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Abstract: A transform approach based on a variable initial time (VIT) formulation is developed
for discrete-time signals and linear time-varying discrete-time systems or digital filters. The VIT
transform is a formal power series in z=1 which converts functions given by linear time-varying
difference equations into left polynomial fractions with variable coefficients, and with initial
conditions incorporated into the framework. It is shown that the transform satisfies a number of
properties that are analogous to those of the ordinary z-transform, and that it is possible to do
scaling of z~¢ by time functions which results in left-fraction forms for the transform of a large
class of functions including sinusoids with general time-varying amplitudes and frequencies.
Using the extended right Euclidean algorithm in a skew polynomial ring with time-varying
coefficients, it is shown that a sum of left polynomial fractions can be written as a single fraction,
which results in linear time-varying recursions for the inverse transform of the combined fraction.
The extraction of a first-order term from a given polynomial fraction is carried out in terms of the
evaluation of z at time functions. In the application to linear time-varying systems, it is proved
that the VIT transform of the system output is equal to the product of the VIT transform of the
input and the VIT transform of the unit-pulse response function. For systems given by a time-
varying moving average or an autoregressive model, the transform framework is used to determine
the steady-state output response resulting from various signal inputs such as the step and cosine
functions.

Keywords: z-transform; time-varying systems; time-varying difference equations; skew
polynomial rings; extended Euclidean algorithm; fraction decomposition

1. Introduction

The introduction of a time-varying z-transform for the study of linear time-varying discrete-
time systems or digital filters goes back to the discrete-time counterpart of the Zadeh system
function, which first appeared in [7]. In that work, linear time-varying systems/filters are studied
in terms of the time-varying z-transform

Hzgaen(z, k) = Y20 h(k, k — i) 7zt

where k € Z = set of integers, and h(n, k) is the unit-pulse response function of the system. For
papers that utilize this construction, see [3-5,13]. It is known that it is not possible to express the
z-transform of the output response as the product of H; ;4.1 (2, k) with the z-transform of the
input. Also, as discussed in [10], when the system or filter is finite-dimensional, this transform is
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seldom expressible as a polynomial fraction in z with time-varying coefficients. These two
limitations were circumvented in [9] by defining the transfer function to be the formal power
series

H(z, k) =Y h(k+i,k)z™¢ 1)
and defining the generalized z-transform of a discrete-time signal x(n) to be

2(2,k) = £20 27 X)) (2)

where §(k) is the unit-pulse function (6(0) = 1,6(k) = 0,k # 0). In [9] it is shown that

y(z,k) = H(z, k)ti(z, k), where ii(z, k) and 9(z, k) are the generalized z-transforms of the input
and output, respectively. It is also shown that if the system is given by a finite-dimensional state
representation, the transfer function is a matrix polynomial fraction in z with time-varying
coefficients.

The generalized z-transform defined by (2) is of limited use in the study of discrete-time
signals as a result of the presence of the unit pulse &(k) in the power series. It turns out that a
simple modification of (2) results in a time-varying transform that satisfies a number of basic
properties which are analogous to the properties of the ordinary z-transform. The modification is
based on the observation that the generalized z-transform (2) can be expressed in the form

2(z,k) = L2oz ' x(i + k)5 (k) ©)

In (3), x(i + k) is the value of the signal x(n) at the time point n = i + k, which is i steps after
the time point k, where k is the initial time. The variable initial time (VIT) transform of the
signal x(n) is then defined to be the formal power series

X(z,k) = 52,27 x(i + k)

Note that (z, k) = X(z,k)&(k). The VIT transform can also be extended to any two-variable
function f(n, k) defined on Z x Z, and when this extension is applied to a unit-pulse response
function h(n, k), the result is the transfer function defined by (1).

The formal definition of the VIT transform and some simple examples of the transform are
given in Section 2. Various properties of the VIT transform are proved in Section 3, including
the property that multiplication by a function a(n) in the time domain is equivalent to
multiplication by a(k) on the left in the VIT transform domain. It is this property along with the
left-shift property that converts signals or two-variable time functions given by linear time-
varying difference equations into left polynomial fractions consisting of polynomials in z with
variable coefficients. It is also proved in Section 3 that the transform of a fundamental operation
between two functions defined on Z x Z is equal to the product of the VIT transforms. It is this
result that yields a transfer function framework for the study of linear time-varying discrete-time
systems.

In Section 4 it is shown that the powers z~ of the symbol z~* can be scaled by a time
function that is given in terms of a semilinear transformation S, defined on the ring A consisting
of all functions from Z into the reals R. Given a VIT transform that is a polynomial fraction in
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z~1, the scaling of z~¢ by a time function results in a large collection of new transforms that are
polynomial fractions. This construct results in the generation of a class of signals that satisfy
linear time-varying recursions. Examples are given in the case of the Gabor-Morlet wavelet [15]
and sinusoids with general time-varying frequencies.

The addition and decomposition of VIT transforms is studied in Section 5. It is shown that
the addition of two left polynomial fractions can be expressed in a single-fraction form by using
the extended right Euclidean algorithm in a skew (noncommutative) polynomial ring with
coefficients in the quotient field of the ring A of time functions. This results in recursions over A
for the inverse transform of the sum of the fractions, although in general the recursions may have
singularities. The decomposition of a polynomial fraction is carried out in Section 5 in terms of
the evaluation of z at time functions defined in terms of semilinear transformations. In Section
6, the VIT transform approach is applied to linear time-varying discrete-time systems or digital
filters. It is shown that the VIT transform of the system output is equal to the product of the VIT
transform of the input and the VIT transform of the unit-pulse response function. This result is
used to derive an expression for the steady-state output response resulting from signal inputs
having a first-order transform. The focus is on the case when the system is given by a time-
varying moving average or autoregressive model. Section 7 contains some concluding
comments.

2. The VIT Transform

With Z equal to the set of integers and R equal to the field of real numbers, let A denote the
set of all functions from Z into R. Given a, b € A, we define addition by (a + b)(n) = a(n) +
b(n),n € Z, and multiplication by (ab)(n) = a(n)b(n),n € Z. With these two pointwise
operations, A is a commutative ring with multiplicative identity 1(n), where 1(n) = 1 for all
n € Z. Let o denote the left shift operator on A defined by (ca)(n) = a(n + 1),n € Z. With the
shift operator o, the ring A is called a difference ring.

With z equal to a symbol or indeterminate, let A((z~1)) denote the set of all formal Laurent
series of the form

Yicn z a;, a; €A 4)

where N e Z. Note that the coefficients in the power series (4) are written on the right of the z .
With the usual addition of Laurent series and with multiplication defined by

zizl =z% i jeZ 5)
az7t =z7(o'a), ieZ,a€A (6)

A((z™1)) is a noncommutative ring with multiplicative identity 1(n). Let A[z] denote the
subring of A((z™1)) consisting of all polynomials in z; that is, the elements of A[z] are of the
form

X nzla; =Xz a
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Finally, let A[[z~]] denote the subring of A((z~1)) consisting of all formal power series in z™1
given by (4) with N = 0.

The rings A[z], A[[z™t]], and A((z™1)) are called skew rings due to the noncommutative
multiplication (6). Skew polynomial rings were first introduced and studied by Oystein Ore in
his 1933 paper [12]. These ring structures have appeared in past work [8,9,14] on the algebraic
theory of linear time-varying discrete-time systems.

Now let x(n) denote a real-valued discrete-time signal. For each fixed integer i > 0, let
x;(k) = x(i + k), k € Z. Then x; (k) is equal to the value of the signal x(n) at the time pointn =
i + k, which is located i steps after the time point k, where k is viewed as the initial time. The
initial time k is taken to be an integer variable ranging over Z. Then for each fixed i > 0, x; (k)
is a function from Z into R, and thus x; (k) is an element of the difference ring A. If the given
signal x(n) is defined only for n > k for some fixed k € Z, then the values of the x; (k) are
known only for k > k. In this case, the pointwise operations of addition and multiplication can
still be carried out on the x;(k), but the results will be known only for k > k. In addition, for
any positive integer g, the g-step left shift operation can be performed on the x;(k), but the result
x;(k + q) will be known only for k + q = k, or k = k, — q. Hence, the x; (k) can still be
viewed as elements of the difference ring A. We then have the following concept.

Definition 1. The variable initial time (VIT) transform X (z, k) of a real-valued discrete-time
signal x(n) is the element of A[[z1]] defined by

X(z,k) =X20z7 % (k) = X202 % (i + k) (7)

Note that the coefficients of the power series in (7) are written on the right. As shown below,
this leads to left polynomial fractions for the transform in the case when x(n) satisfies a linear
time-varying difference equation. If the coefficients of the VIT transform are written on the left,
this would result in right polynomial fractions. Also note that for each fixed integer value of k,
X(z, k) is the one-sided formal z-transform of x(i + k), where “formal” means that z is viewed
as a formal symbol, not a complex variable. In particular, X(z, 0) is the z-transform of x(n),n >
0. Finally, if the given signal x(n) is defined only for n > k,, then the transform X(z, k) is
defined only for k > k,.

