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Abstract

The present study is aimed at designing anti-reflective (AR) engraving on the Input-Output sur-
faces of a rectangular light-guide. We estimate AR efficiency, by the transmittance level in the angular
range, determined by the light-guide. Using nano-engraving, we achieve a uniform high transmission
over a wide range of wavelengths. In the past, we used smoothed conical pins or indentations on the
faces of light-guide crystal as the engraved structure. Here, we widen the class of pins under con-
sideration, following the physical model developed in the previous paper. We analyze the smoothed
pyramidal pins with different base shapes. The possible effect of randomization of the pins parameters
is also examined. The results obtained demonstrate optimized engraved structure with parameters de-
pending on the required spectral range and facet format. The predicted level of transmittance is close
to 99%, and its flatness (estimated by the standard deviation) in the required wavelengths range is
0.2%. The theoretical analysis and numerical calculations indicate that the obtained results demon-
strate the best transmission (reflection) we can expect for a facet with the given shape and size for the
required spectral band. The approach is equally useful for any other form and of the facet. We also
discuss a simple way of comparing experimental and theoretical results for a light-guide with the de-
signed input and output features. In this study, as well as in our previous work, we restrict ourselves
to rectangular facets. We also consider the limitations on maximal transmission produced by the size
and shape of the light-guide facets. The theoretical analysis is performed for an infinite structure and
serves as an upper bound on the transmittance for smaller-size apertures.

1 Introduction
Minimization of reflectance of an input (output) facet of a light-guide is our study’s primary task.
While also providing a small enough angular divergence of the forward scattered beam, we get the
maximal transmittance - the light-guide designers’ main trouble. Therefore, we demonstrate the re-
sults, basing on the transmittance characteristics. Engraving a facet was chosen as the means allowing
for solving the problem in a broad wavelength spectrum. To design the surface engraved structure
providing minimal reflection, we developed the proper physical model in the previous stage ([1]).
This model is based, on the variations calculus and allows predicting the required shape of engraving,
providing minimal reflection. This considered structure (in that study and here as well) is formed by
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Figure 1: Reducing the side lobes of the beam diffracted by a circular hole by using the Gaussian shape.

pins on a plane facet (the pins can be replaced by the similar shape indentations) made from the same
matter as the light-guide itself. The model deals with infinite size layered structures with dielectric
parameters calculated according to the Maxwell-Garnett approximation (e.g., [2]). The analysis was
given in the frame of the single scattering (Born’s) approximation. The obtained result require the pins
to be elements possessing a constant slope, i.e., cones or pyramids. The theoretically required slope
angle depends only on the refraction index of the light-guide medium. The study in ([1]) concerns
only conically shaped pins and indentations. The existence of multiple scattering leads to the neces-
sity of smoothing cones to paraboloids (in the literature, other different shapes were discussed without
preliminary justification [3], which are indeed hardly achievable). The authors of [1] also noted that
maximization of the facets’ fill-factor is not less important, and thus (smoothed) pyramidal structures
promise to be more efficient.
With the right choice of the conical unit-cells (pins or indentations) structure parameters (as their
height and diameter), one can get the transmission of a small size facet a little more than 98% and
the flatness in the given wavelength range as 1% (and it is especially desirable to reduce just this
parameter).
Another aspect widely discussed in the literature is the randomization of an anti-reflection (AR) struc-
ture. We have to note that the positive effect of this procedure was not confirmed up today by re-
liable results and conclusions ([4, 5, 3, 6, 7]). Our remarks concerning the fill-factor suggest height-
randomization of the pins (but not the bottom size and position) in the structure to get possibly a
higher and more uniform transmission for the broadband spectrum. But it is only preliminary expec-
tations. All these states we tested numerically in the present study.
One can evaluate the anti-reflection efficiency of a surface structure from two different criteria.
The first evaluation can be done for the structure itself, while used in the ideal condition: it is an en-
graved infinite surface illuminated by a plane wave.
Such structures can be approximated by a multilayered configuration that describes a layer with a
gradient index when the number of layers tends to infinity. The rigorous theoretical analysis of this
structure’s response is given in Appendix A.
Another evaluation (more relevant for different applications) can be done for an actual facet of a par-
ticular shape and a finite square. With this, one has to pay attention to the geometrical parameters. In
practical cases, we deal with a given size facet, illuminated by a specific beam. Therefore, a part of the
energy can avoid the structured surface. Thus, it contributes to the extra-reflection measured in the
experiment.
Moreover, dealing with a nano-structured facet of a light-guide and using the chosen wavelength, we
often cannot minimize the size of the focal spot of the input beam. We did not provide this analysis
in the previous publication, taking in calculations only that part the beam power, which hits the facet.
Reducing the edge effect requires additional means. The problem is analogous to one of reducing side-
lobes of a beam diffracted by a hole. This is the old problem of classical optics. One of the conventional
means, resolving it for a circular hole, is in using Gaussian beams. The proper illustration given below
is imported (and restored) from [8].
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We can probe such a solution in our case as well. It means using the apodization of the whole
structure. However, the simplified calculations (see Appendix B) show that:
- The angular distribution of the diffracted beam occurs to be partly smoothed by the pins’ parabolic
shape, but not by an edge apodization;
- The large enough critical angle for total internal reflection (TIR) in our case (light-guide material)
allows collecting all forth-scattering peaks. Thus, the edge effect is not significant at all;
- Apodization, in turn, leads to redistribution of the beam energy in favor of the side lobes. This effect
will increase the losses by those lobes, for which the TIR condition will be broken.
Summarizing, we state that considering structures do not require any correction for diminishing the
edge effects.
We note that all the results below are obtained by numerical calculations fulfilled by the commercial
simulator ”Lumerical,” which uses the FDTD method. The numerical simulations are performed for
the given size facet. ”Lumerical” solves the Maxwell equations numerically under the boundary con-
ditions determined by the facet and the light-guide itself. The multiple scattering is taken into account
automatically. Thus, we trustable estimate the advantages of pins smoothing.

