ua))T.

2. System descriptions

Consider the following ecosystem under Neumann boundary value:

0
G_Ltt =q1Au + ajuv — bluv2 —cu, t>20,xeQ,
ov 2
Ezquv—azuv+b2u v—cu+d, t>0,xeQ, 2.1
ou(t, ov(t,
ut. 0 oo MED a0,
ov ov

where u, v represent population density of people infected with virus and that of virus susceptible people or animal,
respectively. d > O represents the birth rate of the virus susceptible, a;uv represents the increasing degree on the
infected with virus due to the cross infection, and —a,uv represents the decreasing degree on the susceptible due to
the cross infection. b,uv? represents decreasing degree on the infected due to epidemic preventions while b,u?v is the
increasing degree on the susceptible after the patients are cured and became susceptible to infection. cju represents the
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decreasing degree on the patients due to the death of some patients. c,u represents the decreasing degree on the virus
susceptible due to increasing patients. If the diffusion phenomenon is ignored, the ecosystem (2.1) without reaction-
diffusion items was investigated in many literature (see [45] and its references therein ). However, it is well known
that the phenomenon of diffusion can not be avoided in the ecosystem, and has a profound impact on the stability of
the ecosystem. So, in this paper, the reaction-diffusion ecosystem with the infected and susceptible is considered for
the first time.

It is easily known via a simple computation that if (u, v) is a constant equilibrium point of the system (2.1), then

ajuv —byw? - ciu = 0,

2.2)
— aouv + bau’v — cou+d = 0,
Throughout this paper, the following assumption is considered,
(H1) There are two positive constants M;(i = 1,2) such that
O0<us<M, 0<v<My; (2.3)
(H2) Assume that the positive numbers a;, b;, ¢;, d satisfy
a% = 4b16‘1
2.4

(aray + 2b1C2)2 = 8a1bbyd

Remark 1. Due to the limited natural resources, the boundedness hypothesis on the population density of the sus-
ceptible people or animals is reasonable. Especially due to the reliable guarantee of modern medicine and epidemic
prevention science, the population density of the infected people or animals is also controllable and will not exceed a

certain threshold. In sum, the boundedness assumption (H1) is practicable and workable.

Remark 2. For any given positive numbers a;, b;, ¢;, d satisfying (2.4), the condition (H2) can guarantee that the
positive solution (u., v,)” of the equations (2.2) is unique, where

ayay + 2b162 aj
= e = — . 2.5
" 2a1b, TS 2:5)

Every regular or irregular killing and feeding of diseased species can be regarded as a kind of pulse, and hence,

the impulsive model should be investigated. So the author may consider the following delayed feedback ecosystem:

0
O_Ltl =q1Au+ ayuv — biv* — ciu+ pr(u(t, x) —u(t — 7(1),x)), t>0,1t# 1, x€Q,
0
a—‘; = Av — aruv + bzuzv —cu+d+ pry(v(t,x) — vt —1(1),x), t=20,t+ xe€Q,
(t}, x) = we, (&7, x) = v = Be(u(ty, x) — o, (6, x) —v.)",  k=1,2,-+- (2.6)
ou v
— =0=—, €0Q,t >0,
ov av *

(u(s, x) — s, v(s,x) —v,) = &(s,x), se[-1,0], xe€Q,
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where each By > 0 is a symmetric matrix, dependent on k. Time delay 7(¢) € [, 0].

Remark 3. It is obvious that under the assumption (H2), the point (u., v.)” must be the unique stationary solution of
the impulsive system (2.6), too. But the condition (H2) can not warrant that (u.,v,)” must be the unique stationary
solution of the system (2.1) or (2.6). In fact, all the vector function (u(x),v(x))” satisfying the following elliptic

equations (2.7) must be a stationary solution of the ecosystem (2.1) and also the impulsive system (2.6), where

qlAu+a1uv—b|uv2—c1u=0, x€eQ,

@AV — aruv + b2u2v —cu+d=0, xeQ, 2.7
ou ov

—=0=—, 0Q.

av av xe

The following lemma may be necessary to some extent (see, e.g. [1, Lemma 4]).

Lemma 2.1.(Poincar Integral Inequality). Let Q be a bounded domain of R” with a smooth boundary 9Q of class C?

4

oY f v()lPdx < f IVv(x)l*dx,
Q Q

which 4, is the smallest positive eigenvalue of the Neumann boundary problem

by Q. v(x) is a real-valued function belonging to Hé (Q) and 6\(;(x) lao = 0. Then

-Ap=2Ap, x€Q,

Op(x)
P

(2.8)
0, xedQ.

Lemma 2.2 (Banach contraction mapping principle [48]) Let ® be a contraction operator on a complete metric space

I, then there exists a unique point u € I" for which ®(u) = u.

