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Abstract: Complex systems can be described as the network of interactions between their com-
ponents. In directed networks, information, energy and matter flow in dominant directions.
Undirected networks, on the other hand, cannot easily capture these asymmetries. The local flow
of information depends on the node spin, which is a function of the number of incoming and
outgoing links attached to it. And yet, how the heterogeneous association between in-degree and
out-degree constraints global dynamics remains poorly understood. Here, we develop a new
theoretical model to study the relationship between node directionality and global flow dynamics.
Our computational analysis of random and scale-free directed networks indicates that structural
diversity constrains the dimensionality of reachable dynamical space. These results suggest how
local directionality might be an universal driver of global dynamics in many systems, from social
networks, to technological systems to the connectome.

Keywords: Structural Entropy; Dimensionality; Flow Dynamics; Spin; Directed Network; Scale-
free

1. Introduction

Underlying many systems, we can find a network of interactions. Many different
studies have characterised their properties and modelled their evolution [1]. Undirected
graphs are one of the most common approaches. These are very useful when looking
at reciprocal interactions, but they are less adequate when describing asymmetric in-
teractions between elements. In natural and artificial systems, information, energy and
matter flow in dominant directions. Mapping this flow will uncover their general design
principles [2]. A classic example is a colony of social insects, where information scales
with mobility and group size [3]. The common trait in insect and animal communities
is the establishment of hierarchical structures. These networks canalize the flow of
information. For example, when two individuals meet in paper wasp communities, they
adopt either a dominant or submissive role, creating a linear hierarchy across the colony
[4]. Hierarchies are also a fundamental component in the evolution of cultural and
technological systems. Discontinuities and sudden technological change depend on the
cost of storing and (reliably) communicating large amounts of information [5,6]. Again,
a massive network connecting people, institutions and cities, works as the informational
backbone enabling social cooperation and information transmission. In all these cases,
directed networks emerge as the natural approach to study the transmission of diseases,
resources and innovations through asymmetrical structures.

What are the general principles and constraints governing the structure-dynamics
relationship? Complexity emerges from simpler systems by means of growth and
evolutionary processes, which in turn, are shaped by physical constraints. In information
networks, specific node properties (like the rate of processing) influence how information
is sent from one node to its neighbors. This is the case for traffic congestion, which
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Figure 1. Undirected vs directed networks. (A) The set of undirected networks with N = 3 nodes consists of only two topologies:

chains and triangles. On the other hand, nodes in a directed network belong to different classes or "spins" s € S (see text). (B) Target
nodes (blue) have K; = 0, intermediate nodes (yellow) have both types of links (K; > 0 and K, > 0) and source nodes (red) only have
incoming links (K, = 0). (C) By using directed links, we can expand the universe of undirected networks to 12 different networks

using a collection of |S| = n = 5 different spins (see inset).

seems to be an inevitable result of user’s behaviour coupled to network dynamics. In
this context, theoretical models suggest that routing algorithms can take advantage of
the Internet’s network topology to maximize global performance [7].

In this paper, we present a simple model mapping the relationship between struc-
ture and dynamics. This model is inspired by observations of flow dynamics in natural
and artificial systems (including studies of computational systems [8]). We assume that
structural patterns are the main driver in the dynamics of information, and depends
much less on system-specific traits. This is obviously a simplification, but we hope to
uncover general principles in the structure-dynamics relationships. We simulate our
model on different topologies and quantify their impact on flow dynamics. A main
difference between our study and previous approaches (e.g., [9]) is the in-degree and out-
degree sequences are not considered separately. Instead, we focus on the spin sequence,
which conflates in-degree and out-degree in a single structural trait [10]. Spins have been
interpreted as the functional role played by the nodes, because they restraint the rate of
information going through them. Our results show that, at the global level, the diversity
of spins constraints the average activity in the system, and also the dimensionality of
the space that can be explored by network dynamics. The implications for the study of
directionality on the evolution of complex systems are outlined.

