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Abstract: In this paper, the definition of information entropy of Smoluchowski coagulation equa-
tion for Brownian motion is introduced based on coagulation probability. The expression of en-
tropy is the function of geometric average particle volume and standard deviation with lognormal
distribution assumption. The asymptotic solution with moment method shows that the entropy is a
monotone increasing function of time, which is equivalence to the entropy based on particle size
distribution. the result reveals that the present definition of entropy of Smoluchowski coagulation
equation are inadequate because the particle average volume at equilibrium cannot be determined
from the principle of maximum entropy. This provides a basis for further exploring the global
properties of Smoluchowski coagulation equation.
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1. Introduction

Brownian motion refers to the continuous random movement or diffusion of particle
suspended in a fluid. Brownian aggregation occurs as result of their random motion
when particle collide and stick together. Coagulation is regarded as special case of ag-
gregation where there is instantaneous coalescence of particle after collision.

The coagulation kinetics of particles determines the aggregate size distribution. It is
fundamental interest in colloid science, with important implications for engineering
problems such as the control of water and air pollution. The theoretical treatment of co-
agulation is described as the Smoluchowski equation as [1]:

[ A= IR ), - [} A% VR, M

In which n is the number of particles per unit spatial volume with particle volume v
at time t, and f is the collision frequency function which depended on the particle sizes,
particle densities, and transport mechanisms in the system. An expression for collision
frequency function in the free molecular regime was derived in the gas kinetic approach
assuming rigid elastic spheres as
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Where B1 = (3/4m)6(6ksT/0p), ksis the Boltzmann constant, T is the temperature, and op is
the particle density.

The expression for the collision frequency in the continuum regime was obtained by
solving the diffusion equation for particles around one particle that is assumed to be
fixed using the relative diffusion coefficient as
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Where B2=2ksT/3p, and u is viscosity of fluid.

Generally, the Smoluchowski coagulation equation with such physically realistic
kernel are not solvable due to its nonlinear integro-differential structure. Usually, it can
be solved numerically either by deterministic bin methods and moment-based method or
stochastic Monte Carlo method. Because of the relative simplicity of implementation and
low computational costs, the moment method has become a powerful tool for investi-
gating aerosol microphysical processes for many applications.

The k-th order particle moment is defined as

M, = ["v'n(v)dv 4)

Especially, Mo, M1, M2 represent the total particle number concentration, the total particle
volume fraction, and the dispersity of particle size distribution, respectively. In a spa-
tially homogeneous system, the particle moments evolve in time can be expressed as

d
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The minimum set of moments required to close the particle moment equations is the
first three. Ten year ago, Yu and Lin [2] proposed Taylor-series expansion method of
moment (TEMOM) to approximate Smoluchowski equation. This approach makes no
prior assumption on the shape of particle size distribution; the derivation is completely
based Taylor series expansion; and the form of TEMOM is relatively simple to be solved
asymptotically and analytically [3,4]. Therefore, TEMOM not only has advantages in the
speed and accuracy of computation, it also provides a new way to analyze the charac-
teristic of Smoluchowski equation theoretically.

2. The TEMOM model for Brownian coagulation

In mathematics, a Taylor series is a representation of a function as an infinite sum of
terms that are calculated from the values of the function’s derivatives at an expansion
point (in TEMOM, the expansion point is the mean particle volume u=M1/Mo). In the
derivation of TEMOM model, Taylor series approximations are introduced twice, one is
the approximation of nonlinear collision frequency function [5], i.e.,

0B (u,u) oB(u,u)
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The other is the approximation of higher and fractional order moment as

M, k(k-D(M. -1)

Mk = Mot—l [14— 2 < (7)
where the dimensionless particle moment is defined as

MM
M. = —I\jllz 2 (8)

In the free molecular regime, the TEMOM model is
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In the continuum regime, the corresponding model is
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It should be point out that M1 remains constant due to the mass conservation.

2. The information entropy of Smoluchowski coagulation equation

Following Gmachowski [6], the coagulation probability based on collision frequency
is expressed as

ﬂn()()

_[ J' An(v, dv dv, (1)
And the normalized particle size distribution is noted as
nwv) _n(v)
f(v)= = (12)
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Therefore, the corresponding Shannon information entropy is
S m—jij pin pdvdv2
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For simplicity, the symbols for the integrations are introduced as

1= [V f (v)In f (v)av (14)

And the following approximation of nonlinear kernel function is performed
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In the free molecule regime, the denominator in the coagulation probability can be
expressed as

1/6

M
_[ _‘- ﬂn dV dv, = _Mlllﬁ |\/|02 (16)

0

where C1is noted as
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Then the entropy can be calculated as
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Analogously, the denominator in the coagulation probability in the continuum re-
gime can be calculated as

(18)
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where C2 is noted as

2B, .
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And the corresponding entropy become
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3. The asymptotic solution of entropy

21

The lognormal function is considered as a good approximation of the particle size
distribution, which takes in the following form
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There are some relationships between the parameters (the geometric average parti-
cle volume v and standard deviation o) and the first three particle moments