Lemma 2.3. For any given p € [1,+c0)andm € N, a; > 0, j =1,2,--- ,m, then the following inequality holds,

3. Mean square stability

Due to the viewpoint of Remark 3, the author has to prove that (u., v.)” defined in (2.5) is the unique equilibrium

point of the system (2.1). Assume, in this section, u(t], x) = u(t, x), v(t;, x) = v(t;, x).
Theorem 3.1. Suppose the conditions (H1) and (H2) hold, and

ay %((12 +B1)

s B2

<40, (3.1

then (u.,v.)" defined in (2.5) is the unique stationary solution of the ecosystem (2.1) and also the impulsive

system (2.6), where A, is the smallest positive eigenvalue of the Neumann boundary problem ([1, Lemma 4]), and

0 = diag(q1, q2),
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ay =layv. — blvf —ci| +lar = 2byvi| - My, B = laju,. — 2byu.vi| + byu. My + by M M, 3o

ay =| — ayvi + 2bru v, — 3| + bov. My + byM\ My, B = | — axu. + bzufl +|—ay +2bou,| - M;. G2
Proof. Firstly, the author only need to prove that (u.,v.)” defined in (2.5) is the unique stationary solution of the
ecosystem (2.1). In fact, if (u.,v.)” defined in (2.5) is the unique stationary solution of the ecosystem (2.1), the
viewpoint of Remark 3 tells that the point (i, v.)” must be the unique stationary solution of the impulsive system
(2.6), too. Below, the author will prove that (u,,v,)" defined in (2.5) is the unique stationary solution of the ecosystem
2.1).

It is easy to verify that (u., v.) defined in (2.5) is a solution of the following equations

ajuv — by’ — ciu =0,
(3.3)
—auv +by’v—cou+d=0,

which implies that (u,, v,)” is a positive equilibrium point of the system (2.1).

Let (u(x), v(x))" be any stationary solution of the system (2.1). Set z; = u(x) — ., 20 = v(x) = v,, and z = (21, 22)",

then
1Az + ¢1(21,220) =0, xe€Q,
@A + 92(21,220) =0, x€Q,
0z 02
— =0=—, € 0Q,
av ov .

where

$1(2) =(a1v* — b2 - 61)21 + (alu* - 2b1u*v*)12 + (a1 = 2b1v.)z122 — biuszs — bi2125,

3.4)
¢2(Z) =( —a)V, + 2b2M*V* - Cz)Zl + ( — ), + bguz)ZQ + (—a2 + 2b2u*)Z122 + bgV*Z% + sz%Zz,
Based on the boundedness assumptions (H1) on u, v, one can get
6121, 22)l < anlzil + Bilzal (3.5)
and
$2(z21, 22)l < @2lzi] + Balzal, (3.6)

where a;, B; are defined in (3.2).

Similarly as that of [1], employing Poincare integral inequality ([1, Lemma 4]) results in

M”kaQkkéJ“@MAF+&h+ﬁOkﬂﬂ+ﬂﬂmF)
Q Q

1
mfmwm<fmT“12m”m)m,
Q Q * ﬁ

or

2
6


https://doi.org/10.20944/preprints202102.0197.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 April 2021 d0i:10.20944/preprints202102.0197.v2

and hence z = 0, and u(x) = u., v(x) = v,. The proof of Theorem 3.1 is completed.

Remark 4. Both u. and v, are only the positive numbers, dependent upon a;, b;, ¢; and d. Particularly, a;v.—b Wi-ci =
0 and so @ = |a1v. — bv? — c1| + lai — 2b1v.| - M. Similarly, other parameters are also simplified to some extent.

Set U = U(t, x) = (U, (¢, x), Ua(t, x))T with

Ui(t,x) = u(t, x) — u,

3.7
Us(t, x) = v(t, x) — vy,
where u. and v, are positive numbers, defined in (2.5). Then it follows from (2.1) that
B — Uk
(ua—tu) =q1A(u — u,) + ajuy — aju,v, — biuw? + biuv, — cilu—u,), t>20,xeQ,
a - Vi
% =AW —v,) — auv + aru.v. + b2u2V - bgufv* —c(u—u,), t=0,xeQ,
o(u — u, ov—v,
Ou-u) o 0v=v)  aa >0,
av av
which can be rewritten as follows,
0
O oAU +¢U), 120, x€Q
ot 38
U (3.8)
— =0, x€dQ,t>0,
av
where ¢(U) = (¢1(U), ¢2(U))7, and (3.4) yields
¢1(U) =(a1v* - blvf - Cl)Ul + (Clll/t* - Zblu*v*)Uz + (al - 2b1v*)U1U2 - blu*U§ - blUl U%,
3.9)

¢2(U) =( — v, + 2b2u*v* - CQ)U] + ( — arU, + szZ)UQ + (—(12 + 2b2u*)U1 U2 + sz*U% + b2U12U2.