2. Structure
2.1. Node Spin

We start by defining structural measures of node diversity (to be compared with
dynamical properties). Structural diversity depends on the possible ways we can connect
one node to each other. For example, the space of (connected) undirected networks with
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Figure 2. Location of directed networks in the structural entropy (H/ log N) space. Every node in the (a) minimal entropy network
(H = 0) displays the exact same spin, P(s; = 0) = 1. Notice how multiple systems can be mapped here, including the loop. Between
the two extremes of this space, we can find all possible directed networks, including: (b) the GNC network and its (c) transposed (see
text), (d) random modular networks, and (e) random directed networks. Finally, (f) entropy is is upper-bounded (H < log N) by a
network with an uniform distribution of spins, P(s;) = 1/n (see text).

N = 3 nodes consist of only two possible designs: chains and triangles (see Figure
1A). The same space is far richer in directed networks because we can combine nodes in
many different ways (see Figure 1C).

A directed network G = (V, E) can be represented with the (possibly asymmetric)
adjacency matrix A = [Ai,j] where A;; =1 if node i interacts with node j and Ajj=0
otherwise. In an undirected graph, K; denotes the degree of a node, or the total number of
node interactions. Because our networks are directed, there are two possible definitions
of node connectivity. Let’s define the in-degree

Ki(i) =) Aj
j
which gives the total number of incoming links, and the out-degree
Ky (i) =) Ajj
i

which gives the number of links out-going from any node.

It has been proposed that the functional role of nodes depends on the correlation be-
tween in-degree and out-degree. For example, a microchip is composed by a (potentially
very large) set of interconnected logical gates. Here, we can interpret Kj (i) as the number
of inputs and Kj(i)) as the number of outputs attached to a gate. Balance between inputs
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and outputs will surely constrain functionality. For example a multiplexor [11] is a
device that produces a single output from multiple inputs. On the other hand, complex
circuits with many inputs and outputs can be made by combining several functions into
a single device. By looking at the interplay between in-degree and out-degree, we can
derive the following classification of node types:

1. Sink nodes define elementary units. Sink nodes can be thought as the atoms of
the network, that is, nodes that do not depend on any other element, i.e., their
out-degree is Ky (i) = 0.

2. Target node relies upon a larger number of outgoing connections, but no incoming
links, i.e., their in-degree K (i) = 0.

3. Intermediate node takes many incoming links (i.e., the in-degree is at least one)
and generates several outgoing connections (i.e., the out-degree is non-zero). Many
directed networks are composed by intermediate parts acting as the "glue" connect-
ing targets to the sink nodes. A particular case is an intermediate node with exactly
the same number of incoming and outgoing links, i.e., K; (i) — Kz (i) = 0.

The above can be properly quantified with the concept of "spin” (see Fig. 1B). The
spin —1 < (i) <1 of a node is the difference between their (normalized) in-degree and
out-degree:

s(i) = w (1)

where i = 1,...,n [10]. We can see that the limit cases for the spin value correspond
to the source (s(i) = +1) and target (s(i) = —1) nodes. Figure 1C classifies small directed
networks depending whenever the set of network nodes displays one (left), two (middle)
or three (right) spin types.

2.2. Structural Entropy

For each directed network, we can obtain a finite set S of (i) of spins. We aggregate
this local index to derive a global diversity measure. One way is using Shannon’s entropy
associated with the spin distribution P(s). Let’s define structural entropy of the network
as the entropy of spins:

H(s) = — ) P(s)log P(s) 2
seS

where P(s) is the distribution of nodes having spin s. Larger values of structural
entropy H(s) reveal a multiplicity of spin values s(7), whereas networks displaying a few
(or no) intermediate nodes have low entropy. Structural entropy is a robust measure of
network diversity, which is closely linked to the presence of multiple layers of complexity.
Figure 2 displays several networks and its location along the H/ log N axis. We can
see the network layout maps spin values to vertical layers. Nodes in the network have
been arranged so leftmost and rightmost layers correspond to target (s; = —1) and sink
(s; = 1) nodes, respectively, while all intermediate nodes with s; = 0 are placed at the
center.

