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Abstract

A variant of the usual formulas for gravitational and electrostatic fields, differing from those
by a logarithmic term, is introduced in order to solve some questions connected with a possible
atomic contraction phenomenon at large time scale and the so-called hidden mass problem in
cosmology. This approach is conceptuallly related to the MOND theory of M. Milgrom but
allows a reversal of attracting forces when the distance becomes very small. The asymptotic
behavior of solutions of a related dissipative ODE is studied, we obtain that all bounded
trajectories converge to a point where the field vanishes.
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1 Introduction

The usual equation for both motions of a single planet around the sun and electrons in the
deterministic Rutherford-Bohr atomic model is conservative with a singular potential at the
origin. The basic equation

mu′′ = − q2

4πε0

u

|u|3

models Coulomb’s central force (with q the elementary charge, m the mass of the electron and
ε0 the vacuum permittivity) while for planets Newton’s law has the form

u′′ = −GMS
u

|u|3

where G is the gravitational constant and MS the mass of the sun. Both equations are written
in complex form in the orbital plane with a suitable set of axes and length unit, and are special
cases of the conservative problem

u′′ + c0
u

|u|3
= 0. (1.1)

In [8] the author considered the modified ODE

u′′ + δu′ + c0
u

|u|3
= 0, (1.2)

a model devised as an attempt to understand the possible long term effect effect of shocks with
wandering particles on the behaviour of atoms and to explain strange phenomena recalled in
[8] (cf. also [1, 12, 5, 11, 15, 17, 18, 16, 19] for very important related considerations). Under
the smallness assumption

|u0||u′0|2 < 2c0. (1.3)

on the initial data, it was shown that the trajectory of the solution is bounded and

lim
t→+∞

|u(t)| = 0. (1.4)

In other terms the electron falls on the nucleus, leading to a kind of minimal “black hole”. The
status of matter inside black holes is nowadays still unknown, and some physicists even consider
that if the singularity makes sense mathematically, when the particles collapse together the
nature of matter is altered in such a way that its behaviour falls outside the application of
the usual laws of Physics. Another alternative would be to imagine that the collapse cannot
really happen and particles have to rebound when they are too close from the singularity. This
might be consistent with some recent findings in star collapse such as [13].

In the present paper, we build a simple variant of the Newton-Coulomb potential which
has two properties: near the singularity the attractive force becomes repulsive, and for large
distances the attraction is slighter stronger than the force given by Newton-Coulomb’s law.
This will lead us to consider the slightly more complicated equation

u′′ + δu′ + γ
ln(α|u|)u
|u|3

= 0, (1.5)

where γ > 0, δ ≥ 0 and α > 0 is homogeneous to the inverse of a length.
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The plan of the paper is as follows: in Section 2 we briefly describe the circular orbits of
the conservative version of (1.5) (when δ = 0). In Section 3, general results for the solutions of
equation (1.5) are derived by very simple methods, this being made possible by the fact that
no solution approches the singularity. Section 4 is devoted to the connection between this new
equation and the physical question which motivated its introduction.

2 The conservative case.

Let us first consider the simple case of equation (1.1). Although in the case of solar system,
the interesting trajectories are ellipses, more or less close to a circle depending on the planet,
in the Rutherford model (cf.[17]), which served as a basis for Bohr’s model [1] of the hydrogen
atom, circular trajectories were privileged. The solutions travelling on a circular orbit

|u(t)| = R (2.1)

have the form
u(t) = R exp(iω(t+ t0) (2.2)

with
ω2 =

c0
R3

. (2.3)

In particular the constant velocity of the electron is

|u′(t)| = ωR = c
1/2
0 R−1/2.

This is consistent with the third Kepler’s law for the planets motion driven by the gravitational
field of the sun.

We now consider the conservative equation

u′′ + γ
ln(α|u|)u
|u|3

= 0, (2.4)

which can, in the complex plane, be written as

u′′ +∇V (u) = 0, (2.5)

with

V (u) = −γ ln(eα|u|)
|u|

. (2.6)

In this case we find circular trajectories of radius R only when R > 1
α , of the form (2.2) where

now

ω2 =
γ lnαR

R3
. (2.7)

In particular the constant velocity of the solution is now

|u′(t)| = ωR = γ1/2[ln(αR)]1/2R−1/2.

It would be of interest to study the shape of non-circular bounded orbits and to determine, in
particular, whether they are still periodic as in the case of equation (1.1).

In the next section we shall summarize the general properties of solutions for both equations
(2.4) and (1.5). Note that (2.4) is (1.5) with δ = 0.
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3 General results for equation (1.5)

In this section, we investigate the standard relevant questions for the solutions of (1.5): well-
posedness, boundedness and asymptotics.

3.1 A global existence result

We now state our first result

Theorem 3.1. For any (u0, u
′
0) ∈ C2 with u0 6= 0, (1.5) has a unique global solution u ∈

C2(R+C) such u(0) = u0 and u′(0) = u′0. In addition u′ is bounded and u is bounded away
from 0.

Proof. The existence and uniqueness of local non-vanishing solutions is obvious. Let us intro-
duce the energy function E, defined as long as the solution u exists and does not vanish by
the formula:

E(t) :=
1

2
|u′|2(t)− γ ln(eα|u(t)|)

|u(t)|
. (3.1)

We have immediately
E′(t) = −δ|u′(t)|2.

