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In this paper, by considering Einstein-Hilbert-Bumblebee (EHB) gravity around global monopole
field, we derive exactly a black hole spacetime metric. To test the effect of global monopole field
and bumblebee field, which causes the spontaneous Lorentz symmetry breaking, we calculate the
weak deflection angle using the Gauss-Bonnet theorem.

I. INTRODUCTION

Monopoles which are formed by gauge-symmetry breaking during the phase transitions in the early universe can
be the source of inflation [1, 2]. On the other hand, global monopoles result from a global symmetry braking of
global O (3) symmetry into U (1) in phase transitions in the universe. The effect of these monopoles on Schwarzschild
spacetime are discussed in [3] by analyzing the particle orbit and Hawking radiation. On the other side, the Lorentz
symmetry breaking is associated with the idea that the Quantum Gravity (QG) signals may emerge at low energy
scales [4]. The naturelness and the possibility of Lorentz symmetry breaking is discussed in the context of string
theory in [5–15]. The Lorentz symmety breaking arises in other theories like noncomutative field theories [16–18] and
loop quantum gravity theory [19, 20] among other scenarios [21–24].

Einstein’s theory of general relativity, which is a metric theory of gravitation [25], has successfully passed through
many experimental tests. One of the important testing technique is a gravitational lensing which helps us to understand
galaxies, dark matter, dark energy and the universe [26–28]. This technique firstly was used by Eddington [29],
afterwards, various works on gravitational lensing have been done for black holes, wormholes, global monopoles and
other objects [30–35]. There are many method to calculate gravitational lensing [36–40]. Recently, new method is
derived by Gibbons and Werner which the deflection angle of light can be calculated from non-rotating asymptotically
flat spacetimes using the Gauss-Bonnet theorem on the optical geometry of the black hole [41], then it is extended to
stationary spacetimes by Werner [42]. Since then, many works have been done, one can see [43]-[92].

The aim of the manuscript is to obtain a Schwarzschild like solution with global monopole of Einstein equation in the
presence of spontaneous Lorentz symmetry breaking. We then study the effect of global monopoles and spontaneous
Lorentz symmetry breaking on the deflection of light. We also discuss the effect of global monopoles on Lorentz
symmetry breaking.

The manuscript is organized as follows: In section II, we derive the Einstein fields equations for Einstein-Hilbert-
Bumblebee gravity around a global monopole fields. In section III, we obtain new Schwarzschild-like black hole solution
for Einstein-Hilbert-Bumblebee (EHB) gravity around a global monopole. Section IV is devoted to computation of
the weak deflection angle by Schwarzschild-like black hole solution for EHB gravity around a global monopole using
the GBT. We conclude our results in section V.

II. EHB GRAVITY AROUND A GLOBAL MONOPOLE

In this part we review the EHB gravity [4] whose Lagrangian density is introduced as follows

LB =
√
−g
(

1
2κR+ ξ

2κB
µBνRµν − 1

4B
2
µν − V (BµBµ)

)
+ LM , where Bµ is the bumblebee field with field strength

tensor Bµν = ∂µBν − ∂νBµ, V (Bµ) being the potential which has terms responsible for the spontaneous Lorentz
symmetry breaking and ξ is the coupling constant of nonminimal gravity-bumblebee interaction. LM is the Lagrangian
density of matter, which in our case is the global monopole, and others field contents with their couplings to the
bumblebee field. The equations of motion of (II) is Gµν = κ

(
TBµν + TMµν

)
after varying (II) with respect to the

metric gµν . We defined the Einstein tensor Gµν = Rµν − 1
2gµνR and energy-momentum tensor Tµν = TBµν + TMµν

where TBµν is the contribution of the bumblebee field to the energy-momentum tensor TBµν ≡ −BµσBσν − 1
4gµνB

2
αβ −
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gµνV (BµBµ) + 4V ′BµBν
+ ξ

κ

(
1
2gµνB

αBβRαβ −BνBαRαµ −BµBαRαν
)

+ ξ
κ

(
1
2∇α∇µ (BαBν) + 1

2∇α∇ν (BµB
α)
)

+ ξ
κ

(
− 1

2∇
λ∇λ (BµBν)− 1

2gµν∇α∇β
(
BαBβ

))
, and TMµν is the matter sector of the energy-momentum tensor which

is defined as T
(M)ν
µ = diag

(
η2

r2 ,
η2

r2 , 0, 0
)

where η is the constant term which is related to the global monopole charge.

Note that the total energy-momentum tensor is covariantly conserved. ∇µTµν = 0. Taking the variation of (II) with
respect to the bumblebee field Bµ provides the second equation of motion

∇µBµν = Jν (1)

where Jν = JBν + JMν , with JMν acting as a source term for the bumblebee field and JBν = 2V ′Bν − ξ
κB

µRµν is the
current due to self interaction of the bumblebee field.