2 Parabolic smoothing
As discussed in the previous section, the multiple scattering contribution forces us to modify the con-
ical shape of the unit cells obtained by solving the variational reflection minimization problem. For a
discussion of the multiple scattering effect contribution see, for example, cite simonetti2008illustration,
cite garnett2010light, cite simonetti2006multiple. Our previous publication showed that effective
modification is in using a paraboloid shape instead of the proper cone. Here we test the efficiency
of smoothing pyramidal unit-cells.
The advantage of parabolic smoothing is in obtaining the surface smooth also with respect to its deriva-
tives (a higher order of smoothness).
Anyway, it is necessary to note that this recommendation cannot be accepted as the general one,
equally efficient for any shape of the cross-section. Numerical tests are required for any specific con-
figuration of the cross-section. However, the main conclusion can be done: smoothing leads to a better
flatness of transmission characteristic as the function of the wavelength. It is already seen in Fig. 5,
in [1] 1. The smoothing efficiency is tested here for round, square, rectangular, and hexagonal basis of
unit-cells (pins).

3 Height randomization of pins in conic-parabolic structure
It is well known (see, e.g., [3]) that one can obtain almost zero reflection for a single spectral line.
Such a result is achieved without any randomization. However, any widening of the required spectral
range affects the possible minimal reflection while understanding it in terms of the mean value. But
this is yet not the well-defined formulation of the goal. And for a trustful evaluation of the role of
randomization, one has to proceed from an explicit criterion. In the present discussion, we accept the
following one:
- maximization of the mean value of transmission in the required spectral interval;
- additionally, the minimization of the standard deviation of transmission.
The previous discussions on effect of randomization one can find, e.g., in [5], [4]. However, first of all,
we have to underline some significant aspects.

a) The true effect of randomization can be seen only for a large enough facet. Any statistics is valid
only for a large number of elements (unit cells).

b) The optimal structure of the whole facet has to take into account the profile of the illuminating
beam.
The illumination scheme in a virtual experiment (and namely, this illumination - of the Gaussian shape
- is taken into account in our numerical calculations) is depicted in Fig. 2

We see immediately that this geometry does not respond to the requirements mentioned above.
Therefore, the results presented below are not the best those, which could be obtained with the same
pin-structure in the ideal conditions.
In the previous publication, we verbally discussed the possible effect of randomization of pins’ heights
in the structure (see Fig. 3). Here we present the numerical analysis results, which show that the

1In a sense, it is appropriate to point to Chebyshev-type fillers as an analogy (see, e.g., [9]).
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Figure 2: Illumination of a facet by a laser beam.

