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Abstract: The technique of superposition of motions in the space of Lagrange variables is described, which allows us to obtain the
equations of combined motion by replacing the Lagrange variables of superimposed (external) motion with Euler variables of
nested (internal) motion. The components of velocity and acceleration in the combined motion obtained as a result of
differentiating the equations of motion in time coincide with the results of vector addition of the velocities and accelerations of the
particles involved in the superimposed motions at each moment of time. Examples of motion and superposition descriptions for
absolutely solid and deformable bodies with equations for the main kinematic characteristics of motion, including for robot
manipulators with three independent drives, pressing with torsion, bending with tension, and cross— helical rolling, are given.
Given the fragment of calculation of forces in the kinematic pairs shown the advantages of the description of motion in Lagrangian
form for the dynamic analysis of lever mechanisms, allows to determine the required external exposure when performing the

energy conservation law at any time in any part of the mechanism.
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1. Features of the description of motion in the form of Lagrange

Any motion of a solid or deformable body can be described in the form of Lagrange X =x(a,t), Euler

o, =0, (X, 1), or in a mixed way, for example, for displacement projections U; =U; (X, 0, t) . In continuum mechanics,

P
Euler variables are usually used as arguments, explaining this by the comparative simplicity of the obtained relations.
However, physical laws should be formulated not for points of space, but for material particles. From a physical point

of view, Lagrange variables are more reasonable when describing motion [1] (p. 235), so the definition of functions
% =X (ap,1), @™
where f is time, x e(x,y,z) and «, (a,f,y) — the Euler and Lagrange variables, respectively, are considered the

main problem of continuum mechanics [2] (p.23). However, the description of the movement in the form of Lagrange
in the literature is given undeservedly little attention [3]. The advantages of Lagrange variables are associated with a

fairly simple principle of superposition of motions [4], the possibility of determining a generalized measure of motion
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(energy) for each particle involved in motion, the use of the law of conservation of energy to predict the behavior of a
mechanical system, the interpretation of the concept of "generalized force" through an increment of energy, which
expands the possibilities of applying mechanics in solving various practical problems [5-6].

The aim of the work is to show the advantages of Lagrange variables and superposition in describing various
types of motion and solving various problems of applied mechanics.

The different nature of the independent arguments of equations (1) leads to the need to use two differential

operators for time (d) and space (0). The first characterizes the change of any property associated with motion for a

particle over an infinitesimal period of time df, for example coordinates dx(a,,t)=X (e, t)dt or functions
df (,,t) = f,(,,t)dt. The second one defines increments of motion-related properties for adjacent particles whose
Lagrangian coordinates in the initial state differed by infinitesimal values da, € (da, 9f, dy), for example, the

increment of the abscissa of adjacent particles is X = X, 0a + X ;08 + X Oy . To increment similar properties in time,

two operators should be used simultaneously, for example, the change in time of the increment of the abscissa of

adjacent particles is determined by the right side of the equation
dox = adx = (X, 0a + X,;,6B + X, oy)dt.

The independence of the two operators allows you to change the order of their entries without changing the
final result.

Here and further, the lower indices in the designation of functions correspond to differentiation by the variables

specified in the indices ( X, = dX/dt, X, = OX/Oar). For index functions, for example coordinates X; € X;(X, Y, Z),
the differentiation indices are indicated after the comma, for example X;, = dx;/dt and X, =0X,/0c. The initial
coordinates of the points @ =x|_,, =Yl V=12 |t:0 are taken as Lagrange variables.

In accordance with equations (1), in the general case, the motion is characterized by 12 first derivatives,

including the components of the particle velocity X;; and the components of the unsymmetric tensor of the second

rank
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which determines the rotation and deformation of the particle.

The sum of the squares of the derivatives in each column (with the same lower differentiation indices) is equal
to the square of the ratio of the edge lengths of an infinitesimal parallelepiped in the current Sl and initial ol,
states
e =xi+yr+1z; =(51/61,)°, pe(a B.y)- ®)
The deformation of the particle is characterized by the average value
e=(e,+te;+e,)/3 (4)
and the standard deviation of the relative lengths of the edges (3) from their average value (4)
I*=(e,—e) + (e; — e)’ + (e, — e)’ = (e, —e)e, —e). (5)

The quadratic invariant of the tensor (2)

2 _ _ 2, .2 2 2 2 2, .2, .2, .2
[=x %, =X, + X, +X, +y, +y,+y, +z,+z,+z, (6)
remains unchanged when the coordinate axes are rotated, is a generalized measure of elastic deformation [5] and can

be represented as a sum

[}=3e*+T=x,x, =e,e,. )

In the right-hand sides of the last two equations, the summation rule for the index repeated in the monomial is used.