Obviously, the positive equilibrium point (i, v.)” of the system (2.1) is corresponding to the null solution (0, 0)”

of the system (3.8), where u, and v, are positive numbers, defined in (2.5).

Theorem 3.2. If all the conditions of Theorem 3.1 are satisfied, then the unique equilibrium point (., v.)” of the

system (2.1) is globally asymptotically stable.

Proof. Consider the Lyapunov functional as follows

V(@t,U) = fg U™ (t, 0)U(t, x)dx. (3.10)
It is follows from (3.5) and (3.6) that
61 (U] < a1U1| + iU (3.11)
and
lp2(U)] < a2lU| + B2|Ua, (3.12)
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Combining (3.11) and (3.12) results in
lp() U| =|UT $(U)| = |U161(U) + Usgha (V)|

a a@+ﬁn}U| (3.13)

<ol
* B>

Then Poincare inequality Lemma ([1, Lemma 4]), (3.1) and (3.8) yield

v o,

= _2fg U (QAU+¢(U))dx

(3.14)

<ZJ~[—AMUVQKH+IUV
Q * ,82

ar 3@z +p) J|U|]<O'

Besides,

U2y < V(t,u) < 20IUIZ

which together with (3.14) implies that the null solution of the system (3.8) is globally asymptotically stable, and
hence, the unique equilibrium point (u,,v,)” of the system (2.1) is globally asymptotically stable.

Finally the author consider the following delayed feedback system with impulse:

ou
i =QAU +¢(U)+ P(U(t,x) - U(t —1(8),x)), t=>0,t#1t;, x€Q,
U@t x) =B U, x),  k=1,2,--
(3.15)
B_U =0, xe€dQ,t>0,
v
U(s,x) =§(s,x), s€[-1,0], x€Q,
where U is defined in (3.7), 7(¢) € [-7, 0], U(t,:’,x) = U(, x) and
0 b 0
p=| . Be=| M . (3.16)
* P2 b

Obviously, the null solution of (3.15) is corresponding to the equilibrium point (i, v.)” of the impulsive system (2.6).
Theorem 3.1 tells that under the assumptions of Theorem 3.1, (u,,v,)" is the unique equilibrium point of the

impulsive system (2.6). And then the author is able to consider its global stability.

Theorem 3.3. Suppose all the conditions of Theorem 3.1 hold. If, in addition, there exist several positive constants

¢c,A,ocwitho — A > ¢,and y > 1 such that

0 < sup AmaxBf < 1 (3.17)
keN
> — 3.18
4 SUp AmaxBY (3.18)
keN
In(sup Amax BY) < —(0 = (1 — tr-1), k €N, (3.19)
keN

8
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then the unique equilibrium point (u.,v.)” of the system (2.6) is globally exponentially stable with convergence rate

%, where I represents identity matrix, and

ar s(a+p)

ES B2

€= dmax| =210 + 3P + 2[ J + v (Amax P)I | > 0. (3.20)

Proof. Firstly, the conditions of Theorem 3.1 warrant that (., v.)! is the unique equilibrium point of the system (2.6).

Consider the Lyapunov functional as follows

V(t,U) = f Ur(t, x)U(t, x)dx = f U, 0" U, x)ldx.
Q Q
Then Poincare inequality Lemma ([1, Lemma 4]) and (3.15) yield that for 7 € [_;, %), t € N,
DYV(t, U(®D) =2f UT(QAU +¢(U) + P(U(t,x) - U@t — 1(2), x)))dx
Q

a5l +pB)

< f |U|T[ —20,0+3P+ 2{ ]IUldx + AP f Ut = (), ) |U( = 7(6), x)ldx
Q * ﬁz Q

3.21)
According to [2, Theorem 2.1], when

f Ut = (t), DI U - 7(0), 2))ldx < ye' f UI"|U]dx,
Q Q
(3.21) yields

a1 3+ )

DYV(t, U(r) < f |U|T[ -2, 0+3P+ 2[
Q

]|U|dx + /lmaxpf Ut =70, )" |U(t - 7(t), x))ldx
* B2 Q

ch(t, U(t))3 te [tkfl’tk)9t € N,
(3.22)

where ¢ > 0 is defined in (3.20).
On the other hand,

V(. Un) = f UGt 0" BB Ut 0)dx < A BV, UGEY)),
Q

which together with (3.22), and (3.17)-(3.19) means that all the conditions of [1, Theorem 2.1] are satisfied. According
to [2, Theorem 2.1], the null solution of the system (3.15) is globally exponentially stable with convergence rate % .
And hence, the unique equilibrium point (x,, v.)” of the system (2.6) is globally exponentially stable with convergence

a
rate 3 -
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4. Exponential stability in the pth moment (p > 1)