Figure 3: Randomized paraboloids structure

conclusions about the efficiency of the randomization are not straightforward.
For the beginning, we recall the results concerning the effect of the height of conic, parabolic smoothed
pins on the transmittance of the facet.
Turn to the graphs depicting the transmission efficiency of the facets studded by parabolic pins (the
small dimension of its aperture is as 20x3 pins). In the numerical calculations (here and after), we
define transmission of the facet on a light- guide input (output) surface as the forward scattering in
the range of angles required for the light-guide.

Here the value of the standard deviation σ indicates the randomization level.
We calculated the parameters chosen as the criterion:
- For nonrandom structure (σH = 0): the mean transmission is Tmean = 0.9825, and the standard devi-
ation of transmission is (σT = 0.003);
- For σH = 25nm: Tmean = 0.98246, and σT = 0.003009;
- For σH = 50nm: Tmean = 0.98254, and σT = 0.003011;
- For σH = 75nm: Tmean = 0.98217, and σT = 0.003307;
- For σH = 100nm: Tmean = 0.98184, and σT = 0.003375.

We see (Fig. 4) that for the given facet, it is not easy to conclude which one from the tested ran-
domized structure is the best. The conclusion that begs here is: for small apertures, randomization is
not efficient. And it is not a surprising result; it was already underlined above.

For supporting this statement, we present below additional graphs (Fig. 5 - 9).

- Without randomization:
H = 800nm; thus Tmean = 0.9825, and σT = 0.002925;
H = 850nm; thus Tmean = 0.982369, and σT = 0.002969;
H = 900nm; thus Tmean = 0.9818, and σT = 0.003;

and statistical evaluations.
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Figure 4: Transmission for paraboloid facet with the average height H = 900nm and different levels of
randomization.
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Figure 5: Transmissions for paraboloid facets without randomization.
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Figure 6: Transmissions for paraboloid facets with σH = 25nm.

- With σH = 25nm:
H = 800nm; Tmean = 0.98186, and σT = 0.003174;
H = 850nm; Tmean = 0.98249, and σT = 0.003209;
H = 900nm; Tmean = 0.98246, and σT = 0.003009.

- With σH = 50nm:
H = 800nm; Tmean = 0.98014, and σT = 0.003617;
H = 850nm; Tmean = 0.98215, and σT = 0.003129;
H = 900nm; Tmean = 0.98254, and σT = 0.003011.

- With σH = 75nm:
H = 800nm; Tmean = 0.978258, and σT = 0.004591;
H = 850nm; Tmean = 0.98194, and σT = 0.003257;
H = 900nm; Tmean = 0.982171, and σT = 0.003307.

- With σH = 100nm:
H = 800nm; Tmean = 0.980236, and σT = 0.00793;
H = 850nm; Tmean = 0.980236, and σT = 0.004047;
H = 900nm; Tmean = 0.9801797, and σT = 0.003775.
However, some conclusions can still be made: a larger σH , requires a larger mean value of H.
It is interesting, but the actual technology restricts a possible value of the height. Say, while using
Focused Ion Beam (FIB) 2 we face the restriction as H < 2db, where db is the base diameter of the
paraboloid. This fact puts an additional restriction on the ability and efficiency of randomization.
Moreover, based on our results, we can state that randomization does not improve the transmission
function’s flatness.

4 Pyramidal structures
As was already discussed above, pyramidal pins potentially promise an increase in transparency due
to improved fill-factor. The best fill- factor we obtain for rectangular (square, for specific facet shapes)

2For laboratory tests, one often chooses the available equipment. Today, we can use also the laser engraving ([10, 11, 11]),
lithography [12], and the most accurate nano-scribe technology [13]. The last one is perhaps the most expensive and hardly
available for Si. However, maybe, it is the single one allowing to get the tough located pins, as we require. As we estimate,
the lithography is more attractive for series manufacturing and hardly useful for samples gradually varying in depth. The laser
methods’ advantages or disadvantages depending on the sample material and scale, and the focal spot possible diameter.
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Figure 7: Transmissions for paraboloid facets with σH = 50nm.
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Figure 8: Transmissions for paraboloid facets with σH = 75nm.
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Figure 9: Transmissions for paraboloid facets with σH = 100nm.

