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ABSTRACT. In a generalized topological space T3 = (2, J5) (Tg-space), the
g-topology 5 : Z () — £ (Q) can be characterized in the generalized
sense by specifying the generalized open, generalized closed sets (g-Tg-open,
g-T4-closed sets), generalized interior, generalized closure operators g-Intg,
g-Cly : Z(Q2) — 2 (Q) (9-F4-interior, g-T -closure operators), or generalized
derived, generalized coderived operators g-Dery, g-Cod, : & () — 2 (Q)
(g-T4-derived, g-T-coderived operators), respectively. For very many -
spaces, the §*M-iterates g-Deréé), g-Codé‘s)  Z2(Q) — Z(Q) of g-Dery,
g-Cody : Z(Q) — (1), respectively, defined by transfinite recursion on
the class of successor ordinals are also themselves g-%;-derived, g-Tj-coderived
operators for new g-topologies in the generalized sense on Q. Thus, the use
of novel definitions of g-T;-derived, g-T;-coderived operators g-Der, g-Cod, :
2 (Q) — P (), respectively, based on a very clever construction, together
with their §tP-iterates g-T -operators g—Derg‘S), g—CodEfs) : Z2(Q) — Z(9Q),
defined by transfinite recursion on the class of successor ordinals, will give
rise to novel generalized g-topologies on 2. The present authors have been
actively engaged in the study of g-T5-operators in Tg-spaces. The study of the
essential properties and the commutativity of novel definitions of g-T -interior
and g-T-closure operators g-Inty, g-Cl; : & (Q2) — 2 (), respectively, in
Ty has formed the first part, and the study of the essential properties and
sets of consistent, independent axioms of novel definitions of g-%;-exterior and
g-T4-frontier operators g-Extg, g-Fry : & (Q) — £ (Q), respectively, has
formed the second part. In this work, which forms the last part on the theory
of g-T -operators in Jy-spaces, the present authors propose to present novel
definitions and the study of the essential properties of g-%;-derived and g-T -
coderived operators g-Dery, g-Cod, : & (Q) — &7 (Q2), respectively, and their
§th-iterates, and the notions of g-T4-open and g-T -closed sets of ranks § in
Tg-spaces.
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1. INTRODUCTION

The T,! g-T-derived operators der, g-Der : & (Q) — £ (Q) (ordinary de-
rived and generalized derived operators in ordinary topological spaces) and their
duals called, respectively, ¥, g-T-coderived operators cod, g-Cod : & (Q) —
Z (Q) (ordinary coderived and generalized coderived operators in ordinary topo-
logical spaces) in J-spaces as well as the T, g-Tj-derived operators derg, g-Derg :
2 () — Z(Q) (ordinary derived and generalized derived operators in gener-
alized topological spaces) and their duals called, respectively, ¥, g-T4-coderived
operators codgy, g-Cody : & (Q) — Z(2) (ordinary coderived and generalized
coderived operators in generalized topological spaces) in J-spaces, respectively,
can all play very important roles, yielding to nice characterizations in their 7,
Tg-spaces.

For instance, ordinary and generalized characterizations of 7 : & () — £ (2)
of a J-space ¥ = (0, 7) can be realized by specifying either the ¥, g-T-derived
operators der, g-Der : & (Q) — £ () or the ¥, g-F-coderived operators cod,
g-Cod : Z(Q) — Z (), respectively. Likewise, ordinary and generalized charac-
terizations of Jy : & () — 2 () of a Fy-space Ty = (2, .T,) can be realized by
specifying either the Ty, g-T -derived operators derg, g-Der, : & (Q) — £ ()
or the Ty, g-Tj-coderived operators codg, g-Cody : & (Q) — & (Q), respectively.
Moreover, if the §*"-iterates der(‘s), g-Der® | cod(‘s), g-Cod® : 2 Q) — Z(Q) of
der, g-Der, cod, g-Cod : & () — £ (), respectively, defined by transfinite re-
cursion on the class of successor ordinals are also themselves T, g-T-derived and ¥,
g-T-coderived operators in their .77, J;-spaces, similar roles can be played, thereby
realizing other ordinary and generalized characterizations of ., J; : & (Q) —

In actual fact, g-T-derivedness and g-T-coderivedness are generalizations of T-
derivedness and T-coderivedness in .7 -spaces, respectively; T-derivedness and %-
coderivedness in .7 -spaces are generalizations of R-derivedness and R-coderivedness
in R (deriveness and coderiveness in the real number line R); g-% -derivedness and
g-Tj-coderivedness are generalizations of Ty-derivedness and Tg-coderivedness in
Ts-spaces, respectively.

Since coderivedness is the dual of derivedness, the concept of R-derived operator
der : Z (R) — £ (R) is, amongst those primitive T, g-T, T4, g-T-operators and

INotes to the reader: The structures T = (Q, 7) and Ty = (9, Jy), respectively, are called
ordinary and generalized topological spaces (briefly, 7-space and Jg-space). The symbols 7
and Jy, respectively, are called ordinary topology and generalized topology (briefly, topology and
g-topology). Subsets of ¥ and Ty, respectively, are called T-sets and T4-sets; subsets of J and
Ty, respectively, are called 7-open and J-open sets, and their complements are called .7-closed
and Jy-closed sets. Generalizations of T-sets, 7-open and .7-closed sets in .7, respectively, are
called g-T-sets, g-7-open and g-J-closed sets; generalizations of Tg-sets, Jy-open and F-closed
sets in J, respectively, are called g-Ty-sets, g-TFg-open and g-F-closed sets. By a A-operator
is meant an operator using A-sets to characterize its argument, where A € {7,%,9-7,¢-T} U
{‘%’ TQ’ 9'=7g7 Q'Tg}'
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their duals in their .77, Jy-spaces, the oldest concept. If one year can be specified
as the time when der : & (R) — £ (R) was first introduced and the iteration
of der : Z (R) — &£ (R) considered, thereby coming to define ordinals in order
to defined the notion of 6™ order R-derived operator der® : 2 (R) —s 2 (R) by
transfinite recursion on the class of successor ordinals, that year should probably be
1872, the year in which Georg Cantor investigated the convergence of Fourier series
[Can72, Can82]. Thereafter, various Mathematicians have studied some types of T,
9-T, Ty, g-T-operators in 7, JFy-spaces and other abstract spaces, and other types
left untouched [Ahm66, BBOS19, CJK04, CM82, Gna97, Har63, Hed11, Hig83,
Kow61, Lat06, LZ19, MR12, Mod17, Moo0S, AON09, RT14, RTJ13, Rut43, SM15,
Spi67, Ste07, Tuc67].

In the year 1911, [Hed11] has studied the properties of an arbitrary domain de-
fined in the sense of Fréchet for which the notion of derivedness of any subcollection
of which coincides with the notion of closedness [Fré06]. Later on, [Rut43] has con-
sidered the notion of closedness of grade 6 € N* in terms of the notion of 6" order
derivedness and investigated some properties. In his work, [Kow61] has presented
an axiom system for the T-derived operator der : & () — & (Q) in T -spaces.
In the work of [Har63], the author has defined the notion of the T-derived operator
der: Z () — £ (Q) in J-spaces based on an axiom system which is equivalent
to that found in the work of [Kow61] and has proved a theorem concerning a topo-
logical characterization based on the notion of T-derived operator as a set-valued
map der : & (Q) — & (Q) in a T -space. In a note on F-derived axiom system for
T -spaces, [Spi67] has shown that translating the T-closure presented by [Kur22]
weakens the T-derived axiom system and has given a stronger T-derived axiom
system in a sense found by [Har63]. [Ahm66] has shown that, under a slight mod-
ification, the axiom system proposed by [Kow61] becomes absolutely independent
in the sense of [Har61].

In investigating the notion of periodicity of sequences of ¥-derived sets in a
T -space, [Tuc67] has considered the §™-iterate der’® : 2 (Q) — 2 (Q) of the
%-derived operator der : & (Q) — & (Q). [CM82] have discussed some properties
of the T-derived operator der : & (Q) — £ (Q) in a T -space. [Hig83] has given
characterizations on the §™-iterate der’® : 2 (Q) — 2 (Q) of the T-derived
operator der : & () — £ () in a J -space.

[CJKO04] has introduced a new type of g-T-derived operator in 7 -spaces called
f-derived operator and characterized by 6-D : &2 () — £ (2) and has studied
some of its properties. [DMJ12] have investigated some properties of a novel type
of g-T-derived operator g-Der : & () — & () in a J-space called p-derived
operator and characterized by D, : & (Q) — &2 (Q); the properties of this notion
is also presented in [Gna97]. [Lat06] has introduced a new g-T-derived operator
g-Der: Z (Q) — () in a T -space called y-derived operator and characterized
by D, : Z(Q) — £ () and has investigated some of its properties. [AONQ9]
has introduced a new g-T-derived operator g-Der : & () — & () in a T -space
called b-derived operator and characterized by Dy : &2 (Q) — £ () and has
investigated some of its properties.