In this section, the system (3.15) is rewritten as follows,

oUu
c?_t] =AU + o1 (U) + pr(U (8, x) = Ut —7(), %), t=20,t#1, x€Q,
oU
6_12 =AU + ¢2(U) + p2(Ux(t, x) = Us(t —7(2), %)), 20,1+, x €L,
U, x) =B Ut ,x), k=1,2,--- 4.1
0
U o, xeon.t>o0,
ov
U(s,x) =£(s,x), se[-1,0], xeQ,

where ¢;(U) is defined in (3.9). Obviously, the null solution of (4.1) is corresponding to the equilibrium point (u,., v,.)”
of the impulsive ecosystem (2.6). In this section, the author assumes u(;, x) = u(t, x) and v(f;, x) = v(#, x). Denote
by £%(Q) the space of all real-valued square integrable functions with the inner product (y,7) = fQ x(n(x)dx, for
X,1M € L%(Q) which derives the norm Il = ( fQ /\(Z(x)dx)% for y € L2(Q). Denote by A = ﬁl ;—% the Laplace operator,
with domain D(A) = W(;’Z(Q) N Wg’z(Q), which generates a strongly continuous semigrf)up e, where Wg’z(Q) and
WS’Z(Q) are the Sobolev spaces with compactly supported sets. Next, the definition of the mild solution of the system
(4.1) will be introduced. For convenience, the author takes U(¢) = (U(t,-), Ua(t,-))" and U = {U(t, -)}j0.r1 for any

given T > 0 such that each U;(?) is a L2(Q)-valued function.

Definition 1. A £2(Q)-valued function U = {U (O)}o,) 1s called a mild solution of (4.1) if for any i € {1, 2}, U;(t, x) €
C([0, T1; L2(Q)) satisfies fol |Ui(s)||Pds < oo, i = 1,2, and the following integral equations hold for any ¢ € [0, T] and
x€eQ,

Ui(t,x) = e (0,.x) + f NGy (U(s, 1) + pr(Us(s,2) = Us(s = 7(5), D)lds + €™ 3" e 1Ay = DU (), 120,
0

O<ty <t

mmm:ﬂﬂﬁmm+f}WHW@w@mwwﬁwmm—w@—ﬂnmmm+wm}:ymﬂw—nwmwx1>Q
0

O<t <t

and
o _
dy
U(s,x) =&(s,x), se[-1,0], xeQ.

0, xe€0Q,t>0,

Assume, in addition,

(H3) |le|] < Me™, where M > 0 and y > 0 are constants.

Remark 5. [[e2]| £ [le®]l, =  sup |le®wll;2q) (see [46]). And Definition 1 is well defined in view of [46] and [49,
20y =1
Lemma 3.1].

Theorem 4.1. Assume that the condition (H3) and all the conditions of Theorem 3.1 hold, and if, in addition,

0<B<1, 4.3)
10
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then the unique equilibrium point (i, v.)” of the system (2.6) is globally exponential stability in the pth moment

(p 2 1), where u = Iican](tm —t) > 0, 8 = max{B, 5},
€

Mr2r-!
Bi =4P*'[ - (<|a1v* = b\v; = ci| + Molay — 2byv.| + b1 M3)”
“yr
2M7 p} @
+ (layu. = 2byu.v.] + Milay — 2byv.| + 2Mabyu, + 2M1M2b1)P) + L+ MPP(max by - 11)(1 + —)"]
@y K qyp
and
Mror-!
ﬁz :4p71[ 7 ((| — v, +2bru,v, — Cz| + M2|a2 - szu*l +2Mbyv, + 2M1M2b2)p
6"
» 4.5)
2 2 2pyM” 2 (Y
+ (. = o] + Mila = 2] + bo M)+ =2 4 M (ma e = 1)1+ ——) ]
Y’ k QYH

Proof. Under all the conditions of Theorem 3.1, obviously (u., v.)? is the unique equilibrium point of the system (2.6).
Below, it only need to prove that the unique equilibrium point is globally exponential stability in the pth moment, or
the null solution of the system (4.1) is globally exponential stability in the pth moment, which can be derived by
the Banach contraction mapping principle. To utilize the principle, the author need the following five main steps to
achieve the goal.

Step 1. Formulating a contraction mapping on a suitable complete metric space.