Figure 10: Truncated square pyramidal structures

pyramids. The illustrations of the structure, based on square and hexagonal pyramids are given in Fig.
10 and Fig. 11. The square and hexagonal shapes differ not only by the fill-factor but also by the scat-
tering shape. Therefore, the final conclusion can be made only after accurate numerical calculations.

The pyramidal structures were considered in different studies (e.g., [14, 15]), however, only as a
case and without general conclusions. Here, we generalize the analysis that allowing us to provide
confident recommendations. When using rectangular facets, the main evident advantages of pyrami-
dal structures are in increasing the fill factor. A facet composed of hexagonal pyramids retains a free
area at the edges anyway. For the correct comparison of the two structures’ efficiency, we have to take
their sizes more or less equivalent (we chose the criterion as equality their heights and their bottom
and upper areas). For example, where the height of the pyramid is H = 900nm, the smaller size of the
surface of the square pyramid is ab = 550nm, and the upper square is ab = 200nm, and the same areas
for the hexagon pyramids, the results are shown in Fig. 12

For easier comparison, we give below the mean values and standard deviations of transmission for

Figure 11: Truncated hex pyramidal structures
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Figure 12: Comparison of transmission of truncated squared and hex pyramids

the tested pyramids (in natural units) - Trectmean = 0.976, and σsq = 0.0035;
- Thexmean = 0.9747, and σhx = 0.0037;

The results are slightly different, but the square pyramid is still preferred. Therefore, further, we
consider only this type of pyramids.
Adopting a bottom of the pyramidal uni-cell of rectangular and not a square shape, one can achieve
the fill-factor as 1. The results of the proper test are demonstrated in Fig. 13.

In terms of area, the rectangular pyramids’ base was taken equal to the bottom of the square one.
However, the aspect ratio was taken to be appropriate to obtain a fill factor of 1. The results show the
advantage of a regular rectangular structure. Average transmission reaches 0.9.
However, the size of the rectangular base is determined by the shape of the facet; thus, it must be a
specific choice every time. In order not to be limited to a particular form of the facet, in the following,
we analyze mainly the square bases of the pyramids. Only one specific case was taken to assess the
maximum fill factor’s influence, and it shows its importance. For this particular facet, the improv-
ing factor for the mean transmission is η = 1.004, but the improvement of the standard deviation is
significant ((Fig. 14)).

4.0.1 Truncated and smoothed rectangular pyramids

Recall, first of all, that dealing with cones ([1]), we got the best results for those with the bottom
diameter db = 450nm. Therefore, in further analysis, we accept the pyramids with a similar bottom
area. As previously, we expect some improvement in the transmission by smoothing the pyramids. It
seems natural enough to expect an impoverished scattering angular spectrum for smoother scatterers.
The height of the parabolic cap (smoothing) is taken as 200nm. The results of both cases are given in
Fig The height of the parabolic cap (smoothing) is taken as 200nm. The results of both cases are given
in Fig. 14.

The smoothed surface provides an apparent improvement. The mean value of transmission achieved
a value of 0.983, with a standard deviation of about 0.0014 (i.e., the smoothing of pins significantly im-
proves the flatness). Smoothing of rectangular pyramids is more problematic; however, recalling our
previous estimation, one can hope to get the mean value of transmission about 0.987. In the next
short section, we show the results of randomizing the pins’ height on the facet. Another possibility,
modification of the edge pins to smooth the edge effect, is discussed in Appendix B.
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Figure 13: Comparison of transmission of truncated squared and rectangular pyramids

Figure 14: Comparison of transmission of truncated square and smoothed pyramids
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Figure 15: Comparison of transmission of smoothed square pyramids with different randomization of
the height

4.1 Randomization of height of the unit-cells in smoothed pyramidal struc-
tures
In this section, we try the effect of height randomization for the pyramidal structure. The results for
different σH are depicted in Fig. 15.

As is seen, the randomization of pin height in the pyramidal structure works even worse than in
the conical structure. Moreover, it can give even a negative effect. These results are not so surprising.
In literature, we can find an intensive discussion on randomization: pro- and cont (see, e.g., [4]). Such
results of randomization for conic structures were discussed above. Thus, we can conclude that any
randomization can provide an effect (positive or negative) only for large enough facets.
A numerical analysis of a large facet is a bulky task. A gradient index model for large surfaces (de-
scribed in [1]) is to be accurate enough in their central area (where edge effects do not contribute).
The model works in a range of wavelengths matched to it. Moreover, in this range we do not indicate
an essential dependence of the reflectance (transmittance) on the wavelength. Therefore, the need in
randomization looks doubtful (see Appendix B in the present work).