The determinant of the matrix (2) or the Jacobian of the transformation (1) numerically coincides with the ratio

of the particle volumes in the current OV and initial oV, states

X, Xz X,
oV
R:évVO :|xi,p|: ya yﬂ yy . (8)
zZ, Zz Z,

If the values of ey are different from 1, the shape and / or volume of the particles change, the movement is
accompanied by deformation. If
e=1, R=1, Ir2=3, r=o0, )
there is no deformation. Such cases correspond to the motion of absolutely solid bodies.
The body associated with the concept of “material point” differs from a real solid body the domain of the
definition of Lagrange variables for which it is contracted to a point. However, this transition is not always

appropriate. In particular, the analysis of the kinematics of rigid bodies with the actual scope of Lagrangian variables
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allows to account for the rotation of the body during its motion, to identify possible errors by the description of the

equations of motion in the absence of strain and move by one form of description of motion to another.

2. The principle of superposition

In accordance with the generally accepted concepts [1-3], the superposition of motions is reduced to
determining the velocity fields for each of the motions, summing them according to the rules of vector algebra, and
then integrating the velocities over time to determine the position of particles in combined motion.

The final result can be obtained much easier if the combined movements are written in the Lagrange form. Then,
in order to provide a vector addition of velocities at each moment of time, it is sufficient to replace the Lagrange
variables of one motion with the Euler variables of another motion [4-5].

Formally, this replacement can be explained by a simple transition to new Lagrange variables, which take the
coordinates of the particles at the current time. Motion can be considered as consisting of a number of stages, each of
which can use either a new or a single frame of reference of the observer. In accordance with this, Lagrange variables
can be introduced both independently at each stage, and for a sequence of several stages.

Consider two consecutive stages of arbitrary motion of a continuous medium on the time interval 0 < t < t.

Let the first stage be bounded by the time interval 0 < t < t1 <t for the equations of motion
X, =x(a,,t) npul < t < ti<t, (10)
where ap are Lagrange variables, &; = X; at t = 0. The Eulerian coordinates x: at the final moment of the considered
stage at t = t1 are distinguished by the notation
i :xi(alﬂtl)' (11)
At the second stage 1 = t = £ you can enter a new time frame [ "=t—t 1 20 and new Lagrange

coordinates &, that coincide with the current coordinates (11) at time 1 and allow you to describe the further process
of movement in the form
x, =x,(&,,t") when 0<¢' <t,—1¢, (12)

the time #1 in the second stage should be considered as a constant.


https://doi.org/10.20944/preprints202101.0225.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2021 d0i:10.20944/preprints202101.0225.v1

However, as Lagrange variables, you can take not only the initial coordinates, but also any functions of the
initial coordinates that are uniquely related to them. In particular, relations (11) or equations of motion (10) can be

chosen as such functions for ¢ = ti. Formally, in this case, equations (12) preserve the form

X; = X; ((fk(ap),t') for 0<¢'<t,-1, (13)

but the Lagrange variables should be considered as functions of the original variables &, in accordance with

equations (11).
On the other hand, equations (12) can be extended to the second stage without changing the time frame, it is
enough only to limit the time interval of this stage in the original time scale
x,=x;(&,t) at h <t < h (14)
The time #1 remains constant also in this case, if we consider the successive stages of movement. Relations (13)
— (14) represent the principle of superposition of successive motions in their description in the form of Lagrange,
which consists in replacing the Lagrange variables of the subsequent motion with the Euler variables of the preceding
motion.
The sequence of implementation of each of the movements that form the corresponding composite motion as

a result of superposition can be determined by specific time parameters, such as the angle of rotation ¢(¢) and

linear displacements 24(Z) during joint torsion and translational motion
x, =x,(a,, ot),u(t)) at 0 <t <t

or various components of the movement ui(t) along the coordinate axes during spatial translational motion [4-5].
The considered principle is also applicable to the simultaneous flow of combined movements, since the intervals
of stages can be infinitely small and at each of them the movements from both types of movement will be summed up.
The form of the resulting motion (14) depends on the Lagrange coordinates of which of the motions will be

replaced by Euler variables. For the sake of definiteness, in the future we will call nested or internal motions
X" =x"(ctp, 1), which replace the Lagrangian coordinates of another motion. The movement X~ =x"(c,,t) in
which this replacement occurred, respectively, will be called superimposed or external. External and internal

movements are similar to portable and relative ones in classical mechanics, but differ in the mandatory use of a single

coordinate system.
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If the Euler and Lagrange variables coincide in the initial state X; (ap ,t =0) = q;, the superposition of motions
is reduced to replacing the Lagrange variables of external motion X=X (op,t) with expressions for the
corresponding Euler variables of internal motion X" = X" (ap,t) . The equations of combined motion