U] (t > -x)
Let I" be the normed space of all pth moment continuous processes consisting of functions atr > 0
Us(t, x)

with z # #; such that e*||U;(?)||P — 0 for each i = 1,2 if t — +o0. Moreover, the author equips the space ' with the

following distance

U, Vi 3 U, Vi
disi| : )= [max{ sup UL (1, x) — Vi(t, 0II7, sup [T (. x) — Vs, x)n"}] v : €T,
U, Vs, 1Z-T 2= U, Vs

(4.6)
then I' is a complete metric space under the distance (4.6), where « is a positive scalar with 0 < @ < min{qy, g2y}

Construct an operator ® with ® = (0, 0,)7 such that for any given U = (U, U,)T eT,

O (U1, x) = €410, x) + f NG (U s, 0) + pr(Us (5,00 = Uy(s = 7(s), )Ids + e )" e 8By = DU (1,0, 120,
0

O<y <t

O:(Ua)(1, x) = e®£,(0, x) + f PRy (U(s, X)) + pa(Us(s, %) = Us(s = 7(s), x))ds + e Z P by = DUs (1, 0), 120,
0

O<ty<t
aOU)
P

OW)(s,x) =&(s,x), s€[-1,0], xeQ.

0, x€dQ,t=0,

4.7

Below, the author has to prove that the above-defined ® is really a contraction mapping ® : I’ — T
Step 2. For ¢t € [0,+00) \ {#};2,, the author claims that both ®;(U;)(t, x) and @,(U>)(t, x) are pth moment

continuous.
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Indeed, let 6 be small enough scalar, a routine proof yields that if 6 — 0,
1©1(U)(t +6,x) = O (U@, )IIP < 477 [e D0, x) — & (0, )17

1+6 !
) [ et g s vds - [ ey uts sy
0 0

1+6 f 4.8)
+4771 f eI (U (s, x) = Ui (s — (), X)]ds — f eI py(Uy (s, x) = Ui(s = 7(s), x)1dsll”
0 0
A en NN A by — 1)U (15, 2) — €'Y e N by = DU (a1, DI 0, V1 € [0,+00) \ {12,
O<ty<t+6 O<ty<t
Similarly, if 6 — O,
1©2(U2)(t + 6, %) — O(U)(t, X)|IP = 0, V1el0,+00)\ {ti)ie,- 4.9
Hence, (4.8) and (4.9) prove the claim.
Step 3. It follows by a routine proof that
lim @ (U1)(% + 6,%) = b ®1(U1)(1, ) and lim O, (Ut + 6, x) = O1(U1)(t, x) ;
6—-0 6—0 (410)
(Slif(f){ O (U2)(x + 6, x) = ba®2(U2)(#, x) and 6111{)[ O (U2)(fx + 6, x) = O2(U2) (1, X).
Step 4. The author claims that
U
o] ! Hp 550, if t — +oo, 4.11)
U,
i.e.,
el (Ui(t, )" — 0,
if 1 — +oo. (4.12)
e"(|@(Us(t, x))|I” — 0,
Indeed,

@1 (U@, DI = e™[le”"£1(0, x) +f MR (U(s, X)) + pr(Ui(s, x) = Ui (s = 7(s), x))lds + "™ Z e M by = DU, (1, 0|1
0

O<ty<t
s 3
<57, (0, )P + 5P| f I G (U (s, I + 5P| f 1 U (s, sl
0 0
[
+ SP"emllf N1 p U (s — 1(s), 0)ds||)” + 577 el Z e M A (b — DU (t, 07, £ = 0,
0 O<y <t
4.13)
Moreover,
e[ (0, 0P < MPe™ e 1,0, X)|IP — 0, if £ — +oo. (4.14)
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The condition (H3), (3.11) and Holder inequality yield
3
e f NI (U (s, x))ds|”
0

! P 4 r
< wre|(a [T i) + (o [ e |
0 0

1 ! 1 !
<oty (e uipds sy e
0 1 0

a1y

(4.15)

- 1 - ' — —a)(t-s) ,as 1 - ' — -
<27 1Mplaf(m)P lfoe (@m0 I|U1(s,X)||”dS+/3’f(m)” lfoe e ‘)||U2||pdSJ-

On the other hard, ¢”||U;(?)||” — 0 means that for any & > 0, there exists * > 0 such that all ¢*'||U;(?)||” < &. And

