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Based on hospital capacities, facts from past experience with the coronavirus disease 2019 (COVID-19) virus
and the number of dark infections during the second wave (DII = 2D2), a reasonable limiting value of 140/D2

for the 7-day incidence per 100,000 persons (MSDIHT) and a second wave herd immunization threshold fraction
value of 0.26 in Germany were calculated. If the MSDIHT is held below this limiting value, the German hospital
system can cope with the number of new seriously infected persons without any triage decisions. On the basis
of the SIRV epidemics model, the classical threshold values for herd immunization were calculated for 18
countries. For these countries, the dates regarding when herd immunization against the second COVID-19 wave
will be reached were estimated.
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I. INTRODUCTION

In Germany the imposition of nonpharmaceutical interven-
tions (NPIs) leading to partial and total lockdowns have been
justified by goverment agencies with values of the so-called
monitored 7-day incidence per 100, 000 persons—hereafter
referred to as MSDIHT—exceeding either 50 or 200, respec-
tively. The MSDIHT is given by the number of new infec-
tions found per 100,000 persons over the most recent 7 days.
With estimated costs for each lockdown day of about 444 mil-
lion euros1,2, two issues are of great importance: (1) the cal-
culation of a reasonable MSDIHT value based on the medical
capacity of Germany, and (2) reliable calculations of the per-
centages of infected and vaccinated persons in Germany for
herd immunization, which would remove the justification for
any lockdown measures.

In this work we first discuss (Section III A) how reason-
able the values 50 and 200 are, based on the hospital capaci-
ties in Germany, the facts we know from our past experience
with the COVID-19 virus and the number of dark infections
D. However, due to incomplete testing, the MDIHT does
not agree with the true 7-day incidence per 100, 000 persons
value (hereafter referred to as SDIHT value), which is greater
by the dark number factor D. In Germany this dark number
for the first COVID-19 wave has been estimated3 to be about
DI = 8.4 ± 4.0 by modeling simultaneusly the monitored
death and infection rates during the first COVID-19 wave.
Due to more complete testing during the second Corona wave,
including in particular, tests of younger people at schools, this
dark number has been reduced. However, the straightforward
comparison of the monitored death and infection rates, ac-
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counting for the characteristic time delay of 14 days between
the former and the latter, indicates that the dark number during
the second wave is still about DII = 2± 0.54. As the appear-
ance of a third Corona wave never showed up clearly in the
monitored death rates in Germany (only in the monitored but
highly incomplete rate of new infections), we do not consider
such a third wave here.

Secondly, the calculation of the herd immunization percent-
age requires the careful determination of the so-called basic
reproduction number of the COVID-19 pandemic. We address
this in the second part of this note (Section III B).

In our considerations we use scaled quantities so that our
method explicitly used for Germany can also be applied to
other countries or smaller regions in a country. We emphasize
that throughout our investigation we used medical parameter
values averaged over a large population size which do not rep-
resent regional fluctuations.

II. METHODS

Including its emergency reserves, Germany in total has
about B = 50, 000 ab = 10, 000 a20b breathing apparati or
intensitive treatment beds, of which, however, only a = 20
percent a20 = 0.2 a20 are available for the treatment of seri-
ously infected persons (SIPs) with COVID-19. The parameter
b scales the number of breathing apparati or intensive treat-
ment beds in units of 50,000 so that for Germany b = 1;
for another country with, e.g., 5,000 beds, then the parame-
ter b would be b = 0.1. The majority of these beds are used
for other emergency patients with strokes, heart attacks and/or
cancer in the terminal stage, and a substantial number of beds
cannot be used because of the lack of sufficiently well-trained
nursing personel.

The breathing apparati are on average occupied by seriously
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infected persons (SIPs) in intensive hospital care for about
30m days, where m stands for the number of months. Be-
low we use the value m = 1, but we keep the m-dependence
to the estimated values. Consequently, every day B/30m =
333 a20b/m breathing apparati are available for new SIPs.