X =X (Otp,t) in their sequential or simultaneous flow coincide with the equations of external motion after

replacing the Lagrange variables with the corresponding equations for the Euler variables of internal motion
X (05, 1) = X (5" (01, 0).1). (15)

The difference between nested and superimposed motions can be insignificant when they are equivalent, for
example, when rotating relative to two axes, or in processes of deformation, when the displacements from each type
of deformation are insignificant compared to the initial coordinates of the particles. The number of movements
involved in the superposition can be arbitrary.

The proposed principle does not contradict the generally accepted one and its consequence is the vector
addition of both the velocities and accelerations of the superimposing movements at each moment of time.

Taking into account the general rules of differentiation of implicitly given functions and the geometric
meaning of Lagrange variables (& = X", L=y",y= z™) for the velocity components of the combined motion (15) we

obtain
in in in
X =X XXX Y 4%,
or, taking into account the rule of summation by repeated index, for any components

vt ex in
Xt =Xt X 0%, (16)

where the first term and the left multiplier refer to the portable (superimposed) movement, while the right multiplier
is determined by the nested movement.

The components of the velocity of the external motion (the first terms) must be determined at any moment in
time at the point in the observer's space that the particle will actually occupy, taking into account the two considered
motions. Relations (16) can be interpreted geometrically as a vector sum [7] of the velocities of nested and

superimposed motions, as can be seen in concrete examples with different types of motions.
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The equations for the acceleration components are not given, but the validity of the general statement about
geometric addition is not in doubt, since the derivative of the velocity with respect to the scalar argument (time) does

not change the rank of the tensor [7].

3. Examples of superposition of motions for absolutely rigid bodies
To write down the equations of motion in the form of Lagrange, it is enough to compare the position of the
particles of the body at the initial and arbitrary moments of time. In particular, for the translational movement of a

solid body along any spatial trajectory, the displacement projections for all particles must be the same

X=Xp +(at—ap), y=B+Yp—Bp, Z=Y+Zp —Yp, (17)
matrix (2) takes the form
P 1 00
i,pzé’—xiz 010 (18)
“ o0 1

Condition (18) can be considered a mathematical definition of translational motions of absolutely rigid bodies.

To write the equation of the plane-parallel motion of rotation of rigid body about a fixed pole in the plane x—v,
consider the relative position of the pole of Po( &, ) and an arbitrary point Mo( &z, 3 ), using the length Lo and the
slope of the straight line connecting these points, for the initial

a=ap +LyCosq, B=PBp +Losing, (19)
and the current time

X=0p + Lo COSP=ap + Lo COS(@y +AD) , y =Bp +Lgsin(p, +Ag),

where A is the rotation angle of the body. Excluding from the last equations the length Lo and the initial value of the

angle @, using equations (19), we obtain the system (the z coordinate does not change)

X=0p+(a—0p)cosAp—(B—PBp)sinAp, y=Bp+(a—ap)sinAp+(B—Pp)CcosAg, Z=Y, (20)
From here, equations for rotation with respect to the origin can be obtained
X =a CosAp— BsinAp, y=asinAp+ COSAp, z=y. (21)
Superposition of rotation (21) and translational displacement (17) in the form

X=0+Xp —Cp, y=B+Yp —PBp, Z=Y. (22)

d0i:10.20944/preprints202101.0225.v1
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allows us to obtain equations for two types of motion. If we consider the motion (21) to be external, we obtain the

equations of translational motion of a body along a wheel rotating relative to the origin,
X= (X —atp) C0s Ap— (Y, — B;)sinAg, Y =X —ap)sinAp+ (Y, — ) COsAp, z=7.

If we consider the motion (22) to be external, then the equations will correspond to the rotation of a solid body
relative to a moving pole

X=Xp + (0= 0tp) COSAQ—(B—Bp)SiNAG, Y= Yp +(a—0p)sinAg+(B-Bp)cosAp,  Z=7. 3)
In these equations, the coordinates of the pole xr, y» and the angle of rotation of the body A@(t) depend on time. If
they are differentiated by time, we obtain the relations between the velocities of the pole and an arbitrary particle, in
particular for the system (23)

dx/dt=x =(%)p — @ (y—yp),  dy/dt=y =(¥)p+o(X—=%), dz/dt=0. (24

Equations (21)-(24) are sufficient to describe any motion of absolutely rigid bodies. For plane—parallel
movements in other planes, they can be obtained by circular substitution, and for more complex spatial movements —
due to the superposition principle, which allows us to consider spatial processes as the simultaneous implementation
of several plane-paralle]l movements [6]. In particular, for rotation around the x and y axes, taking into account (23)

and replacing the designation of the rotation angles, we obtain
x=a, Y=Yo+(B—B.)COsAy —(y—y,)SinAy, 2=72,+(f-L)SINAy +(y—y,)C0sAy, (25)
X=X +(a@—ap)COSAE+(y—yp)SINAE,  y=2, 2=7,—(a—0)SINAE+ (¥ —y5) COSASL . (26)
Matrix (2) for system (23) takes the form typical for rotations

