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Abstract: A new discrete distribution for count data called extended biparametric Waring (EBW)
distribution is developed. Its name is related to the fact that, in a specific configuration of its parameters,
it can be seen as a biparametric version of the univariate generalized Waring (UGW) distribution, a
well-known model for the variance decomposition into three components: randomness, liability and
proneness. Unlike the UGW distribution, the EBW can model both overdispersed and underdispersed
data sets. In fact, the EBW distribution is a particular case of a UWG distribution when its first parameter
is positive; otherwise, it is a particular case of a Complex Triparametric Pearson (CTP) distribution.
Hence, this new model inherits most of their properties and, moreover, it helps to solve the identification
problem in the variance components of the UGW model. We compare the EBW with the UGW by a
simulation study, but also with other over and underdispersed distributions through the Kullback-Leibler
divergence. Additionally, we have carried out a simulation study in order to analyse the properties of
the maximum likelihood parameter estimates. Finally, some application examples are included which
show that the proposed model provides similar or even better results than other models, but with fewer
parameters.

Keywords: count data distribution; goodness of fit; overdispersion ; underdispersion

1. Introduction

The univariate generalized Waring (UGW) is a triparametric distribution for overdispersed count
data that has been studied by [1-4], among others. The interest of the UGW distribution lies in the
decomposition of its variance into three components, randomness, liability and proneness, which allows
us to get a deeper knowledge of the nature of data variability, that is, how and why data vary. Whereas
the Poisson distribution provides the simplest answer to this issue (pure chance), any one-step Poisson
mixture distributions assume that there are only two sources of variability (for example, the negative
binomial or NB distribution which is a Poisson-Gamma mixture).

For this reason, the UGW distribution and the related regression model [5-7] have been widely
applied for modelling overdispersed count data sets in different fields, such as lexicology [8], the number
of authors in scientific articles [9], the evolution of the number of links in the World Wide Web [10], accident
theory [11], clustered data [12], sources of variance in motor vehicle crash analysis [13], completeness
errors in geographic data sets [14] or agriculture [15].

However, the UGW distribution has a serious drawback related to the variance decomposition. Since
its first two parameters are interchangeable in the expression of the probability mass function (pm(f), it is
difficult to determine which component refers to liability or proneness. There are in the literature some
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suggestions available to avoid this problem. [1] recommends choosing the values of liability and proneness
according to the researcher experience; [11] proposes the calculus of a bivariate version of the Waring
distribution and [5] solves the problem using additional information provided by covariates through a
regression model. In all cases the solution of the indetermination needs external information that is not
always available.

Several extensions have been developed, such as the extended Waring distribution or GHDI [4], the
Stuttering generalized Waring distribution [16] and the bivariate generalized Waring distribution [11], but
they do not manage to solve the identification problem aforementioned.

In this paper we study a specific biparametric distribution within the Gaussian hypergeometric
distributions (GHD) family [17] and we propose it as an extension of the UGW distribution but with
only two parameters. The proposed model does not only perform similar to the UGW distribution for
overdispersed data sets but also solves the identification problem of the variance components. Moreover,
the way in which the extension is carried out also allows for modelling underdispersed count datasets,
since it can be seen as a particular case of a complex triparametric Pearson (CTP) distribution [18,19]
although, in this case, the result of decomposition of the variance is not verified because the model cannot
be expressed as a Poisson mixture. Thus, this extension - that we will call extended biparametric Waring
(henceforward EBW) distribution - inherits the good properties of the UGW and CTP distributions.

The rest of the paper is laid out as follows. Section 2 is devoted to defining the EBW distribution
and to exploring its main probabilistic properties. In Section 3 some estimation methods are described
and the properties of the maximum likelihood estimators are analised by a simulation study. In Section 4
we compare the EBW distribution with some other biparametric over- and underdispersed distributions.
Some examples of application to real over- and underdispersed data that illustrate the versatility of the
proposed model are included in Section 5. Finally, in Section 6, some conclusions of the current research
are presented.