From our past experience with the COVID-19 virus4,5 we
know that about 20 percent of the number I of newly infected
persons per day have symptoms (the other 80 percent have
mild or no symptons), 5% have to be hospitalized, and 1h per-
cent (h hereafter is adopted to be unity) need access to breath-
ing apparati. Of these SIPS eventually every second person
dies from the virus within the 30 m days of intensive care
which then corresponds to a mortality rate of f = h/200 =
0.005h. The German health system therefore can cope with
I = 333 (a20b/m) × (100/h) = 33, 300 a20b/(hm) newly
infected persons per day.

The time evolutions of pandemic diseases in populations
of large sizes are well captured by the standard susceptible-
infectious-recovered/removed (SIR) epidemic model; for re-
views see references6,7, which recently8 has been generalized
by introducing the fourth compartment V of vaccinated per-
sons and the vaccination rate v(t) that regulates the relation
between susceptible and vaccinated persons.

III. RESULTS AND DISCUSSION
A. MSDIHT Value

Germany has a population of N = 83 million persons, cor-
responding to 830N5 with N5 = 100,000 persons. The max-
imum capable incidence value per 100,000 persons in Ger-
many is then given by M = I/830 = 40 ta20b/(hm). Con-
sequently, the corresponding true SDIHT is given by

SDIHT = 7M = 280
a20b

hm
(1)

By adopting the second wave dark number value DII =
2D2, we find that

MSDIHT =
SDIHT
2D2

=
140 a20b

hmD2
(2)

is a reasonable value. This is significantly larger than the
value of 50. If the MSDIHT is held below this limiting value
given in Equation (2), the German hospital system can cope
with the number of new seriously infected persons without
any triage decisions.

Several comments are appropriate:

1. Germany has already experienced very high values of
the SDIHT during the second wave without a break-
down of hospital capacity and without any triage de-
cisions. A maximum death rate of 1,100 per day
has been reported, which with a fatality rate of f =
0.5h percent = h/200 corresponds to I = 220, 000/h
per day and an SDIHT of 1855/h.

2. If in the future one would stick to an MSDIHT value
of 50, it means that only about one third of the medical

capacity in Germany would be used for the intensive
treatment of COVID-19 SIPs, even with a low percent-
age a20 = 1 of breathing apparati used for these per-
sons.

3. Only with more accurate and complete testing of the
population could the dark number of 2D2 be reduced.
In this case a higher MSDIHT value would be possible,
which at most equals the SDIHT value 280 a20/(hm)
of Equation (1). Such a high limiting value would spare
Germany from its currently imposed strict lockdown.
The costs for such extensive and complete testing cam-
paigns are highly justified, as they are orders of magni-
tude below the estimated economical costs of each lock-
down day of about 444 million euros.

4. The adopted fatality rate of f = 0.5h percent = h/200
implies that in the worst case (without the now avail-
able vaccination campaigns of the population), the total
number of COVID-19 fatalities is fN = 0.415h mil-
lion persons in Germany. This large number is about
half of the typical annual number of deaths in Germany,
and it is getting reduced further not only by the ongoing
vaccination program8, but also by the obvious advan-
tage that comes with the decrease of the dark number,
the knowledge of being infected or not.

5. A significantly higher SDIHT-value is possible if a
greater than 20 percent fraction of breathing appa-
rati can be made available for the treatment of seri-
ously infected persons (SIPs). E.g., a value of 43 per-
cent, so that a20 = 2.1, results in an SDIHT-value of
600. The greatest hindrance for such an enhancement
in a20 is the lack of enough suitably trained nursing
staff caused by the inattractive pay for these personel.
We suggest enhancing the attractiveness of these jobs
by paying an annual COVID-bonus of 20, 000 euros
per year for nursing personel treating SIPs. With one
nurse taking care of two SIPs in an 8 hr working shift,
for around-the-clock treatment 1.5 nurses per SIP are
needed, so for 21, 000 SIPS in total, 31, 500 nurses are
needed. The annual cost for their COVID-bonus would
be 630 million euros per year or 1.73 million euros per
day, corresponding to less than 0.4 percent of the daily
lockdown costs of 444 million euros. From an econom-
ical point of view, this would be a very wise investment
in the German health system.