CosA¢p —sinAgp O
X, =|SinAp cosAp 0]
0 0 1

If two motions in the x—y plane are rotational with respect to parallel axes, for example, a nested rotational with

respect to a point with coordinates (c, 0)
x=c+(ax—c)coswt — fsinwt, y=(a—c)sinot+ fcoswyt, z=y

and a portable rotational with respect to the origin

X =0acosmyt — fsinw,t, y=asinw,t + fcosw,t, z

I
V

as a result, we obtain a combined rotational motion
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X =ccos(apt) + (e —c) cos[(e, + @ )t] - Asin[(e, + @)t],

y =csin(ayt) + (o —c)sin[(@, + @)t]+ pcos[(a, + o)t], z

I
Y

with velocity components

X —a, y+(cos(at) —sin(ot) 0) (-al(a-c)sin(wt)+pcos(at)]
Y, = @ X +| sin(e,t) cos(amt) O ef(ax—-c)cos(at)-psin(at)]
z 0 + O 0 1 0

or, after multiplying the matrices,
X =-py - axf(a—C)sinf(e, + a)t] + Boos|(, + )tI}=—apy —aaly —csin(ayt)],

Y, = ayX+a{(a—c)cos[(a, + o)t] - Bsin[(@, + @ )t]}= WX + @y [X —ccos(a,t)], z,=0.

The equation for acceleration can be obtained by repeated differentiation of the components of the velocity. In
all the cases considered, the rule of algebraic summation of the same-name projections of velocities and accelerations
for nested and portable motions at each moment of time is fulfilled.

If a body rotating around the z axis in accordance with the system (21) receives an additional rotation around
the x1 axis passing through the movable pole P parallel to the x axis of the observer's coordinate system in accordance
with the system (25), then to describe the joint rotation, it is sufficient to substitute the right part for the Eulerian
coordinates x and y from equations (21) instead of the Lagrangian coordinates & and f in equations (25). As a

result, we get
X=aCoSAp— fsinAp, y =Y, +[(asinAp+ fcosAp)— f.]cos Ay —(y —y,)SinAy,
z=1, +[(asinAp+ fcosAp) - F.1sin Ay +(y —y,)COSAy .
If the rotation (25) occurs relative to the x-axis of the observer's coordinate system, then

Yo =2, = =y, =0 and instead of the previous system, we obtain the equations of combined rotation

(simultaneously or sequentially determine the time dependences of the angles Ag(t) and Ay(t))
X=aCosAp— Bsin Ap, y =(asin Ap+ SCOSA@p)COSAy —ysin Ay, (27)

z=(asin Ap+ SCOSA@)SIn Ay + y COSAy .
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In the case under consideration, the rotations relative to the z and x axes of the observer's coordinate system become

equivalent and any of them can be taken as external. If we take the external rotation (21), and the internal rotation (25)
at Y, =2, =3, =y, =0, then as a result of the superposition, instead of (27) we get a new system of equations

X=0aCOSA@—(SCoSAy —ySINnAy)sinAg,
y=asinA@+(SCcosAy —ySinAy)CosAe, Z=psinAy +yCosAy .
However, the numerical results of calculations with the coincidence of the corresponding coordinates of the
particles and the angles of rotation of the body relative to both axes will be the same. If one of the rotations is stopped,
for example, take A = 0, both systems will coincide.