[MR12] and [Mod17] have discussed some properties of another novel type of g-%-
derived operator g-Der : & (2) — &2 () in a T -space called A-derived operator
and characterized by Dy : & (Q) — £ (). [RTJ13] has introduced a new g-%-
derived operator g-Der : & (1) — &2 (Q2) in a T -space called §*-derived operator
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and characterized by Dg- : & (Q) — £ (Q) and has investigated some of its
properties. [RT14] has introduced a new type of g-%-derived operator in a 7 -space
called g*s*-derived operator and characterized by g"s'D : & () — £ () and
has studied some basic properties of g*s*-derived sets. [SR16] has introduced a
new type of g-%-derived operator in a 7 -space called ag*p-derived operator and
characterized by Dyg+p, 1 & (2) — £ (Q) and has studied some of its properties.

[SM15] have introduced topological semantics in terms of the ¥-derived and %-
coderived operators der, cod : & () — £ () in a T -space. In presenting a new
topological semantics for doxastic logic, [BBOS19] have compared their semantics
to older topological semantics in terms of the T-derived and %-coderived operators
der, cod : & () — & () in a T -space [Ste07]. In the work of [LZ19], alternative
axiomatic definitions for the g-T-derived and g-T-coderived operators g-Der, g-Cod :
Z () — Z(Q) in a T -space have been proposed, and some propositions proved
on this basis.

In view of the above references of the literature of 7, J3-spaces on ¥, g-T, T,
g-T -operators, the following can be remarked:

e 1. Few Mathematicians have introduced and studied the concepts of g-%-
derived and g-T-coderived operators in .7 -spaces.

e 1I. No Mathematician has introduced and studied the concepts of g-%g4-
derived and g-%4-coderived operators in Jg-spaces.

In this paper titled Theory of g-T4-Derived and g-%4-Coderived Operators and sub-
titled Definitions, Essential Properties, Iterations, and Ranks, the authors attempt
to add, in as unique and unified a way as possible so as to offer a unified approach to
many g-%4-derived and g-Ty-coderived operators properties, a further contribution
to the field with these three research objectives in mind:

e 1. To present the definitions and the essential properties of a new class of
g-%g-derived and g-Ty-coderived operators in Jy-spaces.

e 11. To present the definitions and the essential properties of the concepts of
s™_order derivative g-Tg-derived and g-T4-coderived operators defined by
transfinite recursion on the class of successor ordinals in .7;-spaces.

e 11I. To present the definitions and the essential properties of the concepts
of g-T4-open and g-Ty-closed sets of rank § in JFy-spaces.

These three research objectives form properly three separate sections, and the rest
of this paper is structured in this manner: In SECT. 2, preliminary notions are
described in SUBSECT. 2.1 (APPX. A contains pre-preliminary notions extracted
from the pre-preliminary and preliminary sections of our sixth work titled Theory
of g-%4-Interior and g-Ty4-Closure Operators) and the main results of the theory
of g-FTg-exterior and g-T4-frontier operators in J;-spaces are reported in SECT.
3: results associated with essential properties of g-%y-derived and g-T4-coderived
operators in Jg-spaces are given in SUBSECT. 3.1; results associated with the es-
sential properties of §*"-order derivative g-Ty-derived and g-T4-coderived operators
defined by transfinite recursion on the class of successor ordinals in J-spaces are
given in SUBSECT. 3.2; results associated with the essential properties of g-%4-open
and g-%T,-closed sets of rank 0 in Jy-spaces are given in SUBSECT. 3.3. In SECT.
4, the establishment of the various relationships between these g-%4-operators are
discussed in SECTS 4.1. To support the work, a nice application of the g-T4-derived
and g-T4-coderived operators in a Jg-space is presented in SUBSECT. 4.2. Finally,
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SUBSECT. 4.3 provides concluding remarks and future directions of the theory of
g-T4-derived and g-T4-coderived operators in J-spaces.

2. THEORY

2.1. PRELIMINARIES. Foreign terms used here are extracted from the preliminary
section of our sixth work titled Theory of g-%4-Interior and g-%4-Closure Operators
and are presented in APPX. A.

The discussion commences by defining the notions of g-%,-derived and g-%g4-
coderived operators of category v in Z;-spaces.

DEFINITION 2.1 (g-v-T4-Derived, g-v-T4-Coderived Operators). Suppose g-Int ,,,
g-Cly, + Z(Q) — Z (), respectively, denote the g-Ty-interior and g-Tg-closure
operators of category v and, g-Op, : & (©2) — &7 (Q2) denote the absolute com-
plement g-%g-operator in a Jg-space Ty = (2, 7). Then, the one-valued maps of

the types
(21) gDery,: 2(Q) — PO E{F,CQ: pell)

Sy — {€eFy: £egCly, (S Ng-Op, ({£1) ]
(22) g-Cody,: Z(Q) — P(O)C {F,CQ: pell}

Sy — {(e€Ty: (eglnty, (FU{C})}

on & () ranging in & () are called, respectively, a ”g-Ty-derived operator of

category v” and a "g-T4-coderived operator of category v.” The classes g-DE [T ] def

{g—Derg,V : v eI} and g-CD [T] ef {g—Codg’V : v €139} are called, respectively,

the class of all g-%4-derived operators and the class of all g-T4-coderived operators.
A nice remark can be given at this very first stage.

REMARK 2.2. If the notations g-Der, (§; %) and g-Cod, ((;.7;), respectively, des-
ignate a g-T4-derived point § € T, and a g-Ty-coderived point ( € Ty of some
Sy € Z(Q), then

def
(2.3) g-Der, () = {g—Derg (& S): €€ Tg},

def
(2.4) g-Cody (7)) % {g-Cody (G: %) : € € Ty},
respectively, denote the g-Tj-derived set and g-Tq-coderived set of 7y in Ty.

It is interesting to view g-Dery, g-Cod, : & (Q) — & (2) as the components
of some so-called g-T4-vector operator, and the definition follows.

DEFINITION 2.3 (g-T4-Vector Operator). Let T, = (2, ;) be a Jy-space. Then,
an operator of the type

(2.5) g-Dcg , : Xaelé“@(g) — X 2(Q)

aels
(Ry, Sy) +—— (g—Derg,V (%) ,9-Cod, ,, ()
on X,ep & () ranging in X, px & () is called a "g-Ty-vector operator of cate-

gory v” and, g-DC [Z] def {g—ch’V = (g—Derg’wg—Codgyu) : v e 19} is called the
class of all such g-%Tg4-vector operators.
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In the remark below, the passage from g-Deg : X, cpe & Q) — Xaer; & ()
to g-dcg : Xyeps Z Q) — Xaers Z(Q), g-Dc : Xaer; Z Q) — Xaers Z(Q)
and g-dc : X Z () — X 2 () is explained.

aels aels

REMARK 2.4. Observing that, for every v € I3, the g-v-Ty-derived and g-v-%4-
coderived operators g-Dery ,,, g-Cod , : & (Q) — & (Q) are based on the g-v-T-
closure and g-v-Tg-interior operators g-Cl, ,,, g-Inty , : Z(Q) — Z(Q), respec-
tively, it follows that:

e 1. g-Dc,, =dcg 4 (der,, cody) if based on (clg, intg);
e 1. g-Dc,, =g Dc def (g-Der,,, g-Cod,,) if based on (g-Cl,, g-Int,,);
e 1. g-Dc, , = =dec ¥ (der cod) if based on (cl, int).

In this way, deg 2 (derg,codg) is a Ty-vector operator whose first component
is a T4-derived operator and second component is a T4-coderived operator in a
Tg-space Ty = (2, F); g-Dc, def (g-Der,,, g-Cod,) ), a g-T-vector operator whose
first component is a g-%-derived operator and second component is a g-T-coderived
operator of category v in a J-space T = (Q2,.7) and dc def (der cod)7 a T-vector
operator whose first component is a T-derived operator and second component is a
%-coderived operator in a 7 -space T = (2, .7). Accordingly,

gDC[E] =

{g-Dc, = (g-Der,,g-Cod,) : v € IJ}

def

C {gDer,: veld} x{g-Cod,: veIj} = g-DE[T] x g-CD[T].

(2.6)

Then, g-DC [%] denotes the class of all g-T-vector operators in the 7-space T =
(Q,.7); g-DE [Z] denotes the class of all g-T-derived operators while g-CD [Z] de-
notes the class of all g-%-coderived operators in the 7 -space T = (2, 7).