A lower bound for entropy is given by the network composed only with 7, source
and n; target nodes, without any intermediate nodes. We have P(s = —1) = P(—1) =
ni/Nand P(s = 1) = P(1) = ns/N = 1— P(—1) where N = n; + n;. We can easily
compute the structural entropy as

Hy (1) = =P(1)log P(1) — [1 — P(1)]log[1 — P(1)]

. This would be zero at the two limits and its symmetric case. As soon as we increase the
number of intermediate nodes, the entropy will increase. Another limit case would be
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the maximally diverse network with n different spin values having the same probability
P(s),i.e. P(s) =1/]|S| for all s € S, which would give:

1 1
H, =— <> log<> =logn
" s§s n n

. Then, the quantity H/log(n) represents the normalized entropy of spins, which can be
used when comparing different types of networks.

These extremes represent limit cases for real-world systems (see Figure 2). A di-
rected network with maximal entropy could be interpreted as an idealized representation
of linear dominance hierarchies. On the other hand, a loop has the minimal entropy
because all nodes have exactly the same spin. Notice that there are multiple networks
with H = 0 (e.g., undirected networks).
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Figure 3. Structural measures of random and GNC networks as a function of their average degree (K): (a) fraction of nodes in the

giant weekly connected component (GWCC) and giant strongly connected component (GSCC), in the ensemble of random (orange

and violet, respectively) and GNC (turquoise) networks. (b) Degree variance scales with average degree, 02 ~ (K)*, with a = 0.98 for

random networks and « = 1.36 in GNC networks. Every point corresponds to one of 800 simulated networks with N = 300 nodes

each (see text).

2.3. Network models

To determine the influence of structural heterogeneity in global dynamics, we will
compare random and scale-free networks. A random directed graph is an example of
static, disordered structure. Over the years, the study of complex networks has been
strongly influenced by theoretical developments in random graph models. Random
graphs, although very simple, provide a basis for more sophisticated analyses. Many
studies, e.g., the classic Poisson random graph defined by Erdos and Rényi [12,13], focus
on undirected graphs, but more recently there has been a surge of interest in the analysis
of directed random graphs [14].

Definition of the random directed graph G,,; = (V, E) is straightforward. Given a
set of N nodes and a probability p > 0, we set a directed link (i, j) € E with probability
p. It can be shown that both the in-degree and out-degree distributions P(K;) (i = 1,2)
follow the Binomial distribution

P(k) = (30 )= pp % @)
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with parameters (N — 1, p) and expected total degree (K) = (N — 1)p. Notice that
the average in-degree and the average out-degree are the same because ); K (i) =
Yj Ko (j) = m, where m is the total number of links.

We will compare random graphs with a growing network model [15]. This model
reproduces the statistical features of acyclic directed networks, including the World-Wide
Web [15], patent citation networks [16], software networks [17], and the evolution of pro-
gramming languages [18]. The acyclic nature of these networks arises as a consequence
of some kind of node ordering. Unlike random graph models, nodes in a growing net-
work do not receive new links independently from others (see [19]). Instead, attachment
probability depends on intrinsic node properties, e.g., ranking in a social group [20] or
node importance [21]. Either because temporal dependencies or other constraints, the
observed structure in real systems often departs considerably from random graphs.

