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Abstract

In this paper, we present a technique to unify the Reissner—Nordstrom metric
and the Kerr-Newman metric. We construct a specific model and calculate the
entanglement entropy of black horizon. We are interested in the entangled particle
and antiparticle spinning on the black hole horizon. The two Reissner-Nordstréom
horizons r4, are the results of the rotation of several entangled particle-antiparticle
on the real horizon. The energy absorbed by a black hole is transformed into a
kinetic energy of the entangled particle-antiparticles. This study provides a new
type of black hole metric. We show that the rotation of an entangled system of
a particle and an antiparticle can create a extremal black hole. We also explore
some of the implications of this point of view for the black hole entanglement.

Keywords: black hole, entanglement, entropy.

1 Introduction

Juan Maldacena and Leonard Susskind, devised a theory linking two phenomena both
discovered by Einstein: “Einstein-Rosen bridges” (or wormholes) and quantum entan-
glement. According to them, if we move the two entangled particles apart would in
fact amount to digging an ER bridge around a single particle which would manifest its
properties in several places in space-time. This theory sheds light on a problem called
the EPR paradox which highlights the non-locality of quantum mechanics, Which he op-

poses to the principle of locality which is the basis of the theory of relativity. However,
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this ER=EPR correspondence is only demonstrated in a very simplified universe model,
where gravity is generated in the absence of mass [1]. The Hawking radiation of a black
hole is a scrambled cloud of radiation entangled with the black hole [1]. In this paper, we
are interested in studying a two entangled particles on the black hole horizon. It is well
known that the ”Kerr metric” [2] is a metric that describes a rotating black hole, which is
static and axisymmetric. When the black hole has an electric charge, the Schwarzschild
solution is no longer valid. A non-rotating black hole corresponds to an isotropic black
hole of mass M and charge @), which described by the ”Reissner—-Nordstrom metric”
[3, 4]. For a charged black holes with |Q)] < M, are similar to Schwarzschild black
holes. The Reissner-Nordstrom black holes have two horizon, the innermost is a Cauchy
horizon. It is believed that black holes with |Q| = M don’t exist in nature, since they
would contain a naked singularity. Their existence would be in contradiction with the
principle of cosmic censorship of the Roger Penrose [5].

The present paper is organized as follows: The second section introduces a concept
Entanglement on the horizon. Section 3 involves the ntangled particle and antiparticles
system on the horizon. In section 4 we introduce a unique description of the Reissner—
Nordstrom metric and the Kerr—-Newman metric. Section 5, is devoted to calculate the
geodesic of a new metric which describes the entangled system on the horizon. We will

conclude in the last section.

2 Entanglement on the horizon

We consider a C,auchy slice 3 of the black hole spacetime with Minkowski coordinates
(t,7) is divided into two parts ¥, and ¥_. We assume that the “horizon” is at z =
—a, the thin region (of the order of the Planck length) near the horizon becomes is at
x = —a + €, where € ~ 0. The absolute value function y — |x| is continuous but is
not differentiable in 0. We will use this property of the absolute function to describe the
entangled states in the black hole horizon. We define a general field |x| as a component
of two fields:

x| = (=x or x) (2.1)
we consider that |x| is free scalar field in a background spacetime. Next, we considere the

entanglement entropy between the outside and the thin region of the inside the horizon,

based on the new field ||

A x| = (~Lor 1) (2.2)

this the derivative of |y|, seems to describe a two entangled states. It is possible to find

both cases —1 and 1 at the same time at point O, i.e. we can find two states at a single
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point on the surface 3.

o x| = (-1)° (2.3)
there is a different tangent to the left and a tangent to the right at the point O, when
0 = {2k,2k + 1} of k € Z. We can represent the creation of a right particle and a left
particle in the horizon by the lines |x|. In this case, Eq.(2.3) also has a T-symmetry, For
spin systems, the Eq.(2.3) obeys 0, |x| C exp (i4ws), where s is the spin of the state in
the defect Hilbert space [7]. We suppose that a field y describes a particle which creates
outside the horizon, and that —y describes the particle created inside. While the field
|x| can describe both particles at the same time. The field || seems classical to on the
parts ¥, and Xg. But in the point O, |x| becomes a quantum field. we associate to
the field —y and yx a state |¥,) and |¥_) respectively, in the basis {|—),|+)}. The
entanglement between the two states does not describe the complete field. Firstly, we

associate with the field |x|, in the point O by entangled states:
Vi) ~ [+) =) £ =) [+) (2.4)

this state is invariant under the Z, symmetry: |+) — (=1)° |[+) and |=) — (=1)"° |=).
The two states (2.4) exist at the same time on O, which means that we can replace the
term + by (—1)°.

