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ABSTRACT 

 

Sometimes a pavement deflects only because of seasonal volume change of expansive soils in 

the pavement subgrade. Engineering practitioners expect an implementable and straightforward 

analysis method for a geosynthetic-reinforced pavement subjected to the swelling/shrinkage 

issue of expansive clayey subgrade, in an effort to find the bending moment, shear force and 

tension force distributions through the reinforced pavement, which are induced from the 

volumetric changes of subgrade soils. The virtual load method (VLM) was proposed in the past 

following the Timoshenko beam theory to analyze geosynthetic-reinforced pavement on 

expansive soils. In the VLM, the unknown virtual distributed load was obtained in the way by 

applying the inverse theory for the identification of material parameters of the pavement-

foundation system. It was seen that the selection of the number of material parameters to obtain 

virtual load significantly affects the accuracy of the structural properties of the pavement and 

tensile properties of the geosynthetics if the linear least square method is used. In this paper, a 

unique numerical scheme was proposed in the hopes of solving the issue. After a forward 

problem was solved numerically, the Timoshenko beam deflection was taken as a start-up for the 

inverse problem to back analyze the load applied to the pavement. Solutions from 

forward/backward examples have explicitly shown the accuracy achieved related to the bending 

moment in the pavement and tension in the geosynthetic reinforcements. The proposed 

methodology can be applied for an in-depth understanding of the geosynthetic function for the 

mitigation of longitudinal cracks on pavements caused by heave/shrinkage of expansive soils.  

 

INTRODUCTION 

 

In the USA, billions of dollars are spent every year to resolve the swelling related distresses on 

the highways over expansive soils (Al-Qadi et al. 2009). It is typically not feasible to avoid these 

soils because of the widespread distribution everywhere all over the USA (Snethen 1979). 

Usually, these soils show volumetric change because of the presence of swelling mineral, e.g., 

montmorillonite that swells or shrinks with the fluctuation of moisture content (Chen 2012). The 

highways constructed over these expansive soils are subjected to differential movement with 

seasonal wetting and drying. They can cause heave or shrinkage, which results in the 

development of cracks that are found prevalently on the surface of the pavements (Nelson et al. 

2015). A few mitigation approaches, including chemical stabilization, compaction, moisture 

barriers, and pre-wetting, were developed over time to overcome this issue (Khan et al. 2018; 

Lytton et al. 2005; Sarker et al. 2021; Sebesta 2002). However, these methods sometimes miss 

the mark because of the unpredictability of the issue and the excessive expense of 
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implementation. Traditional chemical stabilization is financially reasonable up to a certain depth, 

while Ca-based stabilizers can lead to the formation of swelling minerals like ettringite within 

sight of sulfates (Chittoori et al. 2017; Puppala et al. 2018). As a solution to fix this segment of 

the highway, the authors proposed an adaptable mechanical system using geosynthetics that can 

moderate the uplift pressures from the expansive soils subgrade and protect the pavement 

surface. 

Pavement structure is good in compression but weak in tension. Engineers added 

geosynthetics in layer to supplement this limitation of pavement. Significant research has been 

led to comprehend the effect of traffic loads on the performance of highways by incorporating 

geosynthetic within pavement layers (Perkins et al. 2005; Zornberg et al. 2017). However, 

performance measurement is not available to describe the effect of environmental loads (i.e., 

those resulting from subgrade volumetric changes) on highway performance. Many researchers 

have used characteristic models to simulate the behavior of reinforced pavement (Ghosh et al. 

2017; Maheshwari et al. 2004; Shukla and Chandra 1994; Zhan and Yin 2001; Zhou et al. 2014). 

However, all these studies concentrated on a common forward problem. The analysis was 

performed at given external loads on the pavement, considered a reinforced Timoshenko beam, 

whose subgrade volume does not change significantly with variation in its moisture content. The 

Timoshenko beam theory cannot directly be applied for the case where deformation of 

geosynthetic-reinforced pavement is caused by the volume change of the subgrade, rather than a 

traffic load on the pavement.  

