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Abstract: A fully analytical treatment of the base-pair and codon dynamics in double-stranded DNA1

molecules is introduced, by means of a realistic treatment which considers different mass values2

for G, A, T, and C nucleotides and takes into account the intrinsic three-dimensional, helicoidal3

geometry of DNA in terms of a Hamitonian in cylindrical coordinates. Within the framework of the4

Peyrard-Dauxois-Bishop model we consider the coupling between stretching and stacking radial5

oscillations as well as the twisting motion of each base pair around the helix axis. By comparing6

the linearized dynamical equations for the angular and radial variables when going from the bp7

local scale to the longer triplet codon scale, we report an underlying hierarchical symmetry. The8

existence of synchronized collective oscillations of the base-pairs and their related codon triplet9

units are disclosed from the study of their coupled dynamical equations. The possible biological10

role of these correlated, long-range oscillation effects in double standed DNA molecules containing11

mirror-symmetric codons of the form XXX, XX’X, X’XX’, YXY, and XYX is discussed in terms of the12

dynamical equations solutions and their related dispersion relations.13

Keywords: double-stranded DNA; DNA dynamical models; correlated oscillations in14

macromolecules; epigenetic changes15

1. Introduction16

The specific role of certain physical properties on the possible biological function of17

macromolecules of biological interest still remains as a fundamental open question spurring ongoing18

research in theoretical biophysics. For instance, the study of charge migration through DNA strands19

of different length has opened new avenues to understand damage recognition processes or protein20

binding mechanisms at work in nucleic acids, naturally leading to the design of nanoscale devices21

aimed at sensing genomic mutations within the emerging field of nanobiotechnology [1–3]. In22

physiological conditions DNA double helix exhibits a full-fledged three-dimensional (3D) geometry,23

so that every two consecutive Watson-Crick base pairs (bps) stand nearly parallel to each other and24

they are twisted by a certain angle around the helix axis (θ0 ' 36º in equilibrium conditions). Now,25

full-atomistic modular dynamics simulations indicate that double-stranded DNA (dsDNA) undergoes26

large-scale global oscillatory motions dominated by rise and twist oscillations of the bps planes as a27

whole, which dominate the range of molecular conformations generated by thermal agitation. Since,28

by all indications, charge transfer between consecutive bps proceeds through the π - π aromatic orbital29

overlap among the stacked bps, one reasonably expects that structural fluctuations modifying their30

mutual overlapping as a function of time will strongly affect charge carriers’ transport through dsDNA31

molecules at physiological temperatures [4–8]. In this scenario, the relative orientation of neighboring32

bases is ever changing, and the motion of consecutive bps can either occur in a synchronized manner33

or incoherently.34
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In this work we will focus on coherent dynamics arising from the coupling between the radial35

oscillations of complementary bases within Watson-Crick bps and the twisting motion of each bp36

as a whole around the helical axis. In this way, attending to the local symmetry of the structural37

unit cell formed by three consecutive bps (the so-called codon in genomics), we disclose a number of38

remarkable symmetries of the dynamical motion equations, naturally leading to the emergence of39

synchronized helical waves and orchestrated collective, long-range oscillation modes propagating40

through the dsDNA molecule. This correlated motion is very important in certain biological processes,41

such as denaturation and transcription [9], and it is most relevant to any biological process which relies42

on shape recognition. To this end, we will exploit the Peyrard-Dauxois-Bishop (PDB) model [10,11],43

which explicitly takes into account the stacking interaction, mediated by the orbital overlapping44

between adjacent bps and hydrogen bond distortions along the helix [12,13].45

The paper is organized as follows. In Section 2 we introduce the model Hamiltonian describing46

the lattice dynamics, which is expressed in cylindrical coordinates in order to explicitly take into47

account the 3D geometry of the double helix DNA molecule. Then, in Section 3 we derive the48

dynamical equations of motion corresponding to the angular and radial variables for both single bps49

and triplets containing three consecutive bps each (codon units) in polyX-polyX’, polyXX’-polyX’X,50

and polyXYX-polyX’Y’X’ dsDNA polymers, where X’ stands for the complementary Watson-Crick51

base of the base X. By comparing the mathematical structure of bp and codon motion equations we52

realize that they become identical to each other upon a suitable variable change in certain particular53

cases, involving dsDNA chains composed of mirror-symmetric codons of the form XXX, XX’X, X’XX’,54

YXY, and XYX. In doing so, we disclose a number of characteristic frequencies, related to the presence55

of collective oscillations corresponding to both synchronized helical waves, for which the intertwined56

angular and radial variables share the same frequency value, and orchestrated long-range waves given57

by a superposition of two harmonic oscillations with different frequencies for twist and radial motions.58

The helical waves’ dispersion relations for the acoustic and optical branches are analytically derived in59

Section 4, and the obtained results are compared to some available experimental results. In Section 560

we solve the codon dynamical equations, reporting on the presence of certain resonance conditions61

closely related to the nucleotides’ mass values distribution. In the light of these results, the role of62

possible epigenetic changes in the resulting dynamical behavior of dsDNA molecules is discussed.63

Finally, the main conclusions of this work are summarized in Section 6.64

2. Dynamical DNA Model Hamiltonian65

When describing the phonon dynamics in DNA one can disregard the inner degrees of freedom66

of the nucleotides, since we can separate the fast vibrational motions of atoms about their equilibrium67

positions from the slower motions of molecular groups. Thus, in the lattice model shown in Figure68