2. The Extended bivariate Waring distribution

2.1. Definition
The GHD family, generated by the »F; (a, 5; v, A) function

Rl pra) = Y, WP o1

with (9)x = F(F'V(;r)x ) ,&, B € Cand v, A € R, arises as a solution of the difference equation

Gx)f(x+1)—L(x)f(x) =0, x=0,1,2,... (1)

where G and L are quadratic polynomials with real coefficients, G(x) = (y+ x)(x+ 1) and L(x) =
A(x —a)(x — B) [20]. When convergence, positivity and normalization conditions are verified, the solution
f(x) is the pmf of as a discrete distribution, that is

T'(v) T(a+x)T(B+x) A"
)T(B)2Fi(a, B;y;A)  T(y+x)  x

and the probability generating function (pgf)

£l = P(X =) = ¢ @

G(t) = Fi(a, By At) /2Fi(a, By A), tER.
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It is important to point out that the first three parameters of the GHD are the roots of the polynomials
L(x) and G(x) (except the sign of 7).

A thorough classification of the GHD family in terms of the parameters can be seen in [4]. In the
aforementioned paper, a detailed study of the GHD when &, f and -y are positive real numbers and
0 < A <1 (denoted by type I) is made. The case when « and f are conjugate complex numbers, 7 > 0
and 0 < A <1 (denoted by type II distributions) has been studied in [18,19,21]. Type VII distributions, a
finite case which may be seen as a generalization of the beta-binomial model, have been addressed by [22].
Likewise, the case when A = 1 has been analysed by [23,24], among others.

In this paper we focus on the case in which both GHD of type I and type Il with A = 1 converge.
Thus, L(x) in (1) has a real double root, that is, « = B. Then, the solution of (1) is given in terms of a
2F; (&, a;7y; 1) function leading to a highly versatile biparametric discrete distribution with infinite range
which is formalized in the following definition. From now on we will call it EBW, the acronym of Extended
Bivariate Waring, distribution. Later on we will explain the nomenclature chosen for this new distribution.

Definition 1. A random variable X following a EBW («, y) distribution is defined by the following pmf

My —a)> T(a+x)?1

P(X:x):F(oc)zl"(fy—Zac) Ty £ ) ok x=0,1,... 3)
where & € R and v > max (0, 2«).
The mean, y, and variance, o2, of X are
o > Py —a—1)° _ o pty—1

4)

o~ =

AV P (7—2&—1)2(7—2¢x—2)_V'y—sz—Z

so it is necessary that ¢ > 2a + 1 and y > 2& + 2 to guarantee the existence of u and ¢, respectively. In
general, it can be proved that v > 2«a + m to guarantee the existence of the m-th raw moment.

2.2. Properties

To study the properties of the EBW distribution we will distinguish among « > 0 and & < 0 but
L/
221.a>0

It is necessary that v > 2&, so we consider another parametrization of the distribution in terms of &
and p = v — 2a > 0. Then, the expression of the pmf given in (3) is now
Fla+p)? Ta+x)? 1

PX=%) = pam o) Ta s pr 0 ¥ OV ©)

and the expressions in (4) reduce to

o? a?(a+p—1)2 p+20+p—1
=, (72: == . (6)
SRS b-12p-2) " p-2

To guarantee the existence of the m—th raw moment it is necessary that p > m.

Theorem 1. The EBW (a, p) distribution with o, p > 0is a UGW (a, a, p) distribution.
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Proof. Considering @ = > 0 and A = 1in (2) and applying that

I(Ny—a—§)
T(y—a)T(y—pB)

it is easy to see that the pmf given in (5) coincides with that of a UGW (a, &, p) distribution. [

2B (0, By 1) =

Hence, our model may be seen as a biparametric case of a UGW distribution when « > 0. As a
consequence, it inherits the properties of the UGW distribution which are listed below:

1. It can be obtained from a two-step Poisson mixture:

e X|A~TP(A)
e Ala,v ~ Gamma(wa,v) with density

f(A|a,v) = l"(le)v“ AL Mo A >0, a,0>0

Therefore, X|a,v ~ NB (a,v) with pmf

f(x|a,0) = ;lr(;f(::)a) <1J1rv)a <1iv)x, x=0,1,...

e 0la,p ~ Beta(w, p) with density

L(@+p) o1 +
fola,p) = =—50""(14+0)*f, v>0, ap>0
(@) (p)
2. Since the EBW distribution with & > 0 is a Poisson mixture, it is always overdispersed.
It converges to P(u) when p and a®> — co with the same order of convergence.
4. As a consequence of the mixture, the variance of X can be split into three components known as
randomness, liability and proneness, respectively:

@

2 2 3
2 ac(a+1 o’ (a -1
p=1 (p=1(-2) (p-1)*p~-2)
Since we have got rid of one of the first two parameters of the UGW distribution, the indetermination
problem with regard to the components of the variance [4] disappears in the biparametric model and,
therefore, it is not necessary to provide additional information when determining the partition of the

variance.