In the model of growth by copying (GNC), a network Gg,c = (V, E) grows by
adding one node at each time step. This new node v; € V links to m randomly chosen
source nodes v; € V with probability p, as well to all (ancestor) nodes vy € V pointed
by the source (vj, vx) € E, with probability . Notice that mp and mq are the average
number of source and ancestor nodes, respectively. The in-degree distribution is [15]:

N
(K1 +1)(Kqy +2)

fori < N —1, while P(K;) = 0 for i > N. Asymptotically, the exponent of the
in-degree distribution P(K;) ~ K; 2 is independent of parameters, including the attach-
ment probabilities p and g. On the other hand, the predicted out-degree distribution has
Poisson form. Krapivsky and Redner also computed the expression for the joint degree
distribution N (K1, Ky) or average number of nodes with in-degree K; and out-degree Kj.
For a very large network (N — o), the leading behaviour of its joint distribution is: [15]:

P(Ky) = (4)

o— Ki+1
(g 5

(Ky —1)!
We also consider transposed (or reversed) networks (see Figure 3c). Given a directed

network G, the transposed network G’ is the same graph with the direction of every link
reversed. We can easily compute the transposed graph as follows. If A = [A;] is the

N(Ky, Kp) — [

adjacency matrix of G, the transposed graph has adjacency matrix AT = [Aji]-

2.4. Structure of Directed Networks

In this paper, we study the relationship between structure and dynamics using
an empirical ensemble of random and GNC networks. Here, we characterise the main
structural properties of these networks (their dynamical properties are determined
below). To show this, we have sampled 400 networks (for each model) at random from
the range 0 < (K) < 8 of small degrees, which is typical of real systems. To ensure good
statistics, networks of N = 300 nodes are generated. We sampled each network using a
random combination of the model parameters. For the GNC network, we fixed mg = 1
and sampled the attachment probability p.

Average connectivity (k) is the most important index for any network, and imposes
strong constraints on structural diversity. Connectivity also defines the limits for any
dynamical processes taking place on top of networks, like transport or the diffusion
of information. In order to preserve their functions, a network must be connected, i.e.,
there must be a path connecting any pair of nodes. An important theoretical prediction
is the emergence of connected paths happens very rapidly once a critical threshold of
connectivity is crossed.

Directed networks experience two types of percolation transitions associated to
the (so-called) giant components [22]. The first transition maps the emergence of the
giant weakly connected component (GWCC), the fraction of nodes that are reachable
from every other node in the network when link direction is ignored. This is followed
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Figure 4. Dependence of (a) average spin (s) with mean degree < K > in random (orange) and GNC (turquoise) networks. Random
networks display an abundance of intermediate nodes ((s;) =~ 0) while GNC networks are clearly biased towards negative spin. (b)
Normalized entropy H/ log(N) vs (K) in GNC (turquoise) and random (orange) networks. Entropy in random networks saturates
once the GSCC emerges, which is consistent with an exponential decay of spin variance 02 (see inset). To obtain an accurate entropy
estimate, we use histograms of binned spins (20 bins in the interval (—1,1)). In these plots, every point corresponds to one simulated
network with N = 300 nodes (see text).

by another transition towards the giant strongly connected component (GSCC). In this
second transition, all pairs of nodes are connected by a directed path (all links along this
path are aligned). As we will see, the size of the GSCC is a key parameter for the network
dynamics. Figure 3(a) shows the location of percolation transitions in our ensemble of
random and GNC networks. Exact location of percolation thresholds can be calculated
using the maximum eigenvalue of the adjacency matrix [23].

A main difference between random and scale-free networks is the greater degree
heterogeneity of the latter. In this context, one of the most widespread and intuitive
measures of heterogeneity is the degree variance 03 = (K?) = (1/N) ©; K(i)? — (K)
([24]). Figure 3(b) shows the scaling of degree variance (712( ~ KP in both the random
(B =~ 1) and GNC (B ~ 1.36) networks. For the random graph, it is easy to show that
(K) = Npand 02 = Np(1 — p), thatis, 02 ~ (K). On the other hand, the super-linear
scaling observed in the GNC network derives from the slow decay of fluctuations in
the probability distribution of the total number of links [15]. In general, dependence of
degree variance with density and size requires a proper measure of normalisation [25].

