Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 February 2021

ON THE AVERAGE OF p-SELMER RANK IN QUADRATIC TWIST
FAMILIES OF ELLIPTIC CURVES OVER FUNCTION FIELD

SUN WOO PARK AND NIUDUN WANG

ABSTRACT. We show that if the quadratic twist family of a given elliptic curve over F,[t]
with Char(F,) > 5 has an element whose Néron model has a multiplicative reduction away
from oo, then the average p-Selmer rank is p + 1 in large ¢-limit for almost all primes p.

1. INTRODUCTION

Let F, be a finite field with Char(F,) > 5, let C = P!'/F, and K = F,(C) = F,(t).
Say E : y* = 23 + A(t)x + B(t) is a non-isotrivial elliptic curve defined over F,[t]. Define
the canonical (naive) height of the elliptic curve as follows, where E’ is any elliptic curve
isomorphic to E of the form y* = 2% + C(t)z + D(t).

h(E) = infp~p (max{3deg C,2deg D})
Let Ef be the quadratic twist of E by square-free polynomial f(t) € F,[t].
E;: f(t)y* =2 + A()X + B(t)

Let M(n,q) be the set of square-free polynomials over F, such that h(E;) < n.

Poonen-Rains heuristic shows that the average p-Selmer rank of elliptic curves over a global
field k is p + 1(see [Pool2].). It is natural to ask whether the same heuristic is reasonable
for the family of quadratic twists of a fixed elliptic curve. We denote by E, , the average
p-Selmer rank over those in the family of quadratic twists with canonical height at most n,
namely:

_ XgeMma [SehEy|
”’p [M(n,q)l
In this paper, we show that under certain assumption on the quadratic twist family of the
fixed elliptic curve E/, the average size of p-Selmer groups is p+1 in large ¢ limit. In particular,
we can assume for some large enough ¢ such that the discriminant Ag of E splits in F[¢],
there exists a quadratic twist Ey of £ with minimal height among the quadratic twist family.

Theorem 1.1. Let E be an elliptic curve defined over K = TF,(C) = F,(t) such that there
exists at least one quadratic twist of E whose Néron model admits a multiplicative reduction
away from oo. Let Ey be the quadratic twist of E with minimal height among the family of
quadratic twists of E. Then for all primes p > 15, and coprime to q and all local Tamagawa
factors of Ey, we have the following equation.

E

Sel, £
~ lim lim ZfeM(n,q)| Clp f| —pt1

hm hm ]E n—00 ¢— o0 |M(n7 Q)|

n—00 ¢—00

n?p

Remark 1.2. The main theorem shows that for all but finitely many primes p, the average
p-Selmer rank in the large ¢-limit over the family of quadratic twists of E is p + 1.
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Remark 1.3. While writing the paper, we learned the contemporaneous results from Aaron
Landesman on a similar problem. Given a universal family of elliptic curves over F[t] with ¢

coprime to 6n, the geometric average size of n-Selmer group of the universal family is equal
to sum of divisors of n as ¢ — co. We refer to [Lanlg§| for more details.

In subsequent sections, we will calculate lim,,_, o lim, o E,, 1, as follows. Fix an elliptic
curve E over F [t]. Let Fy g be the set of square-free polynomials f of degree d over F, such
that f is coprime to Ag, the discriminant of E. Chris Hall’s construction of étale IF;-lisse
sheaf over F; i gives the average size of Sel,(Ey) for a subfamily of quadratic twists of E. We
then order the family of quadratic twists of E' by the canonical height h(E;) which enables
us to calculate the average size of Sel,(Ey) in large ¢-limit.

Acknowledgements. The authors would like to sincerely appreciate Jordan Ellenberg for
introducing the problem, patiently explaining various mathematical backgrounds, and giving
constructive comments and suggestions on possible ways to approach the problem. The
authors would like to thank Chris Hall for explaining via email about the construction of étale
[F,-lisse sheaf in his paper . The authors would also like to thank Aaron Landesman
and Soumya Sankar for helpful and insightful discussions.

2. MoNODROMY GROUP

In this section, we briefly discuss the main machinery used to prove Theorem 1.1. This
section follows closely to chapter 2 and 3 of . Throughout this paper, we denote by
Xp, the base change X xp, F, where X is a scheme over F,.

We start with a brief exposition on the moduli space of a family of quadratic twists
of E by polynomials g € F,[t] of degree n such that (g, Ap) = 1. A polynomial g(z) =
apx™ + a1zt + - - - + a, of degree n corresponds to a point in the affine space A"*! with
coordinates (ag, ai, as, ..., a,). Note that the square-free polynomials are parameterized by
the set of points on A" where Disc(g) does not vanish, while (g, Ag) = 1 amounts to
(ag,ay,as, . ..,a,) not on the zero locus given by the resultant of g and Ag. Thus those square
free polynomials g € F[t] with (g, Ag) = 1 are parameterized by an open subscheme of A",
denoted by F;,. It is reasonable to expect that it suffices to compute the average p-Selmer
rank on the elliptic curves parameterized by the open subscheme F;,. We will explain in later
sections how we can bound the average p-Selmer rank on those quadratic twists parametrized
by the complement of F,.