Inverse problems in mechanics are formulated as a least-square output error minimization 

problem. In this research, viable strategies for both the forward and the inverse problems were 

described and numerically tested. The forward problem was formulated and solved by 

appropriate use of the boundary conditions combined with specialized algorithms. Effective 

implementation and parametrization of the structural analysis problem is a key issue for the 

development and testing of different techniques for the solution of the inverse problem 

(Stavroulakis 2013). Effective and automatic modeling and solution of geosynthetic-reinforced 

pavement on expansive soils for static loadings using boundary conditions were made for one-

dimensional elastic structures with nonlinear interaction effects. To understand the performance 

of geosynthetic reinforcements in the pavement on expansive soils, after a forward problem was 

solved numerically for static loadings, the beam deflection was taken as a start-up for the inverse 

problem to back analyze the virtual load applied to the pavement. The virtual load, which is to be 

determined using inverse theory, is expressed as a Fourier series and is the function of the model 

parameter vector essentially regarded as an array of material parameters of the geosynthetic-

reinforced pavement system. Once the model parameter vector is obtained, bending moments 

and shear forces in the pavement and tension in the geosynthetic layer can be calculated from the 

standard forward problem.   

In this study, extensive computer implementation and parametric investigation of a 

numerical technique for the solution of the nonlinear least-squares problems which emerge 

during the investigation of the inverse (here the geosynthetic-reinforced pavement on expansive 

soils) problems have been performed. The optimization routines are either home-made programs 

or are taken from matrix analysis software packages (e.g., MATLAB). Numerical results 

demonstrate the performance of the applied strategies.          
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RESEARCH METHODOLOGY 

 

In the analytical model, the pavement geometry was considered as symmetric to the centerline, 

as appeared in Figure 1. The geosynthetic-reinforced pavement was simulated as a reinforced 

Timoshenko beam on an elastic foundation. Timoshenko beam theory is referred to as the first-

order shear deformation theory, which assumes that the transverse shear strain is consistent 

through the beam thickness. In this study, the Pasternak foundation model was adopted to 

simulate the subgrade soil because it considers the shear resistance of the reinforced pavement 

(Fwa et al. 1996). By adopting the Timoshenko beam theory to simulate pavement and the 

Pasternak model to simulate the foundation soil, we will be able to consider the effect of 

geosynthetic reinforcement. Finally, the inverse analysis will allow us to understand the 

mechanism of the initiation and propagation of the pavement cracks caused by heave or 

shrinkage of expansive soils subgrade.  

  
(a) (b) 

Figure 1. (a) Schematic diagram of 1-D loaded beam supported on elastic foundation, (b) 

Relations among loading, shear force, bending moment and tension (Sarker et al. 2019). 

 

Analytical solution. Figure 1(a) shows the reinforcement in a Timoshenko beam resting on an 

elastic foundation. Two independent variables are settlement w and rotation angle Φ. Let us 

consider a finite beam with a beam length of L, bending stiffness D, and shear stiffness C. The 

relationship between moment M and the rate of rotation angle change can be expressed as 

(Timoshenko 1921). 

𝑀 = −𝐷
𝑑𝛷

𝑑𝑥
 (1) 

Where Φ = rotation angle, and D is the bending stiffness. The relationship between shear force Q 

and shear deformation can be expressed as (Timoshenko 1921)  

𝑄 = 𝐶 (
𝑑𝑤

𝑑𝑥
− 𝛷) (2) 

Here, C is the shear stiffness of the geosynthetic-reinforced beam.  

The vertical force equilibrium of the beam element in Figure 1(b) leads to  

𝑑𝑄

𝑑𝑥
= 𝑘𝑠𝑤 − 𝑞 (3) 

Where ks is the spring constant in kN/m3, and q is the arbitrary pressure on the beam and may be 

a function of x. From the moment equilibrium of the beam element, we get 
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𝑑𝑀

𝑑𝑥
= 𝑄 (4) 

We take pressure q as the self-weight, any type of external load, or the virtual load that produces 

equivalent deflection as the heave or shrinkage-induced vertical deformations on the pavement, 

acting across the length of the beam. Load q can be expressed as a function of x, that is  

𝑞 = 𝑓(𝑥) for 0 < x < L (5) 

Where f(x) can be expressed as a Fourier cosine series.  

𝑞 = ∑ 𝐴𝑛 cos (
𝑛𝜋𝑥

𝐿
)

∞

𝑛=0

 (6) 

Using (1), (2), (3), (4), and (6), the governing differential equation for a reinforced Timoshenko 

beam on an elastic foundation can be expressed as (Wang et al. 2018; Yin 2000) 

𝐷
𝑑4𝑤

𝑑𝑥4
−

𝑘𝑠𝐷

𝐶

𝑑2𝑤

𝑑𝑥2
+ 𝑘𝑠𝑤 = ∑ 𝐴𝑛 [1 +

𝑛𝜋

𝐿

𝐷

𝐶
] cos

𝑛𝜋𝑥

𝐿

∞

𝑛=0

 (7) 