7]

Figure 1: We can’t distinguish between the two entangled states |W.) at a point O of
horizon. When separating two states, the state|¥_) enters to the black hole singularity,
and the state |V, ) exits black hole. The two states are still entangled.

Next, we assume that there is an infinity of tangents in the point O, i.e. the creation
of particles in horizon propagates with a spherical forms in all directions. So we replace

md by a temporal or spatial parameter 6 € R.

oy x| ce®eU(1) (2.5)
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In this case we generalize Eq.(2.4) by the created hybrid-entangled bi-particles state

shared between Alice and Bob reads as follows
[Wo) ~ [+)[—) + € [=) |+) (2.6)

the states |W¥y) and =¥ |Wy) describe the same physical quantum state. |¥y) and |¥ )
will not correspond to the same physical state. Let H be a fixed observable (Hermitian
operator) on some Hilbert space of quantum states representing a certain conserved

—i0H

quantity. Let py = e pe® be the evolution of density operatorp generated by H.

Clearly, py satisfies the von Neumann-Landau equation
i0ppo = Hpo — poH = [H, py] (2.7)

in terms of the eigenvectors |Wy) and the associated eigen values Ay depend on 6, there-
fore, the quantum Fisher information is zero. We propose that the particles created with
6 = 0, don’t escape the horizon but are trapped. We propose that these particles which

corresponds to # = 0, spins on the black hole horizon [10].
[Wo) ~ [+) =) + =) [+) (2.8)

the entangled states {|¥g)} are trapped on the horizon. Our goal is to compute the
angular momentum in the classical frame and then in the quantum frame, to describe
both the classical and quantum nature of a black hole. The dynamics of the particles
rotating on the horizon, requires to calculate the orbital angular momentum vector of

the entangled particles in the horizon.

¥ )—g

Figure 2: particles in state |, ) go out of the horizon on the other hand particles in
state |W_) directs to the singular. And particles in the states | W) are trapped on the

horizon.

The orbital angular momentum operator of a particle in the horizon can then be

defined as the vector operator L = —iz* x J,. Moreover, we assume that we can’t
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distinguish between the two particles x and —y, during the rotation in the horizon.
We propose that that the orbital angular momentum of the particles which turn in the
horizon, has a quantum and classical aspect at the same time we start with the classical
orbital angular momentum

Lo = pyx%y - pxy%x (2.92)
in the quantum frame the eigenvalue of the orbital angular momentum operator L.¢ in
the state

ﬁlo> is expressed as below

(i

we compare the two orbital angular momentums (2.9a) and (2.10), we obtain a new state

LZQ)®O>— <‘1/0’x—‘\lfo>+z<\110‘y (\1/0> (2.10)

)\~If0>, is a conformal transformation of vaccum state |¥g) as

(1)) = 70 1 (211)

to obtain a classical and quantum description of horizon particles (6 = 0), the state |¥y)

changes to new vacuum state ’ﬁlo(t)> by the phase expiztp,(t). We propose a new

notation of the conformal state of vacuum |¢, ) := “I’()(t)> and |p_) = ‘\I/E‘)(t)>, we will
use this notation later. To study the behavior of particles spinning on the horizon, we
propose to start studying first the rotation of the Kerr Newman black hole.

3 Entangled particle and antiparticle on the horizon

In spherical coordinates (¢,7,0, ¢), the Kerr-Newman metric is

A . 2
ds* = 2 (dt — J/M sin® 0de)” + (3.1)
sin®f . , 2 /772 2 P s o
7 [(r* + J?/M?) dp — J/Mdt]” + Nart +p'do
where
A=r?—rg+ J2 /M + Q% /4 (3.2)
p* =1+ J*/M?cos® 0 (3.3)

with ry = 2M is the Schwarzschild radius. We take the speed of light ¢ = the gravitational
constant Gy = the vacuum permittivity 4mey = 1.