In order to know the effect of each parameter on the variance components of the EBW model we
consider the proportion of variance explained by each one, that is:

_(p=D(=2)  (e+D(p-1) a
(a+p—1)? (a+p—-1)2  (a+p—1)

Figure 1 shows the evolution of the variance partition percentages for each component considering a
fixed and p variable (low and high values) and then, p fixed and « variable (low and high values). In the
first column (p fixed), we can observe that the greater « is, the more important is the proneness. In the
second column (« fixed), the greater p is, the more important is the randomness. Otherwise, if « and p
increase with the same convergence order, the proneness has a lower limit in 50% of the variance, whereas
the other two parts tend to 25% each one.
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Figure 1. Percentages of the EBW variance components: randomness (green solid line), liability (blue
dashed line) and proneness (purple dotted line). Column 1 has values of « = 0.5,1,5 and 20, respectively,
for p from 2.1 to 20. Column 2 has values of p = 2.5,5, 10 and 20, respectively, for « from 0.1 to 20
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Due to the structure of the UGW distribution in which the first two parameters are interchangeable
and appear in a multiplicative form in the pmf, moments and decomposition of the variance, the maximum
likelihood estimates of its first two parameters are usually almost equal. In those cases the EBW type I
distribution has the property of providing a similar fit but with one more degree of freedom. In general,
the EBW distribution is able to provide acceptable fits for data simulated from a UGW distribution.
This implies that, in most cases, there exist a EBW model reasonably similar to the UGW, but with the
advantage of having fewer parameters. To show this fact we have simulated M = 1000 samples of size
N =100, 300 and 500 from a UGW distribution with several values of its parameters and, for each sample,
we have obtained the corresponding EBW and UGW fits. All the estimates have been computed by
the maximum likelihood method. We have implemented our own functions in R [25] using the optim
function of the stats package and considering as initial values the estimates provided by the method of
moments(see Section 3 for more details).

Table 1. Percentage of: (1) EBW fits achieved for UGW generated data; (2) EBW fits with less AIC value than
the corresponding UGW fit; (3) samples that come from a EBW model at 5% significance level according to
the x2—goodness of fit test

Achieved EBW fits < AIC p — value > 0.05
N N N

UGW(a,k,p) 100 300 500 | 100 300 500 | 100 300 500
(0.5,1,2.5) 944 934 959 | 926 893 864 | 954 941 933
(0.5,10,25) 99.8 100 100 | 534 251 99 | 8.1 86.8 905
(0.5,10,20) 952 93.8 944 | 991 955 89 | 954 953 933
(1.5,3,2.5) 100 100 100 | 883 88.8 872|912 875 843
(1.5,3,25) 979 99 98.5 | 100 100 999 | 959 943 93.7
(1.5,20,25) 100 100 100 | 969 823 743 | 955 943 929
(4,6,2.5) 999 100 100 90 898 911 | 828 77 739
(4,6,10) 100 100 100 | 963 911 923 | 937 914 914
(4,6,50) 958 965 976 | 100 999 998 | 94 91 918

For each group of 1000 samples we have computed the percentage of EBW fits achieved as well as the
percentage of these fits which are better than the corresponding UGW fit in two senses: the AIC value and
the x> —goodness of fit test. Specifically, for the EBW fits achieved we have computed the percentage of
them whose AIC value is less than that of the UGW fit and the percentage of p—values in the x> —goodness
of fit test greater than 0.05 (that is, the null hypothesis data comes from a EBW model cannot be rejected).
These results appear in Table 1.

222 . Caseax < Obuta ¢ Z~

It can be seen as a particular case of a CTP distribution [18,21], which arises when the polynomial
L(x) in (1) has conjugate complex roots « = a + ib and p = a — ib; specifically, we have the following
result.

Theorem 2. If a < 0 the EBW («,y) distribution with -y > 0is a CTP(«,0, y) distribution.