The diversity of spins is an useful index for directed networks. Random networks
are dominated by intermediate nodes (s; = 0), while GNC networks are biased towards
negative spins, i.e., target nodes. Figure 4(a) shows the average spin (s) ~ 0 is roughly
constant for random graphs with independence of (K). For GNC networks, average spin
is negative and saturates (once the GWCC emerges) around (s) ~ —0.5. This asymmetry
is more pronounced in denser networks. As shown in Figure 4(b) the structural entropy
of random networks saturates once the GSCC is reached. This is consistent with the
inverse dependence between structural entropy and the variance of spins ¢ in random
directed graphs. On the other hand, we observe a scaling regime of entropy in the subset
of GNC networks, which is associated with the maintenance of spin diversity.

3. Dynamics
3.1. Flow networks

We now develop our abstract model for the relationship between structure and
dynamics. This model borrows inspiration in natural and artificial systems, including
neural networks, electronic circuits and communication networks. Here, we do not
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Figure 5. Spatio-temporal dynamics in flow networks. (a) Activity in this small network generates the pattern below (A = 0.1). Each
column describes the activity of the node i € [1,4], where A;(t) = 1 (white) or A;(t) = 0 (gray). Nodes have been sorted in ascending
spin order and time runs downwards. Notice how structural coupling (e.g., bi-directional links) can induce activity correlations, i.e.,
between A,(t) and A3(t). (b) Spatio-temporal dynamics in a GNC network with N = 25 nodes (top). From left to right, we can see
the evolution of activity A;(t) at each node 1 < i < N, when input flow varies from A = 0.01 to A = 0.8. For each spatio-temporal
diagram, we compute the corresponding covariance C = [C;;] matrix (bottom) used to estimate the dimensionality of flow dynamics
(see text). (c) Covariance matrix measures activity correlations between pairs of nodes, which are partly determined by the global
input load A (see text).

include specific functions of any system, like threshold functions in neuronal networks
(cite) or logical functions implemented in an electronic circuit [8]. Instead, we simply
assume that the only function performed by the nodes is to receive and forward infor-
mation to its neighbouring nodes. By focusing on the dynamics of communication alone,
we can observe the general relationship between directionality and global dynamics in
absence of system-specific biases (e.g., different functions and/or input signals).

Let us consider a network G = (V, E), where nodes v; € V can store and exchange
information with their neighbors. This network is an abstract model of a real system
where information, energy or matter flows through links. Nodes in this flow network
receive information from incoming links, which is then forwarded only through the
outgoing links. For simplicity, we assume that nodes have infinite storage capacity, but
they can redirect only a finite amount of their current load. Let’s define the load B; > 0 as
the amount of information stored at the node. At each time step, we apply the following
set of rules:

1. Initial condition: All nodes are empty at the beginning, B;(0) = 0.

2. Input flow: A fraction p > 0 of nodes increase their load by an amount 0 < A < 1.

3. Flow of information: At each time step t, every v; node decreases its load, B;(t) =
B;(t — 1) — w, by a fixed amount w ~ 1/K;(7), and forwards the extracted informa-
tion through each outgoing link (i, j) € E, that is, the receiver node v; increases its
load by B](t) = B](t - 1) + w.

4. Activity: during each timestep each node is evaluated in terms of load, a node v; is
considered active if its load B; > 0.

Figure 5A shows the results of our dynamical flow model on an example small
graph. For each node v; we show its dynamical activation state, i. e. whether its load
B; > 0. As time progresses, specific cyclical patterns of activation are established, which
are periodically repeated. These patterns of activation and inactivation depend on the
magnitude of input flow A (Figure 5B top), as A increases and approaches 1, the system
becomes saturated and most nodes are always active. The spatiotemporal diagram can
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also be analyzed with the covariance matrix (Figure 5B bottom). This method allows
us to quantify node activity correlations that reduce the dimensionality of the system
dynamics (see below).

