Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 December 2020 d0i:10.20944/preprints202012.0142.v1

Schwarzschild Like Solution with Global Monopole in Bumblebee Gravity
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In this paper, by considering Einstein-Hilbert-Bumblebee (EHB) gravity around global monopole
field, we derive exactly a black hole spacetime metric. To test the effect of global monopole field
and bumblebee field, which causes the spontaneous Lorentz symmetry breaking, we calculate the
weak deflection angle using the Gauss-Bonnet theorem.

I. INTRODUCTION

Monopoles which are formed by gauge-symmetry breaking during the phase transitions in the early universe can
be the source of inflation [1, 2]. On the other hand, global monopoles result from a global symmetry braking of
global O (3) symmetry into U (1) in phase transitions in the universe. The effect of these monopoles on Schwarzschild
spacetime are discussed in [3] by analyzing the particle orbit and Hawking radiation. On the other side, the Lorentz
symmetry breaking is associated with the idea that the Quantum Gravity (QG) signals may emerge at low energy
scales [4]. The naturelness and the possibility of Lorentz symmetry breaking is discussed in the context of string
theory in [5-15]. The Lorentz symmety breaking arises in other theories like noncomutative field theories [16-18] and
loop quantum gravity theory [19, 20] among other scenarios [21-24].

Einstein’s theory of general relativity, which is a metric theory of gravitation [25], has successfully passed through
many experimental tests. One of the important testing technique is a gravitational lensing which helps us to understand
galaxies, dark matter, dark energy and the universe [26-28]. This technique firstly was used by Eddington [29],
afterwards, various works on gravitational lensing have been done for black holes, wormholes, global monopoles and
other objects [30-35]. There are many method to calculate gravitational lensing [36-40]. Recently, new method is
derived by Gibbons and Werner which the deflection angle of light can be calculated from non-rotating asymptotically
flat spacetimes using the Gauss-Bonnet theorem on the optical geometry of the black hole [41], then it is extended to
stationary spacetimes by Werner [42]. Since then, many works have been done, one can see [43]-[92].

The aim of the manuscript is to obtain a Schwarzschild like solution with global monopole of Einstein equation in the
presence of spontaneous Lorentz symmetry breaking. We then study the effect of global monopoles and spontaneous
Lorentz symmetry breaking on the deflection of light. We also discuss the effect of global monopoles on Lorentz
symmetry breaking.

The manuscript is organized as follows: In section II, we derive the Einstein fields equations for Einstein-Hilbert-
Bumblebee gravity around a global monopole fields. In section ITI, we obtain new Schwarzschild-like black hole solution
for Einstein-Hilbert-Bumblebee (EHB) gravity around a global monopole. Section IV is devoted to computation of
the weak deflection angle by Schwarzschild-like black hole solution for EHB gravity around a global monopole using
the GBT. We conclude our results in section V.

II. EHB GRAVITY AROUND A GLOBAL MONOPOLE

In this part we review the EHB gravity [4] whose Lagrangian density is introduced as follows

Lp = V=g (&R + £ B"B Ry — B2, — V (B'B,)) + Ly, where BY is the bumblebee field with field strength

tensor By, = 0,B, — 0,B,, V (B,,) being the potential which has terms responsible for the spontaneous Lorentz
symmetry breaking and £ is the coupling constant of nonminimal gravity-bumblebee interaction. £j; is the Lagrangian
density of matter, which in our case is the global monopole, and others field contents with their couplings to the
bumblebee field. The equations of motion of (II) is G, = & (T}, +Thr) after varying (II) with respect to the
metric g,,. We defined the Einstein tensor G,, = Ry, — 1g,, R and energy-momentum tensor T}, = Tﬁ, + T%
where Tlff, is the contribution of the bumblebee field to the energy-momentum tensor Tfy =-B,,B7, — % 9 B? 5=

*Electronic address: ibrahim.gullu@emu.edu.tr
TElectronic address: ali.ovgun@emu.edu.tr; https://www.aovgun.com

© 2020 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202012.0142.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 December 2020 d0i:10.20944/preprints202012.0142.v1

(%gul/B B'BRaﬁ —B B~ RO‘M —B B Roa/)
(3VaVu(B*B,) + 3VaV, (BMBQ))

+ % ( ;V’\V,\ (BuBy) — %gWV V5 (BaBﬁ)) and TM is the matter sector of the energy-momentum tensor which
is defined as TLM)” diag ( 5, A ,0 0) where 7 is the constant term which is related to the global monopole charge.