Proof. The proof is straightforward since the pmf of the CTP(«,0, ) with « € R and v > 0 [see for
instance 21] coincides with the pmf of the EBW(a, y) givenin (3). O

This result is also true when a > 0. So, a UGW (a, &, p) = CTP(a,0,2x + p).
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At this point we can justify the name chosen for the model proposed. On the one hand, when a > 0
the model may be seen as a biparametric case of the UGW distribution, which is always overdispersed and
that may replace it with fewer parameters; on the other hand, when & < 0 the model can be underdispersed,
so it may be considered as an underdispersed extension of a biparametric UGW distribution.

Once again, the proposed distribution inherits the properties of another distribution, in this case of
the CTP distribution that we next summarize:

)2

1. If % € Z, the distribution has two consecutive modes in the values

=12 ey (-1
v—2a+1 oy —2a+1 y—2a+1

Otherwise the distribution is unimodal with mode in 0 if 4% < < or in { w(i;;)jl} , where [-] symbolises

the integer part. Hence, the pmf is [-shaped or bell-shaped.
2. It may be underdispersed, equidispersed or overdispersed. Specifically:

302 + 40+ 1
e Itis underdispersed when o« < —1 or when —1 <& < —0.5and ¢y > %
o 30 + 40+ 1
e Itis equidispersed when —1 < a < —0.5and v = Towtl
. . 302 +4a+1
e Itis overdispersed when &« > —0.5 or when —1 <« < —0.5and y < Towrl

3. A sufficient condition to be infinitely divisible (i.d.) is that « > —0.5 and ¢ > &?/(1 + 2a). So, if
« < —0.5 the EBW distribution is not i.d. As a consequence, an underdispersed EBW cannot be i.d.
since a necessary condition to be underdispersed is « < —0.5.

4. It converges to the:

e  P(u)when 1y and a? — co with the same order of convergence.
e Normal distribution, N (y, ), when v and |«| have the same order of convergence.

The CTP distribution cannot be expressed as a mixture, so in the EBW with & < 0 there is no a result
of variance decomposition.

3. Estimation

3.1. Methods for obtaining estimators

We can estimate the two parameters of the EBW distribution using the method of moments and the
maximum likelihood estimation method.

To apply the method of moments, we first solve the equations given in (4). To this end we substitute
¥—2a0—-1= a2/ y in the equation of 2. Then,

:yy2+oc2+21x,u

o? 5
& —p
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which is equivalent to a?(0? — u) — 2p%a — u(p® + o) = 0. Then, replacing y and ¢? by their sample

counterparts, ¥ and s?, and solving the equation there are two possible estimates for « by the method of
moments:

#+¢#+ﬂ§—@@kma

s2 —%
R ﬂf¢#+ﬂ§f@@?m%
f2 = s2 —%

It is clear that if data exhibit overdispersion, then @; > 0 and @, < 0. On the other hand, if data
are underdispersed both ¥ and @, are negative. Estimated «, the estimate of - is calculated as 4 =
2% /% + 2@ + 1. Hence, there are also two possible estimates for 7y with the only restriction of being positive,
which it is true when:

e O<x<lor

¢ X>landa < —X—/X(x—1)ora > —x+ /x(x —1).

Using the MLE method we have to maximize the log-likelihood function. Thus, if X' = (x1,...,x,) isa
sample of size 1, the expression of the log-likelihood function is:

n

InLy, x(ap) =) [2InT(a+x;) —InT(p + 2a + x;)]
i—1

—n2InT(a) —2InT(p+ ) +InT(p)], 8)

when a > 0, using the parametrization given in Section 2.2.1, or

n

InLy, x( =) 2InT(a+x;) — InT(y + x;)]
i=1

—n2InT(a) =2InT(y —a) + InT(y — 2a)], )

in another case. Both expressions can be maximized using numerical methods. In particular, we have
used the L — BFGS — B method implemented in the optim function of the MASS package in R. This method
allows box constraints on the parametric space, so we can impose p > 0 or y > 0 in (8) and (9), respectively.
We consider the estimates obtained by the method of moments as initial values, in such a way that we
maximize (8) if & > 0 or (9) in another case.

3.2. Properties of the estimators

We have carried out a simulation study in order to analyse the performance of the estimates of the
model parameters. Specifically, we have simulated M = 1000 samples of size N = 500 of the EBW
distribution and we have fitted the EBW model for each sample using the MLE method described in the
previous section.