1 each nucleotide (base + sugar + phosphate) is regarded as a point mass, helically arranged and69

mutually connected by means of elastic springs describing the sugar-phosphate backbone along a70

given strand, and the interstrand H-bonding between complementary bases [14–16]. We explicitly take71

into consideration the mass difference among the four nucleotides, namely, mG = 347.05, mA = 331.06,72

mT = 322.05, mC = 307.05 amu, where the subscripts stand for guanine (G), adenine (A), thymine73

(T), and cytosine (C). By inspecting these values we realize that the mass of each bp as a whole is74

essentially the same, i. e., M ≡ mG + mC ∼= mA + mT ∼= 653.5± 0.5 amu. Analogously, the bps’75

reduced mass, µn ≡ mnm′n/M, take on very similar values as well (see Table 1). Adopting the reference76

frame indicated in Figure 1 the position of the nth nucleobase on the right strand can be expressed77

as xn = rn cos ϕn, yn = rn sin ϕn, and zn = cϕn, where n labels the considered bp along the dsDNA,78

rn and ϕn are usual cylindrical coordinates, and c = h0/θ0 is the rise parameter, where h0 ' 0.34 nm79

(B-DNA form) is the equilibrium distance between two successive bp planes along the Z axis, and80

θ0 is the equilibrium relative angular separation between neighboring bps. Thus, we can express the81

Euclidean distance between adjacent bases along the right strand as:82
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Figure 1. On the left, sketch of the dsDNA 3D lattice model showing the harmonic bonds between
adjacent base pairs through the sugar-phosphate backbone and between complementary bases due to
H-bonds . The right strand runs in the 5’→ 3’ direction, wheras as the left strand runs in the antiparallel
3’→ 5’ direction. On the right, detail of one of the bp planes, showing the effect the mass difference
has on radial displacements, shifting the center of mass outside the axis of the helix. Reprinted from
Physics Letters A, 376, Torrellas, G.; Maciá, E., Twist–radial normal mode analysis in double-stranded
DNA chains, 3407–3410, Copyright (2012), with permission from Elsevier.

dn,n±1 =
√

c2θ2
n,n±1 + (R0 + ρn±1)

2 + (R0 + ρn)
2 − 2 (R0 + ρn±1) (R0 + ρn) cos θn,n±1 (1)

(d′n,n±1 for the left strand is obtained by simply replacing ρn → ρ′n in Eq.(1)), where we have defined83

θn,n±1 = ± (ϕn±1 − ϕn) as the relative angle between two neighboring bps, and ρn = rn − R0 as the84

radial displacements about the equilibrium position (R0 = 1 nm). In equilibrium, both distances85

reduce to the value l0 = dn,n±1|eq. = d′n,n±1

∣∣∣
eq.

=
√

h2
0 + 4R2

0 sin2 (θ0/2) ' 0.685 nm, where we have86

adopted θ0 = π/5.2 ' 34.6º. We note that the distance between successive bps along the Z direction is87

proportional to the twist angle, thereby preserving the helical structure during the dynamical evolution88

[17]. It is further assumed that the dsDNA molecule does not move as a whole, so that the center89

of mass is constant for each bp, and the radial displacements about the equilibrium position satisfy90

ρ′n = λnρn, where λn = mn/m′n.91

Accordingly, we can write the dsDNA molecule lattice Hamiltonian as [8,18]:

Hl =
1

2M

N

∑
n=1

(
P2

ρn

λn
+

P2
ϕn

λnρ2
n + ξ2 + 4R0ρnmn M−1

)
+ UB + UHS (2)

where n runs over the number N of bps, Pρn and Pϕn are the conjugate momenta of the nth bp radial

and twist variables, respectively, and ξ =
√

c2 + R2
0 ' 1.147 nm is related to the helical geometry of

the system, so that ξθn,n±1 measures the helix arc length providing the shortest path between two
points along a helical coil. In the limit of small radial and twist oscillations (rn ' R0, θn,n+1 � 1) Eq.(1)

reads dn,n±1 =
√

R2
0 + c2 θn,n±1 ≡ ξθn,n±1, so that the Euclidean distance coincides with the helix arc

length in this case [19]. The potential term:

UB =
kB
2

N−1

∑
n=1

[
(dn,n+1 − l0)

2 +
(
d′n,n+1 − l0

)2
]

, (3)
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describes the harmonic interaction between neighboring bases along each backbone’s strand, and the
term:

UHS =
N

∑
n=1

Dn

[
e−

αn
2 (1+λn)ρn − 1

]2
+

kS
8

N−1

∑
n=1

(
1 + e−

b
2 u+

n+1,n
) (

u−n+1,n

)2
, (4)

describes the elastic energy related to radial displacements. The fist term in Eq.(4) represents the92

radial stretching of the hydrogen bonds connecting complementary bases in the opposite strands of93

the double helix by means of Morse potentials of depth Dn and width αn [20]. The second term,94

with u±n,m = (1 + λn) ρn ± (1 + λm) ρm, describes the stacking interaction between adjacent bps,95

whose role is to inhibit configurations with large relative radial displacements between neighboring96

pairs. This interaction gives rise to local constraints in nucleotide motions, and it is characterized97

by the exponential factor that effectively modulates an otherwise harmonic radial oscillation. This98

contribution is measured by the stacking stiffness kS and the interaction range b parameters. The99

description of the radial degree of freedom via the non-linear potential given by Eq.(4) accounts for100

long-range cooperative elastic effects due to the distortion of hydrogen bonds and the overlap of the101

π-type orbitals [20], hence being more realistic than a purely harmonic approach. Indeed, this potential102

has proved successful in capturing denaturation as well as transcription initiation processes in several103

DNA model chains [21–23]. The model parameter values used in this work are listed in Table 1.104

Table 1. Geometrical, dynamical, and potential model parameters adopted in the dsDNA model
studied in this work. The same effective Morse potential is used to describe H-bonding in both GC and
AT bps. The spring constant kB is difficult to estimate, and different possible values, ranging from 0.04
to 0.5 eV Å−2 have been reported in the literature [24–29].