Suppose there exists an étale cover X — F,, such that the number of F,-points on the
geometric fiber of X at f € F,(F,) equals to the size of Sel,Ey. Then we have the following
equation.

| X (Fo)| = Z |Sel, Ey|
feFn(Fq)
On the other hand, the Grothendieck-Lefschetz trace formula gives an explicit equation of

the number of F,-points on X, ([Mil13].)

| X (Fy)l = > _(=1)"Tr Frob, | He,o(Xz, Qo)

F, is an open subscheme of A"*! implies that |F,(F,)| = ¢"™' — O(¢"). The leading term
of F,(F,) is ¢"*'. Hence, computing the average size of Sel, in large ¢-limit amounts to
computing the following equation.
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Zfan(JFq) |Sel, By |

. — T —(n+1)
BT R e )
The Weil bounds imply that the eigenvalues of the Frobenius action Frob, on Hét;c(Xqu; Q)

have absolute value bounded by q”“_%. Thus for a fixed n, if ¢ becomes sufficiently large,

any cohomology term other than H, .(Xz_; Q) vanishes. Note that Hg, .(Xz ; Q) is the Q
vector space spanned by the irreducible components of Xp,. Hence, the following observation
holds.

qlinélo ¢ "X (F,)| = # of geometric irreducible components of X rational over F, (2.1)

Let f € F,, be a fixed basepoint. we have the following short exact sequence.
1 — m((Fg,, f) — m(F,, [) — Gal(F,/F,) — 1

For any f € F,, the geometric fiber of X at f is an F,-vector space X;y. Observe that
m(Fy, f) acts linearly on X;. Hence we can define the monodromy group of the cover
X — F, as the image of m(F,, f) in GL(X;) and the geometric monodromy group as the
image of 71 ((F},)g,, f). Denote by I' the monodromy group, and denote by I'y the geometric
monodromy group. This gives us another short exact sequence, where [q] corresponds to
the class in I'/T'y corresponding to the image of the Frobenius Frob, € Gal(F,/F,), and [¢]%
corresponds to a subgroup of I'/T'y generated by [q].

1—Ty)—T—[gf—1

We state and prove the following observations, which gives a geometric interpretation of
equation (2.1).

Lemma 2.1. The geometric irreducible components of X are in bijection with the orbits of
the geometric monodromy group on Xj.

Proof. Note that Xp_is étale over (F, )z, because X is étale over F),. Hence, m((F,)g,) acts
on Xp,. The group action preserves each irreducible component of Xz since each component
is étale over (Fn)ﬁq, hence preserved by the functoriality of 7. Therefore, under the action
of m((F)g,), each orbit of the geometric monodromy group on X; would lie inside one
irreducible component of X, - On the other hand, m (Xqu) acts transitively on the geometric
fibers of f within an irreducible geometric component, which yields the bijection. 0

Lemma 2.2. The action of the Frobenius on the geometric components is given by the action
of [q] on the orbits of Ty.

This comes directly from the bijection between the geometric irreducible components of X
and the orbits of I'y. Therefore, in order to compute the number of geometrically irreducible
components of X, it suffices to understand the geometric monodromy group I'y and compute
the number of I'p-orbits on X which are fixed by [g]. Therefore, equation (2.1) can be
rewritten as follows.

lim ¢~ ™"V |X(F,)| = # of orbits of Ty fixed by [q] (2.2)

q— o0
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3. CONSTRUCTION OF MODULI SPACE

3.1. Cohomology Groups of Néron Models. In this subsection, we prove several claims
which will help us with constructing the desired moduli space discussed in remark 2.3.

Let g be a power of prime ¢ = ¢§ such that gy is not divisible by 2 and 3. Fix an algebraic
closure F, — F,. Let C/F, = P!/F,, and let K = F,(C) = F,(t) be its function field.
Fix an elliptic curve E over K, and let E; be the quadratic twist of the elliptic curve by
f € Cont"(F,). Let &€ — C be the Néron model for the elliptic curve E. For any prime p
that is invertible in K, the multiplication by p map on E¢(K') extends uniquely to an isogeny
xp: & = &. Define &, to be the kernel of xp.

We state a result from , which states that the first cohomology group of &£, and Sel,
are isomorphic under certain arithmetic conditions. First, we state the following lemma from
Appendix B of [Ces13].

Lemma 3.1. Let S be a connected Noetherian normal scheme of dimension < 1. Let K
be the function field of S, and for every point s € S, let k(s) be the residue field of s. Let
A — SpecK and B — SpecK be abelian varieties, and let A — S and B — S be their Néron
models. Suppose ¢ : A — B is a K-isogeny of abelian varieties. Denote by ¢ : A — B the
map induced on Néron models over S. If A has semiabelian reduction at all the nongeneric

s € S with Char(k(s))| deg ¢, then ¢ : A — B is flat.
Proof. See [Ces13] lemma B.4. O

In particular, the lemma above shows that the map xp: & — &£ is flat if ¢ is coprime to p.
Using this implication, we can state the following application of Proposition 5.4 from [Ces13].