For any (Yg, g—Opeg) e Z(Q { g-Der, g-Cod } consider the following de-
scription:
0 +—  gOpel” () & Oaer 9-0pey (L) ,
L e g0pel” (%) © Ouerp 9000y (7).
2 — g—OpeEf ( g) = Oaerg 9-Opey (S),

B—1 «— g0pel’ ™V (#) = Ouery_, 9-0peq (S)
—  g-0pel”) () = Oaery 5-0peq (7)),

where Ogaero 8-Opeg (F5) «— Ly next, Oaero 8-Opeg (L) +— g-Opeg (L)
and Ogae o 9-Opey (F) «— g-Ope, 0 g-Ope, (S ) more generally,

anlﬂ g-Ope, () < g-Ope, 0 g-Opej o - -+ 0 g-Ope, (-75),

p factors g-Ope,. Thus, g—Der(gO)7 g—Derél), g—Der(;)7 ey g—Deréﬁ), L PZ2(Q) —
2 () are the 0%, 15t 2nd = gth ' order derivative g-Tg4-derived operators

of g-Dery : 2 (Q) — 2 (Q); g-Cod”, g-Cod"), g-Cod(?, ..., g-Cod{”,
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P (Q) — 2 (Q) are the 0, 15t 2nd " gth - order derivative g-Tq-coderived
operators of g-Cod, : 2 (Q) — £ (Q). Then, for any pair (Yg,g—Opeg) €
2 (02) x {g-Derg,g—Codg}, the following statement holds:

[(36 € 1) (a-Opeg” (75) = 0)] ¥ [(v5 € I%.) (9-Opel” (#4) # 0)]

Suppose the statement preceding Y hold, then the number of iterations of the g-%4-
operator g-Ope; : & (Q2) — £ (Q), respectively, required to achieve emptiness
(if this is ever achieved) is a type of density measure of 75 € & (). But if the
statement following ¥ holds, then 5’9(’\) def Nser= g—Opegﬁ ) (L) # 0. Therefore,
the g-%4-operators g—Opeél), g—OpeEf), cen g—Opegﬁ), 2 Z(Q) — Z2(Q) can
again be applied on 5”9(“) € Z (), yielding g—Opeg)‘“) (“), g—Opeg)‘H) (Z8), -
g—OpeEf‘*ﬁ) (-%3), - - -, with g-Ope, € {g-Der,, g-Cod, }.

In view of the above descriptions, 1, 2, ..., £, ... may be viewed as successor
ordinals while X as limit ordinal and, despite the absence of a predecessor ordinal,
0 may, for conveniency, be included in the class of successor ordinals. To define the
notion of ordinal, the concepts of everywhere-ordered set, similarity and order-type
in chronological order have first to be defined. The definition of the first concept

(everywhere-ordered set) follows.

DEFINITION 2.5 (Everywhere-Ordered Set). An "everywhere-ordered set” is an or-
dered structure of the type

(2.8) W Y, <) A (ag, 00,00, aw, .,
in which % C 4 is an "underlying set” and,
(2.9) < W xW — WELa<B: (B eV x W}

(,p) — axp
is a ”"2-ary rule” satisfying these ”everywhere-ordering relation axioms:”

e AX. . aa +— a=a YaeW,
e AX. I. (axB)A(B<a) — a=8 V(B) €W x,
#

e AX. . (axP)N(B=xvy) — a=xy V(apB,7) €W x W x 2,

o AX. V. BY (7,2) &% (B0, 81, B2s- s o) — Bo < B < B <

e B, VU C.

The above definition requires some few explanations. By AXx. 1., AX. IIL
and AX. 1II. are meant that < : # x # — W is reflexive, antisymmetric and
transitive, respectively; by AX. 1v. is meant that any ordered structure U = (¥, %)
derived from 20 = (¥, <) has a first element (i.e., Sy € U C 2W). Moreover, the
following statement holds true:

(2100 (V(@B) e WxW[a<AY(B=0)¥(B<a).
Thus, given (a, 8) € 20 x 20 then, either a preceeds 8 (i.e., a < 8), « is of the
same order as 3 (i.e., B = a) or « succeeds § (i.e., 8 < «). The remark below

is presented in order to avoid any danger of confusing the notations of underlying
(not ordered) and everywhere-ordered sets.

REMARK 2.6. Instead of such plain sets notations as a € #, (a,8) € W x ¥/,
... which, in actual fact, are improper, the ordered sets notations o € 2, (o, 8) €
20 x 2, ... are employed solely to stress that a, 3, ... are elements of their ordered
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set W, not of the underlying set # of the ordered set 20. Indeed, in the present
context, it does not hold that (o, a1, @9,...,qp,...) # {ag,1,00,...,q,,...},
though it does hold that {a: € W} ={a: ac¥#}.

For each % € {V, W'}, set Wy = {a < B: (a,B) € Wy X Wy }. Then, the
second concept (similarity) may be defined as thus.
DEFINITION 2.7 (Similarity). The everywhere-ordered sets U = (¥, <) and 20 =
(W, <w), where 5y : V' XV — Wy and <y : #' X W — Wy, respectively, are
"similar,” written U = 20, if and only if there is an "order isomorphism” ¢ : 0 = 27

relating the elements «g, a1, as, ..., ap, ... of ¥ to the elements By, 51, Fo, ...,
By, ... of W as:

Qj:(7/7<“1/) ﬁ) <a07 Qy, Q2, ..., Qy, >
(2.11) 2 Ig)

def
QU:(W7<W) <—e> <ﬂ0) ﬂla ﬂ?a ) Bl/a >
From this definition, given ) = (%, <) «— (Yo, 71, V2, -++» Vv, -..) With

D, %,v) € {(V,7,a),(W,#,5)} and ¢ : T =2, then ap <y a3 s Bo <y
Bla al Xy Qo i> 51 w 527 s Q1 Sy Qy i> ﬂu—l Sw Qu, ... For any

(0,20,9) € X,cr; {20, = (#,,<,) + v eI}, the relations U~ U, T ~ W +—
W~ Yand (B=W)AW~TY) — (Y=x=9) hold. Therefore, the relation of
similarity =~ : (0,20) — U ~ W is reflexive, symmetrical and transitive.

The definition of the third concept (order-type) may be stated as thus.

DEFINITION 2.8 (Order-Type). An operator of the type
(2.12) OTyp : W+ OTyp (W) oy

assigning to any everywhere-ordered set 20 = (#, <y ) a uniquely determined
symbol 7y is called the “order-type” of 20, provided that if U = (¥, <y) be

any other everywhere-ordered set together with its uniquely determined order-type
def

OTyp (V) = 7y, the following statement holds:
(2.13) V=W — Ty =Ty.

Clearly, the manner of proceeding from the relation of similarity to the concept
of order-type is exactly the same as that from the relation of equivalence to the
concept of cardinal number. For, given any 0 = (¥, <) and 20 = (#, < ), then
U ~W «— OTyp(Y) = OTyp (W) is analogous to ¥ ~ ¥ <+— card (¥) =
card (¥).

REMARK 29. By U~ 0 <— 7y = 7y is meant that a uniquely determined
symbol actually is assigned not to a single set but to a class of everywhere-ordered
sets which are similar to each other.

Granted the definitions of the concepts of everywhere-ordered set, similarity and
order-type, the definition of the concept of ordinal may be stated as thus.

DEFINITION 2.10 (Ordinal). The order-type OTyp (20) = 74 of an everywhere-

ordered set 20 = (#', <y ) is called "ordinal,” written ord (20) 4 5, Moreover:

e 1. Oy is called a "predecessor ordinal” if and only if there exists no ordinal
ord (20) such that dy» = ord (20) + 1.
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II. Jd is called a ”successor ordinal” if and only if there exists an ordinal
ord (20) such that dy» = ord (20) + 1.

e III. J is called a ”limit ordinal,” denoted as def Ay, if and only if it
has no immediate predecessor.

Let the symbols 0, §, and A (instead of the symbols 0y, dy, and Ay ) stand
for predecessor ordinal, successor ordinal and limit ordinal, respectively. Then,
the definitions of the notions of ordered derivative g-T4-derived and g-%4-coderived
operators of g-Dery, g-Cod, : & (Q) — & (€2), respectively, may well be stated
as thus.

DEFINITION 2.11 (§''-Iterations: g-v-Tg-Derived, g-v-T4-Coderived Operators).
Let g-Derg ,,, g-Cod, , : & () — £ (Q), respectively, be a g-Ty-derived and a
g-%4-coderived operators of category v in a Jy-space Ty = (2, ;). Then:

oI The "§th_iterate of g-Dery , : Z(Q) — Z(Q)" is a set-valued map

g- Der S € Z(Q) — g Der(‘;) () defined by transfinite recursion

on the class of successor ordinals as
def

- (i) o Der(o) (Ss) <= S,

— (ii.) g-Derl!) (7) <5 gDery, (),

— (4i.) g- Der(‘wl) (yg) &) g- Der L 00 Deré‘f,), (),
— (iv.) g- Der ﬂ g- Der(‘s)

LEPN
e 1. The "§"™-iterate of g-Cod,, : () — Z(Q)” is a set-valued map

g—Codg‘?,), Sy € P Q) — g—Codg‘f,)/ (75) defined by transfinite recursion
on the class of successor ordinals as,

def
— (i) g-Cod(), (Fy) < 4,

ii.) g-Cod{l) (7)) <% g-Codg, (F4),

(
— (iii.) g-CodPV (F) <5 g- Cod ,0g-Codl?) (),
(iv.) g-Cod() () <5 (o cod“) (F)-
5=

In the following remark, the concepts of g-Ty-derived and g-T4-coderived sets of
category v and order § are presented.
REMARK 2.12. Suppose (925(,5), 5”9) € Xaerz Z () such that %55) = g—Deré‘?l), ()
for some ordinal §, then %éé) may be called a g-Ty-derived set of 73 of cate-
gory v and order 0. Likewise, given (02/9(5), V) € Xaer; & () such that 02/9(6) =
g—Codé‘?,)j (#4) for some ordinal ¢, then %9(5) may be called a g-T4-coderived set of
Vg of category v and order 6. Hence, any {¢} € £ (Q) such that (£ € %’éé) €
P2Q) A (€ ¢ %éé+1) € Z()) may be called a g-Ty-derived unit set of Zy of
category v and order 6, and any {¢} € () such that (¢ € %9(6) eZ(M)N(C¢
%g(é—H) € Z () may be called a g-Tq4-coderived unit set of % of category v and
order §.