Geometrical Dynamical Potential

θ0 = π/5.2 rad M = 653.5 amu b = 0.5 Å−1 [15,30]
h0 = 0.34 nm λGC = 1.130 α = 5 Å−1 [14,30,31]
l0 = 0.68 nm λAT = 1.028 D = 0.15 eV [21,30,31]
R0 = 1.00 nm µGC = 163.06 amu kS = 0.7 eV Å−2 [21]
ξ = 1.15 nm µAT = 163.15 amu kB = 0.04 eV Å−2 [30]

3. Dynamical equations of motion105

3.1. General expressions106

From the lattice Hamiltonian given by Eq.(2) we can obtain the linearized canonical equations of
motion [8]:

ϕ̈n + ω2
ϕ (2ϕn − ϕn−1 − ϕn+1) = l−1

B ω2
ϕ[(1 + λn+1)ρn+1 − (1 + λn−1)ρn−1], (5)

and:

ρ̈n + ω2
ϕSH,nρn −

1
2
(ω2

ϕS,n,n−1ρn−1 + ω2
ϕS,n,n+1ρn+1) =

aB
2
(1 + λ−1

n )ω2
ϕ (ϕn−1 − ϕn+1) , (6)

where have introduced the characteristic lengths lB ≡ 2 f0/g0, with f0 = c2θ0 + R2
0 sin θ0 ' 0.759 nm2,

and g0 = R0 (1− cos θ0) ' 0.177 nm, so that lB ' 8.575 nm (i. e., about 25 bps), and aB ≡ g0ξ2/ f0 '
0.307 nm, along with the twist frequency:

ω2
ϕ ≡

2kB
M

(
f0

ξl0

)2
, (7)
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and the coupled frequencies:107

ω2
ϕSH,n ≡ Λn(ω

2
H + ω2

S + b2
Bω2

ϕ)− 2b2
Bω2

ϕ, (8)

ω2
ϕS,n,n±1 ≡ (1 + λn±1)(1 + λ−1

n )ω2
S − (λ−1

n + λn±1)b2
Bω2

ϕ, (9)

where Λn ≡ λ−1
n (1 + λn)2 = M/µn is a dimensionless ratio, ω2

H = Dα2/(2M) is the radial stretch108

H-bonding frequency, ω2
S = kS/M is the lateral stacking oscillation frequency of bps, and bB ≡ aB/ξ '109

0.268 is a dimensionless factor. We note that Λn is invariant upon the transformation λn → λ−1
n ,110

describing the permutation of nucleotides in the Watson-Crick bp (i.e., mn ↔ m′n). Making use111

of the M and µn values listed in Table 1 we get ΛGC = 4.008 and ΛAT = 4.006, so that we can112

safely make the approximation Λn ' Λ = 4, ∀n, and Eq.(8) can be reasonably approximated as113

ω2
ϕSH ' Λ(ω2

S + ω2
H) + 2b2

Bω2
ϕ, which no longer depends on the site label n.114

The time scale of the bp twist Eq.(5) is completely determined by the characteristic frequency
ωϕ, whereas the radial Eq.(6) involves three different characteristic frequencies, namely, ωϕ, ωϕS,n,n±1
(related to twist-stacking coupling), and ωϕSH (fully coupling twist, stacking, and stretching
interactions). The set of coupled Eqs.(5)-(6) describes the dynamics of general dsDNA molecules, where
two kinds of bps can be arranged either periodically or aperiodically [32–36], and their mathematical
structure clearly indicates the correlated nature of next-neighboring bps dynamics. It is then convenient
to zoom out our perspective and consider the dynamics of consecutive triplets of bps, which are closely
related to the so-called codon units in genomics. To this end, we properly add up the dynamical
equations of consecutive bps corresponding to sites n − 1, n, and n + 1, grouping the resulting
expression in terms of the collective variables xn ≡ 2ϕn − ϕn−1 − ϕn+1 and yn ≡ 2ρn − ρn−1 − ρn+1,
to obtain:

ẍn + ω2
ϕ (2xn − xn−1 − xn+1) = l−1

B ω2
ϕ[(1 + λn+2)yn+1 − (1 + λn−2)yn−1 + Hx], (10)

with:
Hx ≡ (λn+2 − λn−2)ρn + 2(λn−2 − λn−1)ρn−1 + 2(λn+1 − λn+2)ρn+1, (11)

and:
ÿn + ω2

ϕSHyn −
1
2
(ω2

ϕS,n−1,n−2yn−1 + ω2
ϕS,n+1,n+2yn+1 − Hy) =

aB
2

ω2
ϕ

[
(1 + λ−1

n−1)xn−1 − (1 + λ−1
n+1)xn+1 + 2Gy

]
, (12)

with:115

Hy ≡ An,n±1,n±2ρn + 2Bn,n−1,n−2ρn−1 + 2Bn,n+1,n+2ρn+1, (13)

Gy ≡ (λ−1
n+1 − λ−1

n )ϕn+1 + (λ−1
n − λ−1

n−1)ϕn−1 + (λ−1
n−1 − λ−1

n+1)ϕn, (14)

where:116

An,n±1,n±2 = (2λn − λn−2 − λn+2)ΞϕS +
[
λ−1

n+1(λn − λn+2) + λ−1
n−1(λn − λn−2)

]
ω2

S, (15)

