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Discreteness of Space from Anisotropic Spin-Orbit Interaction
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Various approaches to Quantum Gravity suggest an existence of a minimal measurable length.
The cost to have such minimal length could be modified uncertainty principle, modified dispersion
relation, non-commutative geometry or breaking of continuous Lorentz symmetry. In this paper, we
propose that minimal length can be obtained naturally through spin-orbit interaction. We consider
Dresselhaus anisotropic spin-orbit interaction as the perturbative Hamiltonian. When applied to
a particle, it implies that the space, which seizes this particle, should be quantized in terms of
units that depend on particle’s mass. This suggests that all measurable lengths in the space are
quantized in units depending on existent mass and the Dresselhaus coupling constant. On one side,
this indicates a breakdown of the space continuum picture near the scale of tabletop experiments,
and on the other side, it proposes that spin-orbit interaction is a possible quantum gravity effect at
low energy scale that leads naturally to space quantization.

Physicists have developed various approaches to quan-
tum gravity, however still today we do not have a conclu-
sive evidence of quantum gravitational effects from exper-
iments. The quantization of space from various theories
predicts the existence of minimal length and its mani-
festation is widely predicted to exist in the form of a
generalized uncertainty principle [1-5]. A more detailed
review on the topic can be found in [6]. The effects of
quantum gravity have been investigated in various ex-
periments and observations. For example, observations
from gamma-ray bursts are still an open avenue for the
investigations [7, 8] but far from any conclusive evidence
[9, 10]. Another promising path is to perform quantum
mechanical tabletop experiments to look for deviations
from standard quantum mechanical results as a conse-
quence of modifying the Heisenberg uncertainty principle
based on the predictions from a theory of quantum grav-
ity [4, 11]. Recently there has been a suggestion that
experiments with a quantum optical oscillatory system
can provide a measurement of the canonical commuta-
tor by optical interferometric techniques. The set up is
highly effective in investigating the bounds on quantum
gravitational parameters in the generalized uncertainty
principle [12]. Bekenstein [13, 14] proposed a tabletop
experiment arguing that the present ultrahigh vacuum
and cryogenic technology may have enough sensitivity to
detect signatures of quantum gravity. The main objective
of his table top experiment was to prove that at length
scales of the order of Planck length the structure of space
is not a smooth manifold. In other words, insights on the
discreteness of space at Planck scale may be drawn from
state-of-art tabletop experimental setups.

If we only consider elementary particles as probes for
quantum gravity we would need to accelerate the par-
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ticles which corresponds to very high energies which is
not feasible even within the realm of future particle ac-
celerators. As an alternative approach to investigate the
nature of quantum gravity we must try to relate our un-
derstanding to the present quantum laboratory experi-
ments. In this paper we will discuss a spin-orbit coupling
perturbative Hamiltonian that is reponsible for splitting
of energy bands in condense matter systems with bro-
ken inversion symmetry commonly known as the Dres-
selhaus effect [15]. Later we show that if we consider
such an Hamiltonian as a perturbation (whose effect has
already been observed in condensed matter systems) and
quantize the system with respect to Schrodinger equa-
tion, we essentially arrive at the discreteness of space. A
recent study has shown that a similar spin-orbit coupling
whose strength is of the same order as that of Dressel-
haus coupling can generate a Lorentz violation in a non-
commutative theory [16].

Spin-orbit coupling is an artifact of special theory of
relativity where the electric and magnetic fields of a mov-
ing electron in its own reference frame can undergo trans-
formations and interact with it’s own spin to break spin
state degeneracies. Rashba [17] and Dresselhaus [15]
spin-orbit coupling are very important in the field of
spintronics which in terms of strength are similar and
they are realized in systems with broken inversion sym-
metry. In semiconductor quantum well systems it has
been found that if the strengths of the Rashba and Dres-
selhaus interactions are equal then SU(2) symmetry is
realized, however the SU(2) is broken in the presence of
a cubic Dresselhaus coupling [18, 19].