Evidently, the use of dery, g-Der,, der : & (Q2) — & (Q) instead of g-Der ,
Z () — £ (Q) introduce the notions of Ty-derived set of 7y of order ¢, g-%-
derived set of Sy of category v and order ¢, and T-derived set of Sy of order 6,
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respectively; the use of docg, g-Cod,,, cod : & (Q) — & (1) instead of g-Cod, , :
Z () — £ (Q) introduce the notions of Ty-coderived set of S of order 6, g--
coderived set of Sy of category v and order 0, and T-coderived set of 7y of order
§, respectively.

DEFINITION 2.13 (g-v-%4-Open, g-v-Ty-Closed Sets of Rank ). Let .7y C T,
be arbitrary and let g-Der!®) g—CodEfl), : Z(Q) — Z(Q) be the §h-iterates of

g,v
g-Dery ,, g-Cod, , : Z(Q) — (1), respectively, in a Fy-space Ty = (2, Tg).
Then:

e 1. ./ is said to be "g-T4-closed of category v and rank ¢” if and only if:
S def
(2.14) Sy 2 9-ClY) () = U Wy,

Wy €g-v-DEC) [#:% 4]

where g-v-DE®) [74; Tl < (% € S+ (34) [ = o-Derl?), (#)] ).
e II. ., is said to be "g-T4-open of category v and rank ¢” 1f and only if:

ef
(2.15) Sy C o Intl), () E N Ve,
Vs Eg-u—CD(‘;)[Yg;TD]
where g--CD®) [#: T, ] € { %, 2 S+ (30,) [% = 9-CodlY), (6,)]}.

From this definition, various notions of derivedness and coderivedness can be
derived in .7, Jy-spaces. To establish g-T4-set of rank § in Tq, set

g- DE( [yga‘z ] = U {7/;3 SPLE (3%) [7/9 = E-Deréﬁ (%)]}
vely
= {ness )|V 0h=eval ()|}
velld
= U evDE® [74: 5]
vell
Then, %4 is said to be g-T4-closed of rank ¢ in T4 if and only if:
(2.16) Fa 20010 () & U Ve
Wy €9-DE(®) [#5;T4]
Similarly, set
g-CDY [T ] = | J{% 2 S (30,)[% = g-Codl) (0,)]}
uelg
= {% D Sy (30,) [ \/ (% = g-Cod{) (ﬁg))]}

vell

U Q‘V‘CD@ [ Tl -

vell

Then, %4 is said to be g-T4-open of rank § in Ty if and only if:
(2.17) Sy C gt (F) < N W
Wo€g-CDE) [T ]
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To establish g-%-set of rank 6 in T, set

gDECV [#9] = |J{r < @x) [V =gDel) ()]}
l/EIg
= {% Cs: (3x) [ \/ (¥ = g-Der!) (Jif))} }
vell
= U g-v-DE®®) [ F].
vell
Then, . is said to be g-%-closed of rank § in ¥ if and only if:
(2.18) 7 2 g0l ()« U .

W €g-DE) [#;%]

Likewise, set

gD 713 = J{w 25 30)[% =g-Cod)’ (0)]}
VEIé)
= {@/ > (30) { \/ (% = g-Cod” (ﬁ))”
vell
= U g--CD® [.7; %]
vell
Then, . is said to be g-%-open of rank § in ¥ if and only if:
(2.19) 7 C gInt® () N v .

W €g-CDO) [7#;F]

The passage from g-T4-closedness and g-T5-openness of rank ¢ in Ty to g-T-
closedness and g-T-openness of rank 0 in ¥ are thus established. To establish
Tg-set of rank § in Ty, introduce these definitions:

DEV (73T, © {7 C Fy: (34) [7 = derl) (7))},
def
CDW [F; %] T (% 2 Fy: (36,) [ = cod( (6,)]}.
Then, 7 is said to be Ty-closed of rank 0 in T4 if and only if:
def
(2.20) T 2P (A = U Wy.
Wy €DEO) [ ;T 4]
It is said to be T4-open of rank § in T4 if and only if:
(2.21) Sy C it (7,) & N W,
Wy ECD(J)[yng]

The notions of Tj-closedness and Ty-openness of rank J in T4 are thus established.
Finally, to establish T-set of rank § in T, introduce these definitions:

(v c: (3X)[V = dee®® ()]},
DO (73] € (%27 (30)[% = cod® (0)]}.

DE® [7;3] &
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Then, .7 is said to be T-closed of rank § in ¥ if and only if:

(2.22) S2dVHE ) .
W eDE®) [7;%]

It is said to be T-open of rank § in T if and only if:

(2.23) s Cmt®(HE N .
W eCDO®) [#;3]

The notions of €-closedness and T-openness of rank § in ¥ are thus established.

3. MAIN RESULTS

Using the foregoing definitions, the essential properties of the g-Tj-derived and
g-Tg-coderived operators, the essential properties of the concepts of §th-order de-
rivative g-T4-derived and g-T4-coderived operators, and the essential properties of
the concepts of g-T4-open and g-T4-closed sets of rank ¢ in F-spaces are presented
below.

3.1. ESSENTIAL PROPERTIES. The discussion begins by giving some of the basic
consequences resulting from the foregoing definitions.

In a J-space, g-Ty-derivedness implies T4-derivedness and, Tg-coderivedness
implies g-T4-coderivedness, as proved in the following theorem.

TuEOREM 3.1. If g-Dc, € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cod, : Z(Q) — Z(Q) and dey € DC[T,] be a given pair of Ty-operators derg,
codg : Z () — Z(Q) in a Fy-space Ty = (Q, Ty), then:

e 1. g-Dery (%) C derg (%y) V% € P (1),

e 1. g-Cod, (S) 2 cody (F) VI € Z(Q).

PROOF. Let Ty = (2, 7;) be a Fy-space. Suppose g-Dc; € g-DC[Ty] and dc, €
DC[Ty] be given and (%y,-75) € Xyep; & () be arbitrary. Then,

g-Der, : Zy {€e,y: ¢ g-Cl, (%, N g-Op, &)}

C {£eTy: Eecly(Z,ng-Op,({€}))} «— derg (%)
g-Cod, : S +— {¢Ce%y: Ce g—Intg(<7g u{c})}

D {(eTy: ¢einty(FNgOp, ({¢}))} +— codg (H).

Hence, the relation (g-Der, (%) ,codg (#5)) C (dery (%) ,8-Cod,g (#5)) holds for
any (%g,-73) € Xaer; & (). The proof of the theorem is complete. Q.E.D.

Since g-T4-derivedness and Tj-coderivedness imply Tg-derivedness and g-Tg-
coderivedness, respectively, the notions of coarseness (or, smallness, weakness), or
alternatively, finness (or, largeness, strongness), can be introduced and is contained
in the following remark.

REMARK 3.2. If the relation "g-Der 3 dery” stands for "g-Der, (#4) C derg (#5)”
and "g-Cod, 7z codg,” for "g-Cod, (-#5) 2 codg (#4),” then the outstanding facts
are: g-Dery : 2 (Q) — P (Q) is coarser (or, smaller, weaker) than dery :
P Q) — Z(Q) or, derg : £ () — L (Q) is finer (or, larger, stronger) than
g-Der, : 2 (Q) — 2 (Q); g-Cod : & () — & (Q) is finer (or, larger, stronger)
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than codg : & () — £ (Q) or, cody : & () — Z(Q) is coarser (or, smaller,
weaker) than g-Cod, : Z () — Z(Q).

In a J-space, that the g-Tj-derived operator is dual to the g-Tj-coderived
operator or equivalently, the g-Tj-coderived operator is dual to the g-T4-derived
operator, is proved in the following proposition.

PrOPOSITION 3.3. If g-Dc,; € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cod, : Z () — Z(Q) and g-Op, : & () — P (Q) be the natural comple-
ment g-Tq-operator of their components in a Jy-space Ty = (Q, Ty), then:

(V%% € 2 () [(9-Der, (#) +— g-Op, 0 g-Cod, 0 g-Op, (7))
(3.1) A(g-Cod, (.#3) ¢— g-Op, o g-Dery 0 g-Op, (F))].