Bn,n±1,n±2 =

(
λn±2 − λn±1 +

λn − λn±1

λnλn±1

)
ΞϕS +

λnλn±2 − λ2
n±1

λnλn±1
ω2

S, (16)

where ΞϕS ≡ ω2
S − b2

Bω2
ϕ.117

By comparing Eqs.(10) and (12), which describe the codon dynamics as a whole, with Eqs.(5)118

and (6), respectively describing the motion of their constituent bps, we can appreciate they exhibit a119

closely related algebraic structure, which is further highlighted when the auxiliary functions Hx, Hy,120

and Gy simultaneously vanish, so that Eqs.(10) and (12) become formally identical to Eqs.(5)-(6) upon121

the variable exchange ϕn ↔ xn and ρn ↔ yn, respectively. In order to get Hx = 0 the bps mass ratios122
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λk must take on correlated values of the form λn−2 = λn+2 and λn±2 = λn±1. Such a relationship123

is naturally satisfied by bps sequences of the form 5’...XXYXX...3’, which display mirror symmetry124

with respect to the Y bp, located at the central nth site. On the other hand, the Gy = 0 and Hy = 0125

conditions involve the central bp Y mass ratio value, leading to long-range correlations of the form126

λn = λn±1 (hence, λn−1 = λn+1), and λn = λn±2, thereby requiring the presence of homogeneous bps127

sequences of the form 5’...XXXXX...3’.128

3.2. Dynamics of homopolymer dsDNA chains129

There exist four kinds of homopolymer dsDNA molecules, namely, polyG-polyC, polyA-polyT,130

polyT-polyA, and polyC-polyG chains, all of them satisfying λk ≡ λ, ∀k, so that Hx = Hy = Gy = 0131

and Eqs.(5), (10), (6) and (12) respectively adopt the form:132

ϕ̈n + ω2
ϕ (2ϕn − ϕn−1 − ϕn+1) = Aλω2

ϕ(ρn+1 − ρn−1), (17)

ẍn + ω2
ϕ (2xn − xn−1 − xn+1) = Aλω2

ϕ(yn+1 − yn−1), (18)

and:133

ρ̈n + ω2
ϕSHρn −

Ω2
ϕS

2
(ρn−1 + ρn+1) = Bλω2

ϕ (ϕn−1 − ϕn+1) , (19)

ÿn + ω2
ϕSHyn −

Ω2
ϕS

2
(yn−1 + yn+1) = Bλω2

ϕ(xn−1 − xn+1), (20)

where Aλ ≡ l−1
B (1 + λ) and Bλ ≡ aB(1 + λ−1)/2 are constants, and we have introduced the frequency134

Ω2
ϕS ≡ Λω2

S − (λ + λ−1)b2
Bω2

ϕ > 0, since b2
Bω2

ϕ is about an order of magnitude smaller than ω2
S (see135

Table 2). We note that this characteristic frequency remains exactly the same upon the exchange136

λ → λ−1, describing a bp nucleotides’ permutation. By inspecting Eqs.(17)-(20) we realize that the137

bps and codon dynamical equations of motion are exactly identical to each other upon the variable138

exchange ϕn ↔ xn and ρn ↔ yn, respectively. This property can be regarded as expressing a triplet139

renormalization operation of the dynamical equations when going from the bp local scale to the longer140

triplet codon scale, hence disclosing an underlying scale-invariant hierarchical symmetry. In fact, by141

iterating the renormalization process grouping codons in successive triplets of nested codon units142

recurrently, we will obtain isostructural dynamical equations all the way long up to the entire DNA143

molecule itself, so that by solving this fundamental dynamical equations set we are actually capturing144

the main features of the dsDNA homopolymer dynamics as a whole.145
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Table 2. Characteristic frequencies and their related scale times in the lattice dynamics of polyX-polyX’,
poly(XX’)-poly(X’X) and poly(XYX)-poly(X’Y’X’) dsDNA molecules with λ = λGC and λ∗ = λAT .
The values for the alternative choice λ = λAT and λ∗ = λGC slightly differ by just a few GHz. The
frequencies ωϕH , Γ±, ΓYXY , and ΓXYX are related to the orchestrated codon oscillations described in
Section 5.

Oscillation codon ωk (1012 rad s−1) νk (THz) τk (ps)

Twist ωϕ 1.067 0.170 5.874
Stacking ωS 3.260 0.519 1.927

Stretching ωH 5.335 0.849 1.178
Twist-Stacking X’XX’ −ΩϕS 6.122 0.974 1.026

YXY Ω̄ϕS 6.362 1.013 0.988
XXX ΩϕS 6.507 1.036 0.966
XYX Ω̃ϕS 6.670 1.062 0.942
XX’X +ΩϕS 6.918 1.101 0.908

Twist-Stretching XXX ωϕH 10.685 1.701 0.588
Twist-Stacking-Stretching XX’X Γ+ 10.425 1.659 0.603

XYX ΓXYX 10.498 1.671 0.599
YXY ΓYXY 10.810 1.728 0.579

X’XX’ Γ− 10.911 1.737 0.576
ωϕSH 12.511 1.991 0.502

3.3. Dynamics of poly(XX’)-poly(X’X) dsDNA molecules146

Double-stranded DNA chains of the form poly(XX’)-poly(X’X) consist in a periodic repetition147

of a dinucleotide unit cell, and they provide the next step in an increasing chemical complexity148

route, going from the single-nucleotide based homopolymers considered in Section 3.2, to the fully149

informative aperiodically ordered DNA chains. Attending to the possible local ordering of the150

nucleotide sequence along the poly(XX’)-poly(X’X) chain, two kinds of codons can be identified,151

namely, X’XX’ and XX’X, both exhibiting a mirror symmetry leading to long-range correlations of152

the form λn−2 = λn = λn+2 ≡ λ±1 and λn−1 = λn+1 ≡ λ∓1, ∀n, depending on whether the153

central nth site is occupied by a X or a X’ base, respectively. Therefore, ω2
ϕS,n,n±1 = λ−1ω2