We have considered two scenarios: « > 0, in which case the EBW distribution is always overdispersed,
and a < 0, in which case the EBW distribution can be under- and overdispersed. In all cases the values of
the parameters satisfy the conditions for the existence of y and ¢2.

Results of the simulation procedure are shown in Table 2. Thus, Column 1 contains the mean bias and
the s.d., in brackets (* indicates a significant bias at 5% level based on a normal 95% confidence interval,
given that there are 1000 observations). Column 2 shows the average of the mean square error (MSE) of the
parameter estimates and Column 3 the percentage of simulations in which the parameter estimate does
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Table 2. Mean bias and s.d. in brackets (* indicates a statistically significant bias at 5% level), average MSE
and coverage for EBW fits

x>0 a <0
Parameters Bias (s.d.) MSE Coverage Parameters Bias(s.d) MSE Coverage
a =05 0.02(.10)*  0.02 96.3 a =—0.75 -0.01(0.05)*  0.00 95.1
p=21 0.23(.80)*  1.30 94.8 v=0.75 0.02(0.11)*  0.02 95.2
a=1 0.01(.10)*  0.02 95.5 a =—0.75 -0.01(0.08)*  0.01 97.1
p=21 0.07(.36)* 0.27 96.3 ¥y=15 0.07(0.35)*  0.26 95.3
a=15 0.01(.13)*  0.03 94.2 a =—0.75 -0.02(0.14)*  0.05 96.8
p=21 0.04(29)*  0.16 94.5 v=3 0.29(1.34)* 5.1 94
a=15 0.01(.14)* 0.04 94.4 a=-—15 0.01(0.09) 0.01 94.2
p=25 0.06(.39)*  0.30 94.4 v =0.75 0.00(0.13)  0.03 94.1
a=15 0.03(.29)*  0.06 96.1 o =—-25 -0.00(0.10)  0.02 94.5
p =235 0.14(.70)*  1.00 96.6 v =075 0.01(0.20) 0.07 94.2

not differ significantly at 5% from the true value, known as coverage. We have only included low values
of p and -y because the higher these values are compared with «, the lower the mean and the variance are.
In fact, if these parameters tend to infinity, holding « fixed, the EBW distribution degenerates into 0. In
addition, if both & and p (or 7) are high, the EBW is similar to the Poisson or the Normal distribution.

In general, we can deduce that:

o If & > 0 the estimates are biased to the right, but the bias decreases as « increases, holding p fixed.
The opposite happens with the bias of p, which increases as p increases.

o If o < 0 the estimates are also biased, those for a to the left and for y to the right, but the bias
disappears as & decreases (x < —1). Holding <y fixed, the bias decreases as « decreases and the same
happens for «.

o The average MSE is low for both parameter estimates, although this measure increases as p (or )
increases since the estimates accuracy and precision decrease.

o Regarding the coverage, it approaches 95%, the confidence level considered, so it shows the validity
of the inference made.

4. Comparison with other count data distributions

Next we study the differences and similarities between the EBW and other well-known biparametric
discrete distributions for count data using the Kullback-Leibler (KL) divergence [for more details see 26].
Specifically, we consider the distributions NB, Complex Biparametric Pearson or CBP [19], which is a
particular case of the CTP distribution, Generalized Poisson or GP [27,28], COM-Poisson or CMP [29,30]
and Hyper-Poisson or HP [31]. The first two are suitable only for overdispersed data, whereas the other
three can cope with both underdispersed and overdispersed data, although the GP has finite range in the
underdispersed case.

We focus on the overdispersed scenario since the underdispersed one, for being the EBW distribution
a particular case of the CTP distribution, was already carried out by [21].

To compute the KL divergence between the EBW distribution and the above-mentioned distributions
(and vice versa), we have considered several values of y and o2, with 02 > u, and then we have obtained
the corresponding values of the parameters of each distribution (see A). For the CMP and HP distributions
it should be taken into account that not all the combinations of 1 and ¢ are possible; empirically there
seems to be an upper limit for ¢ in y(p + 1). Thus, the values of the KL divergence are shown in Figure 2.