The shear stiffness C can be expressed as (Cowper 1966) 

𝐶 = 𝑘𝐺𝑒𝐴 (8) 

Where Ge is the equivalent shear modulus of the reinforced beam, here, k is a reduction 

faction that depends on Poisson’s ratio of the beam. Cross-sectional area A for a unit width can 

be written as 𝐴 = 1 × ℎ. The reinforcement sheet, such as geotextile in the pavement, is not 

considered for shear force but usually is considered to take tension only. When reinforcement is 

considered taking shear force, the shear modulus Ge for shear stiffness can be expressed as 

𝐺𝑒 = 𝑓(𝐺) + 𝑓(𝐺𝑔)
𝐴𝑔

𝐴
 (9) 

Where G, Gg, and Ag are the shear modulus of the beam, shear modulus of the reinforcement, and 

cross-sectional area of the reinforcement, respectively. Yin showed that reinforcement tensile 

force T could be expressed as (Yin 2000) 

𝑇 = −𝐸𝑔(𝑦𝑔 − 𝑦𝑐)
𝑑𝛷

𝑑𝑥
 (10) 

Here, Eg, yg, and yc are Young’s modulus of the reinforcement, location of reinforcement, and 

location of the neutral line.  

Eq. 7 is the fourth-order nonhomogeneous linear differential equation. By solving Eq. 7, 

we can get the beam deflection w in terms of Fourier constant An. The solution of the differential 

equation is the summation of a homogeneous solution of the beam for any type of loading, e.g., a 

distributed load and a particular solution, which is the function of that load type. After obtaining 

the general solution for beam deflection w, we can obtain the equation for rotation Φ using Eqs. 

(1), (2), and (3), (4). Then, the equation of rate of rotation can be obtained to get the equation of 

bending moment and shear force using Eqs. 1 and 4, respectively.  

Applying boundary conditions 𝑀|𝑥=0 = 0, 𝑄|𝑥=0 = 0, 𝑀|𝑥=𝐿 = 0, and 𝑄|𝑥=𝐿 = 0 to the 

equations of bending moment, and shear force, they can be written in the matrix form [𝑀]{𝑐} =
[𝑅]. Where, {𝑐} = [𝐶1 𝐶2 𝐶3 𝐶4]

′, represents the four integral constants to be determined from 

the stated boundary conditions. Matrix M is a function of basic parameters such as α, β, L, ks, D, 

I, and C, while R is a function of parameters for load q (e.g., [a1 a2 … an]). Here, α and β are the 

characteristics of the system, and I is the moment of inertia of the beam. Following the similar 

mathematical manipulation done by Khan and Wang (2017), the general solution for deflection w 
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can be reduced into a set of a linear combination of equations. Eq. 11 shows the final matrix 

solution of the beam deflection. Here, matrix element Hn is a function of basic parameters such 

as α, β, L, ks, D, I, and C.  

[𝑤(𝑥)] = [
1

𝑘𝑠
 𝐻1 𝐻2 …𝐻𝑛]

[
 
 
 
 
𝐴0

𝑎1

𝑎2

⋮
𝑎𝑛]

 
 
 
 

 (11) 

A set of heave or shrinkage-induced vertical displacements caused by expansive soil 

subgrade indicated by wP can be predicted based on the unsaturated soil mechanics or directly 

measured in the field. It is regarded as the observed output for the inverse problem. The 

calculated pavement (here, beam) deflection can be taken as wB. The observation data can be 

related to the model estimated values at the predetermined points can be expressed by the 

following relationship 

𝑤𝑃 = 𝑤𝐵( 𝛸 | 𝜁 ) + 𝜀 (12) 

Where Χ represents the known input matrix. 

𝛸 = (𝜒𝑖𝑗) ∈ ℝ𝑚 ×(𝑛+1) (13) 

Here, matrix element χ is dependent on parameters such as α, β, L, ks, D, I, and C. 

Model parameter vector, 𝜁 =

[
 
 
 
 
𝐴0

𝑎1

𝑎2

⋮
𝑎𝑛]

 
 
 
 

 

And, ε is the error vector.  