ϕS and154

ω2
ϕS,n±1,n±2 = λω2

ϕS, for X’XX’ codons, where ω2
ϕS ≡ Λω2

S − 2b2
Bω2

ϕ > 0. Accordingly, if we choose155

the reading frame so that the dsDNA sequence can be expressed as a periodic concatenation of codons156

of the form X’XX’, we have Hx = 2(λ− λ−1)(ρn−1 − ρn+1), Hy = 2(λ− λ−1)ω2
ϕS(ρn−1 + ρn+1), and157

Gy = (λ− λ−1)(ϕn+1 − ϕn−1), and Eqs.(5), (10), (6) and (12) are respectively written:158

ϕ̈n + ω2
ϕ (2ϕn − ϕn−1 − ϕn+1) = λ−1 Aλω2

ϕ(ρn+1 − ρn−1), (21)

ẍn + ω2
ϕ (2xn − xn−1 − xn+1) = Aλω2

ϕ

[
yn+1 − yn−1 + 2(1− λ−1)(ρn−1 − ρn+1)

]
, (22)

and

ρ̈n + ω2
ϕSHρn −

−Ω2
ϕS

2
(ρn−1 + ρn+1) = Bλω2

ϕ (ϕn−1 − ϕn+1) , (23)

ÿn + ω2
ϕSHyn −

−Ω2
ϕS

2

[
λ2(yn−1 + yn+1) + 2(1− λ2)(ρn−1 + ρn+1)

]
=

Bλω2
ϕ [λ(xn−1 − xn+1) + 2(1− λ)(ϕn−1 − ϕn+1)] , (24)

where ±Ω2
ϕS ≡ λ±1ω2

ϕS.159

Completely analogous expressions are obtained if we choose the reading frame so that the160

dsDNA sequence can be expressed as a periodic concatenation of codons of the the form XX’X,161

by simply replacing λ±1 → λ∓1 in the above expressions. As we see, Eqs.(21)-(22) and (23)-(24)162

do not exactly coincide with each other upon the renormalization transformation ϕn ↔ xn and163
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ρn ↔ yn, except in the case λ = 1 (i.e., mn = m’n), which describes mismatched repeats of the form164

poly(XX’)-poly(XX’) or poly(X’X)-poly(X’X), that no longer contain complementary Watson-Crick bps.165

Therefore, at variance with the remarkable self-similar symmetry displayed by homopolymers, such166

as 5’- ...GGGGG...3’ or 5’ ...CCCCC...3’, dsDNA chains based on an alternating sequence of both bases,167

such as 5’- ...GCGCGCGCGC...3’, completely lack that symmetry property.168

3.4. Dynamics of poly(XYX)-poly(X’Y’X’) dsDNA molecules169

Another instance of a dsDNA system exhibiting a suitable local mirror symmetry is provided
by periodic DNA chains whose unit cell includes codons of the form XYX, so that the local bps
arrangement around Y type bases reads 5’...XXYXX...3’. If we label the bps in such a way that the Y
base occupies the n reference site, then we have the relationships λn±2 = λn±1 ≡ λ, and λn ≡ λ∗, ∀n,
so that we get Hx = 0. Therefore, the bps and codon dynamical equations corresponding to the twist
variables just coincide with Eqs.(17)-(18) previously obtained for the homopolymer case. On the other
hand, we have:

Hy = 2
λ∗ − λ

λλ∗

[
λ∗Ω2

+ρn + λΩ2
−(ρn−1 + ρn+1)

]
, Gy =

λ∗ − λ

λλ∗
(ϕn+1 − ϕn−1), (25)

where Ω2
± ≡ λ±1ΞϕS + ω2

S. Thus, the radial motion equations read:

ρ̈n + ω2
ϕSHρn −

Ω̃2
ϕS

2
(ρn−1 + ρn+1) = Bλ∗ω

2
ϕ(ϕn−1 − ϕn+1), (26)

where Ω̃2
ϕS ≡ Λ∗ω2

S − (λ + 1/λ∗)b2
Bω2

ϕ, with Λ∗ ≡ (1 + λ)(1 + λ∗)/λ∗ ' 4.20, and:

ÿn + ω2
ϕSHyn −

Ω2
ϕS

2
(yn−1 + yn+1) +

λ∗ − λ

λλ∗

[
λ∗Ω2

+ρn + λΩ2
−(ρn−1 + ρn+1)

]
=

Bλω2
ϕ

[
xn−1 − xn+1 + 2

λ∗ − λ

λ∗(1 + λ)
(ϕn+1 − ϕn−1)

]
. (27)

Completely analogous expressions are obtained for poly(YXY)-poly(Y’X’Y’) polymers by simply170

permuting λ∗ ↔ λ in Eqs.(25)-(27). By comparing Eqs.(26)-(27) two main differences can be drawn.171

Firstly, the frequencies ΩϕS and Ω̃ϕS are different in general, and only coincide in the homopolymer172

case. Secondly, in the codon motion equations the bps variables explicitly appear in the factor λ∗ − λ173

terms, hence they do not coincide with each other upon the transformation ρn ↔ yn.174