S0,
! r !
f @953 7, (5. DI ds < f @5 o (U (s 0P )ds + f @9 g g
0 0 s€l0.r7] r
1 . 1
< max (e[| U, (s, 0)||P)e 7" el 1 g :
s€[0,¢+] qi1y —a q1y —a

which together with the arbitrariness of & implies that fot e~ @Y==9008|17, (s, x)||Pds — 0 if t — +oo. Similarly,

fot e 19| U,||Pds — 0 if t — +oco0. And hence, if t — 400,
!
| f eI (U (s, x))ds|l” — 0. (4.16)
0
Similarly, it is not difficult to prove that if # — +o0,
! !
5771 f eI U (s, 0)dsllP + 57| f eV p U (s — 7(s), x)ds||” — 0. (4.17)
0 0
Next, using the definition of Riemann integral fa * ¢5ds results in

el Y e M A by = DU (1, DI

O<ty<t
-1 I —(pqry-a)t 1 ’ —qiyt t Lat-1)r at 1\P
<2 max b — 1| (N U Il + (N e e U, 1) ) |
k B O<p <t* t*<tk<t
1 [ ’ Lat-1p) Y
<277 " max |byy — 1]|e”P2y=" Z e U, (1, x)||) +(ape ayt Z 1oyl ) ] (4.18)
k - O<p <t* r<f <t
-1 [ - (pary=a : "o @ik @r-2) !
<2V max by = e (N U D)+ eI D B g |
k } 0<t <1+ <ty <t
: P
<27 ' max |by; — 1] ef(pqu—a)t( Z MU (1, x)ll) m p] - 0.
k - 0<n <t* - )
Combining (4.13)-(4.18) yields
O U@ 0N” =0, 1 — +oo, 4.19)

and similarly

M@y (U)(, 0)|IF = 0, t— +oo.
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It follows from the above three steps that

o) cT. (4.20)

Step 5. Finally, the author will prove that ® is a contractive mapping on I'.

U, Vi
Indeed, for any s erl,
U, Vs

Obviously, |U;| < M;. And then it follows from (3.9) that
61 (U) = g1 (V)| < layv, — bV = 1| - Uy = Vil + layu, = 2byu,v. - [Us = Vil + lay = 2byv.] - U, Uy = V, V|
+ b U3 = V2| + by |U U2 = V, V3|

<(|a1v* — b — er] + Malay — 2byv.] + 1;1M§)|U1 —Vyl+ (lalu* — Dbyl + Mylay — 2byv.] + 2Mobyu, + 2M1M2b1)|U2 A
421

[$2(U) = (V)| < | = v, + 2bou,v, — oo - Uy = Vil + | = asus + boul| - Uy = Vol + | = az + 2byus| - U Us = Vi Vi
+ by U = Vi + bylUTU, — ViV,

<(| — ayv. + 2ba.v, — &3] + Malay — 2bau.] + 2My by, +2M, Mzbz)wl —Vil+ (|a2u* — byl + Milay — 2byu| + sz%)wz — V|

(4.22)
Combining (4.21), Lemma 2.3, Holder inequality, the condition (H3) and (4.6) results in
3
I f eI B (U (s, x)) — ¢1(V(s, x)]ds]|”
0
1 f
<M”[2""'(Ia1v* — bV = cil + Malay = 2byv.| + by M3 1 f e sup U, = Vi |IPds
(@)t Jo >t
l [
+ 27 (ayu, = 2byuv.] + Milay = 2byv.| + 2Mabyu, + 2M Msb)P ———— f e~ M) sup ||U, — VyllPds
(@ Jo 12—t
Mp2r-1
\—[(Ialv* — b — 1|+ Molay — 2byv.| + by M2Y
(qy)?
+ (|a1u* = Zblu*v*l + M, |6l1 - 2b|v*| + 2M2b1u* + 2M1M2b1)p] . [dist(U, V)]p,
and so )
sup |l | e (U(s, x)) = ¢1(V(s, x))]dsl
tZ2-7 0
Mp2r-t
<——|(a1v. = bV} — el + Malay = 2byv.] + by M3) (4.23)
q,y’
+ (Jayu, = 2byu,v,| + Myla, — 2b\v,| + 2Msbu, + 2M, M,b))? | - [dist(U, V)]?
Similarly,

[
|If e8Py [U (5, %) = Vils, 0)lds]l”
0

!
M'pl——— - f e s - sup ||Ui (1, x) = Vit I
(qu) 0 t>-7
M”pf
<—— sup U, (5, x) = Vit, )lI”,
‘11 P 1>-7
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and then
t P pP P pP
—5)A Py MPpy
sup || | "% py[U (s, x) = Vils, 0)ldsllP <—— sup Uy (6, x) = Vit I’ < ——-[dist(U, V)P, (4.24)
> Jo q\YP > q,v?
t Mppp
sup [| | e py[Un(s = 7(5),0) = Vils = 7(), 0)}dsll” < ——[dist(U, V)Y, (4.25)
tz-t JO q4,Y