The VIT transform can be extended to any real-valued two-variable function f(n, k) defined
on Z X Z: Given f(n, k), the VIT transform F(z, k) of f is defined to be the element of A[[z71]]
given by

F(z,k) = 2027 f (i + k. k) (@)

Given a discrete-time signal x(n), let f(n, k) = x(n). Then from (7) and (8), the VIT transform
F(z, k) of f(n, k) is equal to the VIT transform X(z, k) of x(n). Hence, all of the results
derived in this work on the VIT transform of a general two-variable function f(n, k) can be
directly applied to the VIT transform of a discrete-time signal x(n). In addition, if we define
f(n, k) = h(n, k), where h(n, k) is the unit-pulse response function of a linear time-varying
discrete-time system, the VIT transform of h(n, k) is the transfer function of the system as
defined in [9]. Thus, results on the VIT transform of a two-variable function can also be directly
applied to linear time-varying systems.
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Given a VIT transform F(z, k), the original time function f(n, k) can be recovered from the
transform by setting £ (i + k, k) equal to the right coefficient of z=¢ in the power series
representation (8) of F(z, k). In the following development, we will use the notation

f(nk) & F(z,k) (©)

to denote a VIT transform pair. It should be noted that in operations involving the VIT transform
F(z, k), the values of the initial time k can be restricted to a finite interval k, < k < k,, where
k, > k,. This is illustrated in Section 6 in the application to computing the steady-state output
responses to various inputs in a linear time-varying system.

We shall now give some simple examples of the VIT transform. Let the function f (n, k) be
the unit pulse §(n — k) located at the initial time k. Then f(i + k, k) = &§(i) and inserting this
into (8), we have that the VIT transform is equal to 1 for all k € Z. We therefore have the
transform pair

stn—k) o 1 (10)

Now suppose that f(n, k) = a® *f(k),n >k, a e R, where f(k) = f(k, k) is the value of
f at the initial time k. Then the VIT transform of f is equal to

Y20z i+ k k) =X2,z 7 f(k) = (z—a) zf (k)
Thus we have the transform pair
a"*fynzk o (z—a)'zf (k) (11)

Note that the VIT transform in (11) is a fraction.
Given a € A, consider the function f(n, k) defined by the first-order linear time-varying
difference equation
fn+1L,k)=an)f(nk),n >k (12)

with initial value f(k, k) = f(k) at initial time k. The solution to (12) is
fn,k) =a(n—1)an—2)..alk + Dalk)f(k), n>k
which can be written in the product form
f k) = 7=k a(If (k). n >k (13)
Note that the variable k in (13) can be evaluated at any specific initial time k,, which gives
fn ko) = [[Tk, a(M]f (ko) > ko

Inserting f (i + k, k) into (8), the VIT transform of f is equal to

[1+ 2z Yak) +z%2a(k + Da(k) + z3a(k + 2)a(k + Da(k) + - 1f (k) (14)

The power series (14) can be written in the left-fraction form (z — a(k))_lzf(k). To verify this,
using the multiplication defined by (6), multiply (14) by z — a(k) on the left. This results in
zf (k), which proves the validity of the fraction form. We therefore have the VIT transform pair
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St a@If (), n >k o (z—a) zf (k) (15)

Note that the transform pair (11) follows directly from (15) by setting a(k) = a for all k € Z.
The left fraction form of the VIT transform given in (15) is a result of the function f(n, k)
satisfying the first-order linear time-varying recursion f(n + 1,k) = a(n)f(n,k),n = k. As
will be shown below, any f(n, k) satisfying a linear time-varying recursion has a VIT transform
that is a left polynomial fraction. This is the primary motivation for considering the VIT
transform.

To illustrate the application of the transform pair (15), consider the Gaussian function given

by
x(n) = exp[—c?(n—=N)?],ceRneZ NeZ (16)
Then
x(n+1) = exp[—c?(n— N + 1)?]
= exp[—c?[(n — N)? + 2(n — N) + 1]]
= exp[—c?(2(n — N) + D]exp[—c?(n — N)?]
= exp[—c?(2(n— N) + 1)]x(n) (17)
The solution to (17) is
x(m) = [[[FZg aM]x(k),n > k

where a(n) = exp[—c?(2(n — N) + 1)], and x(k) is the value of the Gaussian function at the
initial time k. Using the transform pair (15) with f(n, k) = x(n), we have that the VIT
transform X (z, k) of the Gaussian has the left fraction form

X(z,k)=(z- e_cz(z(k_N)“))_lzx(k) (18)

In this work, we will focus on the case when the VIT transform of f(n, k) can be written as a
left polynomial fraction

F(z,k) = u(z, k) v(z, k) (19)

where u(z, k) € A[z] is a nonzero monic (leading coefficient is equal to 1) polynomial, and

v(z, k) € Alz]. The term u(z, k) in the fraction is the denominator and v(z, k) is the numerator.
The order of the fraction pu(z, k) ~v(z, k) is defined to be the degree of the denominator u(z, k),
assuming that u(z, k) and v(z, k) do not have any common left factors. In the left fraction form
(19), the factor u(z, k)~ is the element y(z, k) € A((z™1)) given by

u(z, k)y(z, k) =1

In other words, y(z, k) is the right inverse of u(z, k) in the ring A((z™1)). Since u(z, k) is
monic, it has an inverse in A((z~1)) which can be computed by dividing u(z, k) into 1 using left
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long division. The product of u(z, k)~* and v(z, k) in (19) is carried out using multiplication in
the ring A((z™1)). For example, in the case of the transform pair (15), using the multiplication
(6) and dividing z — a(k) into 1 on the left gives

z'+z%ak+ D) +z3%a(k+2)alk +1) + -
z—a(k))l
1—a(k)z™?!
z ta(k + 1)
zla(k+1) —a(k)z?alk+ 1)
z7%a(k +2)alk +1)
z%a(k+2ak +1) —a(k)z 3a(k + 2a(k + 1)

Then multiplying the above quotient on the right by zf (k), we obtain the power series for the
VIT transform given by (14).

3. Properties of the VIT transform

The VIT transform satisfies several properties that are analogous to the properties of the
ordinary z-transform. It also satisfies a key property involving multiplication by an arbitrary time
function that is not shared by the ordinary z-transform. We begin with linearity and then consider
the VIT transform of left and right time shifts. In the last part of the section, we utilize the results
to prove that functions satisfying a linear time-varying difference equation have transforms that
are left polynomial fractions.

It is obvious from the definition given by (8) that taking the VIT transform is a R-linear
operation. That is, if F(z, k) and G(z, k) are the transforms of the functions f(n, k) and g(n, k),
then for any real numbers c;, c,, the transform of ¢, f(n, k) + c,g(n, k) is equal to ¢, F(z, k) +
c,G(z, k). Thus we have the transform pair

cif (k) + cogin k) & cF(z,k) + c,G(z, k) (20)

In addition to being R-linear, the VIT transform is also right A-linear; that is, given
b,(k), b,(k)e A, we have the transform pair

f,k)bi(k) + g(n, k)b, (k) © F(z,k)bi(k) + G(z,k)by (k) (21)

This follows directly from the definition of the VIT transform.
Given the function f (n, k) with initial value f(k, k) = f(k), consider the one-step left shift
f(n+ 1,k). The VIT transform of f(n + 1, k) is equal to

2oz (i +k+1,k)
Defining the change of index i = i + 1 gives

Y20z i+ k+1,k) = 32 2z Df (I + k k)

d0i:10.20944/preprints202101.0504.v1
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=222, 27 (T + k. k) = £ b))
=zF(z, k) — zf (k)
where F(z, k) is the VIT transform of f(n, k). We therefore have the transform pair
f(n+1,k) & zF(z,k) — zf (k) (22)

This result is a direct analogue of the left-shift property of the ordinary z-transform.
Given a positive integer g, the VIT transform pairs for the g-step left shift f(n + g, k) and g-
step right shift f(n — q, k) are

f(n+q,k) © z9F(z,k) —z9f(k) —z9" 1 f(k+1) — - —zf(k+q—1) (23)
f(n—qk) © z79F(zk)+flk—q)+z f(k—q+1)+ -+ z79f(k—1) (24)

where F(z, k) is the transform of f(n, k) and f(k +r) = f(k + 1, k) forr =0,+1,42, ... The
straight-forward proof of these transform pairs is omitted.

For the ordinary z-transform, there are several properties arising from multiplication by
particular time functions. These all have analogues in the VIT transform domain. We begin by
considering multiplication by n.

Given f(n, k) with VIT transform F(z, k) defined by (8), for each fixed k € Z, let %F(z, k)

denote the derivative of F(z, k) with respect to z. Then the VIT transform pair for the function
nf(n, k) is
nf(nk) & —z=F(z,k) + F(z, k)k (25)

To prove (25), take the derivative with respect to z of both sides of (8) for each fixed value of
k € Z. This gives

SF(z,k) = 220(-D)z " f (i + ke k)
=—z 1Y%,z  f(i + k, k)
Hence
—z-F(z,k) = X202 if (i + b k) (26)

Note that iz~* = z~%i since the coefficient i of z~¢ does not depend on the initial time k. Then
adding F (z, k)k to both sides of (26) results in

—z-F(z,k) + F(z, 00k = $2027 (i + k) f (i + k. ) 27)

The right side of (27) is equal to the VIT transform of nf (n, k), and thus (25) is verified.

To illustrate the application of the transform pair (25), let f(n, k) = 1,n > k. Then using
the transform pair (11) witha = 1 and f(k) = 1, we have F(z, k) = (z — 1)~ 1z, and using (25),
we have that the VIT transform of the ramp function n, n >k, is given by

d0i:10.20944/preprints202101.0504.v1
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—z [z =172 + (2 - D7zk = —z[-(z - D%z + (2 - D7 + (z - 1) zk

= (z— 172z —z(z— 1) + (z — 1)zk]
=(z-1D"2%z+ (z-1)zk]
This results in the transform pair
nn=>k o (z—1)2[z+ (z—1)zk] (28)

We shall now consider multiplication by c™, where c is a nonzero real or complex number.
When c is a complex number, we need to generalize the above ring framework to include
coefficients that are functions from Z into the field € of complex numbers. In other words, the
ring A now consists of all functions from Z into C.