The composite motion (27) can be additionally superimposed with the rotation of the body around the y axis,

replacing the Lagrangian coordinates &, in equations (26) with the corresponding expressions for the Eulerian

coordinates xi from equations (27). Get the resulting motion
X = (axCOSA@— Bsin Ap)cos A +[(aSin Ap+ oS A@)Sin Ay +y COSAy]SinASE,
y =(asin Ap+ SCOSAp)COSAy —ySin Ay, (28)
Z=—(aCosAp— FSinA@)SINAS +[(aSin Ap+ SCoSA@)SIN Ay +y COSA]COSASE .
The correctness of the record in all cases of motion of absolutely solid bodies can be checked by fulfilling the
condition of constancy of the volume of particles and the absence of deformation (9). For example, when moving in

accordance with equations (28), the matrix of derivatives (2) takes the form

SiNA@SINAw SINAE +COSA@SINAE  COSA@SIN Ay SINAE —SINA@COSAE  cOSAySin A&
X, = Sin ApCosAy COSA@COSAy —sinAy
Sin A@sin A COSAE —COSA@SINAE  COSA@SINAy COSAE +SINA@SINAE  COSAw COSAE

As in other cases, conditions (9) are met, the lengths of edges and particle volume do not change, and rotation occurs

without deformation of the particles.

4. Superposition of movions as a stage of dynamic analysis of mechanisms
The superposition of plane—parallel motions makes it possible to describe the spatial motion of particles of links
of hinge-lever, cam and other types of mechanisms of any complexity [6, 8], for example, presented in Figures 1 and 2,

for subsequent dynamic analysis.
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Link 1 of the robot, the block diagram of which is shown in Figure 1, is fixed to the rack using a rotational
kinematic pair, which allows the link to rotate relative to the z axis passing through the origin. The particles of the link
change their position in the observer's space in accordance with equations (21), which, taking into account the
accepted coordinate system and the position of the pole P, take the form

X =0aC0SAB, —SiNAB, , y =asin A6, +BcosA0, , Z=Y. (29)

Link 2 rotates relative to the y1 axis, using the drive in a kinematic pair with the point A(aa =0, 0, ya=H), in

accordance with equations (26)

X=0otp+(0t—0ty)COSAB, +(y—7,4)SINAD, y=8,
Z=yp+(y—7a)COSAO, —(0t—0tx)SINAD, . (30)

Links 2 and 3 are connected by a translational kinematic pair at point B(as=L1,0, ys=H), the drive provides
translational movement of link 3 relative to link 2 along the x axis, in accordance with equations (4), for example, due

to rack and pinion transmission

X=0a+(Xg —ag)=0a+u(t), y

B, Z=y. 31)

A=
=]
e
v

Figure 1. Block diagram of a three-link robot with two rotational and one translational kinematic pairs in the initial position

In accordance with rule (15), for the superpositions internal motion of link 2 with the external motion of link 1,

the Lagrange variables in equations (29) should be replaced by the corresponding equations from the system (30)

(X)2 =[op +(0e—02) COSAD + (v —7,4)SINAD, JCOSAB, —BSinAG,,


https://doi.org/10.20944/preprints202101.0225.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2021 d0i:10.20944/preprints202101.0225.v1

(V)2 =[op + (0t —0a) COSAB, +(y—7,4)SiNAB, ]SiNAB, +BCOSAB, , (32)
(2) =Y+ (y—7a)COSAD, —(0t—aL,)SIN AD, .

The subscript after the bracket specifies the number of the link for which they are applicable in the combined
movement.
Using rule (15) again, we obtain the equations of motion for link 3, taking into account the internal motion (31)

and the external one (32)

()3 =[otp + (0 +U—01,)COSAD, +(y—7,)SINAO, ]COSAD, —BSin AD, ,
(V)3 =[op + (e +u—01,)cOSADy +(y—7,4)SINAD, JsiN AO, +BCcos A6, ,
(2)3 =Ya+(7—74)COSAQ, —(a+U—aL,)SINAD, .

The block diagram, initial position and coordinate system for the second mechanism are shown in Fig. 2. The z

axis is aligned with the axis of the vertical rack, along which the link 1 can move due to the drive at point A(0,0,H). At

the point B of the link 1 with the initial coordinates @ =L;, =0, y=H adriveis fixed that provides rotational

movement of the link 2 relative to the vertical axis z: with an angular velocity @, . Links 2 and 3 are connected by a
rotational kinematic pair D(Lp,0,H) with the possibility of rotation, due to an additional drive in this kinematic pair on
link 2, relative to the vertical axis z with an angular velocity 6,, .