Theorem 3.2. Let ¢ : A — B be a morphism of abelian varieties. Let A and B be their
Néron models. Denote by Al¢| the kernel of ¢ : A — B, and denote by A[¢] the kernel of
¢: A— B. Let Sel,A be the ¢-Selmer group of A. Suppose the morphism ¢ : A — B is flat.
If deg ¢ is coprime to any local Tamagawa factors of A and B, and 2 does not divide deg ¢,
then the following equation holds inside Hy, (K, A[@]).

H%ppf(‘sa A[¢]) = Sel¢A
Proof. See [Ces13| proposition 5.4. O

More specifically, the theorem above implies that when p is coprime to 2, ¢, and the local
Tamagawa factors of F, then there exists an isomorphism between Hi (C,&,) and Sel, E.

In fact, under certain conditions on F, we can extend the results of Theorem 3.2 to the
family of quadratic twists of E. Let E; be the quadratic twist of the elliptic curve by
square-free polynomials f € F,[t]. Denote by £ — C the Néron model for the elliptic curve
E;. Let &) be the kernel of multiplication by p map over &;.

Corollary 3.3. Let E/K : y* = 2° + Ax + B be an elliptic curve, and let Ap be the
discriminant of E. Suppose that no prime factors = of Ag satisfy the condition that 7| A
and 73|B. Let p be a prime such that p is coprime to 2,3,qy and all the local Tamagawa
factors of E. Then the following isomorphism holds for any square-free polynomial f € F[t].

H:flppf(c? Sﬁp) = SelpEf

Proof. For an explicit calculation of local Tamagawa factors using Tate’s algorithm, see |Sil91]
Chapter 4 Section 9. Say f = (7 ...7s)g, where J = {m ... 7} are prime factors of Ag
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and (g, Ag) = 1, We first note that the conditions on F imply that the discriminant of the
twist £} is equal to f®Ap. Tate’s algorithm shows E; has additive reduction on all primes 7
dividing g. Therefore, all local Tamagawa factors arising from such n’s are at most 4.

On the other hand, the additive reductions m; € J of F will stay as additive reductions
of E, while the multiplicative reductions 7; € J will all become additive reductions of E.
For all the other primes p|Ag but not in J, v,(Ag) and v,(Ag,) are the same. Therefore,
for any p|Ag, no matter weather p divides f or not, we will have the local Tamagawa factor
of E; at p either equals to the local Tamagawa factor of £ or equals to 1,2,3. Then we can
apply theorem 3.2. to Ey.

O

Remark 3.4. For such an elliptic curve F in the above Corollary, we can actually conclude
that if the Néron model of E itself has no multiplicative reduction away from oo, there is no
quadratic twists of E whose Néron model admits a multiplicative reduction away from oo.
This follows exactly from the fact that additive reductions m; € J of E will stay as additive
reductions of Fy.

The theorem hence implies that for all but finitely many primes p, the following isomorphism
holds.

H%ppf(c7 gfaP) = SelpEf

Since &y, is a smooth commutative group scheme, we know that H%ppf(C’, Eyp) is isomorphic
to HL(C,&rp). (See Remark 6.6.3)

We now examine whether there is a way to explicitly compute the size of H,(C, &;,). Chris
Hall gives an explicit computation of the étale cohomology groups of &, over Cj under
certain conditions on the size of the Galois group Gal(K(E[p])/K).

Definition 3.5. Let E/K be an elliptic curve. The geometric Galois group H, is the
subgroup of the Galois group Gal(K (E[p])/K) whose fixed field is (K (E[p]) N F,)/K given
by adjoining a primitive pth root of unity. We say that E has big monodromy at p if the
geometric Galois group contains SLy(F)).

In fact, for any prime p > 5, any twist F; has big monodromy at p if and only if £ has big
monodromy at p. This is because SLy(IF,) does not have index 2 subgroups, so K (E[p]) and
k(v/f) are geometrically disjoint extensions of K.

Theorem 3.6. Let C/F, be a proper smooth geometrically connected curve, and let K be
its function field. Let E/K be a non-isotrivial elliptic curve. Then there exists a constant
¢(K) such that E has big monodromy at p for any p > ¢(K) and p coprime to Char(K). The
constant ¢(K) is defined as follows.

1
¢(K) := 2+ max{l | [ is prime, 3 (I — (6 4 3e2 + 4e3)) < genus(C)}

Here, es and e3 are constants defined as follows.

1 ifl=1mod 4
e =
2 —1 otherwise

1 if l=1mod 3
€Ca =
3 —1 otherwise
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Proof. See |[CHO5| theorem 1.1. O

In particular, let C' = P! and K be the function field of C. Fix a non-isotrivial elliptic
curve /K. Let {Ef} be the family of quadratic twists of E, where f is any square-free
polynomial over F,. The theorem above implies that £/K has big monodromy at p for any
prime p > 15 and coprime to ¢q. Hence, for any prime p > 15 and coprime to ¢, the twist
E;/K also has big monodromy at p. Under the aforementioned conditions on p, we can give
an explicit calculation of the étale cohomology group H'(Cr,, &) for any Ej.