Making use of the model parameters listed in Table 1 we obtain the values listed in Table 2 for the175

characteristic frequencies we have introduced through Sections 3.2-3.4, along with their related time176

scales. From the data listed in Table 2 we see that the time scale of pure angular motions, determined177

by the twist frequency, amounts to ∼ 6 ps, which are an order of magnitude slower than those178

corresponding to the fully coupled twist-stacking-stretching frequency ωϕSH . The time scale related179

to twist-stacking oscillations is close to 1 ps, while that related to twist-stretching motions range in180

within the 0.6 - 0.5 ps interval. For the sake of comparison, the transition times reported for intrastrand181

hole transfer in ds-GTnGGG oligonucleotides, range from τ = 0.5 ps for n = 1 to τ = 315 ps for n = 4182

[37]. Quite interestingly, the electrical response of biological dsDNA chains to light irradiation has183

been recently investigated in order to engineer a DNA-based molecular switch. In these experiments it184

was observed that electrical current turns on when the frequency of the incident light is above the 2185

THz threshold [38], a figure very close to that listed for νϕSH in Table 2, a frequency involving energy186

enough to activate all the fundamental interactions present in the system Hamiltonian in a coupled187

way.188
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4. Helical waves related dispersion relations189

Motivated by previous results [19,39], we look for solutions of the form ϕn = ϕ0ei(ωt−nqξ) and
ρn = ρ0ei(ωt−nqξ), describing a helical wave propagating throughout the dsDNA with frequency ω

and wave vector q, where ϕ0 ' 8º= 0.14 rad, and ρ0 ' 0.05 nm, are the twist and radial oscillation
amplitudes at ambient temperature, respectively [40]. In so doing, Eqs.(17) and (19) for dsDNA
homopolymers can be expressed in the matrix form [8]:(

G(q)−ω2 2iAλω2
ϕ sin(qξ)

−2iBλω2
ϕ sin(qξ) H(q)−ω2

)(
ϕ0

ρ0

)
=

(
0
0

)
, (28)

where G(q) ≡ 4ω2
ϕ sin2(qξ/2) and H(q) ≡ ω2

ϕSH −Ω2
ϕS cos(qξ). The solution to Eq.(28) requires the

matrix determinant to identically vanish, thereby leading to a biquadratic equation whose solutions
yield the dispersion relations for the acoustic and optical phonon branches given by:

ω2
±(q) =

1
2
(H + G)± 1

2

√
(H − G)2 + Λ2b2

Bω4
ϕ sin2(qξ). (29)

Since Λb2
Bω2

ϕ is much smaller than both Λω2
S and Λω2

H terms, the exact dispersion relations given by
Eq.(29) can be very well approximated by the simpler expressions:

ν2
− = 4ν2

ϕ sin2
(

qξ

2

)
ν2
+ = Λ

[
ν2

H + 2ν2
S sin2

(
qξ

2

)]
, (30)

in agreement with previously reported results [15,21].190

By comparing Eqs.(17) and (21), along with Eqs.(19) and (23) we realize that Eq.(28) also holds
for poly(XX’)-poly(X’X) chains by simply replacing Aλ → λ∓1 Aλ and Ω2

ϕS → λ∓1ω2
ϕS, respectively.

Thus, we obtain the following dispersion relations for poly(XX’)-poly(X’X) and poly(X’X)-poly(XX’),
respectively:

ν2
− = 4ν2

ϕ sin2
(

qξ

2

)
ν2
+ = Λ

[
ν2

H + (1− λ∓1 cos(qξ))ν2
S

]
. (31)

Analogously, by comparing Eqs.(19) and (26) we realize that Eq.(28) holds for poly(XYX)-poly(X’Y’X’)
chains as well by simply replacing Bλ → Bλ∗ and Ω2

ϕS → Ω̃2
ϕS, respectively, so that we get the

following dispersion relations:

ν2
− = 4ν2

ϕ sin2
(

qξ

2

)
ν2
+ = Λ

[
ν2

H + (1− aλλ∗ cos(qξ))ν2
S

]
, (32)

where

aλλ∗ ≡
λ(1 + λ∗)

λ∗(1 + λ)
, (33)

satisfies the relationship aλ∗λ = a−1
λλ∗ , and it takes on two possible values: aGC,AT = 1.0466 and191

aAT,GC = 0.9555.192
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Figure 2. (Main frame) Optical phonon branches for polyG-polyC (black), poly(GC)-poly(CG)
(magenta), poly(AT)-poly(TA) (siena), poly(GAG)-poly(CTC) (green), and poly(AGA)-poly(TCT) (light
blue) dsDNA polymers, where q is measured in nm−1, and we have used the values of the the model
parameters and characteristic frequencies listed in Tables 1 and 2, respectively. (Low inset) Close
up view of the optical branch curves shown in the main frame in the interval 1.5 ≤ q ≤ 4. (Top
inset) Acoustic ν−(q) and optical ν+(q) phonon branches for polyG-polyC dsDNA homopolymers.
(Reprinted from Maciá, E. Base-Pairs’ Correlated Oscillation Effects on the Charge Transfer in
Double-Helix B-DNA Molecules. Materials 2020, 13, 5119).