3.2. Mean-field model

T/k
08
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= 5 2
< ®© S
£ 0.45
<

o o
> o
Activity

1.0
1.0

0.5
—0.5 287

0.5
—05 227

Figure 6. Mean-field model predicts differences in average activity depending on mean spin (< s >) and activity life-time (7). (a)
Schematic representation of the mean-field approach to temporal evolution of activity I' in flow networks (see text). (b) Mean-field
prediction for average activity (I') as a function of mean spin (s) and activation rate . Each surface corresponds to a different average

lifetime (t~1): T = 0.01,r = 0.1, T = 1and T = 10.

Here, we develop a mean-field approximation for the long-term evolution of the
average activity (A(t)) of the flow network. These population models have been fre-
quently used when describing the dynamics of neuronal networks [26,27]. Mean-field
models offer a simpler, qualitative picture of the dynamics on networks. Moreover,
their predictions can be used whenever empirical observations of average activity are
available.

Instead of looking at the average load in the system, we here consider a simpler
approach focusing on average node activity

1N

Ni:l l

where the threshold function I'; = §(B; > 0) indicates if the node is active (I'; = 1) or not
(T; = 0). We assume that nodes can be activated by their own load or the dynamics of
the neighbouring nodes. On the other hand, activity decreases when a fraction of node is
released to the neighbors. Both processes are mediated by local connectivity (see below).
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The time evolution of I' is defined as follows (see schema in Figure 6):

d T
EI‘ =1-D)k(1-KTI+a]— %I‘

where k = Kj/K is the probability of outgoing link, K = K; + Kj is the total
(undirected) degree, 7~ 1is the average lifetime of information, and « is the autonomous
activation rate. Notice that K;/K + K;/K = 1 and thus, 1 — k defines the fraction
of incoming links. The number of active nodes increases when three conditions are
satisfied: there must be both inactive ((1 — T') > 0) and active (I' > 0) nodes in the
network, probability of a link between two nodes is k(k — 1) > 0, and/or the activation
rate is & > 0. Nodes are deactivated at a rate (7/k)I’, which is a function of the average
time need to escape the system and inversely related to the average out-degree 1/k (see
below).

This system is not defined for k = 0 because the term 1/k — co. On the other
hand, the long-term activity when k = 1is I' = a/(« + 7). For the other values of the
out-degree k, the system has the following fixed points:

r— K2(1—k)—ak— 1+ /(K1 —k) — ak — 7)2 + 4ak3(1 — k) )
= 2k2(1 — k)
These fixed points will exist when the square root is positive, that is, when o > «,.
The critical value for « is

ac = —(K(1=k) + £ ) £2,/7(1 - k). ®)

Given that 0 < k < 1, the above condition is always achieved for « > 0. When no
external load is received (x = 0), the system can relax to two fixed points. One is the
complete extinction of the activity (I'j = 0) or a remnant T* = 1 — 7/ (k*(1 — k)). The
stability of these fixed points depends on

d dr
gy g = (1= 200 = k) —/k

Extinction of activity is stable if T > k?(1 — k).

Figure 6 shows the fixed point for the activity of nodes I' with mean spin s = (s;) =
2k — 1, activation rate «, and average lifetime T~!. Our flow model suggests the bias
towards negative average spin k < 0.5 deactivates nodes faster than an abundance
of positive or neutral spins. Activity can also be increased by processing delays (7).
Panels in figure 6b show the stable fixed point for different parameter’s combinations.
If activation is quickly lost (t~! — 0), the system will tend to be in a low activity
condition, and practically independent from network structure ((s)). On the other hand,
the network is rapidly saturated when activity is well preserved (t~! — o0) (see Panel
T = 1072). Between these two cases, the interplay between the structure ((s)) and
self-activation rate («) defines the system’s activity state. Depending on the average
lifetime, low &« minimize the structural effects (see Panel T = 1). Exceeding activation
rates (¢ ~ 1) always saturates the network, for a wide range of structures. However,
and independently of « and T, low activity levels are always associated with small spin
averages ((s) < 0).