Here, the linear least square method is used, and the algebraic solution of the ordinary equation 

can be written as (Khan et al. 2020; Sarker et al. 2019) 

𝜁 = (𝜒𝑇𝜒)−1𝜒𝑇𝑤𝑃 (14) 

Once ζ is found, using Eq. 11, we can calculate the beam deflection produced by the 

virtual load along the cross-section of the pavement. Then, ζ can be used to obtain all the Fourier 

constants, and by employing Fourier constants in Eq. 6, we can obtain the virtual load imposed 

on the pavement caused by deflection wP. After that, using matrix {𝑐} = [𝑀]−1[𝑅] , all the 

integral constants can be obtained. Finally, all the parameters will be identified; thus, rotation, 

moment, and shear force of the pavement and tensile force of the geosynthetic at any cross-

section of the beam can be obtained. It was found that the selection of the number of the Fourier 

terms for the virtual load significantly affects the convergence of the bending moment on the 

pavement and tension imposed on geosynthetics when the linear least square method is used. The 

authors propose the following relationship to overcome the convergence issue. 

𝑚 =
𝐿

∆𝑥
≈ 𝑛 + 1 (15) 

 

PARAMETRIC STUDY 

 

In this study, the geosynthetic-reinforced pavement is investigated. It is simplified as a 

reinforced Timoshenko beam on an elastic foundation. Parametric studies were performed by 

selecting a group of parameters, as given in Table 1, obtained from previous literature. These 
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parametric studies will allow engineering practitioners to select different parameters of the 

pavement-foundation system for evaluation, define the parameter range, specify the design 

constraints, and analyze the results of each parameter variation.  

 

This study highlights the selection of the number of Fourier terms for the virtual load, which is 

regarded as an array of material parameters of the geosynthetic-reinforced pavement system. 

Additionally, the effect of shear stiffness of geosynthetic reinforcements is discussed to evaluate 

the performance of different types of geosynthetics. Distributions of bending moment and shear 

force through the reinforced pavement due to variation in geosynthetic shear stiffness are also 

presented. The structural properties, as defined in Table 1, were obtained from literature to 

compare the deflection calculated in this study. The Young’s modulus E is taken to be 50,000 

kPa. Researchers have investigated the applicability and reliability of spring constant ks, which is 

known as modulus of subgrade reaction and can be determined using simplified empirical 

equations (Selvadurai 2013; Terzaghi 1955).  

 

Table 1. Dimensions and properties of the pavement-foundation system. 

Properties Value Properties Value 

Length of the pavement, L (m) 3 Bending stiffness, D (kN-m) 2,216.2 

Thickness of the pavement, h 

(m) 
0.64 

Shear stiffness, C (kN/m) 

(Full Gg) 
26,797.4 

Load, q0 (kPa) 1,000 
Shear stiffness, C (kN/m) 

(Zero Gg) 
10,457.5 

Modulus of subgrade reaction, 

kx (kN/m3) 
21,978 

Location of the geosynthetic, 

yg (m) 
0.24 

Table source: Yin (2000). 

 

As a validation for the inverse method, the external loads from the forward method and 

the virtual load computed from the inverse method were plotted and compared. Figure 2 shows 

the deflection of the geosynthetic-reinforced pavement caused by a predetermined load applied 

on the pavement and the deflection caused by the virtual load. In the forward analysis, the 

deflection was caused by external load and plotted as “Wb_FDM”. On the other hand, in the 

inverse analysis, the deflection was caused by the virtual load when deflection data obtained 

from the forward analysis was taken as input and plotted as “Wb_LLS”. The maximum 

deflection caused by external load was obtained by 3.73 mm while taking this deflection data as 

input in the inverse model produces a virtual load that causes maximum deflection of 3.50 mm. 

The percent error between “Wb_FDM” and “Wb_LLS” was 6.2%. However, percent error could 

be reduced by increasing the number of Fourier terms as the first five terms of Fourier constants 

were considered in this case for inverse analysis. 

Loading, Shear force, and bending moment distribution along the geosynthetic-reinforced 

pavement cross-section resulted from forward and inverse analysis methods that were plotted in 

Figures—3, 4, and 5, respectively. It can be observed from Figure 3 that the computed virtual 

load gets closer to the external load when the number of Fourier terms is increased. In Figures 4 

and 5, “FDM” represent the results obtained from the forward analysis or due to applied external 

load on the pavement. In comparison, “LLS” represent the results obtained from the inverse 
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analysis or due to virtual load. Shear forces and bending moments were calculated for different 

Fourier terms such as 4, 8, 15, and 100. It can be observed from Figure 5 that the number of 

Fourier terms for the virtual load significantly affects the convergence of the bending moments at 

the beam (here, pavement) boundary when the linear least square method (LLS) is used. Using 

Δx = 0.03 in Eq. 15, it can be observed from Figure 5 that, for 100 Fourier terms the bending 

moment distribution converges well. 

 

 
Figure 2. Deflection along the cross-section of the reinforced pavement.  