Given a function f(n, k) with VIT transform F(z, k) defined by (8), and given a nonzero
real or complex number ¢, we can scale z in F(z, k) by replacing z by f This results in
—i .
F(EK)=220(5) fl+kk) = X2z it +k, k) (29)
The right side of (29) is equal to the VIT transform of ¢ *f(n, k),n > k. Thus we have the
transform pair

ckfmknzk o F(3k) (30)

Using the right A-linearity property, we can multiply both sides of (30) on the right by c* which
results in the transform pair

cfnk)nzk o F(%k)ck (31)

If F(z, k) is given in the left fraction form F(z, k) = u(z, k)~v(z, k), where u(z, k) and
v(z, k) are polynomials belonging to A[z], then for any real or complex number ¢, we have

FEH)=n(Ek) (k) @)

In other words, the scaling of z in F(z, k) can be carried out in the numerator and denominator
of the left fraction. This is the case since c is a constant and the noncommutativity of
multiplication in A((z~1)) has no effect on constant functions. Hence, for example, from the
transform pair (15) and using (30) with the scaling (31), we obtain the transform pair

HITka@If @ = k o (2-al0) 2700
o (z-calk)) " zf (k)

We can use the transform pair (31) to compute the VIT transform of a function f(n, k)
multiplied by a sine or cosine: Let 2 be a positive real number and consider the complex
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exponentials e/? and e /¢ where j = v/—1. Then given the function f (n, k) with transform
F(z, k), using Euler’s formula and (31), we have the transform pairs

cos(2n) f(n, k) & % [F(e_j'QZ, k)e_jﬂk + F(ej”z, k)ejﬂk] (33)
sin(2n) f(n, k) & %[F(e‘jﬂz, k)e Ik — F(e/?z, k)el] (34)

From (33) and (34), we can determine the VIT transforms of the cosine and sine functions:
Again taking f(n, k) = 1,n >k, sothat F(z, k) = (z— 1)"1z, we have

F(e %z, k)e 1% + F(e/?z,k)e/¥ = (e 1%z — 1)_le_mze‘j”k + (ef?z - 1)_lemzemk
=[22 — 22(cos 2) + 1] [(e/%z — 1)e /2 ze /% + (7127 — 1)/ 7]
=2[z% — 2(cos )z + 1]7[z? cos(Rk) — zcos(2(k + 1))]
This results in the transform pair
cos(Qn),n >k o [z?—2z2(cos) + 1] [z? cos(Rk) — zcos(2(k + 1))] (35)
A similar derivation gives the pair
sin(Qn),n >k o [z2 —2z2(cos ) + 1]7[z? sin(2k) — zsin(2(k + 1))] (36)
Note that setting k = 0 in (35) and (36) results in the ordinary z-transform of the cosine and sine
functions.
Next we consider the summation property: Given the function f (n, k), with transform
F(z, k), let s(n, k) denote the sum of f(n, k) defined by
s(ink) =Yr - f(rk),n = k
Then
s(nk) =s(n—1,k) + f(n, k) (37)
and taking the VIT transform of both sides of (37) and using the right shift property (24) gives
S(z,k) =z71S(z,k) + s(k — 1,k) + F(z, k)
Setting s(k — 1, k) = 0 and solving for S(z, k) gives
S(z,k) = (z—1)"1zF(z, k)
Thus, we have the transform pair
n L frk),n =k o (z—1)1zF(zk) (38)

Now given functions f(n, k), g(n, k) with f(n,k) = 0 and g(n, k) = 0 forn < k, let
d(n, k) denote the function defined by

d(m, k) = Sy f (g (r, k) (39)
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The operation (39) arises in the study of linear time-varying systems, which are considered in
Section 6. We have the following result on the VIT transform of d(n, k).

Proposition 1. With d(n, k) defined by (39), the VIT transform of d(n, k) is given by
D(z, k) =F(z,k)G(z,k) (40)
where F(z, k) and G (z, k) are the VIT transforms of f(n, k) and g(n, k), respectively.

Proof. Since f(n,k) = 0,n < k, the upper value of the summation in (39) can be taken to be .
Then with the change of index ¥ = r — k, (39) becomes

dink) =Ymof(n, T+ k)g(T + k, k) (42)
Taking the VIT transform of both sides of (41) gives
D(z,k) =Y2 X%z 7 f(i+ k, 7+ k)g(F + k, k) (42)

Applying the index change T = i — 7 in (42) yields
D(z,k) =YL Y2,z 27" fA+7+k, 7+ k)g(T + k, k) (43)
By definition of multiplication in A((z™1)),
zTf@+7+k7+k)=f0+kk)zT
and since f(1+ k, k) = 0 for 7 < 0, (43) reduces to
D(z,k) = $20 27 f T+ k, k) 2oz (7 + k, k) (44)
The right side of (44) is equal to F(z, k)G (z, k), and thus (40) is verified. o
The final property we consider is multiplication by an arbitrary function: Given f(n, k), and
a function a(n)e A, the VIT transform of the product a(n)f(n, k) is equal to
2oz tali+k)f(i+kk) (45)
By definition of multiplication in A((z™1)), (45) can be written as
YZoa(k)z7H f (i + k, k)
and thus we have the transform pair
an)f(n k) o a(k)F(z k) (46)

Therefore, multiplication by a function of n in the time domain is equivalent to multiplication by
the function on the left in the transform domain with the time variable n replaced by the initial
time variable k.

For example, let a(n) = nand f(n, k) = 1,n = k. Then by (46), we have the transform pair

nn >k o k(z—1)"1z (47)
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The transform in (47) looks quite different from the result in (28), but the transforms must be
equal; that is, we must have

k(z—1)"1z=(z—1)2[z+ (z — 1)zk] (48)
To verify (48), multiply both sides on the left by (z — 1)? and on the right by z — 1. This gives
(z—=1D%kz=[z+ (z—1)zk](z—-1) (49)

By the definition (6) of multiplication in A((z™1)), kz = z(k — 1), and using this in the right
side of (49) gives

[z+(z—-Dzk](z-1)=2>+(z-1)z%(k—-1)—z— (z— 1)zk
=z2—(z—-1)z?-z+[(z—1)z—-(z—1)]zk
-(z—1?z+ (z—1)%zk (50)

Finally, using kz = z(k — 1) in the left side of (49) and comparing the result with (50) verifies
(48).

By using (46) and the transform pair (23) for the left shift, we have the following result
relating linear time-varying difference equations and left polynomial fractions in the ring

A(E™D).
Theorem 1. The VIT transform F(z, k) of f(n, k) has the left polynomial fraction form
F(z,k) = [2V + TN w(o) ] [2 L ovitk)z|,M < N,p;,v; e A (51)
if and only if f(n, k) satisfies the Nth-order linear time-varying difference equation
fn+ N+ IV tum)fn+i,k)=0,n>k (52)

Proof. Note that in (51) we are writing the coefficients of the z* on the left. Suppose f(n, k)
satisfies (52). Then taking the transform of (52) and using the transform pair (46) and the left-
shift property (23) results in

2V + S5t w07 |F (2, k) + By 20 (k) = 0 (53)

where the g;(k) are combinations of the initial values of f(n, k) at the initial timesn = k +
i,i =0,1,2,--,N — 1.Then solving (53) for F(z, k) yields the left-fraction form

Fz k) = [2V + 26 (2] [~ 2y qu(k) 2] (54)

Conversely, suppose that the transform F(z, k) of the function f(n, k) is given by (51).
Multiplying both sides of (51) on the left by zV + ¥ Nt u; (k) z* yields

29 + ZN w02 F (2,00 = T, v (k)2 (55)

Using the transform pair §(n — k + i) < z‘, we have that the inverse transform of the right side
of (55) is
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YMovim)s(n—k+i)=0n>k
and using (23) and (46), the inverse transform of the left side of (55) is equal to
fn+ N+ IVt fn+ik),n>k
and thus (52) is verified. o

The properties of the VIT transform that were derived in this section are given in Table 1,
and Table 2 contains a list of basic transform pairs. Various additional transform pairs are
computed in the next section by using scaling of z~¢ by time functions.

Table 1. Properties of the VIT Transform

Property Transform Pair

Linearity cif(m k) +cogink) & c1F(z,k) + c,G(z,k),cq,c €R

Right A-linearity Fn, )by (k) + g(n, )by (k) & F(z,k)by (k) + G (2,k)by(K), by, by € A

Left shift f(n+qk) & z9F(z,k) — z4f (k) =z f(k+ 1) — - —zf(k+q—1)
Right shift fin—qk) © z79F(z,k)+ flk—q) +z7f(k—q+ 1)+ +z 9 f(k—1)
Multiplication by n nf(n, k) & —z% F(z, k) + F(z,k)k

Multiplication by ¢~ c"kf(nk) o F G k)

Multiplication by cos(2n) cos(2n) f(n, k) < %[F(e‘mz, k)e= 1% + F(e/z,k)e/?]

Multiplication by sin(2n) sin(Qn) f(n, k) © é[F(e‘j”z, k)e I — F(e/?z,k)e/?]