B. Herd Immunization

According to the SIR model9–13, herd immunization is
achieved if the sum of removed/recovered (R) and vaccinated
(V ) fractions in a population exceeds the classical threshold
value:

H = R+ V = 1− 1

r0
(3)

where r0 denotes the basic reproduction number. We assume
that the vaccinations are 100 percent effective and treat the
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population that has survived natural infection and the vacci-
nated population on equal grounds.

Recently, Ganasegaran et al.14 and Kwok et al.15 have advo-
cated to use in Equation (3), instead of the basic reproduction
number r0, the time-varying effective reproduction number
r(t) in order to account for nonpharmaceutical interventions
implemented before the start of secondary waves. We do not
follow this approach here mainly for two reasons: (1) It has
been shown before16 that all effective reproduction factors cal-
culated with the Gaussian distribution model, which approxi-
mates the SIR-time distribution very well, decrease from the
base reproduction number r0 at the beginning of the outburst.
Consequently, the use of r0 provides an upper limit for the
threshold value H . (2) With the pandemic SIR modeling in
the relevant semi-time case8,17, each new emergent wave is
treated like a new pandemic outbreak with its own new base
reproduction number that differs from the base reproduction
numbers of earlier waves and accounts for nonpharmaceutical
interventions used in the meantime.

The basic reproduction number r0 is defined18,19 as the av-
erage number of secondary infections produced when one in-
fected individual is introduced into a host population where
everyone is susceptible. Therefore, r0 = r(t0) is identical to
the value of the effective reproduction factor r(t0) at the start-
ing time of the outbreak. In terms of the SIR model17, this
model should then obey the initial condition that one infec-
tion occurs at time t0. Using the box-shaped serial interval
distribution and the analytical SIR-solution with a constant
time-independent ratio k = µ0/a0 of the recovery (µ0) to in-
fection rate (a0), the basic reproduction number r0 for this
type of COVID-19 virus has been derived20 as

r0(x) =
x

1− e−x
, (4)

where

x = 13.5 a0(1− k) (5)

As detailed in20, Equations (4) and (5) result from inserting
the asymptotic behavior at early times in terms of the daily
rate of new infections and the box-shaped serial interval dis-
tribution with a duration of 13.5 days into the formula for
the effective reproduction factor21. The results for the first
COVID-19 wave in 71 countries have been reported before20.
Here we repeat this determination for the second COVID-19
waves in the 18 countries listed in Table I.

For all 18 countries, we then used the SIRV-model8 to
calculate the real-time dependence of the vaccination (V (t))
and the recovered/recovered (R(t)) fractions and their sums
R(t) + V (t), which then are contrasted with the individual
threshold values. The results are shown in Figure 1. As the
panels indicate, e.g., in Israel, Great Britain and Switzerland
herd immunization against the second wave of COVID-19 has
already been achieved, −124, 63 and 157 days after 1 January
2021, corresponding to 30 August 2020, 4 March 2021 and 6
June 2021, respectively, whereas in Germany and Belgium
this will occur on 18 November 2021 and 22 September 2021,

TABLE I. Results from the analysis of second pandemic waves in
selected countries based on data from td = 23 May 2021 (see data
availability statement at the end of this document). The columns
contain the infection rate a0, the ratio k = µ0/a0 of the initial re-
covery to infection rate, the ratio b = v/a0 of the initial vaccination
to infection rate, the net infection number x = 13.5(a0−µ0), the ba-
sic reproduction number r0, the herd immunization threshold value
H and the calculated predicted herd immunization time th (number
of days after 1 January 2021). We have included into this table all
those 18 countries listed at our data source that (i) have clearly en-
tered a second wave, and (ii) have populations well above 5 × 106

inhabitants (on 23 May 2021).