The Kerr-Newman metric [8] describes a black hole if and only if

J? = (M? - Q%) M? (3.4)


https://doi.org/10.20944/preprints202012.0508.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 December 2020 d0i:10.20944/preprints202012.0508.v1

where M is the mass of the black hole, @ is the electric charge and J is the angular
momentum. The case J? < M* — Q?M? describes an extremal black hole. In the case
where (Q =0,J #0), we will have a Kerr black metric. For (@ # 0,J # 0), we get
a Kerr-Newman black hole. For (Q # 0, =0), we get a Reissner—Nordstrom black
hole. Finally for (@ = 0,J = 0), we obtain a Schwarzschild metric. We know that the

Schwarzschild radius is written as ry = 2M. We can rewrite Eq.(3.4) by a more general

form:
r: L _r3
PS5 Qe @ (3.5)
the objective behind this general form, is to make appear the Kruskal-Szekeres coordi-
nates to cover the entire spacetime manifold around the horizon. We take u = — 4752,
one cane obtain
J?/Q* < uet (3.6)
the term we* is the lightlike Kruskal coordinate, where
u=—-M?*/Q*=—r/2M (3.7)

this last equation makes it possible to find the charge of the particles rotating in the
horizon

Qi ==+M (3.8)

every particle on the horizon, has a charge which depends directly on the black hole mass;
if the black hole mass larger, the charge of a horizon particle will be more important.
This equation shows that there are two types of spinning particles in the horizon. And
each particle of the charge (), = +M, is entangled with another antiparticle of the
charge () = —M. The particle and antiparticle have opposite electric charges @), and
Q_.,.e. CPT anticommutes with the charges. The sum of all the charges of the horizon
particles is zero. If the number of particles N on the horizon is limited, the horizon
charge will be Qg = 0. If we take that the number of horizon particles N — oo, we’ll
have Y~ Q,, = M >~ (—1)" = M/2. Then the charge of the black hole horizon is

Qu = M/2 (3.9)

this charge corresponds exactly with a physical event horizon, because (3.9) check the
condition of existence of the event horizon: 2Qy < r,. The notion of an electrically
charged black hole horizon, is already found by [9]. Therefore the Eq.(3.4) becomes

J? =

~Mmt 1
<2 (3.10)

the term J in the last equation represents a classical state. In the quatique framework,

we take J as an operator on the other hand J are its eigenvalues in the states {|o.)}
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V3
2
according to Eq.(2.1), the field |x| describe the particles which escape from black hole

[J| < - M? (3.11)

horizon, and |J| describe the spinning particles that trapped on the horizon, in this case
we take |x| (60 =0) = |J|. For a extremal 4d Kerr black hole, the Eq.(3.11) become a

two equations, are given by

3 3
J = —%W or J, = +§M2 (3.12)

which induces that the extremal black hole is a set of two entangled particles with the
low mass M. This equation indicate that the two entangled particles on the horizon,are
created from the point O, and rotate in opposite directions then it is particle-antiparticle
annihilation on another point O’ on the horizon. Therefore, the extremal black hole is
considered like a particle accelerator. The rotation of the two entangled particles (particle
and antiparticle) creates a black hole is equivalent to the pair production. This requires
there is a enough energy available in the center of mass to create the pair. In this case
we suppose that all the energy absorbed by a black hole is transformed to kinetic energy
of the particles-antiparticles in the horizon.

the ADM mass and angular momentum are function of the horizon size a
M=a (3.13)
The black hole has a Bekenstein-Hawking entropy checked
47
SpH = 73 | /| (3.14)

this relation presents a minimum value for the entropy of a black hole. We will use this

entropy in the next section.

4 Mirage horizon of the entangled particle-antiparticle

In this section, we want to find a unique description for the Reissner—Nordstrom metric

and the Kerr-Newman metric. The Reissner—Nordstrom metric [12] reads

2 2\ 1
ds® = — (1—E+Q—2) dt* + (1—E+Q—2) dr? + r*dw? (4.1)
roor roor
where dw? = df? + sin? Odyp?.
The event horizons for the spacetime are located where g% = 0, which gives two solutions,

i.e. we will have two event horizons are located in

= Mt A= O (42)
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these concentric event horizons become degenerate for (3.8), which corresponds to an
extremal black hole, which explains the result found by (3.12), i.e. the black hole is a set
of two entangled particles, one rotates with respect to the other. This comparison opens
a description of a black hole with entangled particles (particule and antiparticule) (3.8)
on the horizon (3.9) by two the metrics Eq.(3.1) and Eq.(4.1). But we have a problem,
the Kerr- Newman metric Eq.(3.1) describes a rotating black hole, on the other hand,
the Reissner- Nordstrom metric Eq.(4.1) describes a black hole without rotation. To
unify the two metrics without a generalization, we propose that the concentric event
horizons described by the horizon angular momentum Jy = 0 and angular momentum
J+ # 0 of the entangled particle-antiparticle system on the horizon. The set {Jy, Ji}
is described by Reissner-Nordstrom metric and the Kerr-Newman metric at the same
time. When we have an annihilation between particle and antiparticle in the horizon,
therefore, Jy = 0. On the other hand J. describes the horizon with the creation of
these entangled particles. Which means that the geometry of the space-time close to
the horizon changes according to the dynamics of the entangled particles. which means
that the two horizons r4 are a mirage created by the particle-antiparticle system. In this
case we propose that the singularity does not rotate. The rotation and the load present
only on the horizon. To find the intersection between these two metrics we will use a
technique. For @) = Qg (3.9), we can use the two angular momentum (3.12) in (4.2),
and we obtain
Jy