Lemma 3.7. Let C/F, be a proper smooth geometrically connected curve, and let K be its
function field. Fix an elliptic curve E/K. Let p be a prime such that E has big monodromy
at p. Then for any square-free polynomial f over F,, the étale cohomology groups of s, over
Cg, are Fp-vector spaces with the following dimensions.

, ; deg(My) + 2deg(Ay) — 4(genus(C) — 1) ifi=1
dimg, (H, (Cg,, Erp)) = { 0 ! g otherwise

Here, My and Ay are the divisors of multiplicative and additive reduction of E¢, — C.
Proof. See [Hal06] lemma 5.2. O

In particular, if C' = P!, then the dimension of H'(CF,,&y,) as an F,-vector space is
deg(My) 4+ 2deg(Ay) + 4 for any twist Ef.

Remark 3.8. The Weil pairing on E¢[p| induces a non-degenerate skew-symmetric pairing
on &, Hence the Weil pairing induces a non-degenerate symmetric pairing on Hg,(Cs, , 5,
as follows.

Hét(Cﬂ?‘qa Epp) X Hl:t(Cqu? Erp) = Hgt(chq? Erp @ Epp)
— HE(Cy,, Fp(1))

The first map comes from the cup product of cohomology classes and Poincaré duality, while
the second map comes from the induced Weil pairing £f, x &, — F,(1). Note that the
following isomorphism holds. (See [Mil13] Chapter 14.)

H;(Cr, Fy(1)) = T,

Therefore, the Weil pairing on E[p| induces a non-degenerate symmetric bilinear pairing of
first étale cohomology groups.

Hét(cﬁqagﬂp) X Hét(cﬁqvé‘f’p) — I,
Using the above lemma and the Leray spectral sequence, we can derive a relation between

étale cohomology groups of &, over C' and those over Cf, .
Theorem 3.9 (Leray Spectral Sequence). Let ¢ : Y — X be a morphism of schemes, and
let F be a sheaf on Y.. Then there exists the following spectral sequence.

Ep, = Hy(X, R°¢.F) = H; (Y. F)
Proof. See [Mill3] theorem 12.7. O
Lemma 3.10. Fix an elliptic curve E/K : y* = 23 + Ax + B such that no prime factors

7 of Ag satisfy the condition that w*|A and 73|B. Suppose p is a prime satisfying these
conditions.
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(1) p>15
(2) (p, Char(K)) =1
(8) p does not divide any local Tamagawa factors of E.

Then for any quadratic twist Ey, the following isomorphism exists.
H},(Cr,, Ep,) M F/F0) = Sel By

Proof. Consider the morphism of schemes ¢ : C' — Spec(FF,). By the Leray spectral sequence,
the following spectral sequence exists.

Ef,s = HT(]Fq: Hzt(cﬁqa 5f7p)) = Hg;rs(c’v 5f7p)

By lemma 3.7, the cohomology group H"(Fy, H,(CF,, €f,p)) is trivial whenever s # 1. Hence,
the entries of the £? page of the spectral sequence are given as follows.

r 0 HT(F%Hét(Cquvgf:p)) 0 e 0
2 0 Hz(an Hét(Qan Sf,p» 0 T 0
1 0 Hl(an Helét(C]an gf,p)) 0 T 0
0 0 HO(an Hét(C]an gf,p)) 0 T 0

0 1 2 e 5

The Leray spectral sequence implies the following isomorphism.
HO(FQ’ Hét(C]Fq’ gf,p)) = Hét(07 gf,p)
Recall the following isomorphism.
Hét(cv Sfyp) = H%ppf(C(? gf,P)

Note that the 0-th cohomology group is precisely the fixed subgroup of Hét(C’Fq,g tp) DY
Gal(F,/F,).

H({:t(CI’an 8f,p)Gal(Fq/Fq) = H (Fm H}ét(Cqu? gf,p))
Corollary 3.3 implies the following isomorphism holds for all but finitely many p.

H%ppf<c7 gf,p> = SelpEf

Hence, for all but finitely many p, the following isomorphism holds.

Hét(C]an gf,p)Gal(Fq/Fq) = Sel, By
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3.2. Construction of Etale [F,-lisse Sheaf. In this subsection, we follow through Chris
Hall’s construction of étale IF,-lisse sheaf over a subset of square-free polynomials f of fixed
degree over F,. The construction will help us calculate the average size of Sel,(Ey) for a
subfamily of quadratic twists of E.

As before, let C' = P! over F,, and let K be the function field of C'. Fix a non-isotrivial

elliptic curve F/K : y* = 2* + Az + B. We recall the construction of the space F, over F,
as mentioned in section 2.

E, = {f € F,]t] | f is square-free, deg f = n, (f,Ap) = 1}

As constructed in [Hal06] (See Chapter 5.3), consider the étale F,-lisse sheaf 7,,, g — F),
whose geometric fiber over f € F, (F,) is Hl(Confﬁq, Erp)- Note that Chris Hall’s construction

of 7,5 is an Fy-analogue of Katz’s construction of étale Q,-lisse sheaves using middle
convolutions. We refer to proposition 5.2.1. for a detailed explanation on the
construction of the étale Q,-lisse sheaves.