In general, we can observe that in an overdispersed scenario the most distant models from the EBW
distribution are the CBP and HP distributions and the closest ones to the EBW distribution are the GP
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Figure 2. Kullback Leibler divergence between the NB, CBP, GP, CMP, HP and EBW distributions (and
vice versa) in an overdispersed scenario. Rows 1-3 have y = 1, u = 5 and p = 10, respectively

and NB distributions. On the other hand, in an underdispersed scenario the HP distribution, which is
very similar to the CMP distribution, is the closest one [21]. Nevertheless, these distances in relation to
the EBW distribution are really small, which implies that the performance of these distributions is very
similar.

5. Examples

In this section we use the EBW distribution to fit both over- and underdispersed real data and we
compare this fit with those obtained from other discrete distributions.
5.1. Overdispersed data: Fire outbreaks by municipality in Andalusia (Spain)

We consider the variable X: number of fire outbreaks by municipality in the region of Andalusia
(Spain). Data have been obtained from the Nature Databank in the Ministry of the Environment (Spain)
and count the number of fire outbreaks from 2001 to 2014. A fire outbreak is defined as a wildfire whose
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Figure 3. Observed and expected frequencies for data about fire outbreaks

total area is less than 1 hectare. Moreover, municipalities whose forest land is 0 have been removed from
data. A description of these data appears in Table 3, which contains the mean, variance, Al, quartiles and

maximum.

Table 3. Descriptive statistics for data in examples

x s Al Q1 QO Q3 Max

Fire outbreaks 3.53 28.97 8.21 1 2 475 56
Syllables —1 1.58 1.17 0.74 1 2 2 5

We will model these data by the following distributions: EBW, NB, GP, CBP, UGW, HP and CMP.
AIC values, statistics and p—values corresponding to the x?-goodness of fit test are shown in Table 4. We
can see that the best fit is that provided by the EWB distribution. The Wald test supports this statement
since the null hypothesis 2 = k cannot be rejected: the statistic value is —2.1 - 107> and the corresponding
p—value is 1. With the likelihood ratio test (LRT) we come to the same conclusion (LRT = 3.8 - 10~ and
p-value =~ 1).

Table 4. AIC values and x?—goodness of fit test for data about fire outbreaks

EBW NB GP CBP UGW HP CMP

AIC 32522 32927 32633 32784 32542 33033 3303.0
x> 24.06 4529  44.28 60.06  24.06 60.25 60.04
d.f. 15 15 15 16 14 14 14

p—value  0.06 0.00 0.00 0.00 0.04 0.00 0.00

Table 5 includes the observed and expected frequencies for the EWB, NB, GP and CBP fits and Figure
3 shows graphically the first of these frequencies. We can see that the only fitted distribution which has
the modal value in 1 is the CBP, although the expected frequencies for values 0, 1 and 2 are further from
the observed ones. From the EBW fit, the proportion of data variability due to randomness, liability and
proneness is 10.2%, 33.6% and 56.2%, respectively. We can observe that randomness does not play a very
important role with respect to the total variability of data and that the most important component is
proneness, which refers to the particular conditions of each municipality in relation to the number of fire
outbreaks, instead of other shared conditions.
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Table 5. Observed and expected frequencies for data about fire outbreaks

Expected
X Observed EBW NB GP CBP
0 150 159.31 178.69 169.56 126.62
1 161 139.42 116.60 130.34 187.08
2 94 101.69 85.56 93.07 120.30
3 73 71.87 65.12 67.13 71.24
4 39 51.04 50.41 4941 4441
5 34 36.79 39.45 37.09 29.43
6 41 27.00 31.08 28.32 20.55
7 20 20.17 24.61 21.94 14.97
8 12 15.33 19.56 17.21 11.28
9 11 11.83 15.59 13.64 8.74
10 10 9.26 12.45 10.91 6.93
11 4 7.34 9.96 8.80 5.60
12 6 5.89 7.99 7.14
13 4 3.68 6.41 5.83 844
ié g 515 8.74 6.00
5.92 7.47
16 8 6.00
17 7 ’ 6.24
18 0 5.79 6.59
19 1 5.77
20 0 5.37
21 0 5.30
22 1 ’
23-24 1 7.35
2529 5 9.07 5.41
30-44 1 7.36 5.12
45-56 3 6.276
X=2749 6=0801 A=1403 b=1486
(0.162) (0.055) (0.057) (0.088)
p=23139 j=23527 6=0602 7=1495
(0.317) (0.166) (0.019) (0.122)