3.3. Entropy and Dimensionality

As we have seen, a directed network consists of many different elements. Link
directions can generate an heterogeneous distribution of flow, where distinct regions of
the system are subject to different loads. Averaging such collective dynamics cannot, in
general, accommodate for this structural variance. A concise representation of complex
activity necessitates a large number of variables, perhaps as many as the number N of
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Figure 7. Relationship between structure and dynamics in flow networks. (a) Illustration showing how activity is characteristically
feed-forward (it flows towards the GOUT component, see right), but it can also be trapped by the GSCC component of cyclic networks
(left). 3-D visualizations of empirical networks can be seen at this website. (b) Normalized dimensionality D/N in GNC networks
(blue) is larger than in random networks (orange) due to the low activity of the former. Inset: Our simulations shows that (b) mean
activity is larger in random networks (orange) than in GNC networks (blue) due to the large GSCC component of random graphs (see
Figure 3A). On the other hand, nodes in GNC networks are signifcantly less active due to the acyclic nature of the network. A large
number of dimensions corresponds to a more flexible dynamical system. (c) Correlation between normalized dimensionality and
structural entropy in random (orange) and GNC (turquoise) networks. Dimensionality is bounded by the interplay between structural
diversity and mean activity (see text). Each point in the plots corresponds to a simulated network from our ensemble (see text). In all
simulations, the input flow is A = 1074,

nodes in the network (but see [28]). In this context, dimensionality provides a compact
measure of the degree of coordination between all pairs of nodes. For example, it has
been suggested that high-dimensional activity in neural networks reduces dynamical
constraints and enables flexible computations [29,30].

Dimensionality D is a (weighted) measure of the number of degrees of freedom
explored by network dynamics [31]:

TrC)>  (LiAi)?
b= (Ticz B (zi;@) ©

where C = [Cjj] is the co-variance matrix of the vectors of node activity A(t) = [A;(t)],
withl <t<T,TrC = Zfil C;; is the trace of the covariance matrix, Tr C2 = Eil\i1 GiiCii,
and A; is the i-th eigenvalue of the covariance matrix. The eigenvector of the covariance
matrix C are the axes spanning the space filled by the cloud of activity vectors. If the
components of A(f) are independent and have equal variance, all eigenvalues have the
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same value and D = N. On the other hand, when the activities of nodes are highly
correlated, the variance evenly spreads across a smaller number D < N of dimensions.

A recent theoretical study predicts the dimensionality of spiking recurrent networks
from their local structural features and the type and magnitude of input received. They
concluded that the number of dimensions strongly correlates with the network connectiv-
ity [32]. Here, we perform simulation experiments to test if a similar structure-dynamics
relationship holds in flow networks. The dimensionality of spiking networks tends to
be low and it is regulated by structural motifs, i.e., small subgraphs with non-random
frequencies [32]. Our structural features are not network motifs, but the distribution of
spins. We conjecture that spins play a role in the dynamics of directed networks. Inter-
estingly, [32] has shown that reciprocal motifs had the biggest contribution to network
dimensionality. Bi-directional links are related to reciprocal motifs, which can be further
associated with intermediate nodes (those nodes having s ~ 0 spin).

In our experiments, we have simulated the temporal evolution of flow networks
in our ensemble, and for fy = 10N iterations. After this transient, we gathered vectors
of node activity A;(f) during the interval fp < t < (tg+ T), where T = 64 time steps.
Using the two sets of activity vectors (one for each type of network), we computed the
covariance matrices C; and their dimensionality D; (1 < i < 400).