We state the following theorem by Chris Hall, which gives an explicit computation of the
geometric monodromy group of 7, , g — F,.

Theorem 3.11. Let E be an elliptic curve over K such that there exists at least one quadratic
twist of E whose Néron model admits a multiplicative reduction away from oo. Let p be a
prime such that E has big monodromy at p, i.e. p > 15. Let O(Hét(Confgq,Sﬂp)) be the
orthogonal group of Hét(Confgq,Eﬁp) which preserves the non-degenerate symmetric bilinear
pairing . (See Remark 3.7 for the construction of p.)

Then the geometric monodromy group of T,,r — F, is isomorphic to a subgroup of
the orthogonal group O(Hét(Conff—FLq,gf’p)) of index at most 2 and is not isomorphic to
SO(Hét(Conf%q7 Erp))-

Proof. See [Hal06] Theorem 5.3 O

Note that the commutator subgroup of O(Hét(Confﬁq, Erp)) is of index 4. Hence, in order
to understand the number of orbits of the desired geometric monodromy group, it suffices to
understand the number of orbits of both O(H}ét(Confgq, Erp)) and its commutator subgroup.
We finish this section with the following lemma, which describes the number of the orbits of
the aforementioned two groups.

Lemma 3.12. Let V' be an F,-vector space of dimension d where char(F,) # 2. Given a
non-degenerate symmetric bilinear pairing p: V. x V. —F,, let O(V') be the orthogonal group
of V.. Then the number of orbits of O(V') is p+1, and the number of orbits of the commutator
subgroup [O(V),O(V)] isp+1ifd > 5.

Proof. We first show that the number of orbits of O(V') on V' is p + 1 for any d. It suffices
to show that the orthogonal group acts transitively on the set of nonzero vectors of a given
norm. Suppose v,w € V are two non-zero vectors of the same norm. Then there exists an
isometry ¢ : Span(v) — Span(w) given by v — w. By Witt’s Theorem, ¢ extends to an
isometry ¢ : V — V, which proves the claim. Note that the orthogonal group has 1 orbit
on the set of vectors of non-zero norm, and 2 orbits on the set of vectors norm zero. In the
latter case, the two orbits are {0} and the set of non-zero vectors of norm zero.

We now show that the number of orbits of the commutator subgroup [O(V'),O(V)] on V'
is p+ 1 for d > 5. Again, it suffices to show that the commutator subgroup [O(V'), O(V)]
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acts transitively on the set of nonzero vectors of a given norm. Suppose v,w € V are two
non-zero vectors of the same norm. Then by the aforementioned argument, there exists an
isomtery ¢ € O(V) such that ¢(v) = w. We want to show that there exists 1, p € O(V') such
that the following equation holds.

¢(v) = vy~ ¢7 (v)
It suffices to consider the case when p(v,w) = 0. If not, then v = w and we can take é to be
the identity element in O(V'). Suppose v, w are orthogonal. Let {v,w, uy,ug, -+ ,uq_2} be
the orthogonal basis of V. Without loss of generality, we can assume that the norms of the
basis vectors are the same.
Suppose d > 5. Let W be the span of {v,uy,us, u3,w}. Then consider the following

isometries 1, ¢ : W — W. Here, the matrices are given with respect to the orthogonal basis
{v, u1, ug, ug, w}.

01000 10000
10000 00100

v=]100010|, o=[01000
00100 0000 1
0000 1 00010
1

Note that ¢~1 = ¢ and ¢~
given as follows, which implies that 11~ tp~

= ¢ as isometries over W. The matrix form of i) ~to! is
U maps v to w.

0 001

0

00 1
bl =10 0 0

100

0

o O = O
)

By Witt’s theorem, there exist isometries ¥, ¢ € O(V) such that Y@@ maps v to w. A
similar argument as for the case of O(V') shows that the number of orbits of [O(V'), O(V')] on
Visp+ 1 0

Using the above lemma, we can calculate the average size of Sel,Ey for f € F,(F,).

Theorem 3.13. Fiz a non-isotrivial elliptic curve E : y* = 2* + Az + B over F,[t] such
that there exists at least one quadratic twist of E whose Néron model admits a multiplicative
reduction away from co. Let Ey be the quadratic twist of E with minimal height among the
family of quadratic twists of E. Let n be an integer such that n > 5. Let p be a prime such
that p > 15, and coprime to q and all local Tamagawa factors of Ey. Then the average size
of Sel, E¢ for a subfamily of quadratic twists {Et}sep,w,) is p+ 1 when ¢ — o0, i.e.

i Zfan(qu) |Selp(Ef)| .
im =
400 | (Fo)

Proof. Denote by {Ey} the family of quadratic twists of E. Then note the Ey must have at
least one place of multiplicative reduction by the proof of Corollary 3.3. Indeed, Ej satisfies
the condition for Corollary 3.3. Note that the quadratic twist families { £y} and {(Ep),} are
equal. Hence, we can apply lemma 3.10 to the subfamily of quadratic twists {Ey} rep, r,)-
Since F), is an open subscheme of A" it holds that |F,(F,)| = ¢"** + O,(q). Then the
Grothendieck-Lefschetz trace formula (i.e. Section 2) and lemma 3.10 shows the following

+1
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equation.
lim X sera(ey) Selo(Ep)| _ . S per ) 0L (Cr,, E5,) CHFa/E)|
q—00 |Fn (Fq” q—00 |Fn (]Fq)|
= lim [Top.n@o)|
q—00 |F’I’L(Fq)|

= qILIgo # of orbits of 'y fixed by [q]

We recall that T is the image of i (F,) in O(H(C,, €f,p)), and Ty is the image of m ((F,)g, )
in O(HY,(Cf,, Erp))- The class [g] is the image of the Frobenius Frob, € Gal(F,/F,) in T'/T.