By comparing Eqs.(30)-(32) we see that the acoustic branch of polyX-polyX’, poly(XX’)-poly(X’X)193

and poly(XYX)-poly(X’Y’X’) chains is exactly the same, and it is completely determined by194

twist oscillations, so that it is insensitive to the particular nucleotide sequence order along the195

dsDNA chain. On the contrary, the optical branches depend on both stretch and stacking196

oscillations and they reflect the role of the underlying bps ordering throughout the chain, which197

is expressed by the presence of λ∓1 and aλλ′ factors in Eqs.(31) and (32) for poly(XX’)-poly(X’X)198

and poly(XYX)-poly(X’Y’X’) chains, respectively. For homopolymer chains the q = 0 bandgap,199

∆ν0 ≡ ν+(0)− ν−(0) =
√

ΛνH ' 1.698 THz (' 7 meV), is fixed by the H-bond stretching frequency200

value, whereas it depends on both stacking and stretching frequencies for more complex dsDNA201

chains, according to the expressions ∆ν0 = 2
√

ν2
H + (1− λ−1)ν2

S and ∆ν0 = 2
√

ν2
H + (1− aλλ′)ν

2
S for202

poly(XX’)-poly(X’X) and poly(XYX)-poly(X’Y’X’) molecules, respectively. Therefore, the q = 0 bandgap203

of poly(XX’)-poly(X’X) molecules is always somewhat wider than that of homopolymers, whereas in204

the case of poly(XYX)-poly(X’Y’X’) polymers it can be wider or narrower depending on the nature205

of the Y bp. Indeed, by inspecting Figure 2 we observe that poly(GAG)-poly(CTC) chains exhibit206

the smaller q = 0 bandgap value (1.687 THz), while the wider bandgap (1.734 THz) corresponds to207

poly(GC)-poly(CG) chains. The maximum bandgap width occurs for q∗ = π/ξ ' 2.732 nm−1, as can208

be seen in the top inset of Figure 2, with ∆ν(q∗) = 2
√

ν2
H + 2ν2

S − 2νϕ ' 1.905 THz for homopolymers.209

A close look at the bottom inset reveals that the wider the q = 0 bandgap the narrower the maximum210

bandgap at q∗ for the considered dsDNA chains.211
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5. Orchestrated codon oscillations212

In addition to the synchronized helical waves, for which the intertwined angular and radial
variables share the same ω value, we can also disclose long-range correlated motions of the angular
and radial variables in time, orchestrated in such a way that they simultaneoulsy satisfy the conditions
ϕn−1(t) = ϕn+1(t) and ρn−1(t) = ρn+1(t) ∀n. In that case, the collective variables read xn = 2(ϕn −
ϕn±1) = ∓2θn,n±1 and yn = 2(ρn − ρn±1) = ∓2pn,n±1, where the collective motion variable pn,n±1

plays for radial oscillations a role completely analogous to that played by the variable θn,n±1 for twist
ones. In terms of the revamped collective variables the codon dynamical Eqs.(10) and (12) can be
respectively rewritten in the form:

θ̈n,n±1 + 4ω2
ϕθn,n±1 = l−1

B ω2
ϕ

[
(λn+2 − λn+2)pn,n±1 ∓

Hx

2

]
, (34)

and:

p̈n,n±1 +

[
ω2

ϕSH −
1
2
(ω2

ϕS,n−1,n−2 + ω2
ϕS,n+1,n+2)

]
pn,n±1 ±

Hy

4
= aBω2

ϕ(λ
−1
n−1 − λ−1

n+1)θn,n±1. (35)

The condition ρn−1(t) = ρn+1(t) guarantees that Hx = 0 for polyXX’-polyX’X dsDNA molecules
(see Section 3.2). In addition, polyX-polyX’ and poly XYX-poly X’Y’X’ polymers satisfy the relationships
λn−1 = λn+1 and λn−2 = λn+2 in a natural way. Accordingly, codon Eqs.(34)-(35) can be properly
simplified to read:

θ̈n,n±1 + 4ω2
ϕθn,n±1 = 0, p̈n,n±1 + Γ2

u pn,n±1 ±
Hy

4
= 0, (36)

where Γ2
u ≡ ω2

ϕSH − ω2
ϕS,n±1,n±2 (u labels the DNA unit cell type), so that its precise value depends

on the nature of the codons present in the considered dsDNA molecule. Thus, for polyX-polyX’
polymers Γ2

X ≡ ω2
ϕSH −Ω2

ϕS = Λ(ω2
H + b2

Bω2
ϕ) ≡ ω2

ϕH . This frequency accounts for the collective
radial oscillations of XXX (alternatively, X’X’X’) codons, describing a long-range oscillation where
stacking interactions become ineffective, giving rise to a coupled twist-stretching mode which cannot
be observed at the bp scale. Since homopolymers satisfy the Hy = 0 condition, the resulting dynamical
equations of motion (36) become effectively decoupled in terms of simple harmonic motions with two
different natural frequencies, namely, 2ωϕ for twist, and ωϕH for radial motions, respectively. Solving
the twist harmonic expression θn,n±1(t) = θ0 cos(2ωϕt + δ0) for the time variable, and plugging it
into the radial harmonic expression pn,n±1(t) = p0 cos(ωϕHt + δ′0), where the phases δ0 and δ′0 are
determined from the initial conditions, we get the relationship:

pn,n±1 = p0 cos
[

ωϕH

2ωϕ
cos−1

(
θn,n±1

θ0
− δ0

)
+ δ′0

]
, (37)

describing the spatial pattern of the long-range correlated motion in terms of the collective variables213

θn,n±1 and pn,n±1.214

Making use of Eq.(13)-(16) into Eq.(36) we obtain the following expressions for the radial codon
equations corresponding to polyXX’-polyXX’, and polyXYX-polyX’Y’X’ chains, respectively:

p̈n,n±1 + Γ2
±pn,n±1 = ±(λ±1 − λ∓1)ω2

ϕSρn = ∓(Γ2
+ − Γ2

−)ρn, (38)

where Γ2
± = ω2

ϕSH − λ±1ω2
ϕS, hence Γ2

+ − Γ2
− = (λ−1 − λ)ω2

ϕS, and:

p̈n,n±1 + Γ2
XYX pn,n±1 = ∓λ∗ − λ

2λ∗λ
(λ∗Ω2

+ + 2λΩ2
−)ρn, (39)
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where:
Γ2