Proor. Let g-Dc, € g-DC[T] be a given pair of g-T4-operators g-Der,, g-Cod,,
Z () — Z(Q), respectively, and let g-Op, : & (2) — Z (2) be the natural
complement g-% -operator of their components in a Jg-space Ty = (2, 7). Then,
for a 4 € & () taken arbitrarily, it follows that

g-Op, 0 g-Cod, 0 g-Op, (%)

!

g-Op, ({€ € Ty ¢ € € g-Int (g-Op, (%) U{E})})

!

{¢ €Ty € €g-OpyogIntyog-Op, (%, Ng-Op, ({}))}

[

{¢ €Ty £€g-Cl (%, Na-Op, ({€}))}
g-Der, (%)

Thus, g-Der (#,) < ¢-Op, 0g-Cod 0 g-Op, (%) for every Z, € & (2). For a
Sy € & (Q) taken arbitrarily, it follows that

g-Op, o g-Der 0 g-Op, (5)

!

g-Op, ({€ € T4 ¢ € € g-Cly(g-Opg () Ng-Op, ({€1)) })

!

{¢ €T4: €€ g-Opgog-Clyog-Op, (S U{e})}

[

{¢e%y: cegnt (S U{E})}

!

g-Cod, (S) -
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Hence, g-Cod, (/) — g-Op, o g-Der, 0 g-Op, (#;) for every 7y € &2 (Q2). The
proof of the proposition is complete. Q.E.D.

The lemma below, in which it is proved that the g-%j-derived and g-% j-coderived
operators are both monotone or equivalently, isotonic, will be useful in the proof
of the theorem following it.

LEMMA 3.4. If (g-Der, g-Cod,) € g-DE [T4] x g-CD [T,] be a pair of g-T;-derived
and g-%;-coderived operators g-Dery, g-Cod, : & () — & (Q), respectively, in a
Ty-space Ty = (Q, Ty) then:

o 1. #yC Sy P(Q) — g-Dery (%) C g-Dery (),

o 1. %y C Sy P(Q) — g-Cody (%) C g-Cod, (S)-

PROOF. Let (g—Derg,g—Codg) € g-DE [Ty x g-CD [Ty] be a pair of g-T-derived
and g-Tj-coderived operators g-Derg, g-Cod, : & (Q) — & (), respectively, and
let (Zg,-75) € Xaer; Z () be an arbitrary pair such that Z; C .4 in a J;-space
Ty = (2, F). Then, since Zy C .7, it results that

g-Dery : Zy +— {E €%y £€gCly (%g N g-Op, ({f}))}

C {€eg,: ¢c g-Cl, (SN g-Op, )} «— g-Der, (73);
g-Cody : By — {Ce€Ty: Ceglnty(Z,U{C})}
C {Ce%y: Ceglnty(SHU{CH} +— g-Cod, (F).

Hence, for every (%g,-75) € Xaery & (Q) such that Z; C 7, g-Dery (%) C
g-Der, (#;) and g-Cod (%) C g-Cod, (#;). The proof of the lemma is complete.
Q.E.D.

Equivalently stated, g-Dcg (%, %y) C g-Dcg (7, 7) for every (%, %) €
Xaers & () such that Z; C 7. In a Jy-space, every element in the class of pairs
of g-T4-derived and g-T4-coderived operators is paired with exactly one element in
the class of pairs of g-%4-interior and g-%,-closure operators, and conversely. The
theorem follows.

THEOREM 3.5. If g-Dc, € g-DC[%,] and g-Ic, € g-IC[Z,] be given pairs of g-Tg-
operators g-Dery, g-Cod, : & (Q) — & (Q) and g-Int, g-Cl; : Z () — Z(Q),
respectively, in a Tg-space Ty = (2, Ty), then:

o 1. g-Cly (S) +— SUgDer, (S) VIS e P(Q),

o 1. g-Int, () «— F;Ng-Cody () VIe Z(Q).

PrROOF. Let g-Dc; € g-DC[T,] and g-Ic; € g-IC[Ty] be given pairs of g-T-
operators g-Der, g-Cod, : Z () — £ (Q) and g-Int, g-Cl; : & () — £ (Q),
respectively, and suppose 5 € & (1) be arbitrary in a Jy-space Ty, = (2, Fp).
Then:

1. The relation .7y C g-Cl, (7;) € g-K[%4] holds. Consequently, g-Der (-75) C
g-Der, 0g-Cl, () C ¢-Cl; () implying, g-Cl, () 2 /4 U g-Der, (7). But,
Sy € SyUg-Dery () € g-K[T,] holds and consequently, .75 C g-Cl (7) € U
g-Der, (#;). Therefore, g-Cl; () C 3 Ug-Dery (;) and hence, g-Cl; () «—
Sy Ug-Dery (F) for all 75 € 2 (Q).

1. The relation .7y 2 g-Int, (#;) € g-O [T4] holds. Therefore, g-Cod, (#5) 2
g-Cod o g-Int; () 2 g-Int, () implying, g-Int, () € #;Ng-Cod, (). But,
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Sy 2 Sy N g-Cody () € g-O[F] holds and consequently, ., 2 g-Int, (F) 2
S5 N g-Cody (F). Therefore, g-Int; () 2 S5 N g-Cod, (#;) holds and thus,
g-Cl, () «— Sy Ug-Dery () for all 7 € & (2). The proof of the theorem is
complete. Q.E.D.

In a strong J;-space, the g-T4-derived operator is (-preserving and the 0%y
coderived operator is Q2-preserving, as shown in the following proposition.

PROPOSITION 3.6. If T3 = (Q, F;) be a strong Fy-space, then:
(3.2) (Vg-Dc, € g-DC[T,]) [9-De, : (0,Q) — (0,9)].

Proor. Let g-Dc,; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
Z () — Z(9Q) in a strong Fy-space Ty = (2, F). Then, since T is a strong
Tg-space, (0,9) «— (g-Cl, (0), g-Int, () € g-K [T,4] x g-O [T4]. Consequently,

(0 U g-Der, (0), 2N g-Cod, () «— (g-Cl, (1), g-Int, (Q)) «— (0,9),

Hence, g-Dc, : (0,Q) — (0,Q) for any g-Dc, € g-DC[T,]. The proof of the
proposition is complete. Q.E.D.

In view of the theorem preceding the preceding proposition, the following remark
presents itself.

REMARK 3.7. Relative to the J3-space T3 = (Q, ), {{} € &2 (Q) is a g-T4-closure
unit set of Sy € & (Q) if and only if {£} is a Ty-unit set or a g-Ty-derived unit
set of Sy; {€} € P2 (Q) is a g-Tg-interior unit set of Sy € &£ () if and only if,
relative to the Jg-space Ty = (Q, Fg), {{} is a Ty-unit set and a g-Ty-coderived
unit set of /5. Relative to the F-space T = (Q, 7)), {¢} € 2 (Q) is a g-T-closure
unit set of & € Z2(Q) if and only if {£} is a T-unit set or a g-T-derived unit set
of & {¢} € 7 (Q) is a g-T-interior unit set of .y € & (Q) if and only if {{} is a
T-unit set and a g-T-coderived unit set of 7.

Taking REMS. 2.2, 3.7 into account, an immediate consequence of THM. 3.5 is
the following corollary.

COROLLARY 3.8. Ifg-Dc, € g-DC[Z] be a pair of g-Tg-operators g-Der, g-Cod, :
P () — Z(Q) and, {g-Dery (§; %) : € € Ty} and {g-Cod, ((;%,) : € € Ta}
respectively, be the corresponding collections of g-%,-derived and g-%4-coderived
points of some Zy € P () in a Ty-space Ty = (2, Ty), then:
o 1. (3g-Dery (&%) € g-Dery (%)) [g-Dery (& #o) & Hq)
e 1. (Vg-Cod, (¢; %) € g-Cody (%)) [g-Cod, (¢: #y) € g
For any Tj-set of a Jy-space, the intersection of its g-T4-coderived set with itself

is contained in the Ty-set and, the union of its g-T4-derived set with itself contains
the T4-set, as proved in the following proposition.

PROPOSITION 3.9. If g-Dc, € g-DC[T,] be a given pair of g-Tq-operators g-Derg,
g-Cod, : Z(Q) — P (Q) in a Ty-space Ty = (Q, Ty), then:

(33) (Ve 2(Q)[SNg-Cod, (L) € S C S Ug-Dery (F)].

Proor. Let g-Dc, € g-DC[T] be a given pair of g-T4-operators g-Der, g-Cod,; :
Z Q) — Z(Q) in a Ty-space Ty = (Q, 7). Then, for all & € Z(Q), S U
g-Der, () «— ¢-Cl; () and 73 N g-Cod, (F) <— g-Int, (). But, for all
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S € Z(Q), ¢-Cly (S) 2 Sy and g-Int () C 7. Hence, for all & € & (Q),
Sy Ng-Cody (Fy) € S C Sy Ug-Dery (). The proof of the proposition is
complete. Q.E.D.