Country a0 k b x r0 H th

ARG 0.125 0.912 0.0022 0.15 1.08 0.07 −78
AUT 0.520 0.905 0.0013 0.67 1.37 0.27 291
BEL 0.551 0.896 0.0011 0.77 1.44 0.30 265
BRA 0.046 0.790 0.0099 0.13 1.07 0.06 −71
CAN 1.018 0.962 0.0004 0.52 1.28 0.22 458
CHE 0.458 0.894 0.0023 0.66 1.36 0.27 157
DEU 0.559 0.915 0.0012 0.64 1.35 0.26 322
ESP 0.175 0.876 0.0046 0.29 1.15 0.13 −84
FIN 3.858 0.997 0.0002 0.16 1.08 0.07 83
FRA 0.228 0.886 0.0027 0.35 1.19 0.16 17
GBR 0.389 0.867 0.0053 0.70 1.39 0.28 63
ISR 0.050 0.855 0.1283 0.10 1.05 0.05 −124
ITA 0.289 0.873 0.0022 0.50 1.27 0.21 130
MEX 0.038 0.712 0.0044 0.15 1.08 0.07 −43
NLD 0.397 0.929 0.0022 0.38 1.20 0.17 8
RUS 0.337 0.933 0.0008 0.30 1.16 0.14 171
SWE 0.652 0.922 0.0010 0.69 1.38 0.28 332
USA 0.218 0.868 0.0081 0.39 1.21 0.17 −25

respectively. Herd immunization times th for all 18 countries
are included in Table I. We emphasize that our herd immu-
nization threshold value only holds for the second-wave-type
COVID-19 virus. Our forecast is not valid if a more agressive
COVID-19 virus mutant for which the currently used vaccine
is less effective or even ineffective is operating.

IV. SUMMARY AND CONCLUSIONS

Knowledge of a reasonable MSDIHT value based on the
medical capacities of countries and the value of the herd im-
munization threshold value for the second COVID-19 waves
in different countries are important both for imposing non-
pharmaceutical interventions, leading to partial and total lock-
downs, and their later partial and total lifting. Here these two
values have been calculated based on the hospital capacities,
facts from past experience with the COVID-19 virus and the
numbers of dark infections for 18 different countries. For Ger-
many with a second wave dark number of 2D2, a reason-
able limiting value of 140/D2 for the monitored 7-day inci-
dence per 100, 000 persons value (MSDIHT) and a second
wave herd immunization threshold fraction value of 0.26 have
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FIG. 1. Real-time dependencies of the fractions of vaccinated (V (t)) (solid blue) and recovered/removed (R(t)) (solid green) persons and
their sum (solid black) in comparison with the second wave herd immunization threshold value (dashed black) for the countries listed in Table
I.

been calculated. As scaled quantities for the hospital capac-
ities have been used, our method for determining the MS-
DIHT value, explicitly illustrated for Germany, can also be
applied to other countries or smaller regions in each country.
The classical herd immunization threshold valueH was calcu-
lated from the basic reproduction number of second COVID-
19 waves in 18 different countries. The recently developed the
SIRV-epidemics model8 then allowed us to contrast the real
time dependence of the sum of the fractions of vaccinated and
recovered/recovered persons with the threshold values. For 18
different countries, we calculated the dates for which herd im-
munization against the second COVID-19 waves is reached.

Our analysis was based on a number of assumptions: (i)
r0, as calculated from the semi-time SIR-modeling, is the ap-
propriate entry factor for Equation (3); (ii) we assumed that

vaccinations are 100 percent effective; (iii) we treated the pop-
ulation that survived natural infection and the vaccinated pop-
ulation on equal grounds. It is, however, still unclear how
effective the vaccines will be in the future, particularly if new
mutants take over. The herd immunity threshold H is increas-
ing with decreasing efficacy, as discussed elsewhere.22

Data availability statement

The data for a0 and k collected in Table I had
been retrieved on 23 May 2021 from the Supplemen-
tary website https://www.complexfluids.ethz.ch/cgi-
bin/covid19-waveII.20. The vaccination rates v
were obtained from https://github.com/owid/covid-19-
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data/blob/master/public/data/vaccinations/vaccinations.csv (accessed on 23 May 2021).
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