Note that the total energy-momentum tensor is covariantly conserved. VT, = 0. Taking the variation of (II) with
respect to the bumblebee field B,, provides the second equation of motion

VB, = Jy (1)

where J, = JB + JM with JM acting as a source term for the bumblebee field and JZ = 2V'B, — %B“RW is the

current due to self interaction of the bumblebee field.
The trace of (II) is -1

we get explicitly 1

A=AV (BB, 1AV B, B (LI V(B B Vv (BB 1T, Inserting the (II) back into (IT)

KR =TM—1g,, TM —B,o B, — Y g,, B2 ;—0,, V(B" B,)+4V' By By+ £ (1 94 B*BS Rap— By B* Rap— BB Raw )+ £ (1 Va V,u (E

pv

The potential V' (B, B*) is chosen in a way that the vacuum expectation value (VEV) for B,, has to be nonvanishing
in order to have spontaneous Lorentz symmetry breaking. Because of this reason, the general form of the potential,
1% (BMB“ + b2) where b? is a real positive constant, is set to zero to determine the VEV of the bumblebee field which
gives the following condition B,B* +b* = 0. The solution of (II) has a nonnull vacuum expectation value (B*) = b*
which breaks the Lorentz symmetry [4].

IIT. THE SCHWARZSCHILD LIKE SOLUTION OF EHB GRAVITY AROUND GLOBAL MONOPOLE

In this part a static spherically symmetric solution to the Einstein equations is obtained. We take the Birkhoff
metric as an ansatz g, = diag (—e®7, e, 72,r?sin?§) , where v and p are functions of 7, and fix the Bumblebee field
in its vacuum expectation value [93]

B, = by, which results in V= 0, V' =0. Also we take

b, = (0,b, (r),0,0) (2)

for which the field strength vanishes, b,, = 0. The condition b*b, = b* = constant gives the explicit form of the
radial background field b, (r) = |b|e”. Then, (II) can be written as following 0= R,

=R, — kK (T% - %gl“,TM)

— 59,b*V° Rag + €00 Rayy + €0, Ray,

— §VaV, (b%b) — §VaV, (bub%)

+ %V’\V,\ (buby) . where the trace of the energy-momentum tensor is TM = 22—;. The combination constructed
from the energy-momentum tensor and its trace in (III) reads T}, — 39, T™ = (0,0, —n? —1>Sin? (0)) , and the

components of the Ricci tensor in (III) are Ry = e2(7=+) [327 +(8,7) — 8,70rp + 8,/y]

R, = _87%’7 - (67“’7) + 3r73rp + ;arpa
Rgo = €=/ [r (8,p — 9,7y) — 1] + 1. The components of (IIT) become Ry = (1 + L) Ry + f (Orp + Oyy) €207=P),
Rrr = (1 + %Z) Rrra
Rog = (1+€) Rgg — £ (2r2e 2R, +1) + 1%,
Ry = sin® (0) Rgg, where £ = ¢b%. These equations (ITLIILITLIIT) are indipendently equal to zero. Therefore, the
following combination can be written to find the function p(r) [4] 12e=2’ Ry + r2e 2P R, + 2Rgg = 0, which yields
e =1+0)(1+n* -2 0) . In order to find the function v () the following second combination is constructed [4]
from (IILIILIILII) which is r?e™2YRy — (1+ %) Rgg = 0. After a straightforward calculation one reach the following
function e?¥ =1+ 72 — 2. Then the Lorentz symmetry breaking spherically symmetric solution for EHB can be
written as ds® = — (1—p— 24)dt> + (1+0) (1 — p— %)71 dr?
+72d0? + 2 sin? 6 d¢? where we have defined py = 2M and the global monopole term fi which is defined as i = —n?.
The metric (III) recovers LSB spherically symmetric solution when 1 = 0 [4] and the usual Schwarzschild metric for
limit £ — 0.
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IV. WEAK DEFLECTION ANGLE OF SCHWARZSCHILD LIKE SOLUTION WITH GLOBAL
MONOPOLE IN EHB GRAVITY