XYX ≡ ω2
ϕH + 2

λ∗ − λ

λ∗λ

[
(1 + λ)ω2

S − b2
Bω2

ϕ

]
. (40)

Completely analogous expressions are obtained for poly(YXY)-poly(Y’X’Y’) polymers by simply
permuting λ∗ ↔ λ in Eqs.(38)-(40). The obtained dynamical equations indicate that for the resonance
conditions Γ+ = Γ−, for polyXX’-polyXX’ chains, and λ′Ω2

+ = −2λΩ2
− for polyXYX-polyX’Y’X’ chains,

the twist and radial equations decouple from each other leading to two harmonic motions in a way
completely analogous to that previously described for the homopolymers case. In the polyXX’-polyX’X
case, the relationship given by Eq.(37) holds by simply replacing ωϕH → Γ±. It is important to note
that this resonance can only take place for dsDNA molecules satisfying the mismatch condition λ = 1,
so that it may be regarded as signaling the presence of local alterations in the due bp sequencing.
Alternatively, within the framework of epigenetic processes, one may consider the attachment of a
small molecule with the required mass value (i. e., ∆m = mn−m′n) to the lighter pyrimidine nucleotide
in order to get the required resonance condition λ = 1. In the polyXYX-polyX’Y’X’ case the resonance
condition leads to the expression:

λλ∗ + 2
(1 + λ)(2 + λ∗)

=

(
ωS

bBωϕ

)2
=

kS
2kB

(
l0
g0

)2
, (41)

which depends on the mass ratio values λ and λ∗, along with the twist and stacking characteristic215

frequencies which, in turn, can be expressed in terms of model parameters.216

The general solution to the dynamical equations for polyXX’-polyX’X polymers can be obtained
from the knowledge of the general solution to the homogeneous version of Eq.(38) given by πn =

A0 cos(Γ±t + δ0), plus the particular solution ansatz ρn = −pn,n±1, leading to the diffential equation
p̈n,n±1 + Γ2

∓pn,n±1 = 0, whose solution reads π̃n = B0 cos(Γ∓t + δ′0). For the sake of simplicity we
adopt the initial conditions ρ̇n(0) = ρ̇n±1(0) = 0, and ρn(0) = −pn,n±1(0), so that we get:

pn,n±1 = πn + π̃n = ±4ρ0 sin
(
| Γ± − Γ∓

2
t
)

sin
(

Γ± + Γ∓
2

t
)
≡ ±4ρ0 sin(γ−t) sin(γ+t) = −ρn(t),

(42)
describing a modulated oscillation where γ− = 39 GHz and γ+ = 1.698 THz. Since ρn,n±1 =217

ρn ± pn,n±1 = 2ρn we see that all the bps in the codon move in phase. A similar solution describing a218

modulated oscillation in opposite phase is obtained by choosing ρn = pn,n±1 as the particular solution219

to the inhomogeneous differential Eq.(38). In this case, we get a larger high frequency value γ+ = 1.774220

THz. By following a completely analogous procedure Eq.(39) for polyXYX-polyX’Y’X’ polymers can221

be solved in a similar way.222

6. Conclusions223

We have performed a systematic analytical study of the nucleotides’ dynamics in dsDNA chains224

characterized by the presence of mirror-symmetric codons. By considering the mathematical structure225

of the dynamical equations at the local, single bp scale, and the triplet codon longer scale, two226

kinds of long-range, collective motions of nucleotides have been indentified on the basis of the227

symmetry properties of these equations upon the variable exchange ϕn ↔ xn and ρn ↔ yn describing228

a renormalization transformation involving suitable collective variables. For one thing, we have helical229

waves, characterized by intertwined angular and radial oscillations sharing the same frequency value.230

On the other hand, we have orchestrated motions of codon triplets where twist and radial variables231

harmonically vibrate with different values of their natural frequencies, giving rise to the presence of a232

modulated oscillation extending over the whole dsDNA molecule. We also have identified the possible233

existence of certain resonance conditions related to the presence of mismatch mutations involving a234

relatively small number of neighboring nucleotides. Indeed, a remarkable feature of our treatment is235

that, as far as we are concerned on the DNA dynamical bahavior, the chemical nature of bps plays no236
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role at all, since the nucleotide sequence along the dsDNA molecule is fully described in terms of the237

bps mass ratio parameters λk. As a consequence, the behavior of the reported correlated oscillations238

can be significantly perturbed when the DNA molecule is bonded with other small molecules, or it is239

subjected to epigenetic processes such as methylation (the addition of a methyl group (-CH3) to one of240

the bases), which modify the nucleobase effective mass, hence changing the mass ratio parameter λ241

among nucleotides. Generally speaking the presence of ligands attached onto the sugar-phosphate242

backbone affects the mass distribution in a local region of the DNA molecule. This effect can be243

properly accounted for in terms of a change in the values of parameters λk and M, thereby modifying244

the related characteristic frequencies values. Thus, any effective bp mass increase leads to a slow down245

of frequencies ωϕ, ωH , and ωS, along with their related coupled frequencies. In addition, the reduction246

of the twist frequency value makes the acoustic dispersion relation slope to decline, so that the sound247

speed is reduced as well, ultimately leading to a lower thermal conductivity around the place where248

the small molecule has been bonded. Furthermore, a smaller ωϕ value will wide the gap between the249

acoustic and optical branches (see Figure 2).250
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The following abbreviations are used in this manuscript:257
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dsDNA double-stranded DNA
bp base pair
A adenine
C cytosine
G guanine
T thymine
PDB Peyrard-Dauxois-Bishop
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