Since the relation g-Int, (%) C .74 C g-Cl; (-7;) and the relations
Sy Udery (Sy) «— clg () 2 9-Cly (S) «— Sy U g-Dery (S),
Sy Neodg (Fy) < intg (S) C g-Int, (F) «— S5 N g-Cod, (S)

hold for any . € &2 (), an immediate consequence of the preceding proposition
is the following corollary.

COROLLARY 3.10. If g-Dc, € g-DC[Ty] and dcy € DC[T,] be given pairs of g-Tg-
operators g-Dery, g-Cod, : Z(Q) — £ (Q) and dery, cody : Z(Q) — Z(Q),
respectively, in a Ty-space Ty = (Q, F), then the following logical implication holds
for any Sy € P (Q):

Sy Ng-Cod,y () C Sy C Sy Ug-Dery (F)

(3.4) l
FgNeody (L) C Sy C Ly Uderg (S) -

In a Jy-space, the g-Tj-derived operator is C-preserving relative to g-Tg-open
sets and the g-% -coderived operator is D-preserving relative to g-Tq-closed sets, as
shown in the following proposition.

ProprosiTION 3.11. If g-Dc, € g-DC[Z,] be a pair of g-Ty-operators g-Der,
g-Cod, : Z(Q) — Z(Q), and (%, V) € 8-O[T,] x g-K[T,] be a pair of g-T4-
open and g-Ty-closed sets, respectively, in a Ty-space Ty = (Q, Ty), then:

o 1. g-Dery () C¥y «— S C Yy VI € P (Q),

o 1. g-Cody (%y) DUy +— Ry 2 U Y%y € P ().
Proor. Let g-Dc,; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
P (Q) — Z(Q), and (%, ;) € 9-0[Ty] x g-K[T4] be a pair of g-T4-open and
g-Ty-closed sets, respectively, and let (Zy, %) € X,cyy & () be arbitrary in a
Tg-space Ty = (Q, Ty). Suppose (¥, Zy) 2 (S, %), then

(g'Derg (%) 7g'COdg (‘%9)) 2 (g'Derg (yg) ﬂg'COdg (62/9))

But (%, 7;) € g-O[T,] x g-K [T,] implies (¥4, g-Cod, (%)) 2 (g-Derg (¥g) , %)
and consequently,

(74, 9-Cod, (%)) 2 (g-Der, (¥4) ,g-Cod, (%)) 2 (g-Dery (Fy) , %y).
Hence, g-Der, (/) € ¥ and g-Cod, (#4) 2 %,- The proof of the proposition is
complete. Q.E.D.

In view of the above proposition, it follows, then, that, in a ;-space, g-Tg4-
derived sets and g-T4-coderived sets can also be characterized in terms of their
g-T4-closed sets and g-T4-open sets, respectively. The theorem follows.

THEOREM 3.12. If g-Dc, € g-DC[Z] be a given pair of g-Ty-operators g-Der,
g-Cod, : Z(Q) — P (), respectively, in a Ty-space Ty = (2, Ty), then:

o 1. g-Der (%y) CHy «— Zy€g-K[Ty] V%, € P (Q),

o 1. g-Cody (Sy) 2 S «— S €¢-0[T,] VSYe 7(Q).
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Proor. Let g-Dc, € g-DC[T] be a given pair of g-T4-operators g-Der,, g-Cod, :
P () — Z (), respectively, and let (Zg, %) € X,epy & (R2) be arbitrary in a
Tg-space Tg = (Q, F). Then:

Necessity. Suppose (g—Derg (Z%g) ,Yg) - (%’g,g—Codg (Yg)) holds. Then, Z,4 U
g-Dery (%#y) +— %y and /3 N g-Cod, (S) +— 4. But, Zy U g-Dery (%) +—
0-Cly (%) € 9-K [Ty and 75 N g-Cod, (S) +— g-Int, () € g-O[T,]. Hence,
(Zg, ) € 0-K[Ty] x g-O[Ty]. The conditions of ITEMS I., 1I. are, therefore,
necessary.

Sufficiency. Conversely, suppose (Zg,%5) € g-K[%4] x g-O[Z,] holds. Then,
Ry «— g-Cly (#,) and 7 < g-Int, (F). But, g-Cl, (#Z,) «— Z3Ug-Der (%)
and g-Int, () «— S5 N g-Cod, (7). Consequently, Zy «— %4 U g-Dery (%)
and S +— 3 N g-Cod, (F). Thus, (g-Der, (%) ,) € (%y,9-Codg (H)).
The conditions of ITEMS 1., 1I. are, therefore, sufficient. The proof of the theorem
is complete. Q.E.D.

In a J-space, the statement that a g-T -derived set is g-T -open is equivalent
to the statement that the g-T -coderived operation on it is extensive and, the
statement that a g-T -coderived set is g-% -closed is equivalent to the statement
that the g-T -derived operation on it is intensive. The proposition follows.

PROPOSITION 3.13. Let g-Dc; € g-DC[T,] be a pair of g-T4-operators g-Der,
g-Cod, : Z () — Z(Q) in a Fy-space Ty = (2, Ty), and let g-Degy (%Zy, S4) €
g-0 [Tq] x g-K [Tq] holds for some (%g, 3) € Xoerz & (). Then:

e 1. g-Dery (%,) € g-O[T,] +— g-Dery (%) C g-Cod, o g-Der, (%),

e 1. g-Cod, () € g-K[T,] +— g-Cod, (#) 2 g-Dery o g-Cod, ().
Proor. Let g-Dc; € g-DC[T,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z () — & () ina Tg-space Ty = (2, F;) and, let it be supposed that the condi-
tion g-Deg (%, %) € 8-0 [T4] x g-K [T,] holds for some (%Zy, 75) € Xoeps 7 ().
Then:

1. Since g-Dery (%Z,) € ¢-O[%,], g-Int;og-Dery (%Zy) 2 g-Dery (%), where
g-Int; : 7 (Q) — Z(Q) is the g-Ty-interior operator in Ty. But,
g-Int; o g-Dery (#;) <— g-Dery (%) N g-Cod, o g-Der, (%)
C  g-Cod,og-Dery (%) -
Thus, g-Der, (%Z,) € g-O[Ty] <— g-Dery (%,) C g-Cod, o g-Der, (%y)-
1. Since g-Cod, (7)) € g-K[Ty], g-Cly0g-Cody () C g-Cod, (), where
g-Cly : Z(Q) — Z () is the g-Ty-closure operator in Ty. But,
g-Clyog-Cod, () «—  g-Cod, () U g-Deryog-Cod, (F)
D g-Deryog-Cod, (-75) .
Hence, g-Cod, (/) € g-K[T4] «+— g-Cod, (S) 2 g-Deryog-Cod, (). The
proof of the proposition is complete. Q.E.D.

In a J;-space, the g-%;-derived operator is U-preserving and the g-% j-coderived
operator is N-preserving, as shown in the following theorem.

THEOREM 3.14. If g-Dc, € g-DC [T] be a pair of g-T4-operators g-Dery, g-Cod,;
P Q) — Z(Q) in a Ty-space Ty = (Q, Fy), then:
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o 1. g-Dery (Z,U.7) «— U g-Dery (%),
Uy=R g, s
o . g-Cody (ZyN.%) «— (]  eCody (%),
Vo=Rq,"s
for every (Zg, 73) € Xoery 7 ().
Proor. Let g-Dc,; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
2 (Q) — Z(Q), and let (#Zy, 7y) € X,ep; & (1) be arbitrary in a Fg-space Tg =
(Q, F). Then, since (%, U.7;) Ng-Op, ({£}) «— Uz, =2,,7, (%, N g-Op, ({€}))
and (%, N.Sy) U{E} +— ﬂ%:%wyg (75 U{€}), it results that

0-Cly : Uy, (% Na-Opg ({61)) —  |J  0-Cly(% N o-Op, ({€)),

U=y,
oIty Ny o (YaU{EY) — [ oIty (Y U{E}).
Vo=R g, T
Consequently,
g-Der, : Z, U7y — {§ €%,y €€ g—Clg<( U %g> N g-Op, ({f}))}
Uy=Ry, Sy
— U {¢eT: €€9Cly(%neOp, ({¢})}
Uy=Ry, Sy
—> U g-Dery (%),
Us=HRq,s
and
g-Cody : By NSy +—> {g €T,: €€ g—Intg<< N %) U {g})}
Vo=Rg+F s
— ﬂ {§ €%,y €€ g—Intg(”//g U {5})}
V=R, g
— ﬂ g-Cod,, (7).
Vo=Rg, S

Hence, it follows that g-Der, (%, U .%;) and g-Cody (%Z4 N -#;) are equivalent to
U%:%g,yg g-Der, (%,) and ﬂn,/g:ﬂ,gyyg g-Cod (%), respectively. The proof of
the theorem is complete. Q.E.D.