Independent motions from the initial state describe the equations:
link 1 with a pole at the origin by analogy with (17):
X=a, y=2, Z=y+W(t), (33)

link 2 with pole B(Ls, 0, H) by analogy with (20):
Xx=Lg+(a—Ly)COSAG, - fSINAG,, y=(a-L,)sinAf,+BcosAl,, z=y, (34)
link 3, with the pole D(Lp, 0, H):
x=Ly+(a—Ly)cosAb,, - BsinAG,,, y=(a—-L,)sinAb6,,+fcosAb,,, z=y. (35)
where A@,, and A0,, are the angles of rotation relative to the zI and z2 axes passing through points B and D

parallel to the z axis.
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Figure 2. Coordinate system for a mechanism with 3 degrees of freedom

Taking the motion of link 1 as external and substituting the right-hand sides of the equations of system (34)
instead of the Lagrangian coordinates of system (33), in accordance with equation (15) we obtain the equations of

combined motion for link 2

(X), =Lg +(a—Lg)cosAG, — BsiNAG,,,
(¥), =(a—Lg)sinAG, + BCOSAD,, (2), =y+w(t). (36)

The combined motion (36) is external to the motion of link 3, so to determine the equations of motion of link 3,
taking into account the motion of links 1 and 2, we replace the Lagrangian coordinates in system (36) with the

corresponding expressions from system (35)

(X); = Lg +[b—L; +(a—Ly)cosAb,, — Bsin AB,,]cos AG,, —[(a — L, )SinAG,, + BCosAB,,]sinAG,,,
(y); =[Ly —Lg +(a—L,)cosAb,, — fSInAL,,]siNAB, +[(c—L,)sSINAB,, + fcosAb,,]cos AL,

(2); =7 +w(t). (37)

As noted above, the correctness of the record in all cases of motion of absolutely solid bodies can be checked by
fulfilling the condition of constancy of the volume of particles and the absence of deformation (9).

The use of equations of the considered type for mechanisms of various complexity makes it possible to find

forces in any cross-sections and kinematic pairs [7] that satisfy the law of conservation of energy at any time on any

part of the mechanism from the energy balance


https://doi.org/10.20944/preprints202101.0225.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2021 d0i:10.20944/preprints202101.0225.v1

W, =W +W,, (38)

whereW: is the power of external forces, Wi and W) are the rates of change in the kinetic and potential energy of the
mechanical system under consideration. The kinetic energy for spatial motions can be determined by the Koenig

formula

E, =0,5mvé +0,5(65, 38 +07, 3¢ +02,38),

where J Ic , 0, are the moments of inertia and angular velocities of rotation of the body relative to the axes specified

in the indices. For given masses and moments of inertia of the bodies included in the system, the equations of motion
(33), (36) and (37) uniquely determine the right side of the balance (38) for the mechanism, the block diagram of which

is shown in Fig. 2. From the condition of equality of coefficients at linear or angular velocities in both parts of equation
(38), we find the force factors Q,, Q,, Q,, M,;,M, included in the left part necessary for performing the operations
provided for by the mechanism. For example, for link 3, equation (38) takes the form

(Qxxt + Qy Yi + szt)D +(M zl)D gzl,t +(M 22)D022,t = mcs[xtxn +YiYe (Ztt + g)zt]C3 +

+Me [XX + Yo Yo + 2 (2 + 9 + (I + 350,60, , + (35 +3:7)0,,,0

z2,1t (39)

The lower indices indicate the point of the block diagram at which the masses mk and moments of inertia J éi ,

as well as velocities and accelerations should be determined, taking into account the corresponding equations of

combined motion, C3 — the center of mass of the link 3. For moments of inertia, the upper index indicates the axis

relative to which the dynamic characteristic of the body should be indicated. The terms (M,),6,, and (M,,),6,,, in
the left part of the balance (39) take into account the power spent on the rotation of the link 3 with angular velocities

6., and @ ,..The moment (M receives energy from the source at point D and does not participate in further
z1t 72t ( zz)D gy p p p

analysis. The power to rotate link 3 with angular velocity &,, comes from the drive at point B and therefore the

moment (M, ), must participate in the energy balance for link 2
(Qxxt + nyt + Qz Zt)B + (M zl)B Hzl,t = mCZ[XtXtt + yt ytt + Zt (Ztt + g)]cz + ‘]ézezl,tezl,tt +

+(QXXI +nyt +szt)D +mD [XttXt + ytt yt + Zt(ztt + g)]D + Zgjéezl,tezl,tt :
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Differentiating the system (37) twice in time and equating the coefficients in both parts of equality (39), for the power

factors included in the left part, we obtain

Qo =Mes(X)es TMe(Xer Qo =Mes(Videa +Me(Vder  (Q)or =Mesl(Z)ea + 91+ Me[(z,)e + 91
(M.)o =—Meal(X)es (Yes = Vo) + (Vides (Xes = Xp) 1+ (3 +3£)0.,,6.,

(MZZ)D = (‘]és + ‘]é)‘gzz,tr - mCS[(XIt)C3(yC3 - yD) + (yn)cs(xcs - XD)]_ mE[(Xtt)E(yE - yD) + (ytt)E (XE - XD)] .