By theorem 3.11, the geometric monodromy group Wl((Fn)Fq) is isomorphic to a subgroup
of O(H},(C5,,Eyp)) of index at most 2 and is not SO(H,(Cf,,Eyp))- Recall from remark 3.8
that the Weil pairing on E¢[p| induces a non-degenerate symmetric bilinear pairing p on
HE (CF, . Erp)-

Helét(cﬁqagf,p) X Hét(cﬂ‘qvgﬁp) — I

Hence, the frobenius map Frob, preserves the pairing on Hét(CFq, Erp). We apply lemma
3.12 by setting V' = H,(C,, £f,) and p to be the non-degenerate symmetric bilinear pairing
induced from the Weil pairing over E[p].

Note that the elliptic curve E; has additive reduction at all primes 7 dividing f. Hence,
lemma 3.7 implies that for n > 5, the dimension of the vector space V is greater than 5.
Hence for n > 5, the orbits of m((F,)g,) are the sets of non-zero vectors of a fixed norm and
the set {0}. Therefore, Frob, preserves the orbits of 7 ((F,)g, ). Hence, the number of orbits
of m1((F)g,) fixed by Frob, is p + 1 for all g.

Hence, we have the following equation, which proves the theorem.

i Zfan(qu) |Sel, (Ey)|
11m
400 | F(Fo)l

4. MAIN THEOREM

In this section, we prove the main theorem by using theorem 3.13. Fix a non-isotrivial
elliptic curve E : y? = 2° + Ax + B over F,[t] such that there exists at least one quadratic
twist of £ whose Néron model admits a multiplicative reduction away from oco. We also
assume that char(F},) > 5. Denote by Ag the discriminant of the elliptic curve E. We then
order the family of quadratic twists { £} with square-free polynomials f over F, based on
the canonical height of Ey.

The idea of the proof is as follows. Let Ejy be the quadratic twist of £ with minimal height
among the family of quadratic twists of E. Then by corollary 3.3, the Néron model of Fj
admits a multiplicative reduction away from co. Note the quadratic twist families {E£} and
{(Ep)} are the same. Hence, we can reorder the family {E} by {(Ep)s}. Such reordering
of family of quadratic twists will allow us to ensure that the subfamily of quadratic twists
whose p-Selmer rank is undetermined does not affect the average size of p-Selmer group of
{Ef} as ¢ — o0.

Remark 4.1. One may ask whether it is possible to compute the average size of p-Selmer
groups by ordering the family of quadratic twists { £} by the degree of the twisting polynomial
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f. The problem with this approach is that Chris Hall’s construction of étale F,-lisse sheaf
only works for elliptic curves F with at least one multiplicative reduction. Suppose E has
at least one place of multiplicative reduction. Then the quadratic twist family {E} can be
decomposed into the following two disjoint sets.

{Er} ={Erbs 1 gam=1y ULE s am#21)

The subfamily {E¢} (s (f,ap)=1}, Which dominates the family {E£} when deg f — oo, consists
of quadratic twists of E having at least one place of multiplicative reduction, the subfamily
on which the average p-Selmer rank is known to be p + 1.

However, the elliptic curve E’ := EA, has no multiplicative reduction. Note that Ag = AL,
Contrary to {Ey}, the family of quadratic twists of {E%} is given as follows.

{25} ={E s 1 ram=ram)=1y ULE | (1 m)=(f.A8)#1)

Here, the subfamily {£}} (s (f,ap)=1}, Wwhich dominates the family {£}} when deg f — oo,
consists of quadratic twists of £’ having no multiplicative reductions, the subfamily on which
the average size of p-Selmer group is unknown.

But notice that {E;} and {E’}} are the same family of quadratic twists. Hence, we cannot
determine the average size of p-Selmer group by ordering the family of quadratic twists based
on the degree of the twisting polynomials.

Before we present the proof of the main theorem, we state the following definitions and
notations.

Definition 4.2. Denote by F(n) the following scheme defined over F,,.

F(n) = {f €[] | f € Faford<n} = | | Fu

d=1

As mentioned before F'(n) is an open subscheme of A"*!. Hence, the following equation
holds

|F(n)(Fy)| = ¢""" — O(q")

Definition 4.3. Denote by 7(n, p, E) the sheaf over F'(n) obtained by gluing étale F,-lisse
sheaves {74, g — Fy} for all d <n.

The following theorem states an analogue of Theorem 3.12 for the subfamily of quadratic
twists {Ef} ferm)(r,) such that I satisfies the aforementioned two conditions.