5 From the single facet to the whole light-guide.
The simple way for comparing calculation and experimental
results
Underline from the very beginning, the numerical calculation of the reflection and transmission for the
wave passed through a light-guide is a very bulky problem. With this, any laboratory measurements
(of reflection or transmission characteristics) deal just with a wave transmitted through a light-guide
once or several times. However, there is a workaround, which allows for significantly simplifying the
necessary calculations.

First, we consider a plane wave propagating through space (filled by a medium with the refractive
index n) bounded by flat parallel (normal to the direction of wave propagation) boundaries. Call it a
slab (despite its infinite side boundaries). Let air be its ambient medium.
Let r and t be the reflectance and transmittance correspondingly of each boundary facet, and R, T the
reflectance and transmittance of the whole slab. Designate the thickness of this slab as D. Let also the
input wave amplitude be 1.
For the reflection from the slab (in the scalar form), we have (see, e.g., [16]).
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R = r− (rt2ei2kD + r3t2ei4kD + r5t2ei6kD + ...), (1)

where k = 2π/λ.
In turn, for the transmission though this slab we write

T = t2eikD + r2t2ei3kD − r4t2ei5kD − ... (2)

From this equations we get the simple relation

R = r(1− TeikD) (3)

Principally, measuring R and T, one can estimate the reflectance r of the facet and compare it with
the calculated value. However, this task’s single problem is the accurate measurement of D (of the
order as λ/4).
On the other hand, we get the like equations while dealing not with the infinite plane but a light-guide
mode (for a single-mode light-guide, or the proper superposition of modes for a multi-mode one) with
a single difference. Namely, the factor eikD has to be replaced by another one (designate it as Ψ).
Thus, factor Ψ occurs the single obstacle for simple experimental testing of our mathematical model.

6 Discussion and Conclusions
This study is the continuation of the previous one [1], where we developed the semi-analytic formalism
for calculating the parameters of a meta-surface made from a high-index dielectric material, similar to
that used for the light-guide. Our analysis has demonstrated the transparency effect also to high op-
tical index optical light-guides (Si). Basing on the previous results, we analyze her more cumbersome
structures and estimate maximal transmission while using structural surfaces (facets). We considered
only those types of engraving, which can be fabricated, therefore, omitting such shapes, which can be
defined by polynomial functions of higher than 2 (or even more complicated). Also, we restricted our
analysis by the height of the unit cells achievable for FIB technology, i.e., db ≤ H/2.
The pyramids were introduced since they satisfy our theoretical predictions and fill rectangular facets
more effectively (even achieving the total fill). And despite its more complex scattering side surface
(a ribbing one), numerical calculations demonstrate an improvement compared to cones. Note that
hexagonal base pyramids occur less effectively than the rectangular ones. Again, the base size is de-
termined by the required spectral range and also by the fill-factor. The hexagonal base leaves a certain
unfilled edge anyway.
Smoothing the top has the essential effect for improving the transmission. In turn, the optimally tai-
lored rectangular base improves the transmission additionally.
We showed that this configuration allows achieving 0.987 transmission level in 1 - 2-micron wave-
length range with the flatness about 0.2%. We note that flatness is the crucial characteristic, limited
together with the mean value of the minimal transmission in the required spectral band. On the con-
trary, randomizing the pins’ heights does not provide a remarkable effect, and the pyramidal structure
worsens the transmission. This negative effect can be explained by the small size and specific aspect
ratio of the facet.
The surface smallness does not result in transmission degradation determined by the edge effects but
restricts the engraving’s positive impact.
Here, and in the previous work, we provide a systematic analysis of the structures, justified theo-
retically in the single-scattering approximation. The improvement in transmission (reflection) and
especially flatness characteristics achieved. Underline that the effect was got not so much due to the
shape of the pins (conical or pyramidal), but due to their smoothing and increasing the fill-factor. The
shape smoothing allows for adopting the structures to the actual multi-scattering case. Moreover, the
smoothed pins are easily realizable. The approach elaborated in our study is equally useful for other
shapes and sizes of facets. We can claim that we obtained the best possible result for realizable facets
for the considered rectangular profile with the given size.