From the energy balance for link 2 we find

Q) =Q)ptMea(X)cor Q)5 =(Q)p+Mes(Vi)eor  (Q)s = (Q)p +Me,l(Z4)c, + 91+ Mo [(24)5 + 91

(le)B = (Jéz + Jé)ezl,n _mCZ(Xtt)CZ(yCZ - yB)_mD (Xtt)D(yD - yB)+mC3(ytt)C2(XCZ _XB) + mD(ytt)D(XD _XB)‘

For link 1, which performs translational movement relative to the z axis, the energy balance includes the rate of

change of potential and kinetic energy from translational motion, as well as the power of forces (Q), from an

external energy source at point A and transmitted to other links of the mechanism at point B

(Qxxt + Qy Y + Qz Zt)A = mCl(XtXtt +YiYe t+ thn)m + mClg(Zt)Cl + (40)

+HQ.x +Q, ¥ +Q,2)s + Mg (XX + Yu Yo + 22y ) + Mp9(Z )5 -
The forces at point A of link 1, taking into account the energy balance (40), are
(Qx)A = (QX)B +My (Xtt)B + mc1(xn)c1f (Qy)A = (Qy)B +Mg (Ytt)B + mCl(ytt)Cl’ (Qz)A = (Qz)B +Mg (Ztt)B + m<31(zn)c1 +(mc1 +mB)g :

Dynamic analysis should start from the links that are most remote from external energy sources, then the force

factors at point B will be calculated beforehand and equation (40) provides the determination of factors (Q,), at point

A from the condition of equality of coefficients with the same velocity components in both parts of the energy balance
for the considered link of the mechanism. The moments (M)4 and (My)a in the support A due to the absence of
angular velocities do not produce power and do not participate in the energy balance, they can be determined from
the generally accepted equations of statics [1-3].

The energy balance of type (38) can be recorded for any part of the mechanism, including the entire structure
from the rack to the working tool at point E. However, in this case, the power of the local drives, as well as the forces

and moments in the kinematic pairs of the mechanism remain unknown.
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Taking into account that the principle of superposition in the space of Lagrange variables provides for the use of
only one common reference system of the observer, such a description eliminates the problems of non-inertial

coordinate systems.

5. Superposition of motions for processes of deformation

The superposition principle is applicable to both absolutely solid and deformable bodies, and in the latter case,
taking into account small displacements, the choice of external and internal movements often (except for cases of
steady-state deformation processes) does not matter. The resulting equations may take different forms, but the

numerical results are almost identical. The characteristics of the deformed state at an arbitrary time interval can be

found in terms of the derivatives X, , = ox,/0a , of the combined motions according to the equations (3)—(8) [5-6].

If the characteristics of the deformed state are known at each stage, the product of the values of the corresponding

invariants can be used for the ratio of volumes

N X, Xy X| |X. X X||& & &
R = WZ =RyRy, =Y, Yo Y \=Ye Yo Ye'\lle T T
0 z, 2, | |z, 7, 7|5, &, ¢,

For other characteristics of the deformed state, the additivity condition can be used. In particular, for linear

stretching with equations of motion
X =aexp(s,), y = Bexp(-ue,), Z=yexp(—e,,) (41)
for the average deformations (19), we obtain for the individual stages &; and &y,
€y =1+&y,(1-2u) 13+ &2, 1+2u°)16; e, =1+&,1-2u) 13+, (1+2u%)16 ,
and for the general time interval
€ =1+e,1—2u)13+5,1+2u°)16.

Since each of these measures is close to 1 in magnitude, when determining their values over two stages, their

increments should be added up
By —1= 60, (1-2p4) I3+ 5,°(1+24°) 1 6 = (e —D)+ (e, —1) ~ (6 +£,)A-21) /3.
With the same accuracy, the additivity condition is applicable for standard deviations (5)

Iy = \/2/3[6‘01(14-/1)+0,5€012(1—,L12)], Iy, = \/2/3[512(1+/l)+0,55122(1—/12)],
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T, =~213[6, 1+ 1) +0,565,° (1— )] # Ty + T, ,
and increments of the energy in the elastic deformation region (6)

(AT?),, =26, (1—2p) +2&5, (L+24%), (AT?),, =26, (1 244) + 263, (L+ 244,
(AT?),, = 2&,,(1—2u) +2&5,(L+2u°).