The trace of (II) is -1
κR=−4V (BµBµ)+4V ′BµBµ+

ξ
κ (− 1

2∇λ∇λ(BµBµ)−∇α∇β(BαBβ))+TM .
Inserting the (II) back into (II)

we get explicitly 1
κRµν=TMµν− 1

2 gµνT
M−BµσBσν− 1

4 gµνB
2
αβ−gµνV (BµBµ)+4V ′BµBν+

ξ
κ ( 1

2 gµνB
αBβRαβ−BνBαRαµ−BµBαRαν)+ ξ

κ ( 1
2∇α∇µ(BαBν)+

1
2∇α∇ν(BµBα))+

ξ
κ (− 1

2∇λ∇λ(BµBν)−
1
2 gµν∇α∇β(BαBβ))+

1
2 gµν(4V (BαBα)−4V ′BαBα)− 1

2 gµν
ξ
κ (− 1

2∇λ∇λ(BαBα)−∇α∇β(BαBβ))
The potential V (BµB

µ) is chosen in a way that the vacuum expectation value (VEV) for Bµ has to be nonvanishing
in order to have spontaneous Lorentz symmetry breaking. Because of this reason, the general form of the potential,
V
(
BµB

µ ± b2
)

where b2 is a real positive constant, is set to zero to determine the VEV of the bumblebee field which

gives the following condition BµB
µ ± b2 = 0. The solution of (II) has a nonnull vacuum expectation value 〈Bµ〉 = bµ

which breaks the Lorentz symmetry [4].

III. THE SCHWARZSCHILD LIKE SOLUTION OF EHB GRAVITY AROUND GLOBAL MONOPOLE

In this part a static spherically symmetric solution to the Einstein equations is obtained. We take the Birkhoff
metric as an ansatz gµν = diag

(
−e2γ , e2ρ, r2, r2 sin2 θ

)
, where γ and ρ are functions of r, and fix the Bumblebee field

in its vacuum expectation value [93]
Bµ = bµ, which results in V= 0, V′ = 0. Also we take

bµ = (0, br (r) , 0, 0) (2)

for which the field strength vanishes, bµν = 0. The condition bµbµ = b2 = constant gives the explicit form of the
radial background field br (r) = |b| eρ. Then, (II) can be written as following 0= R̄µν
= Rµν − κ

(
TMµν − 1

2gµνT
M
)

− ξ
2gµνb

αbβRαβ + ξbνb
αRαµ + ξbµb

αRαν
− ξ

2∇α∇µ (bαbν)− ξ
2∇α∇ν (bµb

α)

+ ξ
2∇

λ∇λ (bµbν) . where the trace of the energy-momentum tensor is TM = 2η
2

r2 . The combination constructed

from the energy-momentum tensor and its trace in (III) reads TMµν − 1
2gµνT

M =
(
0, 0,−η2,−η2Sin2 (θ)

)
, and the

components of the Ricci tensor in (III) are Rtt = e2(γ−ρ)
[
∂2rγ + (∂rγ)

2 − ∂rγ∂rρ+ 2
r∂rγ

]
,

Rrr = −∂2rγ − (∂rγ)
2

+ ∂rγ∂rρ+ 2
r∂rρ,

Rθθ = e−2ρ [r (∂rρ− ∂rγ)− 1] + 1. The components of (III) become R̄tt =
(
1 + `

2

)
Rtt + `

r (∂rρ+ ∂rγ) e2(γ−ρ),

R̄rr =
(
1 + 3`

2

)
Rrr,

R̄θθ = (1 + `)Rθθ − `
(
1
2r

2e−2ρRrr + 1
)

+ η2,

R̄φφ = sin2 (θ) R̄θθ, where ` = ξb2. These equations (III,III,III,III) are indipendently equal to zero. Therefore, the
following combination can be written to find the function ρ (r) [4] r2e−2ρR̄tt + r2e−2ρR̄rr + 2R̄θθ = 0, which yields

e2ρ = (1 + `)
(
1 + η2 − ρ0

r

)−1
. In order to find the function γ (r) the following second combination is constructed [4]

from (III,III,III,III) which is r2e−2γR̄tt−
(
1 + 2

`

)
R̄θθ = 0. After a straightforward calculation one reach the following

function e2γ = 1 + η2 − ρ0
r . Then the Lorentz symmetry breaking spherically symmetric solution for EHB can be

written as ds2 = −
(
1− µ− 2M

r

)
dt2 + (1 + `)