7 Author Contributions
I.G. developed the theoretical aspects and conducted the research. Y.G built numerical model, run
simulations. K.H. and Y.T. run the simulations for different pyramidal structure and rose the idea of
using rectangular pins.
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Appendix A: Gradient index model for indefinite surfaces
Here we turn again to the gradient index model to estimate the result (reflectance, transmittance),
which can be accepted as the ideal one, and compare it with those obtained for our structures. In [1]
we analyzed this model for the initial choice of the best shape of the pins. However, on the one hand,
it is difficult to evaluate directly the integrals appearing there. On the other hand, a computer analysis
of multilayered structures (M sub-layers) fraught with numerical errors growing with adding new
layers. And in our case, the number of layers is to tend to infinity (M→ ∞). Because of these reasons,
we undertake the analysis of the matrix expression describing an M-layered structure.
Let H is the total depth of the gradient index layer. Take all layers to be of the same thickness δ = H/M.
In the previous publication, we obtained that the best structure for minimal reflectance (if only single
scattering is taken into account) is an engraving involving pins (or indentations) with a constant slope.
In such a structure, and with compact localization of pins, the mean refraction index of an effective
j-th sub-layer

nj = 1 +
N − 1

M2 j2. (A-1)

Here we accept that the medium in front of the light-guide possesses the refractive index n = 1,
and the medium behind the light-guide possesses the refractive index n = N. With this, if k is the
wave factor in vacuum, the effective wave factor in j-th sub-layer is kj = njk.
In follow, we use the matrix-formalism (see, e.g., [16]).

We write our basic equation as (
Ein
ER

)
(T) =

(
ET
0

)
(A-2)

The transfer matrix T is defined as

T =

(
1 nin
1 −nin

)
(PT)

(
1 1

1/nout −1/nout

)
, (A-3)

where is the product of P-matrices describing the sub-layers.

PT =
M

∏
j=1

Pj, (A-4)

and

Pj =

(
cos kjδ inj sin kjδ

i 1
nj

sinkjδ cos kjδ

)
(A-5)

Thus, taking into account our agreement concerning ambient media, we have finally for the transfer
matrix

T =

(
P11 + P21 +

P12+P22
N P11 + P21 − P12+P22

N
P11 − P21 +

P12−P22
N P12 − P21 +

P11−P22
N

)
(A-6)

Now, our equations for scattered (reflected), and transmitted fields obtain form

ET = 1
T11

ER = T21ET
(A-7)

Taking into account that with a large M we have kδ << 1, we are able to make the necessary
estimations. Actually, for estimating the fields we need only T11 and T21.
First of all,

cos kjδ ≈ 1− δ2

2 (1 +
N − 1

M2 j2)2

sin kjδ ≈ δ(1 +
N − 1

M2 j2).
(A-8)

It is easy to notice the following

P11 ∼
M

∏
j=1

[1− δ2
M(1 +

N − 1
M2 j2)], (A-9)

where δM denotes δ, for the structure with M layers. The similar estimation can be made also for
P22.
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However, these relations are not detailed enough, for evaluating difference between P11 + P22/N

and P11− P22/N. The main obstacle here is in necessity to multiply finally the matrix P on
(

1 1
1/N −1/

)
,

while calculate the matrix T.
But, since our final purpose is in estimating the structure of T, just this is necessary.

For getting the relation in the proper, modify the equation for P in the following manner (call it
here as C-trick).
Introduce the matrices

C+
j =

(
1 nj
1 −nj

)
(A-10)

and

C−j =

(
1 1
1
nj
− 1

nj

)
(A-11)

These matrices are inverse to each other. Therefore, we can overwrite Eq. A-4 as

PT = C−1 C+
1 P1C−2 C+

2 P2...PMC−M+1C+
M+1 (A-12)

Here we take nM+1 = N. Designate further

Tj = C+
j PjC−j+1, (A-13)

and then

Tj =

Pj,11 + njPj,21 +
Pj,12+nj Pj,22

nj+1
Pj,11 + njPj,21 −

Pj,12+Pj,22
nj+1

Pj,11 − njPj,21 +
Pj,12−Pj,22

nj+1
Pj,12 − njPj,21 +

Pj,11−Pj,22
nj+1

 (A-14)

In this representation we obtain T in the form, which is simple for estimation.