Since the relation g-Cly (%3 U.%3) € Uy, =z, 5, 8-Cly (%) and the relation
g-Int, (Zy N .7) 2 ﬂd,,g —,,7, OInt, (%) hold for every (Zq, %) € Xaer; & (),
ITEMS I., 11. of THM. 3.14 can be rewritten, giving their weaker forms which read,
the g-T-derived operator is U-subadditive and the g-% -coderived operator is N-

supadditive. Accordingly, the corollary stated below can be viewed as a consequence
of THM. 3.14.

COROLLARY 3.15. Ifg-Dc, € g-DC[%,] be a pair of g-Tg-operators g-Der, g-Cod,
P Q) — Z(Q) in a Ty-space Ty = (Q, Fy), then:

o 1. g-Dery (%, U.%) C U g-Der, (%),
Uy=R g,
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e 1. g-Cod, (%3N Sy) 2 ﬂ g-Cod (%),
Vo=Re>7s
Jor every (%, 73) € Xoepy 7 ().

In a J;-space, the image of a Ty-set under a g-Ty-derived operator is equivalent
to the image of the relative complement of any g-T4-derived unit set in the T4-set
under the g-Tj-derived operator; the image of the Ty-set under a g-Ty-coderived
operator is equivalent to the image of the union of the ‘T3-set and any g-%4-coderived
unit set under the g-%T4-coderived operator. The theorem follows.

THEOREM 3.16. If g-Dc, € g-DC[T,] be a pair of g-T4-operators g-Dery, g-Cod,, :
Z Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:

({&}.{¢}) € o-Dey (Zy, %)
(3.5) I
({€},{¢}) C g-Dey (%5 Ng-Opy ({€}), 5 U{C})
for any (Zg, %) € Xoers 2 ().

PrROOF. Let g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xyepy & () be arbitrary in a Jy-space

Ty = (2, 7). Then, since 74 N g-Op, ({€}) «— (#3 N g-Op, ({¢})) Ng-Op, ({¢})
and .75 U {¢} +— (S U {€}) U{&}, it results that

({f} ) {C}) C g-Dey (%4, )

!

({€}.{¢}) C g-Dery (%, N g-Op, ({£})) x g-Cody (S U{C})

({6} . {¢}) € g-Dey (%5 N g-Opg ({€1) . S U{CH)

holds for any (%g,75) € Xaepy & (). Hence, ({€}.{¢}) € g-Dc, (%, Sy) «—

({¢},{¢}) C g-Dcy (%4 N g-Op, ({€}),-%5 U{¢}). The proof of the theorem is
complete. Q.E.D.

An immediate consequence of the above theorem is the corollary stated below.

COROLLARY 3.17. Ifg-Dc, € g-DC [T] be a pair of g-Ty4-operators g-Der, g-Cod,; :
Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:

({&}.{¢}) ¢ o-Dey (Zy, %)
(3.6) I

({&}.{¢}) € (8-Codg 0 g-Opg (%) , g-Dery 0 g-Opg (7))
for any (%g, 73) € Xper; & (Q).

The proposition given below is a further consequence of the above theorem and
corollary.
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ProprosiTION 3.18. If g-Dc, € g-DC[Z,] be a pair of g-Ty-operators g-Der,
g-Cod, : Z(Q) — P (Q) in a Ty-space Ty = (2, T), then:
(3.7) g-Dc, (%4, 7,) < 9-Dc, (9?9 U{¢}, 7 Neg-Op, ({C}))
for any (%g, 3) € Xoer; & (Q).
PrOOF. Let g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xyepy & () be arbitrary in a Jy-space
Ty = (9, F). Then, since
0-Cly (% N g-0pg ({€}))  +—  g-Cly((%y N g-Opg ({61)) U ({€} Ng-Op, ({€1)))
«— g-Cl (%5 U{€}) N g-Op, ({€})),
it results that
g-Dery (%) «— {£€Ty: €€ g-Cly(SNg-Opy({€})}
— {€eTy: £egC (%5 U{e}) na-Op, ({€})}
«—  g-Dery (%, U{¢}).
Therefore, g-Der, (%y) <— g-Der, (%, U{¢}). Since
o-Tntg (5 U{CY) e gty (5 U {C}) 0 ({6} N g-Opq ({C1))
gty (£ Ng-Opy ({C1) U{C),
it follows that
g-Cod, () +— {CeTy: Cegnty (FHUI{CH}
e {0 Ty &gty (SN g-Opg ({C) U{CH }
¢ g-Cody (4 N g-Opg ({C}))-
Therefore, g-Cod, (.-7;) +— g-Cody (% N g-Op, ({¢})). Hence, it follows that

g-Dc, (#y,-74) < g-Dc, (%5 U{E}, S50 g-Op, ({¢})). The proof of the propo-
sition is complete. Q.E.D.

In a J;-space, the notions of g-Ty-derived and g-T4-coderived points can also
be characterized in terms of the notions of g-Ty-unit sets. These are embodied in
the proposition that follows.

ProprosITION 3.19. If g-Dc, € g-DC[Z,] be a pair of g-Tg-operators g-Der,
g-Cod, : 2 (Q) — 2 (), and ({¢},{C}) C T4 x T4 be a pair of Ty-unit sets in
a Jy-space Ty = (Q, Ty), then:

(3.8) ({6} . {¢}) Z 9-Deg (Zg,75) «— ({€},{¢}) € 0-O[Tg] x g-K[T]

Jor any (Zy,54) € Xoery 7 ().

Proor. Let g-Dc; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
2(Q) — Z(Q), and let ({¢},{¢}) C Ty x Ty be a pair of Tg-unit sets in
a Jy-space Ty = (Q, F;). Suppose ({f},{(}) ¢ g-Dcy (%4, 7y) for an arbitrary
(‘%97 yg) € Xaelg '@ (Q) Thenv ({f} I {C}) §Z g'DCg ('%gvyg) implies ({5} ) {C}) ¢
g-Cl (%4 N g-Op, ({&h) x g-Int, (#3 U{€}). Consequently, it follows that the re-

lation ({£},{¢}) C g-Opg 0 g-Cly (%4 N g-Op, ({£})) x g-Opg o g-Inty (S U {£})
holds. But, g-Op, o g-Cl, (%24 N g-Op, ({¢£})) +— g-Int,(g-Op, (%Z,) U {¢}) and
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g-Op, o g-Int, (S U{E}) «— g-Cl (g-Op, () N g-Op, ({£})) and on the other
hand, g-Tnty (g-Opg (Z4) U {¢}) € g-O[T,] and g-Cly (g-Op, (#5) N g-Op, ({€})) €
g-K[Tg]. Therefore, ({£},{¢}) C (%, ¥;) holds for some (%, 7;) € ¢-O[T4] x
g-K [T4] and consequently, ({£},{¢}) € g-O[T4] x g-K[Tg]. Hence, ({¢},{¢}) ¢
g-Dc, (Zq,73) «— ({£},{¢}) € -0 [T4] xg-K [T4]. The proof of the proposition
is complete. Q.E.D.

In a J;-space, the g-T -derived operator is intensive and the g-% -coderived
operator is extensive, as shown in the following theorem.

THEOREM 3.20. If g-Dc, € g-DC[Z] be a pair of g-T4-operators g-Dery, g-Cod,, :
Z(Q) — Z(Q) in a Tg-space Ty = (Q, Ty), then:

o 1. g-Der, (%, Ug-Der, (%y)) C %y Ug-Dery (Zy) Y%y € P (),

e 1. g-Cod, (S Ng-Cod, (#)) 2 73 Ng-Cod, (S) VI € Z(Q).

Proor. Let g-Dc,; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, 7;) € Xaepy & () be arbitrary in a Jy-space
Ty = (2, F). Then:
1. Set %y = %y U g-Dery (#;). Then,
Uy U g-Dery (%) «— 9-Cly (%) «— ¢-Clyog-Cl; (%)
+—  g-Cly (#y) «— %4 U g-Dery (%) .

Hence, g-Der, (%4 U g-Der, (%)) € %4 U g-Dery (%y).
1. Set ¥ = 3 N g-Cody (). Then,

73N g-Cody (7) +— g-Inty (V) +— g-Int,og-Int, ()
+—  g-Inty (F) +— S5 Ng-Cody ().

Thus, g-Cod, (SN g-Cod, () 2 N g-Cod, (#5). The proof of the theorem
is complete. Q.E.D.

In a ;-space, the image of the union of a T4-set and its g-Ty-derived set under
that g-%,-derived set operator by means of which the g-%-derived set is established
is equivalent to the image of the T4-set under the g-T4-derived set operator compo-
sition with itself; the image of the intersection of a T 4-set and its g-Ty-coderived set
under that g-Tj-coderived set operator by means of which the g-Tj-coderived set
is established is equivalent to the image of the T4-set under the g-%4-coderived set
operator composition with itself. These are embodied in the following proposition.

ProprosiTiON 3.21. If g-Dc, € ¢g-DC[Z,] be a pair of g-Tg-operators g-Der,
g-Cod, : Z(Q) — P (Q) in a Ty-space Ty = (2, Ty), then:
e 1. g-Der, (%, Ug-Der, (%;)) «— g-Derjog-Der, (Z,) V%, € P (Q),
e 1. g-Cod,(#Ng-Cod, (7)) «— g-Codyog-Cod, (F) VHy e P (Q).