Summation S k),n =k o (z—1)71zF(z,k)

d(TL, k) = ?:k f(n; 7’)9(7", k) )

f(nk)=0,g(n.k)=0,n<k dn k) o Fzk)G(zk)

Multiplication by a(n) a(n)f(n,k) & a(k)F(z k)

Table 2. Basic VIT Transform Pairs

on—k) o 1

Sn—k+i) o ziieZ

av*fkynz=k o (z—a)'zf(k), aeR

Mk aMIf D>k o (z—a) zf(k),aeA

x(n) = exp[-c2(n—=N)?,n 2k o (z- e_cz(z("_’v)“))_lzx(k), ceR
nn =k o (z—1)72%[z+(z—-1)zk]

n—knzk o (z—1)"%z
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IS a@If )2k © (z—cal)) zf (k)

cos(n),n =k o [22—z2(cos) + 1]7[2? cos(2k) — zcos(2(k + 1))]
sin(Qn),n =k o [z2 —z2(cos ) + 1]7Y[z? sin(2k) — zsin(Q(k + 1))]
c"cos(n),n =k o [22—z2c(cos ) + c?]7Y[z% cos(2k) — (zc)cos(R(k + 1))]
csin(Qn),n =k o [z2—z2¢c(cos ) + c2]"1[z2sin(Qk) — (z¢)sin(Q(k + 1))]
4. Scaling of z~1 by time functions

In the VIT transform domain, it is possible to carry out scaling of z ¢ by time functions. This
results in transform pairs for a large class of time functions including sinusoids with general
time-varying amplitudes and frequencies. The development is given in terms of a semilinear
transformation from A into A, where as before, A consists of all functions from Z into R or C.

Given a function a € A, let S, denote the mapping from A into A defined by S, (b) =
ac(b), b € A, where ¢ is the left shift operator on A. Hence aa (b) is the element of A equal to
a(k)b(k + 1),k € Z. In the mathematics literature [6], S, is said to be a semilinear
transformation with respect to . This type of operator was utilized in [8] in the state-space
theory of linear time-varying discrete-time systems.

The i-fold composition of the operator S, is given by

SL(b) = a(oa)(c?a)(c3a) ... (6" *a)(a'h),i >0 (56)
and when i = 0, S2(b) = 1. Evaluating (56) at k € Z gives
LB = al)alk +1) ... alk + i — 2)alk +i — Dbk +1), i >0 (57)

Note that when b(k) = 1 for all k € Z and a is the constant function a(k) = a,a € R, k € Z, then
SL(1) = a*, and thus S. (1) is a time-varying version of the power function. We then have the
following result.

Proposition 2. Suppose that the two-variable function f (n, k) satisfies the first-order recursion

fn+1,k) =an)f(nk),n=>k,aecA (58)
with initial value f(k, k) = f (k) at initial time k. Then
fn, k) = SE7*(DIf(k),n = k (59)
Proof. Settingi =n—kand b(k) = 1(k) =1, k € Z in (57) yields
Sk (k) =ak)atk +1) ..a(n—2)a(n — 1) (60)

Rearranging the factors in (60) and comparing with the result given by (13) verifies that f(n, k)
is given by (59). o

Using (15), we have the transform pair

fnk) = SER K F R n =k o (z—ak) zf (k) (61)
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This is the transform pair for the general form in the case of a first-order left polynomial fraction,
with the time function f(n, k) expressed in terms of the semilinear transformation S,. We shall
now define scaling in terms of S,,.

Given the time function f(n, k) with VIT transform

F(z,k) =Y20z 7 f (i + k, k) (62)

we can scale z=% in (62) by replacing z~ with z7iS} (1), where S} (1) is the time function
defined by (57) with b(k) = 1(k). The resulting VIT transform is given by

20z " Se(DUOf (i + K, k) (63)
which will be denoted by F(z~:S.(1), k). We formalize this construction as follows.

Definition 2. Given a € A and the VIT transform F(z, k) € A[[z~1]], the time-function scaled
transform is the power series F(z ¢S4 (1), k)e A[[z~*]] defined by

F(z7isk(1), k) = 2027 'SL (D f (L + ke k) (64)
We have the following result on the inverse transform of the scaled transform (63).

Proposition 3. Given f(n, k) with transform F(z, k), the inverse VIT transform of the scaled
transform F(z7'SL(1), k) is equal to S?*(1)f(n, k),n > k.

Proof. The result follows directly from the definition of the VIT transform applied to the
function S»*(1)f(n,k),n = k.o

By Proposition 3, scaling of F(z, k) by replacing z=* with z='S% (1) corresponds to
multiplication of f(n, k) by S*~%(1) in the time domain. This results in the transform pair

Sk f(n,k),n =k < F(z7'SL(1),k) (65)

The transform pair (65) is the time-varying version of the transform pair (30). In fact, when
a(k)=cforallkeZ,ceR, S} *(1) = c™*, and (65) reduces to (30).

Given b € A, by right A-linearity of the VIT transform operation, we can multiply (65) on the
right by b (k) which results in the transform pair

SPRE(Dbk)f(nk),n =k < F(z7'SL(1),k)b(k) (66)

Note that the time function y(n, k) = S2~*(1)b(k) in (66) satisfies the difference equation
y(n+1,k) = a(n)y(n, k),n = k, with initial value y(k, k) = b(k). Since a, b € A in (66) are
arbitrary functions from Z into R or C, a large number of transform pairs can be generated from
(66). As is now shown, by taking a to be a complex exponential function, this result can be used
to determine the transform of functions multiplied by a sinusoid with arbitrary time-varying
frequency 2(n) € A.

Let y(n) = e/2(M" where again j = v—1. Then
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)/(Tl + 1) — ej.()(n+1)(n+1)

— ej [2(n+1)(n+1)—-02Mn)n] ej.(z(n)n

= a(m)y(n)
where a(n) = exp[j[2(n + 1)(n + 1) — 2(n)n]]. By Proposition 2,
y(n) = SFR1) (k)e/ 2@k n > k
Now given f(n, k), by Euler’s formula we have
cos(2(m)n) f(n, k) = %[V(")f (k) +7(m)f (n, k)] (67)

where y(n) is the complex conjugate of y(n). Then taking the transform of the right side of (67)
and using (66), we have the transform pair

cos(@mn) f(n k), n =k o Z[F(z7iSL(1), k)e/ 20k 4 F(z7IL(1), k)e ™/ 200k] (68)

where a is the complex conjugate of a and F(z, k) is the transform of f(n, k). Similarly, we
have the following transform pair for multiplication by sin(£2(n)n)

sin(Q()n) f(n,k),n >k é[F(z_iSfl(l), k)el 2k — F(z7iSE(1), k)e /2 0k] (69)

The application of the transform pairs (65) and (68) is illustrated below in the case when F(z, k)
is a left polynomial fraction.

Suppose that F(z, k) = u(z, k) *v(z, k), where u(z, k) # 0 and v(z, k) are elements of the
skew polynomial ring A[z]. With N equal to the degree of u(z, k), the degree of v(z, k) must
be less than or equal to N since F(z, k) is a power series in z71. Then

w(z k) "v(z, k) = u(z, k)~zV (2 "v(z,k))
= [z7Vu(z K]z "v(z, k)] (70)

where the elements comprising the right side of (70) are polynomials in z=1. Hence the
transform F (z, k) can be written as a left fraction consisting of polynomials in z71.

Theorem 2. Suppose that F(z, k) = u(z, k) *v(z, k), where u(z, k) = z7V + ¥ ¥t z7ty; and
v(z, k) = XMz, u;, v € A. Given a € A, let u(z 7S5 (1), k) and v(ziSE (1), k) denote the
time-function scaled polynomials defined by

y(z_iSfl(l), k) =zN + XN 27 ISL (D) (k) (k)
v(z7iSE(1), k) = Zo 27 S (D) (v (k)
Then

F(z_iSfl(l), k) = u(z_iScil(l), k)_lv(z_i L), k) (71D
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Proof. By definition of F(z, k),
u(z,k)F(z, k) =v(z,k) (72)

where the multiplication pu(z, k)F(z, k) is carried out in the ring A[[z~1]]. Define the
mapping

pa:Allz7M] = Allz7Y]: 22027 > TR0z Si(De;, e € A (73)

Then the operation of scaling of z~¢ by the time function S’ (1) is equivalent to applying the
mapping p,. Applying p, to both sides of (72) gives pq[u(z, k)F(z, k)] = v(z7iSL(1), k). It
will be shown that p, is a multiplicative mapping, and thus p,[u(z, k)F(z, k)] =
palit(z,1)1palF (2, k)], which proves that u(z7iSi (1), k)F (275 SE(1), k) = v(z7iSE(1), k),
and (71) is verified: For any integers i,j > 0,

pa(z_iz_j) — pa(z—(iﬂ')) - Z—(i+j)56il+f(1)
and using (57) with b = 1yields
Z_(i+j)Sé+j(1) = z=#Da(oa)(0?a) ...(¢’'a)(d’a) ...(c1 ™)
=z~ (eSS
= z7's,(Dz 7S (1)
= pa(z7)pa(z7/)
Hence p,(z7z77) = pa(z7)pa(z77). Finally, for any e € 4, py(z~'e) = z7iSt(1)e =
pa(z7%)e, and thus p,, is multiplicative. o

Combining Proposition 3 and Theorem 2 yields the following result.

Theorem 3. Suppose that f(n, k) has VIT transform F(z, k) = u(z, k) *v(z k), where
w(z, k) =zN+ YNtz andv(z, k) = XM, 27, w;, v € A. Then for any a € A, the
transform of S?~*(1) (k) f(n, k),n > k is given by

F(z7iSL(1), k) = p(z7isi(1), k) v(z7iSi(1), k).