Suppose ;_ < t < t}, then the definition of Riemann integral j; " esds yields

e 3" e A by = DU (11, x) = Vit DI

O<ty<t

1
<M (max by = 1) [e 7 (97 U (11, 0) = Vil Dl + = D e U1 ) = Vit Ol = 10)]

0<t;<tja

1 p
2 — t 1j- _ 1) — -di
<M p(mlflx |br1 — 1|)p[e y (eq”’ '+ E eVt tk)) dist(U, V)]

0<n<tja

1
<MPP(max by — 1)7(1 + —)” [dist(U, V)]P.
k qiyp
(4.26)

It follows by (4.23)-(4.26) that

sup [1@;(U1)(t, x) = O (V)(t, x|

12-7

. [
<4 sup || | eI G(UCs, X)) — ¢ (V(s, )1l + 477 sup || | e! 9% pi[Ui(s, x) = Vi(s, )1ds||”

12-7 0 >-7 0

3
+ 47 sup || | e p (U (s = 7(5), X) = Vils = 7(s), 0)1dsl” + 47" sup [le”" Z e M (b = DU (11 %) = Vi (8 0117

=2-t Jo 12-7 0<t<t
Mpopr-1
<4”’1[ o ((|a1V* = b} — cil + Malay = 2byv.| + by M3 + (layu, — 2byuv.] + Milay — 2byv.| + 2Mabyu, +2M, M2b1)")
1Y
2MP pt

1
L+ M (max |y — 1)7(1 + —)p][disz(U, v
@y k 7T

=B,[dist(U, V)1? < Bldist(U, V)]*
4.27)
(4.22), Holder inequality, Lemma 2.3 and the condition (H3) yield
f
Il f PGy (U(s, x)) = go(V(s, x)Nds]l”
0

4 d P
<M[72p_](| — )V, + 2b2M*V* - C2| + M2|a2 - 2b2M*| + 2M1b2v* + 2M1 Mzbz) (f €_q2y(1_3)”U1 - V] ||dS)
0

r ! r
+ MP2P Y |aou, — byu®| + Milay — 2bou,| + by M? e YU, — Vy|lds
! 0

| !
<Mp2pil(| — arv, + 2bru,v, — | + Mslay — 2byu,| + 2M by, + 2M1M2b2) (E)I”l f e 2Y=5) g ¢ . [dist(U, V)] 4.28)
2 0

7 1 d
+ MP2P Y |apu, — bou®| + Milay = 2byu,| + boM? ) (— )71 | €295 - [disi(U, V)]?
! QY 0

MPrar-!
%
P
+ (Iazu* — botl] + Myl — 2boi,] + szf) ][dist(U, .

~

P
[(l — v, + 2b2M*V* — | + Msla, — 2b2M*| + 2M1b2V* +2M, Mzbz)
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Similarly as (4.24) and (4.25), one can get
3
I [ e pattats.0 = Vatsolaste
0

! P
<pim( f e EINUy(5,3) = Vals, D)ds ) (4.29)
0
PMp
<L (aisw, vy
a,Y’

P AP
M

!
I f ¢ o [U(s = (), %) = Vals — 7(s), )ldsll? <2 o [dis U, V)]’ (4.30)
0 Q27
sup [le' " e 8 (b — D[Ua(t, %) = Valte, DII” < M (max bya = 1)°(1 + L) disiw, vy (4.31)
1=>-7 k q2YH ’

O<ty <t

Combining (4.28)-(4.31) results in

sup [|02(U2)(1, x) = ©2(V2)(t, 1)l

t>-7

s s
<4 sup || [ e (U(s, x)) — ¢o(V(s, )NdslI” + 477 sup || | €279 py[Us(s, x) = Va(s, 0)1dss|)”

(> 0 1>-7 0

f
+47  sup || | P2 po[Us(s = 7(s), x) = Va(s — 7(s), 0)lds|l” + 47" sup [le®™ Z e P by — D[Us(ty, x) = Va(ty, OI17
t>-7 0 1>-7
Mp2r-!
%

o<ty <t

<4P*1[ ((| — Vs + 2bau, v, — Co| + Malas — 2bau| + 2Mbyv, + 2M Maby)?

2piMP
Pyp

+ (s, — byil] + Mila — 2boi,| + szf)P) +
2

+ M (max b — 1) (1 + L)”][disz(U, )
k @y
= [dist(U, V)1? < Bldist(U, V)]?
(4.32)
It follows from (4.6), (4.27) and (4.32) that
[dist(®U), (V)P < Bldist(U, V)P = dist(O(U), B(V)) < \/Bdist(U, V), VYUVEeT, (4.33)

where £ satisfies 0 < 8 < 1. This shows that ® : I' — T is a contraction mapping such that there exists the fixed point

[ U, ]Hp o,
U,

u— U,
[ ]”p — 0,1 — +oo . Therefore, the equilibium point (u,,v,)” system (2.6) is globally
V=V,

U,
U,

U= is the solution of the system (4.1), satisfying ¢

U,

] of ® in I, which implies that

t — +o0 so that e

exponential stability in the pth moment.