Our simulations of flow dynamics show high or low dimensionality D depending
on the interplay between input rate A and the structural diversity of the network. As
suggested by the mean-field approach, saturation of mean activity yields highly corre-
lated states in both random and GNC networks and a minimal dimensionality (D — 0).
This is consistent with empirical results showing a reduction of dimensionality of neural
activity with increased stimuli [31]. The situation can be quite different in the range of
small to medium input rates, where the mean activity reflects the underlying network
organization.

Figure 7 plots average activity and dimensionality in our sample of synthetic
networks, as a function of (K), for a small input rate. Disconnected networks display
similar levels of activity until the percolation threshold is crossed (see inset of Figure
7b). Here, isolated network components display maximum levels of mean activity
(because of their lack of dispersal). For the same input load A = 10~%, GNC networks
are significantly less active (in average) than random networks. That is, low average
activity correlates with high dimensionality (Figure 7b).

Efficient transmission in GNC networks appears to be related to dominant negative
spins (see Figure 4a). On the other hand, the high activity of random graphs is associated
with an abundance of neutral spins and bi-directional links. As shown in the inset of
Figure 4b, structural diversity (as measured by spin variance ¢2) decays in random
networks with increasing average degree. The probability p of linking a pair of nodes in
the random graph is constant and independent of the identity of nodes. This is not the
case in the GNC model, in which node ordering induces a large spin variance.

4. Discussion

Using the definition of spin and dynamical simulations, our study suggests how
global dynamics is constrained by local structures. Structural diversity restraints system’
dynamics to a space having a number of dimensions smaller than the maximum degrees
of freedom, i.e., network size. Spin heterogeneity (as measured by diversity and struc-
tural entropy) can determine the dimensionality of flow networks, that is, the regions
of the (D, H)-space are filled according to different structural constraints. These results
are consistent with recent studies on the role of local features (motifs) in the dynamical
response of spiking neurons. Here, we have shown a similar conjecture by looking at the
lowest structural level, the nodes. This is a necessary step towards building a multi-level
theory of flow networks, from the smallest level (nodes), to the mesoscale (sub-graphs),
to the global scale (full network).
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In flow networks, the relationship between in-degree and out-degree limits the
computational capacity of nodes. Real networks display correlations in their in-degree
and out-degree sequences. This has been associated to the presence of trade-offs, e. g., a
tension between complexity and flexibility [33]. For example, in a software system we
can find code blocks (also known as "subroutines") with a high number Kj of incoming
connections associated to reusable functions [17]. A large number Kj; of outgoing connec-
tions is less frequent in software, possibly because an increased cost of maintenance. Our
experiments with GNC networks provide a new dynamical perspective on the tinkered
evolution of these artificial systems [34].

Directionality is associated with the persistence of dynamical states and the ro-
bustness of the network. Our framework suggests the average lifetime of information
(studied in the mean-field approach) relates to large-scale network properties (see Figure
7(a)). A lack of directionality facilitates the emergence of feedback loops and strong
correlations. In a random graph, flow is persistently gathered by the GSCC component
(where many intermediate nodes are activated) [35]. The situation is reversed for acyclic
GNC networks, which continuously push flow towards their sink nodes (i.e., nodes with
average spin (s) = 1). Directionality keeps many nodes underutilized (low network
activity), which allows the system to explore a large space of dynamical states (a high
number of dimensions).

Future work should determine how directionality affects dynamics using more
realistic models, including the impact of structural alterations [36]. Empirical studies
indicate the flow of information takes some preferential directions [37], either between
individuals (social networks), enzimes (metabolism), species (ecosystems) and brain
regions (connectome). The study of these systems defines an idiosyncratic collection
of different techniques. Given the interest in understanding how directionality im-
pacts these systems, our methodology provides an unified approach for detecting (any)
common mechanisms. This is crucial when predicting the consequences of structural
changes, like removal of links or the addition of bidirectional connections, and how
directed networks define what states can - or cannot - be reached.
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