Theorem 4.4. Fiz a non-isotrivial elliptic curve E : y* = 23 + Az + B over F[t] such
that there exists at least one quadratic twist of E whose Néron model admits a multiplicative
reduction away from co. Let Ey be the quadratic twist of E with minimal height among the
family of quadratic twists of E. Let n be an integer such that n > 5. Let p be a prime such
that p > 15, and coprime to q and all local Tamagawa factors of Ey. Then the average size
of Sel,Ey for the subfamily of quadratic twists {E¢} sepm)r,) @0+ 1 as ¢ — 0o, i.e.

lim X rer(n)m,) 15l (Ef)| _
400 |F'(n)(F,)|

+1
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Proof. As stated before, |F(n)(F,)| = ¢"** + O(g™). As in the proof of theorem 3.13, the
Grothendieck-Lefschetz trace formula and lemma 3.10 shows the following equation, where
Frob, € Gal(F,/F,).
lim Y perm) ey [Selp Byl lim 2d=1 aneFd(IFq) |Sel, Ey |
avee [F(n)(F)] oo i [Fa(Fy)|
~ lim D=1 ZfeFd(qu) |Sel, £y |
oo g [Fa(Fy)|
~ lim D=1 D feFy(F,) |Hét(C]Fq7 gfyp)Gal(Fq/Fq”
400 >t [Fa(Fg)]

. zg:md,p,E(Fqn( . |%<n7p,E><Fq>|>
=1 =1
S [F(F,)| \~ i [F(n)(F,)]

— lim < |Td,p,E(Fq)| |Fd(Fq)|
‘qlﬁw(;( FA(Fy) |F<n><1€q>|>

By theorem 3.13, the following equation holds.

- Y rern)E,) [Sel Byl o = | Fa(F,)|
T A R =0 ((“ ! |F<n><Fq>|>
. Fu(F)]
= P Uit m,)

U

We now order the family of quadratic twist of elliptic curves based on the canonical height
of the elliptic curve. Recall that the canonical height of the elliptic curve is given as follows,
where E' : y* = 2% + C(t)z + D(t) is an elliptic curve isomorphic to E.

h(E) := infp~p (max{3 deg C,2deg D})

Remark 4.5. There is a unique equation for F of the form y? = 23+ Az + B satisfying that for
any prime p € F,[t], p*| A implies p® + B. In such case, h(F) is equal to max{3deg A,2deg B}.

In particular E has the least height among all quadratic twists if and only if for any
prime p € F,[t], p*|A implies p*  B. Otherwise, there exists a quadratic twist E, : py* =
2+ Ar+ B~y? =2+ Z%x + z%’ which has smaller height than E.

Remark 4.6. In order to apply the construction of the étale F,-lisse sheaf 7, , g — F}, from
[Hal06], we need the assumption that the quadratic twist family we start with has members
whose Néron model admits at least one multiplicative reduction away from oo.

This is essentially necessary because one can find families of quadratic twists of some
given elliptic curves, such that the whole family has no elliptic curve whose Néron model
has multiplicative reductions. For instance, suppose 4 and 27 are invertible over the field
F,. Then there are 71,7 € F,[t] such that 4mt® + 271 (t + 1)*> = 1 with deg(m) = 1 and
deg(my) = 2. One can readily check that the elliptic curve E : y* = x3 4+ mymot + mma(t + 1)
has discriminant Ag = 7375 (4m1t2 + 27m9(t + 1)?) = wims. Therefore, the Néron model of F
has no multiplicative reduction by Tate’s algorithm. This elliptic curve E has the least height



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 February 2021

ON THE AVERAGE OF p-SELMER RANK IN QUADRATIC TWIST FAMILIES OF ELLIPTIC CURVES OVER FUNCTION

in the quadratic twist family by remark 4.5. So, the whole quadratic twist family has no
member whose Néron model admits multiplicative reductions away from oo by remark 3.4.

Now we prove the main theorem.

Proof of Theorem 1.1. Let E : y? = 23 + Agx + By be any non-isotrivial elliptic curve over
F,[t]. We can always replace E' by E, € {Ef} that has minimal canonical height among
all quadratic twists. Since we assumed that there exists at least one quadratic twist of F
whose Néron model admits a multiplicative reduction away from oo, E admits at least one
multiplicative reduction.

Setup
Choose large enough ¢ such that the discriminant of E/F,[t], denoted by Ag, splits

completely into linear factors as follows.

PR P R — )
Ap = my’m] e

Without loss of generality, assume E has multiplicative reduction at my. Note we can guarantee
that the primes ;’s are all linear. For those large enough ¢, we will explicitly determine the
collection of all possible quadratic twists of E/IF,[t| whose height is bounded by n.

We order the family of quadratic twists of E by canonical height. For any elliptic curve
E/F,[t], there exists a unique way to write E as y* = 2° 4+ Az + B such that for any irreducible
polynomial p € F,[t], if p*| A, then p®  B. Then the canonical height of E is given as follows.

h(E) = max{3deg A,2deg B}

In particular, we chose E to have the least height in the family of quadratic twists of Ej.
Hence, the coefficients A, B of E satisfy the aforementioned condition.