Let us consider the minimal Hamiltonian (Hgp) with
Rashba and Dresselhaus coupling up to third-order in
momentum with all the symmetry allowed terms [20]

1 1
Hgrp = Hy + ﬁa(p)pyaz + ﬁﬂ(p)ngy ) (1)

where py, p. are the cartesian components of the momen-
tum and o are the Pauli matrices for the spin degree of
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freedom. The Hamiltonian can be derived from a k- p
perturbation theory. The free particle parabolic part of
the Hamiltonian is

2

p P
Hy = 5 L (2)
my o 2m}

where m; and m} are the effective masses along orthog-
onal directions p, and p,. The pure linear and cubic
Rashba-Dresselhaus limit is recovered when

e
=y —p2) , 3)

h?

where «; is the linear spin-orbit coupling constant and
« account for p-cubic anisotropic interactions. The ex-
perimental values of a; and a, can be found in TABLE I
of [20]. For a purely cubic Dresselhaus spin-polarization
pattern let us consider only the anisotropic coupling term
(o = 0). In addition, for the p, = 0 plane, the Hamilto-
nian of Eq.(1) can be written as

a(p) = —B(p) = au +

+ —=pio, . (4)

Let us study a quantum particle in a box problem with
such an Hamiltonian of Eq.(4) considering the cubic
Dresselhaus anisotropic term as a perturbation. With the
diagonal Pauli matrix o, we have to solve a Schridinger
equation of the form

K 02
“3m, 022

o, 0
h Ox3

Y=FEy ()

from = 0 to L with boundary conditions (0) =
(L) = 0. A general solution to the equation in lead-
ing order in a. can be written as

—izh3

w _ Aeik(lJrk:acmp/hs)z_'_Befik(lfkacmp/hs')w_’_Cegacmp ,

(6)
where k = /2m,E/h? and A, B and C are arbitrary
integration constants to be fixed by boundary conditions.
With a. = 0 we must get the energy quantization in the

form E, = er?:fj This requires for a. — 0, |C| — 0.
The boundary condition ¥(0) = 0 gives the condition
B = —A — C. This along with the condition ¥(L) = 0

gives an equation

aempk?L

3 ) = 2iAsin(kL) cos ( 3

_ Ce—ik)L(l—kacmp/h3)

2Asin(kL) sin (

+ Ce—iLh3/2acmp (7)

If we separate the real and imaginary parts then we get
the following equations:

aempk?L

2Asin(kL) sin ( 3

) + C cos (kL(l — kacmp/hg))

3
= C cos ( Lh ) (8)
20y,

acmpk?L
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3
= C'sin < Lh ) (9)
200.my

As mentioned earlier when a, — 0, |C| — 0 which is the
usual energy quantization for a quantum particle in a box
and we get the condition kL = ¢m (¢ € N). But when
a. # 0 (its experimental value can be found in [20]),
kL = qm must still hold. As |C| # 0 when a. # 0 the
following additional relation must be satisfied to satisfy
the boundary conditions given by Eqns.(8) and (9):

200cmy

3 where

L=gr +0(a?) g€eN. (10)
So in order to contain a particle in the box, length must
be quantized according to Eq.(10). Observe that the
length is quantized in terms of the mass of the parti-
cle (mp). This indicates a dynamical relation between
particle’s mass and space quantization. If the space has
a discrete nature, its discreteness unit will depend on the
mass contained in this space. The discreteness of space
in that sense behaves like curvature of space. Both are
varying with mass. Similar results of length quantiza-
tion have been obtained with the generalized uncertainty
principle [5] and are also found in Loop Quantum Grav-
ity [21]. However in those approaches the length quan-
tization comes in units of Plank length (Ipy). Here we
show that a perturbative spin-orbit interaction with bro-
ken SU(2) symmetry can automatically give discreteness
of space in terms of the mass of the particle without
the need of any extra assumptions. This indicates that
Spin-Orbit interaction is a possible quantum gravity ef-
fect. One of our thought experiments on the connection
between Spin and minimal measurable length is the spin-
ning fan example. If the fan is not spinning, we can eas-
ily measure its geometric structure. But if it is spinning,
one can only measure the radius of the spinning fan, and
there is no way to know its geometric structure. The
radius of spinning fan introduces the existence of min-
imal measurable length due to spinning motion, which
motivates us to construct the concept of connection be-
tween minimal measurable length and spin in quantum
mechanics that is proved mathematically in this paper.
We notice that the discreteness of energy and discreteness
of space emerges simultaneously from the solution of our
considered Hamiltonian in Eq.(4). This may have a con-
nection with Einstein-Podolsky-Rosen argument on the
incompleteness of Quantum Theory because “energy and
space can not have simultaneous reality” [22]. According
to our quantization solution, we obtained a simultane-
ous discreteness or quantum reality of energy and space
which may introduce a possible resolution for EPR ar-
gument on the incompleteness of quantum mechanics.
More careful investigation is needed on this point. It
will be also interesting to investigate such discreteness in
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two and three dimensions to look at the discreteness of
area and volume. It will be interesting to study the phe-
nomenological implications of such discreteness of space
in tabletop experiments. We hope to report on these in
the future.
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