As is now illustrated, Theorem 3 can be used to generate left polynomial fraction transforms
from a given polynomial fraction such as the ones in Table 2: Let f(n, k) = cos(2n),n = k,
NeR,and given a,b € A, let h(n, k) = w(k,n) cos(2n),n = k, where w(n, k) =
Sn=k(1)b(k),n = k. From (35), the transform F (z, k) of f(n, k) is equal to

F(z, k) = [z? — z2(cos 2) + 1]7[z? cos(Qk) — zcos(2(k + 1))] (74)
Rewriting the right side of (74) as a polynomial in z~1 gives

F(z,k) =[1—2z"12(cos ) + z7?] Y cos(2k) — z"tcos(2(k + 1))] (75)
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Then scaling z=¢ by S} (1) in (75) and using Theorem 3, we have
F(z71S,(1),k) = [1 — z7ta(k)2(cos 2) + z 2a(k)a(k + 1)] " [cos(2k) — z~ta(k)cos(2(k + 1))]
Hence, the transform of h(n, k) = S2~*(1)b(k) cos(2n),n = k is equal to

[1 -z ta(k)2(cos 2) + z 2a(k)a(k + 1)] [cos(2k) — z La(k)cos(Q(k + 1))]b(k)  (76)

Rewriting the transform (76) in terms of powers of z with coefficients moved to the left of the z¢,
and applying Theorem 1, we have that h(n, k) satisfies the second-order difference equation

h(n+2,k) —2a(n — 1)(cos2)h(n+ 1,k) + a(n —2)a(n — 1)h(n, k) =0,n >k (77)

Note that if a(n) = c foralln e Z, then SF%(1) = c™*,n > k, h(n, k) = c™ ¥ cos(Qn),n >
k,and (77) reduces to the well-known recursion for the exponentially-weighted cosine function.

The difference equation (77) is the recursion for the cosine function cos(2n) with a general
weighting function w(n, k), where the only constraint on w(n, k) is that it satisfies the first-order
recursion w(n + 1, k) = a(n)w(n, k),n = k. As an application of this result, let the weighting
w(n, k) be equal to the Gaussian x(n) defined by (16). Then h(n) = x(n)cos(2n),n = k is the
Gaussian-windowed cosine function, which is equal to the real part of the Gabor-Morlet wavelet
[15]. By (17), x(n + 1) = a(n)x(n) with a(n) = exp[—c?(2(n — N) + 1)]. Thus inserting a(n)
into (77), we have that the wavelet h(n, k) = h(n) = x(n)cos(£2n) satisfies the second-order
recursion

h(n + 2) — 2exp[—c?(2(n — N) — D](cos Q)h(n + 1) + exp[—4c?’(n— N — 1)]h(n) =0,n >k

This result can be derived in the time domain by attempting to express h(n + 2) in terms of
h(n + 1) and h(n), but as seen here, it is an immediate consequence of Theorems 1 and 3.

5. Combining and decomposing polynomial fractions

In the first part of this section it is shown that left polynomial fractions can be combined
using the extended right Euclidean algorithm. The algorithm is carried out with the coefficients
of the polynomials belonging to the quotient field Q (A) of the ring A. We begin with the
definition of Q (A) and then give the extended right Euclidean algorithm for elements belonging
to the skew polynomial ring Q (4)[z].

5.1 Extended Euclidean algorithm

The quotient field Q (A) of A consists of all formal ratios a/b of elements a, b € A, b # 0. If
b(k) #+ 0 for all k € Z, the ratio a/b defines a function from Z into R or C, and thus it is an
element of A. If b(k) has zero values, then when a/b is viewed as a function on Z, it will have
singularities; that is, a(k)/b (k) is not defined for any such values of k. With multiplication and
addition defined by

la(m)/b(M)][c(n)/d(m)] = a(n)c(n)/b(n)d(n)
a(n)/b(n) +c(m)/d(n) = [a(m)d(n) + b(m)c(m)]/b(M)d(n)
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Q(A) is afield. The left shift operator o extended to Q(A) is defined by
o(a(n)/b(n)) =a(n+1)/b(n+1).

The skew polynomial ring Q (A)[z] consists of all polynomials in z with coefficients in Q(A),
and with the noncommutative multiplication z'e = (a'e)z!,i = 0,e € Q(A). Since Q(4) isa
field, it follows from the results in [12] that Q (A)[z] is a right Euclidean ring, and since o is
surjective, it is also a left Euclidean ring. As a result, the extended left and right Euclidean
algorithms can be carried out in the ring Q (4)[z]. A description of the algorithms is given in [1]
for a general skew polynomial ring (see also [2]). For completeness, the extended right Euclidean
algorithm is given next.

Let ,(2), 1, (z) € A[z], with deg(r,) < deg(ry), where “deg” denotes degree. Dividing 7
into r; on the right in the ring Q (A)[z] gives r; = q,1, + 13, where the remainder r5 is equal to
zero or deg(r3) < deg(r,). The division process is repeated by dividing r; into r,, which gives
remainder r, with r, = 0 or deg(r;) < deg(r3). The process is continued by dividing r, into r3,
and so on, until r,,, is equal to zero for some integer m, where m is the smallest integer such
that r,, = 0. It is important to note that even though r;(z) and r,(z) are polynomials in z with
coefficients belonging to A, in general the remainders r3, 7, ... are elements of Q(A4)[z].

Given the sequence of divisions

Ti_p = qi_1Ti—1 + 1;,i =3,4,...,m (78)
we then have the following known result ([1,2]).

Proposition 4. With r; and q; given by (78), define s; = s;_» — qj—1Si—1, t; = tji—y — qi—1ti—1, 1 =
3,4,..,m,wheres; =1,s, =0,t; =0,t, = 1. Then

=81y +tiry,i =34,...,m (79)

Proof. Wheni = 3,s; =1,t; = —q,, and (79) becomes r; = r; — g,15, Which is equivalent to
(78) wheni = 3. Wheni = 4, s, = —q3,t, = 1 + g3q,, and

Sary +tary = —qary + (1 4 q3q2)7 (80)
Setting i = 4 in (78) gives
Ty =Ty — Q313 =15 — q3(11 — qa13) = 15 — Q311 + q3q27> (81)

The right sides of (80) and (81) are equal, and thus (79) is verified for i = 4. Forany i > 4,
Sit1 = Si-1 — qiSi, and t41 = t;—1 — q;t;. Hence

Sig1T1 T tipaTs = [Sio1 — qiSilry + [timg — qiti]r
Sig1T1 T tigaTs = Si_q1y + ti_q7y — qilsiry + i3] (82)

Suppose (79) holds for i — 1 and i, then the right side of (82) is equal to ;_; — g;7;, which by
(78) is equal to r;, . Therefore, ;.1 = s;4171 + tiz172, and by the second principle of
mathematical induction, (79) is true forall i > 3. o

Since r;,, = 0, by Proposition 4,


https://doi.org/10.20944/preprints202101.0504.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 January 2021

Sml1 = —tmT (83)

By (83), both r; and r, divide s,,,r; on the right, and thus the polynomial s,,r; is a common right
multiple of r; and r,. As a consequence of the properties of the Euclidean algorithm, s,,,r; is the
least common right multiple (Icrm) of ; and r,. The Icrm is unique up to a multiplicative factor

in Q(A).
5.2 Sum of two polynomial fractions

Suppose that the discrete-time functions f; (n, k) and f,(n, k) (which will be denoted by
fi(n) and f,(n), respectively) satisfy the following linear time-varying difference equations

fitn+N) + Z0 ) fitn+ ) = 0,n > k,p; € A (84)
fon+ N+ 202 &fa(n+ 1) =0,n> k& e A (85)

Let £ (n) denote the sum f(n) = f1(n) + f,(n). It follows from the VIT transform approach that
f(n) also satisfies a recursion over A. To show this, let F; (z, k), F,(z, k) denote the transforms
of f,(n) and f,(n), respectively. Using Theorem 1, we have

Fi(z,k) = u(z,k)"v(z, k), F2(z,k) = §(z,k)"'n(z, k)

where p(z, k) = 2z + T w78, €(z, k) = zV2 + % &2%, and v, n are polynomials belonging
to A[z]. Then by linearity of the transform operation, the transform F(z, k) of f(n) is equal to

F(z,k) = u(z, k) vz, k) + é(z, k) In(z k) (86)

Applying the extended right Euclidean algorithm to u(z, k) and &(z, k) results in the lcrm
Sm(z, kK)u(z, k) = —t,,(z, k)é(z, k), where in general s,,,(z, k) and t,,(z, k) are polynomials
with coefficients in Q (A). Then multiplying both sides of (86) on the left by s,,,(z, k)u(z, k)
gives

sm(z, k)u(z, k)F(z, k) = s;(z, k)v(z, k) — t,,(z, k)n(z, k)
and thus the left polynomial fraction form of F(z, k) is
F(z,k) = [sm(z,K)u(z, )] sm(z k)v(z, k) — trn(z, k)n(z, k)] (87)
Suppose that
sm(z,1)u(z k) = 2V + LN ey (k)2

Then by Theorem 1, the inverse transform f(n) of F(z, k) satisfies the Nt"-order linear time-
varying difference equation

fn+N)+ XV te(m)f(n+i)=0n=k (88)

Since s,,(z, k) € Q(A)[z], the coefficients e;(n) in (88) are elements of Q(A) in general, and
thus (88) is a linear recursion over Q(A). We can rewrite (88) as a recursion over A as follows:
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i( ,
:Vi(i)),vi,wi €A, i=01,..,N—1,and let p(n) =
w; (M)w,(n) -~ wy_,(n). Then p(n)e;(n) € A for all i, and multiplying both sides of (88) by
p(n) results in the following recursion over A

p(m)f(n+N) + X5 p(m)e()f(n+1) =0,n > k (89)

Note that if p(q) = 0 for some value g of n, then (88) is singular when n = g, and f(q + N)
cannot be determined from either (88) or (89). When p(q) = 0, f(g + N) can be computed
using the relationship f(q + N) = f1(q + N) + f,(q + N), where f;(n) and f,(n) are given by
the recursions (84) and (85).