T =

(
1 1
1 −1

)
C−1

M

∏
j=1

Tj (A-15)

For the final estimate, we perform some algebraic transformations. At first,
nj

nj+1
≈ 1− j N−1

M2 ∼ 1− jO(δM).
In other words, the difference in the refractive index of neighbour layers is a value of order O(δM).
Indeed,

∆n = (2j + 1)
N − 1

M2 = (2j + 1)
N − 1

M2
H
H

= δH(2j + 1)
N − 1

M
∼ δ. (A-16)

Now, matrix T obtains a structure.
Note, that since Pj,11 = Pj,22, after multiplication of these matrices, the relation P11 ≈ P22 with the

accuracy of O(δM). With this, we have also P( j, 12) ∼ Pj,21 ∼ O(δM)
Now, one can indicate the structure of the matrix T. Rewrite Eq. A-14, in the form

Tj =

(
2Pj,11 + O(δM) O(δM)

O(δM) 2Pj,11 + O(δM)

)
(A-17)

It is easy to see, that the resultant T matrix keeps the similar form. As the last step, we obtain(
1 1
1 −1

)(
1 1

1/(1 + ∆n) −1/(1 + ∆n)

)
(A-18)

Recall, that with M → ∞, we have δM → 0, thus, taking into account Eq. A-5, we obtain that T turns
into the unit matrix. For its elements determining the reflected and transmitted waves, we have

T11 → 1, and T21 → 0.
It is the result we desired to get. In the field terms, the structure described as the gradient index layer
provides its absolute transparency:

ET = Ein, (A-19)

and
ER = 0. (A-20)

It is interesting to underline that the wavelength does not appear in our final equation in the explicit
form. The physical reasons restrict the range by conditions adopting the model. In the real calcula-
tions, the taken wavelength determines the convergence of our infinite products.
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Figure 16: Comparison of the angular diagram (in the proper cross-section) of the forward scattering
for the facet containing three pins at the narrow side: a) blue line - pyramidal pins, b) brown line -
paraboloid pins

Appendix B: The edges effect
The restriction of the light-guide aperture ever inserts inevitable degradation. Generally, they appear
as additional scattering peaks only partly transmitted into the cardinal direction (into the light-guide).
In order to analyse the effect approximately in a simple way, we use here the Fourier analysis of the
facet structure (this approach is widely known, see, e.g., [17],[18]). By this technique we can probe also
the apodization effect (use of FFT for actual calculations see [19]).
The rectangular form of the aperture in our cases, we can restrict ourselves by analyzing its linear
cross-section, specifically the short one, represented by the Fourier image.
Take two examples:
- a cross-section of the structure containing three pyramidal pins;
- a cross-section of the structure containing five paraboloidal pins.

The next figure presents in comparison the angular diagrams (the angles are calculated in the
medium of the light-guide - Si) for these two cases.

One can make the conclusion already from this graph:
1. Indeed, the parabolic shape of the pins provide concentration of the beam energy in the global lobe.
2. But, actually, this does not matter. For a Si based light-guide (this is just our case), the critical angle
for TIR on Λ = 1.5mc is αcr ≈ 15.7o. Thus, in our case, the whole diffracted beam inserts in the light-
guide without losses.

Try now a structure containing 5 pins across the narrow side. The angular diagram is shown in Fig.
17. Now, the side-lobes do contribute to the transmitted energy, and still satisfy to the TIR criterion.
Again, the parabolic pin shape provides a higher concentration of the beam energy in the main lobe,
and yet, it is not critical.

Despite the fact that the previous examples did not indicate any necessity of apodization, we illus-
trate the effect below basing on the structure involving five triangular pins. We take for comparison 2
modifications:
1) the perimeter pins are taken as 1.8 of the basic ones; 2) the perimeter pins are taken as 0.6 of the
basic ones.

The results show that apodization does not demonstrate any desired effect. Moreover, the side
lobes contain more portion of energy than in the previous tests. This can lead to additional losses for
some modified structures.
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Figure 17: Comparison of the angular diagram (in the proper cross-section) of the forward scattering for
the facet containing five pins at the narrow side: a) blue line - pyramidal pins, b) brown line - paraboloid
pins
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Figure 18: Comparison of the angular diagram (in the proper cross-section) of the forward scattering
for the facet containing five pins at the narrow side: a) blue line - higher perimeter pins, b) brown line -
lower perimeter pins
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