In particular for all t ∈ [0, Tmax) we have

1

2
|u′|2(t)− γ ln(eα|u(t)|)

|u(t)|
≤ E0 := E(0)

which implies in particular the two inequalities

∀t ∈ [0, Tmax), |u′|2(t) ≤ 2(E0 + γ sup
s>0

ln(eαs)

s
) <∞ (3.2)

and

∀t ∈ [0, Tmax), γ
ln(eα|u(t)|)
|u(t)|

≥ −E0. (3.3)

The conclusions follow immediately

3.2 Bounded trajectories

It is reasonable to imagine that both equations (2.4) and (1.5) have some unbounded solutions.
On the other hand we have the folllowing immediate result.

Theorem 3.2. Let u0 6= 0 and assume the condition

|u0||u′0|2 < 2γ ln(eα|u0|). (3.4)

Then the global solution u of (1.5) with initial conditions u(0) = u0;u
′(0) = u′0 is bounded.

Proof. This condition is equivalent to E0 < 0. Then by (3.3) we find that u(t) is a priori
bounded since

lim
s→∞

ln(eαs)

s
= 0.

Remark 3.3. Condition (3.4) can be viewed as a smallness condition on u′0 for |u0| fixed. If
γ is large the restriction becomes less stringent.
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3.3 Asymptotics of the bounded solutions

Theorem 3.4. Assume δ > 0 Then for any bounded solution u of (1.5) on R+, we have

lim
t→+∞

|u(t)| = 1

α
. (3.5)

More precisely the exists ζ ∈ C such that

|ζ| = 1

α
and lim

t→+∞
u(t) = ζ. (3.6)

Proof. Equation (1.5) can be written as

u′′ +∇V (u) + δu′ = 0, (3.7)

where the potential V is analytic in a neighborhood of the closure of the trajectory. The result
then follows from Theorem 1.1 of [9], cf. also [10].

4 Some limited potential applications to physics.

1) The initial idea for considering the potential V (u) = γ
ln(eα|u|)
|u|

and its associated central

acceleration field

~G = −γ ln(α|u|)u
|u|3

was to encompass at the same time a MOND-like model (cf. [14]) and the idea that the grav-
itation field may become repulsive at very short distances, of the order of the size of atoms.
Indeed, compared to Newton’s formula, the logarithmic term introduces almost invisible vari-
ations when one considers distances comprised between the size of a planet and a few light
years, when the characteristic length r = 1

α is of the order of an atom’s radius. In the previous
formula the mass M of the central object is included, and we can assume γ = CM where C
has the dimensionaltity of a gravitational constant, so that the formula should be understood
as

~G = −CM ln(α|u|)u
|u|3

.

In this model the gravitation force vanishes when |u| = 1
α := r0 and we may assume, for

simplicity that the supposedly universal gravitational constant Γ is obtained when |u| = 1AU.
Let us see what happens when we take for r0 the value 10−10m = 1Å. This means α = 1010m−1

and therefore C ln(1010.1, 51011) = Γ or

Γ ∼ 48.76C

At a distance of 10 millions of light years (the radius of the Coma cluster), the fictitious
gravitational constant generated by our formula will be approximately

Γ∗ = C ln(1010.1023 = 33Cln10) ∼ 76C

so that
Γ∗

Γ
∼ 1.6
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This is not sufficient to explain the remaining factor 5 remaining in the “missing mass enigma”
after reduction of the extraneous sources of discrepancy studied in [6], but it is not completely
negligible. At the level of galaxies (to explain the flat rotation curves), the amplification factor
will be reduced by an extra factor 31/33 and will become 1.5. It may help but it is not sufficient
in itself.

2) Concerning the atomic contraction hypothesis, it was suggested in [7] and [8] that a reversal
of the electro-static forces at short distances may help to understand why the atoms do not
collapse completely. In this case we may imagine that 1

α = r0 has the order of magnitude of
the diameter of a proton, about 10−15m or more probably something between 10−15m and
10−10m = 1Å. The interesting point here is that Theorem 3.4 indicates a contraction property
of atoms towards a radius r0, at an unknown rate but with convergence of the electron to a
motionless state, which is a little bit counter-intuitive.

Remark 4.1. Of course we are unable to exhibit any mechanism that would generate a force
field of the form studied in this text. For the classical Newton gravitational law, some potential
explanations have been proposed even at the time of Newton himself (cf. [2, 3, 4, 6]) but for
the time being no mechanism is recognized by the scientific community as being the certain
cause of the gravitational field. As long as the cause is unknown, speculations about the exact
form of the law are still admissible.

5 Conclusion.

In this short note, we studied in a sense the simplest possible model involving a logarithmic
divergence from the classical Newton-Coulomb force field. Other models are of course possible,
which would produce a stronger divergence of the fictitious gravitational constant, for instance

~G = −CM ln3(α|u|)u
|u|3

But it is probably not so urgent to investigate such more complicated models as long as the
attraction reversal is not proven by experiments, which seems to be technically difficult for
both gravitational and electro-static force fields.
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