Vg = 3?12 = (23)
M M,"2 M
and
Inzo—zélnMC (24)

With the lognormal distribution assumption, the integration for Ik can be calculated as
I :{In(JZﬂIn Mc )+Inﬁ+ﬂ
C
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2
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It can be found that the integration Ir is only the function of geometry average
volume and variance (or mean particle volume and dimensionless particle moment)

In the free molecule regime, the asymptotic solution of dimensionless particle mo-
ment is constant as Mc=2.2001, and the mean particle volume evolves with time as

U= 3_1918816/5 Mle/ste/s (26)

In the continuum regime, the asymptotic solution of dimensionless particle moment
is constant as Mc=2, and the mean particle volume evolves with time as

169
u= a BZMlt (27)

Therefore, the entropy is only the function of mean particle volume

Soclnu (28)

And it is a strictly monotone increasing function of time.
Analogously, the growth rate for I« are approximated as

dl, _1du
dt udt’
d(1,)_dl,
dt[uj dt (29)

a(l, ) _d
dt{ u? dt

Then the growth rate of entropy can be simplified as

65 _1du_12 0
dt udt t

In the free molecular regime, and
dS 1ldu 1
2.z 31
d udt t S

In the continuum regime, respectively.

For the convenience of analysis, the collision frequency function can be replaced by a
constant, i.e., f=C. In fact, the constant collision kernel is a good approximation of colli-
sion frequency function for Brownian coagulation [7], then the coagulation probability
become
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And the entropy becomes
Soc—[ [ pn pdv,dv, ==2[ " f In fav = -2I, (33)

which shows that the entropy based on coagulation probability and collision fre-
quency is equivalent to that based on particle size distribution. This relationship will
greatly simplify the calculation of entropy of Smoluchowski coagulation equation.

The maximum entropy is determined imposing the condition

oS 1 1 2z 11

= — ————:0
oM. 22zInM, M. 2 My (33)

Which gives
M. =e (34)

And the corresponding standard deviation is o = 1.3956. The value is very closed to
the asymptotic and analytical solution of Smoluchowski coagulation equation with Tay-
lor series expansion method of moment [3,4] and log skew normal distribution [8]. But
the mean particle volume cannot be obtained from the principle of maximum entropy. As
a distribution at equilibrium, the mean particle volume is an important parameter, which
will be determined by the thermodynamics constraint [9]. The result reveals that the
present definition of entropy is inadequate.

4. Results

In this paper, the information entropy of Smoluchowski coagulation equation for
Brownian motion is introduced based on coagulation probability and collision frequency.
The asymptotic solutions of entropy together with its growth rate are obtained based on
Taylor series expansion method of moment and lognormal distribution assumption.
According to the analysis, the definition of entropy based on coagulation probability is
equivalent to that based on particle size distribution.

The maximum entropy principle was formulated as a variational principle for de-
termining the probability distribution under constraints. Taking into account that the
lognormal distribution was sometimes used as an approximation to the self-preserving
size distribution. And self-preserving size distribution may be thought as an equilibrium
distribution. The results show that entropy is a strictly monotone increasing function of
time. There is no local extremum in the coagulation processes. Therefore, the geometric
average volume of equilibrium distribution cannot be determined with maximum en-
tropy principle, and the definition of entropy based on coagulation probability together
with that based on particle size distribution are inadequate. In order to determine the
mean volume of self-preserving size distribution, it is necessary to explore other defini-
tions of entropy of Smoluchowski equation.

5. Conclusions

This section is not mandatory but can be added to the manuscript if the discussion is
unusually long or complex.
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Appendix A

The nonlinear collision frequency function in the free molecular regime is approxi-
mated as

B _M2 s 1 N2 1 42
El \/a 3\/—u1/3(v _u) 3J—u1/3( —U)

(A)
5 2 » 25 2 5 2 2
+QW(V1—U) —gm(vru)(V —u)+ 24\/—u4,3( » =)
And the nonlinear integration kernel is approximated as
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Similarly, the nonlinear collision frequency function in the continuum regime can
be approximated as

1 2 1
_=4+W(vl_u)2—W(vl—u)(vz—u)ﬁLW(VZ—U)2 (A3)

And the corresponding nonlinear integration kernel is approximated as

Pl _gin2+ L (1+2In2)(v,—u)’
; B2 9u?
5 1 (A4)
—7(1+ 2In2)(v, —u)(v, —u)+W(1+ 2In2)(v, —u)’
The integration both in free molecule and continuum regime can be written as
[ ], An(v)n(v,)dvdv, = f (Mg, Mg, Mg)M,* (A5)

Then entropy can be expressed as
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_” )n(Vz) Bn(v. ) (2) .,

jjﬂ ) dvidv, Ijﬁn (v, ) dv,dv,
I (Mg, Mg, M,)
1 .
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1 0 0
_mjo Io 'B[g(v Ing ]g V2 dVdV2
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Substituting the approximation of nonlinear collision frequency function () and
integration kernel (BInpg) in to the formula, then the equation (18) and (21) can be ob-
tained.
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