The possible zero values of p(n) in the recursion (89) are a result of common factors
appearing in u(z, k) and &(z, k) when k is evaluated at particular integer values. To see an
example of this, suppose that f;(n + 1) = a(n)f;(n) and f,(n + 1) = f,(n) for n > k, with
initial values f; (k) = f,(k) = 1, and where a € A. Taking the transform using the transform pair

Suppose that e;(n) =

(15) yields
F(zk)=(z—-ak) z+ (z— 1)1z (90)
Applying the extended right Euclidean algorithm to z — a(k) and z — 1 results in the lcrm
(2 = al) [ms] ¢ = 1 = = D [=5| 2 - k) (91)

Multiplying both sides of (90) on the left by the term in (91), we have

[(Z —a(k)) [1 a(k)] (z - 1)] Fz k) =(z-1) [1 a(k)] z+(z—a(k)) [1 a(k)]

Therefore,

F(z,k) = [(Z —a(k)) [1 a(k)]( - 1)] [(Z -D [1 a(k)] 2+ (z—al) [1 a(k)] ]

This is the left polynomial fraction form of the VIT transform of f(n) = f;(n) + f,(n). Using
the definition of multiplication in Q(A)[z], we obtain

(z-a(l) [1 a(k)] z-1 = [1 atkt > 1ar(1k(3c)](

_ 1 2 _ [ak) 1 a(k)
_1—a(k+1)Z [1—a(k) 1—a(k+1)]Z 1-a(k)

Hence, f(n) = f;(n) + f,(n) satisfies the following recursion over Q (A)

fn+2) - [ 224 Fr+D)+-2 ) =0,n>k (92)

1- a(n+1) 1-a(n) 1- a(n+1)] 1-a(n)

In this example, p(n) = [1 —a(n)][1 — a(n + 1)]. Then multiplying (92) by p(n) results in the
following recursion over A

[l-—am)]f(n+2)—[1—an+ Dan)|f(n+ 1)+ (1 —aln+ 1))a(n)f(n) =0,n=k (93)
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Clearly, if a(q) = 1 for some integer q, f(q + 2) cannot be computed from (93). However,

f(q + 2) can be computed from f(q +2) = fi(q+2)+ fo,(q+2) =a(q+ 1D fi(g+ 1) +
f2(q + 1). Note that when a(q) = 1, the factors z — a(q) and z — 1 are identical, so they have a
common factor when viewed as polynomials in R[z].

As an application of summing fractions, we shall determine the transform of cos(2(n) n)
with arbitrary frequency function 2(n) € A. Using (68) with f(n,k) = 1,n > k, since F(z, k) =
(1 — z71)~1, we have the transform pair

cos(Qm)n),n =k & (1 —z 1a) ek 4 (1 — z71g)"Le-/2K)k
o (z—a) 1zef2Wk 4 (7 — @) ~1ze J00OK (94)
where a(k) = exp[j[2(k + 1)(k + 1) — 2(k)k]]. Applying the extended right Euclidean
algorithm to z — a and z — a results in the lcrm

C-a|H|c-0=¢-o| k|- (95)
Now let ¥ (z, k) denote the VIT transform of cos(2(n) n),n = k. Then by (94)
Y(z, k) = (z— a) 1ze/2Wk 4 (7 — g)~1ze~ /2K (96)
Multiplying (96) on the left by (z — @) || (z — @) = (z — @) |- (z — @) results in
z-3) ||z - ¥z k) = (- @) || 26920 + (z — @) || ze120k
Hence
vz k) =[z- D) || - a)] |z - @) || 2e720% + (2 — @) [ 2] ze/200¥] (97)

This is the left polynomial fraction form of the VIT transform of cos(£2(n) n), where the
frequency 2(n) is an arbitrary real-valued function of n.

It is possible to rewrite (97) in terms of polynomials with real-valued coefficient functions:
Beginning with the denominator, using the definition of multiplication in A[z], we have

oa a 1
(Z_a)[_](z_ )_aa oa 2_[aa—ad+ﬁ]z+§ (98)
Here we are using the fact that aa = 1. By (95), we also have
oa a 1
o H|e-o= 2o - [ X e (99)
Adding both sides of (98) and (99) gives
—a _ 1 2 _ |eatoa | ata 1
(Z a) [ ] (Z a) T2 [aa oa [aa—ad + a—c‘l] + a—d] (100)

. 1
Factoring out —
oa—oa

in the right side of (100) results in

d0i:10.20944/preprints202101.0504.v1


https://doi.org/10.20944/preprints202101.0504.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 January 2021 d0i:10.20944/preprints202101.0504.v1

(aa—a&)(d+a)) 7+ aa—ad]

a—a a—a

Z—a)[—](z— )—m[zz—(0a+ad+

and thus

[(z —-a) [ﬁ] (z - a)]_1 = [zz — (aa +oa+ (oa—a&)_(d+a)) z+ 2= aa] 2(ca — o)

a-—a

Since a(k) = exp[j[2(k + 1)(k + 1) — 2(k)k]], it follows that the coefficients of z in

22 _ (aa +oa+ (Ua—mi)(d+a)) z+ ca—oa

(101)

a-—a a—a

are real-valued functions of k. Hence, (101) is the real form of the denominator polynomial of
¥ (z, k). The derivation of the real form of the numerator is omitted.

Let {(n) = cos(2(n) n). Then applying Theorem 1, we have that the cosine function {(n)
with time-varying frequency (2(n) satisfies the second-order recursion

oa—oa

((n+2)—[oa+ad+m%)a(a+a)]{(n+1)+ — {((n)=0 (102)

where a(n) = exp[j[2(n + 1)(n + 1) — 2(n)n]]. Note that (102) is the recursion for
cos(2(n) n) for any frequency function 2(n), including the linear frequency chirp 2(n) =
N, + c(n — k) and the exponential chirp 2(n) = 2,c™*, where c is a positive real number.
Also, note that when the frequency function 2(n) is equal to a constant 2, a + @ = 2 cos(2),
and (102) reduces to the recursion for the cosine function cos(2n).

5.3 Fraction decomposition

The decomposition of polynomial fractions with varying coefficients can be carried out in terms
of an evaluation of polynomials with coefficients in A or Q(A4), which is defined as follows.
Givenae Aorace Q(A), letS, denote the semilinear transformation from Q(A) into Q (4)
defined by S,(b) = a(ob), b € Q(A). This is the extension from A to Q(A) of the semilinear
transformation defined in Section 4. Then applying the notion of skew polynomial evaluation
glven in [11], we define the evaluation of the polynomial y(z,k) = z" + YN -ily,;zt,y; e A at
zt = St(1) to be the function y(Si(1), k) € Q(A) given by

y(SED) k) =S¥ + X viSi(D) (103)
Let
P(z, k) = 2" + TN (o y )7 (104)

and let T, denote the semilinear transformation on Q(A) defined by T,(b) = a(c71b), b € Q(A).
Then the evaluation of 7(z, k) at z{ = T (1) is given by

P(TE) k) =TV (D) + T (e ly) T (105)

We then have the following known result.
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Proposition 5. Given y(z, k) = zV + X0 yi(k)z',y; € Aand a € Q(A), the remainder after
dividing z — a into y(z, k) on the right is equal to y(Sg(l) ,k) € Q(A), and the remainder after
dividing z — a into y(z, k) on the left is equal to 7(Ti(1) , k) € Q ().

Proof. The result on the remainder after division on the right follows from Lemma 2.4 in [11]

by setting N;(a) = S.(1). The second part of the proposition follows from Theorem 3.1 in [1] by
setting M;(a) = Ti(1). o

The concept of skew polynomial evaluation leads to the following decomposition result.

Theorem 4. Given &(z,k) = zVN + N1 (k)z', u; € A, and a € A, suppose that

(z—a)é(z,k) = @z k)(z—B) (106)
where B € Q(A), ¢(z, k) € Q(A)[z], and z — B does not divide ¢(z, k) on the right. Then
[(z - @& )] = £(S5(D), k) [z~ &)™ + ¥(z B e(z k)] (107)

for some Y (z, k) € Q(A)|[z].

Proof. Suppose that the hypothesis of the theorem is satisfied, so that (106) is true. Dividing z —
B into é(z, k) on the right gives

§@B[—-pD=aqCk) +r()(z—-p)" (108)

where q(z, k) € Q(A)[z] and r(k) € Q(A). By Proposition 5, the remainder r(k) in (108) is
equal to the evaluation r(k) = &(Sg(1) , k). Further, r(k) # 0 since z — 8 does not divide
&(z, k) on the right. Multiplying both sides of (108) on the right by z — 8 and on the left by

£(si(1), k)", we have
E(SED) k) €@ ) — E(SE(D) k) qz @z - B) =1
Hence
£z 007 (2 — @) = [£(S51) k) €z k) — €(S51) k) q(z )z — B)| (2 ) (2 — @)
It follows from (106) that &(z, k)™ [(z — a)™t] = (z — B) " tle(z k)], and thus
£z k) (z - ) = £(SE) k) [z — )7 - €(SE) . k) q(z ez k)™
Also, &(z, k)" (z— a)™t] = [(z — a)é(z k)] 1, and therefore (107) is satisfied with
Yz k) = —E(S5(D) k) gz k) o

There is a second decomposition of [(z — a)&(z, k)]~ which is given next.
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Corollary 1. Suppose that the hypothesis of Theorem 4 is satisfied so that (106) is true with
o(z,k) = zN + YNzt 0, € Q(A), and z — a does not divide ¢(z, k) on the left. Let
?(z,k) = z" + Y (o™H)z5 Then

[(z— )8z )] = (z = B o(Ti), k)| + £ (2. k) (109)

where x(z, k) € Q(A)[z], (TE(1) k) = TN(1) + XNt o (k — DTE(L), and
T!(1) = a(k)a(k — 1) ~a(k —i+1).