5.2. Underdispersed data: Turkish poem

We consider data about the word length (in terms of number of syllables) in the turkish poem Gidisat
by Erciiment Behzat Lav available in [32]. Following these authors, the count for 1 is treated as a count for
0, and in general the count for the response variable X is treated as X — 1, as though the data are generated
by adding 1 to the distribution. These data exhibit underdispersion with a variance-mean ratio of 0.74
(see Table 3). Table 6 contains the parameter estimates, their standard errors (in parenthesis), the AIC, the
observed and expected frequencies and the corresponding Pearson x? test for each one of the models that
copes with underdispersion, that is, EBW, CTP, CMP and HP (the GP distribution has been excluded
because it is of finite range).
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Figure 4. Observed and expected frequencies for data about the number of syllables of a Turkish poem

Table 6. Parameter estimates, standard errors (in parenthesis), observed and expected frequencies, AIC
and x? test for fits to data about the word length of a Turkish poem

Expected
X Observed EBW CTP CMP HP
1 64 61.24 61.24 59.69 61.20
2 131 136.23 136.23 141.87 145.24
3 122 121.68 121.68 118.70 112.60
4 61 56.93 56.93 53.92 52.17
5 13 15.27 15.27 15.88 17.27
>6 3 2.66 2.66 3.94 5.55
x=-10530 @=-10530 A =2377 7 = 0485
(2.144) (2.158) (0.276) (0.099)
7 =49.843 b= 0.001 7=1506 A=1151
(24.257) (14.254) (0.137) (0.104)
¥ =49.843
(24.416)
AIC 1158.3 1160.3 1160.7 1164.4
X% — statistic 1.000 1.000 2.914 6.014
p — value 0.801 0.606 0.405 0.111

CTP and EBW fits provide practically the same results. In fact, b = 0 using the Wald test (z,xp =
2.3-107% and p — value ~ 1) and the LRT (ngp = 0and p — value = 1). Observed and expected frequencies
for each fit are represented in Figure 4 (the CTP distribution has been suppressed). Although the three
fits are very similar and really good, the EBW distribution fit is the most accurate taking into account the
expected frequencies.

6. Conclusions

The EBW distribution is a very flexible biparametric discrete distribution that allows for modelling a
wide variety of over and underdispersed count datasets. There are other biparametric distributions that
can also cope with over and underdispersion such as the GP, CMP or HP distributions, but the EBW
distribution is more general since it presents fewer restrictions in the aggregation index range that it may
describe and, moreover, its pmf and moments can be explicitly obtained in terms of the parameters.

In addition, when the first parameter of the EBW distribution is positive, the model is always
overdispersed and the variance can be split into three components (randomness, liability and proneness) in
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such a way that all the components are now well defined: the EBW distribution solves the indetermination
problem of the UGW parameters. Taking into account this property, the EBW distribution is more adequate
than other biparametric discrete distributions for modelling overdispersed data in which the variability is
due more to individual internal factors than to external ones.

Furthermore, when the first parameter is a negative integer the EBW distribution has finite range and
it is underdispersed. Something similar happens with the GP distribution that also has finite range but
only in the underdispersed case, whereas the EBW distribution can also be underdispersed with infinite
range.

Appendix. Obtaining the parameters in terms of y and 0

For the EBW distribution there is a pair of solutions for « and 7y from (4):

2 1 (2 1 o2
ay = b + +y§or 1) (p +‘7)/ =" oa +1 (Ala)
ot — M
2 /A T G2 o2
ay = 1V +Z§‘T_VV)(” ), ’Yz=%+2az+1 (Alb)

It can be shown that if the EBW distribution is overdispersed, a1,y > 0 and ap < 0, buty, > 0if u < 1.
If the EBW distribution is underdispersed, both &1 and «, are negative, but:

_2 -
° qq>0wheny<1amd(72>y(l—‘u)orwhen,uz1amd(72>%\/m
e 7 >0whenyu <1lando? > u(1—u).

As a consequence, if ¢ > 1, the only possible solution is that given in (Ala) for both cases (over- and

underdispersed).
Regarding the rest of the models, the expressions of their parameters in terms of # and ¢ can be seen

in [21].
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