r4 are two Reissner-Nordstrom horizons, it depends on Ji. According to our model,
r4 are a virtual horizons or mirage horizons, because there are a results of rotation of a
several entangled particles-antiparticles on the real horizon (Qg = M /2, Jy = 0,17 = r).
Since r4 depends on Ji, then, ri describe the two particles. Therefore, we propose to
replace r¢ in Eq.(4.1) by the last values of |ry|. To find a metric which describe the
space-time around the horizon with the presence of the entangled particles, wepropose
first this new metric
-1

ds? = — (1—¥+Af—;—%> dt* + (1—¥+Af—;—|:—]\j|) dr® + r’dw®  (4.4)

we start with a region near to singularity 0 = r < rg, in this case we propose to use the

Taylor series for this metric:

M4 M5 Mn+2

r

this last expression explains the presence of the entanglement in the horizon. When

n — 00, we can’t separate precisely between two cases; when n even or odd. Clearer,
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for n — 0o, n will be even and odd at the same time. In the case where r = r,, one can
obtain |Jy| = MTQ, this value verifies the condition (3.11), and they are different from the
values (3.12), which shows that the unification between Reissner—Nordstrom metric and
the Kerr-Newman metric is done for a non-extemal black hole. The term O (i%) C
Ji, where co+ (2k) = oo+ (2k + 1), k € N, is a little negligible, but his effect on particle

and antiparticle is very strong, he represents the entanglement of this two particles

0 (ig) = (—1)®0 (g) (4.6)

indeed, this equation shows that we can have (—1)* = {—1, 1}, which is equivalent with
Eq.(2.2), which really describes the entangled particle-antiparticle by the two angular
momentums Ji. We remark that (—1)* becomes an operator which has eigenvalues in

the base {|p+)}, which describes the state of an entangled particle and antiparticle

w [-10
en(01) (@)

we compare Eq.(2.3) with Eq.(4.7) we find
01, |72l = (—1) (18)

The term Eq.(4.6) is essential, for these the entangled particle-antiparticle create a ex-
tremal black hole, because this term is a responsible in (4.5), which creates a rotation

between the entangled particles on the horizon.

A7 9 M4 3 M5 Mn+2
Spr = —= [(=1) — + (=1’ — + ...+ (=1)* 0 4.9
o = (<1 S+ (1) S (<D0 (2 (19)
this relation describes a minimal entropy Sy = S, for a black hole:
A7 M* 1
Smin = —=——+ 0 4.10
V32 1+ M r 410

_ _ 27 2
for r = ry, we get Spin g = WﬁM )

5 Geodesic of the two entangled particle-antiparticle

In what follows, we want to determine a metric which describes the entangled system of
a particle and antiparticle. Taking into account Eq.(4.5), we obtain a new metric which

1s written
—1
M
1+ o

M
ds® = dt* + (1 + —) dr® + r*dw? (5.1)
T
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Substituting Eqs.(3.8,4.5) into Eq.(5.1) one can obtain

J 1 Q:
ds? = ——| i|r2dt2 + —Q—i dr? + r*dw? (5.2)
Q3 r? | J|
where dw? = df? + sin? 0dyp?.
we first provided the equations of motion of the particle-antiparticle system. Now, we

consider the spherical coordinates 2# = (2° = t, 2! = r, 2> = 0, 2% = ¢): the Christoffel

1 09 09 09
e — Zg9° - ]
w = 59 (ax“ * oxv  Ox° (5:3)

one can compute the geodesics of a two-entangled particles system |Ji|. The Euler—

symbols are

Lagrange equations of motion for |Ji| are then given in local coordinates by

d>z

o

WdE” =0 (5.4)

we find differential equations, (see appendix), then we calculate their solution
(t) =+cos ' w(t—ty)

where w is the angular frequency for both particles, the rotation of the two particles
begins at time to. For t = ¢, we obtain 6 (ty) = £1; this result is equivalent to the rest

of particle-antiparticle.