Proof. Dividing z — a into ¢(z, k) on the left and carrying out steps similar to those in the proof
of Theorem 4 yields the result. o

Note that the decomposition in (109) is given in terms of left polynomial fractions,
whereas (107) is in terms right polynomial fractions. Also note that the decompositions
(107) and (109) are identical when the &; and a are constant functions, in which case

¢(z,k) =&(z,k)and B = a.

Corollary 2. Suppose that (109) is true. Let w(k) = @(Ti(1),k). Then given n(z k) =
M on;(k)z%, nie A, with M < N,

[(z = )é(z )] @k = (- B B [0~ ()| o] + ¢z a0 (10)
for some A(z, k) € Q(A)[z].

Proof. Multiplying both sides of (109) on the right by n(z, k) gives

(2~ )é(z ]z k) = (2= B (== ) 1z, k) + £z, )~ x(z k) n(z, k)

w(k)

Dividing z — B into ( )q(z k) on the left, we have

(=B (555) =0 = 72,0 + (2 = B) v (k) (111)
where 7(z, k) € Q(A)[z] and v(k) € Q(A). By Proposition 5, the remainder v (k) in (111) is
equal to the evaluation of the polynomial 3, [a“' (%)] ziatzi = Tﬁé(1)_ Hence, v(k) =

M, [a‘i (%)] T4(1). Then combining (110) and (111) yields

[(z— )E@ ]z, k) = (2= /)|, [0 ()| T4 (1)

+1(z,k) + &(z, k) 1 x(z, k) n(z, k)

Now since deg(n) < deg(¢), [(z — a)é(z, k)] In(z, k) is a strictly proper polynomial fraction,
and thus 7(z, k) + &(z, k) *a(z, k) n(z, k) can be written in the form &(z, k)~ A(z, k) for some
Az, k) € Q(A)[z] with deg(1) < deg(¢), which verifies (110). o
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Corollary 2 is a generalization of the first step of the partial fraction expansion for rational
functions with real coefficients to left polynomial fractions with variable coefficients. The
decomposition process can be continued if the polynomial é(z, k) in (110) has left factors z —
b,b e Q(A),and U(z, k) € Q(A)[z] with deg({) = N — 2. Note that if the &; and a in Theorem 4
are constant functions, then (z — a) commutes with é(z, k), and thus (106) is satisfied with g =
a and ¢(z, k) = &(z, k). In this case, Ti(1) = a', and thus, ¢(Ti(1) , k) = £(z) evaluated at
z = a. If the ny; are also constant functions, the coefficient of (z — g)~1 in (110) is equal to the
rational function n(z)/&(z) evaluated at z = a.

In the case when the y; and a are nonconstant functions, the computation of 8 and ¢(z, k) in
(106) is considered in the next section when the decomposition is used to determine the steady-
state output response of a linear time-varying system or digital filter.

6. The VIT transfer function representation

Consider the causal linear time-varying discrete-time system or digital filter given by the
input/output relationship

y(n) = Xi——ow h(n,r)u(r) (112)

where h(n, r) is the unit-pulse response function, u(n) is the input, and y(n) is the output

response resulting from u(n) with zero initial energy (zero initial conditions) prior to the

application of the input. Recall that h(n, r) is the output response at time n resulting from the

unit pulse § (n — r) applied at time r. Also note that by causality, h(n,r) = 0 whenn <.
For each fixed integer i > 0, let h; (k) denote the element of the ring A defined by

h(k)=h(i+kk),keZ

The function h; (k) is equal to the value of the unit-pulse response function h(n, k) at the time
point n = i + k, which is located i steps after the initial time k. As first defined in [9], the
transfer function H (z, k) of the system given by (112) is the element of the power series ring
A[[z~1]] defined by

H(z, k) = $20 27 hi (k) (113)

From (113), we see that H(z, k) is equal to the VIT transform of the unit-pulse response function
h(n, k).

The transfer function representation can be generated by taking the VIT transform of the
input/output relationship (112) defined in terms of an arbitrary initial time k. To set this up,
suppose that the input u(n) is applied to the system at initial time k € Z, so that u(n) = 0 for
n < k. In general, u(n) depends on the initial time k, so we shall write u(n) = u(n, k). Then
the output response y(k,n) resulting from u(n, k) will also be a function of n and k, and is
given by

y(n k) =Y - ch(n,rulr,k), n=>k (114)

Taking the VIT transform of both sides of (114) and using Proposition 1, we have the following
result.
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Proposition 6. Let U(z, k), Y (z, k) denote the VIT transforms of u(n, k), y(n, k), respectively.
Then

Y(z,k) = H(z,k)U(z,k) (115)

The relationship (115) is the VIT transfer function representation of the given system. Using
Theorem 1, we have the following result on systems defined by a linear time-varying difference
equation.

Proposition 7. The system transfer function H(z, k) has the left polynomial fraction form

H(z k) = (2" + V3 620) " (BMoviz), s, vi € A

if and only if the system input u(n, k) and system output y(n, k) satisfy the linear time-varying
difference equation

Y+ 1,00 + ENG &y + 4,1 = T vi(myuln + i, k),n > k (116)

By Proposition 7, a linear time-varying system is finite-dimensional if and only if its transfer
function is a left polynomial fraction.

We shall apply the VIT transfer function framework to the problem of determining the
steady-state response to the input u(n, k) = S**(1)b(k),n = k, where a,b € A with a(k) = 0
forall k € Z. Then u(k, k) = b(k) is the initial value of u(k,n), and by definition of S,

u(n, k) = [t a@]1bk),n > k (117)

It is assumed that [T"Z% a(r) is a bounded function of n and [T"=} a(r) does not converge to
zero as n — oo. Hence, u(n, k) does not decay to zero as n — co. Two simple examples of
signals satisfying these conditions are the unit-step function u(k,n) = 1,n > k, and the complex

exponential u(k,n) = e/?,n > k,j = V—1. By (61), the VIT transform of the input u(n, k)
defined by (117) is

U(z, k) = (z—a(k)) 1zb(k)

Now suppose that the system or digital filter is a time-varying moving average given by the
input/output relationship

yn k) =YM" vimun—i,k),n=>kv,eA (118)
Taking the VIT transform of both sides of (118) yields
Y(z, k) = |1, vi(k)z U (z k)
and thus the transfer function of the moving average filter is
H(z k) = I, vi(k)z™ (119)
Then when the input u(k, n) is given by (117), the transform of the resulting output is
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Y(z,k) = [y v (k)27 (z — a(k)) ~*zb (k) (120)
Now (z — a(k))z' = z'[z — a(k — i)], and applying Theorem 4 with §;(k) = a(k — i), and
&(z, k) = (z, k) = z*, we have
27z = alk) ] = £ (S50, k) - at) ] + vz k)7 (121)
for some y;(z, k) € Q(A)[z]. Since B;(k) = a(k — i) and é(z, k) = z*
E(Sp,(D), k) =S5 (1) =alk—Dalk—i+1) ..atk—1) (122)

Multiplying both sides of (121) on the left by v;(k) and on the right by zb(k), and summing the
results for i = 0,1, ..., M, we have that the transform of the output response is

Y(z,k) = [zl 0(;‘;‘3))] |(z = a() ] 2b () + [Zio vz )z |zb (k) (123)

Let
Vs, k) = [zl 0 (;i‘é%)] [(z = ate) ™| 260 (124)

Y (z, k) = [EMo vi (k)Y (2, k)z 7] zb (k) (125)

sothatY(z, k) = Yss(n, k) + Y- (2, k), and y(n, k) = yes(n, k) + y-(n, k), where ygo(n, k)

and y,-(n, k) are the inverse VIT transforms of Y,(n, k) and Y,.(z, k), respectively. Then since
the highest power of z=1 in (125) is equal to M, y,,-(n, k) = 0 for n > k + M, and thus y,,-(n, k)
is the transient part of the output response, and y..(n, k) is the steady-state part of the output
response. Taking the inverse transform of Y,;(n, k), we then have the following result.