Any quadratic twist of E/F,[t] can be uniquely written as E; : fy? = 2® + Az + B such
that f € Fy[t] is square-free. Assume f = 7§m; 7, ---m;,g where m;’s are distinct primes
belong to the set {my, -+ ,m,}, a = 0 or 1, and ¢ is a square-free polynomial such that
(9,Ap) =1 in F,[t]. Denote by J the subset {m;,, Ti,, - ,mi.} of {71, T, , T}

Fix a positive integer n. We now consider the quadratic twists {E;} whose height

Case 1

Suppose that a = 0, i.e. g is not a prime factor of f. Remark 4.5 implies that the twist
Ey is isomorphic to the following elliptic curve, which is a minimal model.

v =2"+| ] 7ri2j gAz+ | ] 7T?j ¢*B (*)

WijEJ 7I'ij€.]

We will use use () to explicitly compute the height of Ey. We also note that for any prime
plg, vp(A) = 0 or v,(B) = 0. Otherwise, g is not coprime to Ag. Therefore, we have the
following equivalent relation.

h(Ef) < n <= max { deg H W?j_ g® A% | deg ((H ij) gGBQ> <n

TI'ijEJ i]'EJ
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We set M := max{3deg A,2deg B} and M, := M + 6deg (Hijg 7Ti].) = M + 6|J|. Hence
the following equivalent relation holds.
n— M;

6

It is crucial to notice that the twist £y still has at least one place of multiplicative reduction
at m, which can be checked using Tate’s algorithm.
Denote by E; the following elliptic curve, which is minimal by remark 4.5.

hE;) <n<=degg <

Epy=2a>+ | [] i |Ae+ | I] = | B

7Tij€J TrijGJ
Then the following equation holds.
Z |Sel, Ey| = Z |Sel,(E)g]
I ()
h(Ef)<n
_(n—M
=T <6J?p7 EJ) (]Fq>
n—M n—M

= (p+ 1) (¢ 4 Oyl )
Case 2
Now assume a = 1,1i.e. f = mom;,m;, - m,gsuchthat (¢, Ag) = land J = {m;,, 7, -+ , 7.}

is a subset of {my,m, - ,mn}. Define M and M; analogously to Case 1. Then, by the
aformentioned argument in Case 1, we have that E is isomorphic to the following minimal
model.

v =2+ ] 7ri2j mog” Az + | ] 7r2-3j Tog° B (*)
i, €J i, €J
Thus the height of E; can be written as follows.
n—M;—6degmy n— M;
6 6
We will use the bound of h(Ey) to estimate the summation of the size of the p-Selmer group

for quadratic twists E¢ by using lemma 3.7. Corollary 3.3 and lemma 3.7 implies that the
maximal size of p-Selmer group of E is the following.

h(Es) <n <= degg < 1

|SelpEf| < p2degAEf+4 < p2h(Ef)+4 _ p2n+4

Therefore, the following equation gives the approximation on the size of the p-Selmer group
over {E} for the desired collection of f.

Z |Sel, Ey| = Z Sel,(Ey)y
AR ser (25-1)
h(Ef)<n

= M <qnf>‘MJ + On,p(qnéw_l))

Here, M is a positive integer such that 1 < M < p?*+4,
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Average Size

Using both aforementioned cases, we can now calculate the average size of p-Selmer group
as k — oo. Recall that E,, 1 , is the average value of p-Selmer groups over families of quadratic
twists of canonical height at most n. Then the following equation holds for any fixed n > 30.
Note that we may need to require n > 30 because of the conditions on the degree of twisting
polynomials from lemma 3.12 and theorem 3.13.

é”J)>+M( e 1))

n—M n
S scm ) (4 1) (757 4 Ol

np(4
lim E, , = lim

% S5 S s o} 1P (22 (Fy)| + [F (220 — 1><1Fq>!
. (p+1) (qn_ﬁM"“ + On,p(qn_ﬁM")) +M (q npla T 1))
T 2 (P20 (F,)| + [F(=2 — 1)(F,)]
PR )|+ P — 1))

4750 3 1ty [ (P2 ) (B )| + | F (2242 — 1) (F,)|
(p+1) <q 40,0 "))+M<q"_6M‘] q"‘ﬁM"—l)>

n?p(

T S i} ¢ 4 0up(@ T )+ T+ OnplgTT )
|F(2=312)(F )| + | F (2= — 1)(F,)]

9790 3 sy oy [F (L) (F)| + [F(2=2 — 1)(F
o |F(=10) (F )| + | F (2= — 1)(F,)|
i Jc{mz,..:.,ﬁm}(er 1>ZJC{7r1,~~,7rm} | F(2=52) (F,)| + \F(" L —1)(F,)]
. |F(=10) (F )| + | F (2= — 1)(F,)]
ey Cac ey [F () (Fo) | 4 [F(2 = 1)(F,))|

) |

Therefore, the average size of p-Selmer groups of family of quadratic twists of any elliptic
curve E over F,[t] is given by p + 1:

lim lim E,,=p+1

n—00 ¢—00
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