\W/

Figure 3: Some curves of the variation of € as a function of ¢.

we also calculate the parameter ¢ and we find

o(t) = —Cwln(csc(wt — wty) + cot (wt — wtp))
+C'w cos (wt — wty) + ¢o

tan(wt—wtp)

Slten(ai—wio)]’ (' is a constant and ¢ is a constant of integration.

where w =
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@(1)

Figure 4: A possible curves of the variation of ¢ as a function of .

The local velocity is therefore

wlJy|tanw (t — to)
,

ol t) =+ Q3 cosw(t —tg)

for t = t¢, the velocity of the entangled particles will be zero. If |J.| = 0, v(r,t) will be
zero, which implies that the entanglement between the particle and the antiparticle is

essentially to generate by the angular momentum.

6 Conclusion

In the present work, we used an absolute field to describe two entangled states in the
horizon. Then we studied the entangled particle-antiparticle that revolve around on the
horizon. We have studied these particles for Kerr Newman black hole. We have shown
that the rotation of an entangled system of a particle and an antiparticle, can create a
extremal black hole. The present study was designed to determine the black hole effect
on entangled particles on the horizon. This study has shown that the system of two en-
tangled particles has a single metric, which derives the motion of the electrically charged
particle and antiparticle on the horizon. This study has raised important questions about
the nature of the entanglement, since we have shown that the two angular momentums of
the two entangled particles are perfectly connected with a Taylor by an operator (—1)
at infinite. This connection leaves the two entangled particles in rotation between them.
The analysis of the entangled particles geodesic, has extended our knowledge of more

about the rotations of the entangled particle-antiparticle.
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Appendix
the metric (5.2) is written as
Gt 00 0
0 1@t 0 0
gl“/ g r? | :|:|
0 0 r? 0
0 0 0 r?sin®0

the nonvanishing components of the Christoffel symbols I'* ,, are given by

1 409900 1
0 ==-¢g"—"==- 6.1
=59 Tgpr T (6.1)
1 (9900 |J:|:|2
rt,=—g¢"= = 3 6.2
00 2g 61’1 Qi r ( )
1 dg11 1
U S/ R .
11 29 Ol . (6.3)
1 8g22 |J:|:|
Fl = ——gll— = ——7"3 64
22 2 8.’1,’1 Qill: ( )
11,0933 |J:t| .
Fl — 11_:_3 20 6.5
33 2g axl Qi rsin ( )
1 5002 1
2, =-¢?——=- 6.6
21 29 axl r ( )
1.,,0
2, = ——gmﬂ = —sinfcosd 6.7
33 27 Ox?
1 450033 1
3, = —¢¥—22 = - 6.8
1 330933
F332 = 5933W = COte (69)
therefore, the Fuler-Lagrange equations are given by
el
T+ r® =0 (6.10)
Q%
i 12y (6.11)
F— -7 = :
r
L el s
P ——01r"=0 (6.12)
Qi
.. |Ji‘ - 2n-23
P+ _Qi sin” 0p“r° =0 (6.13)
b+-6=0 (6.14)
r

6 — sinf cos 0p®> =0 (6.15)
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b+ %p =0 (6.16)
b+ cot 00 = 0 (6.17)

by the comparison between Eqs.(6.10,6.11,6.12,6.13), one eliminates Eqs.(6.10,6.13), it
is to have real values for the physical quantities. According to Eqgs.(6.14,6.15,6.16,6.17),

we find this differential equation,
b+0°cotd =0 (6.18)

its solution is of the form
0(t) =+cos tw(t—ty) (6.19)

from Eqgs.(6.14,6.16,6.19), we find the solution for ¢

P+ ~ ! +sinw(t—tg) | =0
sinw (t — =
7T osw (t —to) \sinw (t —to) )%

o(t) = C’/e_F(t)dt +B

F(t) = / F(O)dc

¢ w 1 .
- / dgcosw (¢ —to) (sinw(C —tp) sinw (¢ - t0)>

= In [tan (wt — wtp)| — In (cos (wt — wty)) + D

cos (wt — wtp)
t) = dt + B
e () C/ [tan (wt — wtp)| *

o(t) = —Cwln(csc(wt — wty) + cot (wt — wtp)) (6.20)

+C'w cos (wt — wty) + ¢o (6.21)

where w = % For the square of the speed in Eq.(6.11), is positive, we choose
only

) || tan?w (t — to) ,
=w r
Qi cos?w (t — to)

therefore, the specific orbital energy is

(6.22)

E_ | J+| tan? w (t — t0>7“4 M
2Q4 cos?w (t — to) r
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