Theorem 5. The steady-state output response y,(n, k) of the time-varying moving average filter
(118) to the input u(k, n) defined by (117) is

Yss(n, ) = [zl 0 (;’;(?f))

where S (1) = a(n — Da(n —i+1) ..a(n—1).

u(n,k),n=>k (126)

Proof. It follows directly from the transform pair property a(n)f(n, k) < a(k)F(z, k) that the
inverse transform of the right side of (124) is equal to the right side of (126). o

A key point here is that the steady-state response y.(n, k) is equal to a scaling of the input

by the time function 3.}, (:}(?))> As an illustration of this result, suppose that a(k) = e/ and

b(k) = 1 forall k. Then S,(1) = (e/*)! and u(n, k) = (e’ *,n > k. In this case, g; = e/
forall i and S (1) = (e/?)". Hence

d0i:10.20944/preprints202101.0504.v1
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Lo (M> =Y ovi(n) (e’

Sp, (D)
Now suppose that
u(n, k) = 2| (€)™ + (e )" K] = cos[(n — k)], n = k (127)
Then by Theorem 5 and (126), the steady-state response to the cosine input (127) is
Yss(n, k) = S{[EMo vi () ()] ()" + [Bg v; () (e )] (e 12y K)

Yss(n, k) = Re {[SMo vi(m) (7%)71] (7)™}
where Re denotes the real part. Then
Yss(n, k) = [EiZo v:(n) cos(iD)]cos((n — k)2)
—[Xio vi(n) sin(iD)]sin((n — k)2)
Defining
wi(n, Q) = Xy vi(n) cos(i), w,(n, 2) = XL, v;(n) sin(i)

Vss(n, k) can be written in the form

yes(n, k) = [\/le (n,2) + sz(n,.(l)] cos [(n — k)2 + tan™?! (— M)] n=>k (128)

w;(nQ2)

Hence, the steady-state response of a time-varying moving average filter to the cosine input

(127) is scaled in magnitude by the time function \/w?(n, 2) + w2 (n, 2) and phase shifted by
w, (n,02)
w1 (n,02)
function H(n, 2) of the moving average filter can be defined to be

the time function tan™?! (— ) Based on this result, the time-varying frequency response

Hn,N) = [\/le (n, Q) + w? (n,.())] exp [jtan-l (_M)]

w1 (n,Q2)

We now consider linear time-varying systems given by an autoregressive model. First, we
need to restrict attention to systems that are stable in the following sense.

Definition 3. A linear time-varying system with transfer function H(z, k) = é(z, k) 1n(z k),
where £(z, k) = zV + YN L&z, &€ A, is asymptotically stable if for any initial conditions
y(k+1i),i=0,1,..,N—1,and any initial time k € Z, the solution y(n, k) to the difference
equation

yn+ N, k) + X Em)y(n+i,k) =0,n>k

converges to zero as n — oo,
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Now suppose that the system or digital filter is given by the following time-varying
autoregressive model

y(n+ N, k) + YV 1emy(n+i,k) =u(nk),§ed, n>k (129)

In this case, the transfer function of the system is equal to &(z, k)~1, where é(z, k) = zV +
YN L& (k)z™¢, and when the input u(n, k) is defined by (117), the transform of the output
response is

Y(z k) = @z, k) "z — a(k)) " zb(k) (130)

The steady-state part of the output response can be determined by decomposing the right side of
(130) using the result in Corollary 1. This requires that (z — a)&(z, k) be expressed in the form

(z—a)é(z,k) = p(z,k)(z - P) (131)
for some B € Q(A), p(z, k) € Q(A)[z]. If z— a commutes with é(z, k), (131) is satisfied with g =
a. In the general case, the computation of £ can be carried out as follows.

Let (z — a)é(z, k) = y(z k) = zN** + ¥V y;z". Suppose that g satisfies (131). Then since
z — B is aright factor of y(z, k), by Proposition 5, the evaluation y(S[;(l), k) is equal to zero;
that is,

y(Sp), k) = SFH(1) + T, vi(k)Sp(D) = 0 (132)

By (56), Sg(1) = BU)B(k + 1) ... f(k + i — 1),i > 0, and thus S5+ (1) = Bk + N)S§ (1).
Inserting this into (132) gives

Bk + N)SF(1) + XiL,y,Sp(1) =0 (133)

Solving (133) for B(k + N), we have

Bk +N) = =Ty D] 5D (134)

where
Bk)Bk+1)..0k+i—1) ;
BBk +1)..80k+N—-1)"

and when i = 0,S9(1) = 1, [SY'(1)] ' SL(1) = [S¥(1)] . The function B(k + N) can be
computed for a finite range k, < k < k, by solving (134) recursively for a given set of initial
conditions B(ky +i),i = 0,1,..., N — 1. Since 8 = a when a and the coefficients ¢; of £(z, k)
are constant functions, we shall take the initial conditions to be g(ky, + i) = a(ky +i),i =
0,1,...,N — 1. Since a(k) # 0 for all k, (134) can be solved recursively with these initial
conditions, although there is a possibility that the time variance can result in a zero value for

B (k + N) for some value of k > k, + N. Here we assume that (134) yields a solution with
B(k+N)=#0forkyg<k<k,—N.

>0

[y ] " sp) =
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Once S (k) has been computed for ky < k < k4, the coefficients of the polynomial ¢(z, k)
can be computed from the relationship (131): Let ¢(z, k) = zV + XNVt ;2" Then

02,0z~ B) = 2" + BN @izt = (0" Bz — TG @i(a' )z
= 2"+ [py-y — oV BlzY + B iz - SIS 0i(0'p)2!
= 2" 4 [py_y — oV BlzY + XI5 i1 — 0i(0'B)] 2" — 9B (135)

Equating the right side of (135) to y(z, k) = z"** + YN, y;z* gives

pi-1—@i(diB) =y, i=12,..,N—1 (136)
On-1— "B =VYN, PP = Vo (137)
From (137), on_1(k) = =B(k + N) + yn(k), po(k) = —%, and from (136), ¢;(k) =
22207k G — 15 N —1. Then inserting the values of g (k) for k = ko, ko + 1, ..., ky

B(k+i)
yields the values of the ¢, (k) for k = kg, ko + 1, ..., k; — N. We then have the following result.

Theorem 6. Suppose that the system given by the time-varying autoregressive model (129) is
stable, ¢(z, k) and g satisfy (131), and the division of ¢(z, k) on the left by z — a does not
result in a remainder that is identically zero. Then the steady-state response yg¢(n, k) to the input
(117) is given by

Yoo k) = [TR2E A1 [@(TE(D, k) [ b > K (138)

Proof. By Corollary 1, the transform Y (z, k) of the output response resulting from the input
(117) has the decomposition

Yz k) = (z— ) [o(TiCD), k)| b(k) + £z k) x(z, ) (139)

for some y(z, k) € Q(A)[z]. Since the system is stable, the inverse transform of the term
&(z, k) Yx(z k) in (139) must converge to zero as n — oo, and thus the transform Y, (n, k) of
the steady-state part of the output response is

Vis(n, k) = (z = B)7 [@(T4(1), )| b(K) (140)

Taking the inverse transform of (140) using the transform pair (15) yields the steady-state
response given by (138). o

In contrast to the moving average case, by Theorem 6 the steady-state response to the input
(117) is not a scaled version of the input when the system is given by the autoregressive model
(129). This is a consequence of the fact that f = a does not satisfy the relationship (131) as a
result of the time variance of the coefficients of £(z, k). In the case when a is the complex
exponential a = e/, where (2 is a fixed frequency, the solution for 8 given by (134) can be
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expressed in the polar form B (k) = m(k)e/®® with 8(k) # 2 in general. Hence, the time
variance will result in new frequencies appearing in the steady-state output response.

It is also interesting to note that if the decomposition in Theorem 4 is applied to Y (z, k), we
obtain the first-order term

£(SE, k) [z — )b (k) (141)

The inverse transform of (141) is a scaled version of the input; however, in general it is not the
steady-state response since ¢(z, k) in (131) may not be stable (i.e., ¢(z, k)~! may not be the
transfer function of a stable system).

In the general case when the system is given by the input/output relationship (116), the
steady-state response to the input (117) can be computed by combining the above results for the
moving average and autoregressive models. The details are omitted.

7. Concluding comments

One of the key constructs in the paper is the scaling of z=¢ by a time function defined in terms
of the semilinear transformation S,. As illustrated in Sections 5 and 6, this result can be used to
generate linear time-varying recursions for a large class of discrete-time signals. Another key
construct is the extraction of a first-order term from F(z, k) = [(z — a)é(z, k)] In(z, k), where
&(z,k),n(z, k) € Alz], a € A. It follows from the results in Sections 4 and 5 that F(z, k) cannot
be decomposed into terms having denominators equal to z — a and é(z, k) unless a and the
coefficients of £(z, k) are constant functions (the time-invariant case). In the time-varying case,
to carry out a decomposition with one of the terms being a first-order polynomial fraction, it is
necessary to write (z — a)¢é(z, k) in the form ¢(z, k)(z — ) for some 5 € Q(A) and
¢(z,k) € Q(A)[z]. An interesting characterization of this result is that the factor z — a must be
“passed through” the polynomial &(z, k) to yield the factor z — B. Of course, this is always
possible in the case when a and the coefficients of é(z, k) are constant functions, in which case
B = a. In general, time variance “perturbs” a when it is passed through &(z, k), resulting in 8
which differs from a. This raises the question as to whether or not there is a unique S
corresponding to a. In Section 6, B is constructed by taking the initial values B (ky + i) =
a(ky+1),i=0,1,..,N — 1, where k, is the initial time and N is the degree of ¢(z, k). Then
solving (134) yields a unique g for these initial values. Hence, the 8 constructed here is the
unique function for which (z — a)é(z, k) = ¢(z,k)(z — B), and which matches the values of
a(ky + i) fori =0,1,..,N — 1. As discussed in Section 5, [(z — a)¢é(z, k)] *n(z, k) has two
decompositions, one with denominators equal to z — a and ¢(z, k), and a second one with
denominators equal to z — 8 and £(z, k). Note that the denominators are equal to the left factors
of (z—a)é(z, k) = ¢(z k)(z — B) in the one decomposition, and equal to the right factors in
the second decomposition. As noted in Section 5, when a and the coefficients of £(z, k) are
constant functions, there is only one decomposition since 8 = a and ¢ (z,k) = é(z, k). In the
decomposition with denominator ¢(z, k), an interesting open problem is determining when
¢ (z, k)~ remains stable when &(z, k)1 is stable. This will most likely depend on the rate of
change of a and the coefficients of é(z, k).
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