 

 
Figure 3. Load distribution along the cross-section of the reinforced pavement.  
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Figure 4. Shear force distribution along the cross-section of the reinforced pavement. 

  
Figure 5. Moment distribution along the cross-section of the reinforced pavement.  

 

The effects of geosynthetic shear stiffness Gg were investigated in this parametric study 

research, and different outcomes were plotted in Figure 6. Typically, geotextiles are not 

considered to take shear force but tension only. The geosynthetic shear stiffness Gg was assumed 

to be zero for this case and plotted as “Zero Gg” (see Figure 6). Then again, geogrid sheets may 

be considered to take shear force in addition to tensile force. So, for the geogrid case, their shear 

stiffness was fully considered and plotted as “Full Gg” in Figure 6 as well.  
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Figure 6. (a) Deflections, (b)Virtual load, (c) Rotation, (d) Shear force, and (e) Bending 

moment distribution in the pavement, and (f) Tension in the geosynthetic reinforcements.  

 

As indicated above, in the inverse method, performance analyses of a geosynthetic-

reinforced pavement on expansive soils requires the input of deformation of the subgrade in the 

formulations. Researchers investigated field moisture content and soil suction potentials of 

expansive subgrades and identified the potentials at which soil and pavement cracking occur 

(Ahmed et al. 2018; Fernandes et al. 2015; Puppala et al. 2012; Sarker and Wang 2021; Zornberg 

et al. 2010). Numerous methods have been proposed to calculate heave or shrinkage of the 

expansive soils from moisture content variations. The virtual distributed load causes 

geosynthetic-reinforced pavement deflection equivalent to heave or shrinkage-induced 

deformations of the subgrade. As an example of the geosynthetic-reinforced pavement on elastic 

foundation model, a forward problem was solved numerically for an external load of 1000 kPa. 

To demonstrate the performance evaluation of geosynthetic reinforcements in pavement on 

expansive soils, the Timoshenko beam deflection was taken as input for the inverse problem to 
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back-calculate the load applied to the pavement. Virtual loads, rotations, shear forces and 

bending moment on the cross-sections, and tensile forces through the geosynthetic reinforcement 

along the pavement width direction are plotted in Figure 6. The critical values of shear force and 

bending moment on pavement and tension forces through the geosynthetics can be obtained from 

Figure 6.  

 Results with the condition of Zero Gg are for the geotextile condition, and Full Gg is for 

the geogrid condition. From Figure 6(a), it can be observed that the calculated Timoshenko beam 

deflections from the virtual loads agreed well with the results obtained from the forward 

analysis. Figure 6(b) shows the increase in virtual load is about 48% for the geogrid-reinforced 

pavement section compared to the geotextile-reinforced section. It is interesting to indicate that 

geogrid-reinforced pavement could take a much greater load than geotextile-reinforced pavement 

under the same deflection condition caused by the heave/shrinkage of expansive subgrade soils.   

It is found that, for the geogrid-reinforced pavement, the maximum shear force was 52% higher 

than that for the geotextile-reinforced pavement, the maximum bending moment 36% higher, and 

the maximum tension force 37% higher. It can be presumed that the geosynthetic-reinforced 

pavement deflection initiated from subgrade (e.g. volume change of expansive soils) may resist 

more shear force or bending moment when the geosynthetic shear stiffness is considered. The 

tension without considering geosynthetic shear stiffness is smaller than the case where 

geosynthetic shear stiffness is considered.  

 

CONCLUSION 

 

In this research, an inverse-based analytical model was proposed to evaluate the structural 

performance of geosynthetic reinforcements in the pavement on expansive soils following the 

Timoshenko beam theory by incorporating the volume change of subgrade in formulations. A 

practical, robust, and rapid method for the solution of inverse problems associated with 

geosynthetic-reinforced pavement on expansive soils was being developed. Numerical results 

have shown the efficiency of the proposed model to overcome the convergence problem related 

to bending moment on the pavement and tension on geosynthetic reinforcements. The effects of 

geogrid and geotextile reinforcement on the performance of pavement on expansive soils were 

investigated. The study suggests the superior performance of geogrid over geotextile to moderate 

the uplift pressure from the expansive soils subgrade for protecting the pavement surface. 

Nevertheless, the method does appear promising and, given data of sufficient precision, will 

allow for substantial new developments in the geosynthetic industry. This study will allow the 

geotechnical and pavement engineers to design the geosynthetic-reinforced pavement on 

expansive soils by integrating volume change-induced deformations of the subgrade in the 

model.  
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