One can also verify the validity of these statements in the field of elastic deformations by the example of joint

stretching with equations (41) and twisting with equations
X=«a, y=[CoOSAy —ysSinAy, Z=[sinAy +yCosAy, (42)
where Ay =0a/ L, 0 is the angle of twisting of the rod on the length L. As a result of the superposition, we obtain
equations for simultaneous or sequential pressing with torsion of a cylindrical rod
X=aexp(e,), Yy=(BcosAy—ysinAy)exp(-ue,), zZ=(LSINAy +ycosAy)exp(—ue,,)-

Taking into account the peculiarities of the processes under consideration, either Cartesian or cylindrical
coordinate systems can be used. The main relations for calculating kinematic and energy parameters during the
transition from a Cartesian system to a cylindrical one are given in [5-6].

For example, in the region of large plastic deformations for a homogeneous precipitation of a cylindrical sample

(in the absence of friction on the contact surfaces), the equations of motion instead of (41) can be written as [5]

p=p,/h/h, z=1z,n/h,, P=0Q. (43)

For a joint pressing with torsion, instead of (42), it is advisable to use the equations for torsion

P=po, 2=1g, ©=¢y+(0/L)z. (44)
When choosing any of the motions (43) or (44) as external, we obtain the equations of combined pressing with torsion

in the region of plastic deformations

p=poto/h,  z=z2h/hy,  p=0+(0/L)z,.

The volume of the workpiece does not change during deformation

oplop, Oplaz,

R_SV P
o0zlopy 0zl0oz,

= =2 =1
Vo Po

Jo/h o
:,/ho/h‘ %

hih,

As noted above, uniform deformation provides sufficient conditions to meet the equilibrium conditions. In cases of

inhomogeneous deformation, such as bending, additional verification of the energy conservation law is required.


https://doi.org/10.20944/preprints202101.0225.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2021 d0i:10.20944/preprints202101.0225.v1

For the combined bending of a wide strip with its stretching, you can use the equations for bending [5]
x =sin(o./ r)Jr(r +2p), y =cos(a/ r)\/r(r+2p) —r, z=vy,
where 7 is the radius of curvature of the layer with the coordinate B=Y|;_o=0, and for stretching under plane
deformation conditions instead of (41)

X =aexp(e,), y =Bexp(—e,), z=vy.

Taking the extension as an external motion, as a result of the superposition we get

X = exp(e, )\ r(r+2B)sin(a/r), y =exp(—¢,)[cos(a/ r)\r(r+2p) —r], Z=vy.

If is considered a bend how the external motion, then the equations of combined motion will have a different form

x = sin[acexp(e, ) / rIrlr +2Bexp(—g,)],

y =cos[oexp(e,) / rIrlr + 2Bexp(-e, )] -, z=v,
but the numerical results of the calculation for the two variants are almost identical due to the smallness of the ex.
For steady-state processes with deformation, the external movement of the workpiece must be at a known tool
speed. For example, cross-helical rolling can be considered as the superposition of translational motion with a

constant velocity v0 in the direction of the rolling axis z
X=a, y=p, Z=y+Vt,
rotations with angular velocity wo around the z axis
X = acos(mpt) —Bsin(mgt), y = asin(wgt) + B cos(wpt), Z=vy,

and direct deformation in the space between the rolls and in the adjacent volumes (external deformation zones).

Assuming the deformation of homogeneous and using a logarithmic measure
e=In(l/1,),
the process can be described by the simplest equations as in linear stretching in the direction of the z axis
z=yexp(e,), X = oexp(-0,5¢,), y =pBexp(-0,5¢,).
If the distance between the planes of the beginning and end of the deformation is denoted by L, then we can

write €, =&V t/ L, where ex is the deformation of the particles at the exit from the deformation center, v. is the
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workpiece velocity averaged over the length of the deformation center. As a result of the superposition, the equations

of combined motion take the form

X = exp(—goVet / L)[orcos(agt) — Bsin(gt)],

y = exp(—eoVt / L)[asin(mgt) + B cos(agt)], Z =yexp(—eyVet/ L) +Vpt

The Lagrangian coordinates a and 3 correspond to the coordinates of the particles in the plane of the beginning
of the deformation, the coordinate vy is the value of z at t = 0. The deformation occurs without changing the volume of
the particles. In the absence of deformation (ex = 0), the particle velocity in the z-axis direction remains unchanged. The
differentiation of these equations allows us to determine the components of velocity, deformation and other kinematic,
and then the force and energy local and integral characteristics necessary for calculating the energy-force parameters
or optimizing the process.

Only geometric features by the superposition of equations of motion (volume change, aspect ratios of
infinitesimal particles, and other deformation features) are considered above. However, any kind of motion must
meet the requirements of the law of conservation of energy. For absolutely solid bodies, this is usually reduced to
determining the forces at the contact of the links of the mechanism [8]. For processes with deformation, energy

conservation allows us to explain the energy features of free vibrations and resonance [9-10].
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