_\—1/2

First, we introduce the following coordinate transformation: r — (1—p) rt — (17[1)1/2 t,M —

(1- ﬂ)_?’/ > M: The spacetime metric of the Lorentz symmetry breaking spherically symmetric solution for EHB
becomes: ds? = — (1 — %) dt? + (1+¢) (1 - %)_1 dr? + g*r? (d6? + sin? 0 dp?) where g> = 1 — fi. To obtain
the weak deflection angle of Schwarzschild Like Solution with Global Monopole in Bumblebee Gravity, we write the
metric in the optical form within equatorial plane § = 7/2, and obtain null geodesics (ds? = 0):

(1+0)dr?  g2r2dy?
f(r)? flr)

where f(r) = ( — %) Afterwards, we calculate the Gaussian optical curvature K in 2-dimensions for the above

space, which gives an intrinsic property of the space:

RicciS’calar M Ml Ml2
2 r3 * r3 73 4)
Note, that the Gaussian optical curvature is found as negative in leading order terms, which imply that all the light
rays locally diverge. Hence, after converging, to obtain the multiple images, we will use the Gauss-Bonnet theorem

for the region Dg in M, with boundary 0Dg = v; U Cg [41]

de? =

3)

DRKdS+ f /idt:27TX(DR)—(90+es):7T. (5)
O0Dg
DK dS + 7{ kdt =, (6)
ODR

where the x stands for the geodesics curvature. Moreover, 8o + s — 7 implies that jump angles become /2 when
R going to infinity. Also one can say that Dg is non-singular region, so that the Euler characteristic is x(Dg) = 1.
Then, k(v3) = 0. In addition, the near asymptotic limit of R, Cr := r(¢) = R = const., one can write the radial
component of the geodesic curvature as follows: [41]

-1
- (7)

After substitute this result, yielding: x(Cr)dt = \ﬂfM) d . Using the straight line approximation for the weak field

A(Cr) = IV, Crl = (3 CrCR) " —

regions, rs = u/ sin ¢ at zeroth-order, where w is the impact parameter. Then the Gauss-Bonnet equation becomes:

T+

7r=/7T ]oKdS+\/(1g+6)0/d“0’ (8)

0

Sin ¢

where optical surface area is defined as dS = rdr dy, and « is a deflection angle.
Afterwards, the optical geometry curvature within the Gauss-Bonnet theorem defl, give us the weak deflection
angle:

a:\ﬂlgwr—w—\/(l—i-ﬁ)//l(rdrdgo. (9)

0

u
sin

7

Hence, the weak deflection angle o of Schwarzschild Like Solution with Global Monopole in Bumblebee Gravity in
weak field limits is found as follows:

a:4;+—+2—+—. (10)

Note that the bumblebee parameter ¢, the mass term and the global monopole term f all of them increase the
deflection angle. The expression of weak deflection angle is consistent with [92] when global monopole term i = 0.
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V. CONCLUSIONS

We have investigated a static spherically symmetric vacuum solution for the EHB gravity in the presence of a
global monopole. We have obtained a spherically symmetric solution similar to the Schwarzschild black hole. This
solution reduces to spherically symmetric solution in the LSB scenario when i = 0. We have also calculated the
deflection angle of the light in this geometry by using the GBT. It is found that both the bumblebee parameter and
the global monopole term increases the deflection angle. If the global monopole term is set to g = —¢ then part of
the effect of the bumblebee parameter on the deflection angle cancel out. However, the bumblebee parameter still
gives a correction to the deflection angle. In addition to this, setting g = —¢( ‘g\;j ) directly remove the effect of
the bumblebee parameter on the deflection angle.
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