5. Numerical examples

Example 5.1. Set
M1=M2=2,a2=b1=b2=C1=Cz=d=1,(11=2, (51)
16


https://doi.org/10.20944/preprints202102.0197.v2

d0i:10.20944/preprints202102.0197.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 April 2021

which means that the conditions (H1) and (H2) hold, and direct computation yields

M*ZIZV*,01=0,0’226=B1,ﬂ2=2. (52)
Particularly, u, = 1 = v, doesn’t contradict the boundedness condition (H1). Moreover, set
0.62 0
= , (5.3)
* 0.83
and
5.4

Q=10,1] %[0, 1],

then [1, Remark 1] tells that A; = #%. Direct computation yields

[ 6.1192 —6.0000]
>0

a1 3w +pB)
-6.0000 6.1918

/11Q—[
s B2

which means that the condition (3.1) holds.
According to Theorem 3.1, (1, 1)” is the unique stationary solution of the ecosystem (2.1). Moreover, Theorem

3.2 tells that the unique stationary solution (1, 1)” of the ecosystem (2.1) is globally asymptotically stable .

Example 5.2. Suppose (5.1)-(5.4) hold, and then 4; = 2. Set
02 O 05 O
p= , Bi= , keN. (5.5
= 0.3 = 0.6

And hence sup /lmaXB,% = (.36, and the condition (3.17) holds. Let y = 3, and then the condition (3.18) holds.

keN

Let
A1=05, tn—t,.; =05, ke N,

Direct computation yields

1
a sy +
SRy ]+ye’”/lmaXP] — 1.5949 > 0.

¢ = Amax| =210+ 3P +2
* ﬂz

Set o = 1.6, and then o — 1 = 0.6 > ¢. Moreover,

In(sup Ay B2) = —1.0217 < =0.5500 = ~(o" — )t — tr1), k € N,

keN
and the condition (3.19) is satisfied. Now all the conditions of Theorem 3.3 are satisfied, and Theorem 3.3 yields that

the unique equilibrium point (1, 1)7 of the system (2.6) is globally exponentially stable with convergence rate 25%

On the other hand, if setting By, = diag(0.1,0.2) in Example 5.2, direct computation yields that % = 35%; if letting

t — t—1 = 0.8, direct computation yields that % = 15%. Such comparisons are list as follows,
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Table 1.Comparisons the influences on the convergence rate % under different pulse amplitude with the same other data

Case 1 Case 2

Pulse amplitude By = diag(0.5,0.6) | By = diag(0.1,0.2)

Pulse intensity smaller bigger
Pulse interval (try1 — 1) =0.5 (tre1 — 1) = 0.5
Pulse frequency same same
Convergence rate 4 25% 35%

Table 2.Comparisons the influences on the convergence rate % under different pulse frequency with the same other data

Case 1 Case 2

Pulse amplitude By = diag(0.5,0.6) | By = diag(0.5,0.6)

Pulse intensity same same
Pulse interval (tre1 — 1) =05 (tke1 — 1) = 0.8
Pulse frequency smaller bigger
Convergence rate § 25% 15%

Remark 6. Table 1 illuminates that the greater the pulse intensity, the faster the stability of the system. And Table 2

indicates that the more frequent the pulses, the faster the stability of the system.

6. Conclusions

Motivated mainly by some ideas and methods of the related literature [1, 2, 30, 36-39], the author uses variational
methods to derive the uniqueness of the equilibrium point of ecosystem so that the global stability can be consider.
After giving two global stability criteria, the author proposes numerical examples to illuminate the effectiveness of
the theorems. Numerical examples and stability criteria tell that in the face of the epidemic situation, taking a certain
frequency of positive and effective epidemic prevention measures is conducive to the stability and control of the
epidemic situation. Particularly, the whole method of this paper is different from any existing literature.

Recently, a lot has been reported based on the application of reaction-diffusion system with integer and non-integer
order([40-44]). For example, the authors of [40] provide the essential mathematical basis for computational studies
of space fractional reaction-diffusion systems, from biological and numerical analysis perspectives, and the stability
analysis has a lot of implications for understanding the various spatiotemporal and chaotic behaviors of the species in
the spatial domain. How to use the similar methods and impulsive control to deal with the stabilization of fractional

reaction-diffusion epidemic model? It is an interesting matter.
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