(
1− µ− 2M

r

)−1
dr2

+ r2dθ2 + r2 sin2 θ dφ2 where we have defined ρ0 = 2M and the global monopole term µ̄ which is defined as µ̄ = −η2.
The metric (III) recovers LSB spherically symmetric solution when η = 0 [4] and the usual Schwarzschild metric for
limit `→ 0.
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IV. WEAK DEFLECTION ANGLE OF SCHWARZSCHILD LIKE SOLUTION WITH GLOBAL
MONOPOLE IN EHB GRAVITY

First, we introduce the following coordinate transformation: r → (1− µ̄)
−1/2

r, t → (1− µ̄)
1/2

t,M →
(1− µ̄)

−3/2
M : The spacetime metric of the Lorentz symmetry breaking spherically symmetric solution for EHB

becomes: ds2 = −
(
1− 2M

r

)
dt2 + (1 + `)

(
1− 2M

r

)−1
dr2 + g2r2

(
dθ2 + sin2 θ dφ2

)
where g2 = 1 − µ̄. To obtain

the weak deflection angle of Schwarzschild Like Solution with Global Monopole in Bumblebee Gravity, we write the
metric in the optical form within equatorial plane θ = π/2, and obtain null geodesics (ds2 = 0):

dt2 =
(1 + `)dr2

f(r)2
+
g2r2dϕ2

f(r)
, (3)

where f(r) =
(
1− 2M

r

)
. Afterwards, we calculate the Gaussian optical curvature K in 2-dimensions for the above

space, which gives an intrinsic property of the space:

K =
RicciScalar

2
≈ −2

M

r3
+ 2

Ml

r3
− 2

Ml2

r3
. (4)

Note, that the Gaussian optical curvature is found as negative in leading order terms, which imply that all the light
rays locally diverge. Hence, after converging, to obtain the multiple images, we will use the Gauss-Bonnet theorem
for the region DR in M , with boundary ∂DR = γg̃ ∪ CR [41]

DRK dS +

∮
∂DR

κdt = 2πχ(DR)− (θO + θS) = π. (5)

DRK dS +

∮
∂DR

κdt = π, (6)

where the κ stands for the geodesics curvature. Moreover, θO + θS → π implies that jump angles become π/2 when
R going to infinity. Also one can say that DR is non-singular region, so that the Euler characteristic is χ(DR) = 1.
Then, κ(γg̃) = 0. In addition, the near asymptotic limit of R, CR := r(ϕ) = R = const., one can write the radial
component of the geodesic curvature as follows: [41]

κ(CR) = |∇ĊRĊR| =
(
g̃rrĊ

r
RĊ

r
R

) 1
2 → −1

R
. (7)

After substitute this result, yielding: κ(CR)dt = g√
(1+`)

dϕ. Using the straight line approximation for the weak field

regions, rs = u/ sinϕ at zeroth-order, where u is the impact parameter. Then the Gauss-Bonnet equation becomes:

π =

π∫
0

∞∫
u

sinϕ

K dS +
g√

(1 + `)

π+α∫
0

dϕ, (8)

where optical surface area is defined as dS = rdr dϕ, and α is a deflection angle.
Afterwards, the optical geometry curvature within the Gauss-Bonnet theorem def1, give us the weak deflection

angle:

α =

√
(1 + `)π

g
− π −

√
(1 + `)

π∫
0

∞∫
u

sinϕ

K r dr dϕ. (9)

Hence, the weak deflection angle α of Schwarzschild Like Solution with Global Monopole in Bumblebee Gravity in
weak field limits is found as follows:

α ' 4
M

u
+
lπ

2
+ 2

Ml

u
+
µ̄π

2
. (10)

Note that the bumblebee parameter `, the mass term and the global monopole term µ̄ all of them increase the
deflection angle. The expression of weak deflection angle is consistent with [92] when global monopole term µ̄ = 0.
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V. CONCLUSIONS

We have investigated a static spherically symmetric vacuum solution for the EHB gravity in the presence of a
global monopole. We have obtained a spherically symmetric solution similar to the Schwarzschild black hole. This
solution reduces to spherically symmetric solution in the LSB scenario when µ̄ = 0. We have also calculated the
deflection angle of the light in this geometry by using the GBT. It is found that both the bumblebee parameter and
the global monopole term increases the deflection angle. If the global monopole term is set to µ̄ = −` then part of
the effect of the bumblebee parameter on the deflection angle cancel out. However, the bumblebee parameter still
gives a correction to the deflection angle. In addition to this, setting µ̄ = −`(1 + 4M

uπ ) directly remove the effect of
the bumblebee parameter on the deflection angle.
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[54] A. Övgün, I. Sakalli, and J. Saavedra, Annals Phys. 411, 167978 (2019).
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