PrOOF. Let g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xoepy & () be arbitrary in a Jy-space
Ty = (Q, F). Then:

1. Since g-Cl; (%) — % U g-Der (%) holds for any %; € & (Q), setting
Uy = Ry U g-Dery (%) yields

g-Cl, (%24 U g-Dery (%4)) <— (%4 U g-Der (%)) U g-Der (24 U g-Der, (%y)).
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But,
g-Cly (#4 U g-Dery (%#,)) <— g-Cly (%Z4) U g-Cl o g-Der,, (%)
«— (%4 U g-Der, (%))
U (g-Dery (%4) U g-Dery o g-Der, (%))
«— (%4 U g-Dery (%)) U g-Derg o g-Der, (%) .
Thus, g-Der, (%4 U g-Der, (%y)) +— g-Derg o g-Dery (%y).
1. Since g-Int, (75) «— ¥4 N g-Cod, (75) holds for any 75 € & (1), setting
Yy = S5 Ng-Cod, () yields
g-Int (.75 N g-Cod, (L)) +— (F Ng-Cod, (.#5)) Ng-Cod, (- N g-Cod, ().
But,
g-Int, (S Ng-Cody (7)) «— g-Int, (F) Ng-Int, 0 g-Cod, ()
— (S Ng-Cody (H))
N (g-Cod, (.#3) N g-Cod, o g-Cod,, ()
(S Ng-Cody (H)) Ng-Cody o g-Cody (S) -
Hence, g-Cod, (SN g-Cod, () «— g-Cod, 0g-Cod, (). The proof of the

proposition is complete. Q.E.D.

The corollary stated below is a consequence of the above proposition and the
theorem preceding it.

COROLLARY 3.22. Ifg-Dc, € g-DC[%,] be a pair of g-Tg-operators g-Der, g-Cod,
P Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:

e 1. g-Derjog-Dery (#,) C %y Ug-Dery (%,) V%, € P (1),

e 1. g-Cod,og-Cod, (S) 2 F; Ng-Cody (S,) VIF e Z(Q).

In other words, the above corollary states that, in a J;-space, the union of a
Tg-set and its g-Ty-derived set includes the image of the Ty-set under that g-T4-
derived set operator composition with itself; the intersection of a Tg-set and its
g-T4-coderived set is included in the image of the T4-set under that g-Ty-coderived
set operator composition with itself. The g-%;-derived set and g-Ty-coderived set
operators have other properties which are equivalent to those presented in the above
corollary, and are embodied in the following proposition.

ProprosITION 3.23. If g-Dc, € g-DC[Z,] be a pair of g-Tq-operators g-Der,
g-Cod, : Z(Q) — Z(Q) in a Fy-space Ty = (Q, Fy), then the following log-
ical implications holds:

* L For any (%g,-73) € Xoer; & (Q),
(9-Der, (%4 U g-Der, (%4)) C %y U g-Der (%))
A(g-Dery (%4 U #4) = g-Der, (%) U g-Der, (7))

(3.9) I

g-Derg o g-Dery (%) C %#4 U g-Dery (%) -
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* 1L For any (Zy, %) € Xper; 7 (),

(g-Cod, (7 N g-Cod, (7)) 2 % N g-Cod, (7))
Ag-Cody (%, N 74) = g-Cody (Z4) N g-Cod,, (7))

(3.10) I

g-Cod, 0 g-Cod (75) 2 75 N g-Cod, () -
Proor. Let g-Dc,; € g-DC[T,] be a pair of g-Ts-operators g-Dery, g-Cod, :
P Q) — Z(Q), and let (%,, Sy) € Xaer; & (Q) be arbitrary in a J-space
Ty = (92, ). Then:
I. Substitute .y = g-Der (%) in g-Der (%, U %) = U%:@gﬂg g-Dery (%)
and then take g-Dery (%, U g-Der, (#,)) C %4 U g-Der, (#Z,) into account. Conse-
quently,

g-Der (%#,4 U g-Der, (%)) = U g-Der (%) C %y U g-Der, (%) -
Ug=Rg,9-Dery (%)
Thus, g-Der, o g-Der, (%) C %4 U g-Der, (%g).

1. Substitute Z, = g-Cod, (#5) in g-Cod, (%, N.7) = Ny,—2,,7, Codg (74)
and then take g-Cod, (. N g-Cod, (-74)) 2 %3 N g-Cod, () into account. Con-
sequently,
g-Cod, (73 N g-Cod,, () = N g-Cod, (74) 2 3 N g-Cod, ().

Vg=54,8-Cody(F)

Hence, g-Cod, o g-Cod, (-5) 2 %5 N g-Cod (7). The proof of the proposition is
complete. Q.E.D.

In a J-space, just as the Tg-derived set and Tg-coderived set operators are
both monotone, so are both the g-T4-derived set and g-T4-derived set operators, as
shown in the following proposition.

PROPOSITION 3.24. If g-Dc, € g-DC[T,] be a given pair of g-Tg-operators g-Der,,
g-Cod, : Z(Q) — Z(Q) and dcy € DC[T,] be a given pair of Ty-operators derg,
codg : Z () — Z(Q) in a Ty-space Ty = (2, Ty), then:

o L. For any (%g,-73) € Xoer; & (Q),

Ky C Sy — g-Dery (%y) C g-Dery ()

(3.11) \ l

derg (%) C derg (S) -
e 1. For any (%, V) € Xacry 7 (),

Uy 2 Vg — 9-Cod (%) 2 g-Cod, (¥4)

(3.12) \ T

codg (%) 2 codg (74) .-
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Proor. Let g-Dc, € g-DC[T] be a given pair of g-T4-operators g-Der,, g-Cod, :
Z () — Z () and decg € DC[T] be a given pair of Tg-operators dery, codg :
Z(Q) — Z(Q) in a Jg-space Ty = (2, T). Then:

I. Since #Z,; C ., implies g-Der (%) C g-Der, (/) and derg (%) C derg (S
to prove the diagram it suffices to prove that, for any (%4, 75) € X,epr 7 (),
g-Der, (%y) C g-Dery () implies derg (%) C derg (#5). Suppose g-Der (%) C
g-Der, (), then

derg (#y) <— derg (%) U g-Dery (%)
C  derg (#4) U g-Der, (7)
C  derg (Zy) Uderg (S) «— dery ()
Thus, derg (%Zg) C derg (#) for any (%y,-7y) € Xoepy & (D).

11. Since %, 2 ¥4 implies g-Cod (%) 2 g-Cod (75) and codg (%) 2 cody (¥5),
to prove the diagram it suffices to prove that, for any (%, 75) € Xaers 2 (),
cody (%) 2 codg (7) implies g-Cod, (%) 2 g-Cod, (75). Suppose codg (%) 2
codg (75), then

g-Cody (%) <— ¢-Cod, (%,) U g-Cod, (75)
2 codg (%) Ug-Cod, (75)
2 codg (74) Ug-Cod, (¥5) «— g-Cod, (7g) -
Hence, g-Cod, (%) 2 g-Cod (74) for any (%, 73) € Xaer; & (22). The proof of
the proposition is complete. Q.E.D.

);
)

Our first research objective concerning the definitions and the essential properties
of a new class of g-T-derived and g-T;-coderived operators in Jy-spaces is now
complete. Of the notions of g-Ty-derived and g-Ty-coderived operators in -
spaces, we conclude the present section with two corollaries and two axiomatic
definitions derived from these two corollaries which will be useful in the section
following it.

The first corollary stated below contains the necessary and sufficient condition
for a set-valued map to be a g-T,-derived operator in a strong J;-space.

COROLLARY 3.25. A mnecessary and sufficient condition for the set-valued map
g-Dery : Z(Q) — Z(Q) to be a g-Ty-derived operator in a strong Jy-space
Ty = (0, F,) is that, for every ({&}, %y, 7,) € Xaer; P () such that {£} C
g-Der, (%), it satisfies:
L. g-Dery (0) =0,
1. g-Der, (%,) = g-Dery (%4 N g-Op, ({£})),
11. g-Deryog-Dery (%) C %y U g-Dery (%),
1v. g-Dery (%, U %) = U g-Dery (%;).

Us=Rg,s

The second corollary stated below contains the necessary and sufficient condition
for a set-valued map to be a g-Ty-coderived operator in a strong Zz-space.

COROLLARY 3.26. A mecessary and sufficient condition for the set-valued map
g-Cod, : Z(Q) — Z(Q) to be a g-Ty-coderived operator in a strong -
space Ty = (Q, Ty) is that, for each ({C},%,, V) € Xaery Z(Q) such that
{¢} € g-Cod, (%), it satisfies:
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1. g-Cod, () = €,

1. g-Cody (%) = g-Cody (% U{¢}),

e 111. g-Codg o g-Cod, (%) 2 %, N g-Cody (%),

1v. g-Cody (% N 7/9) = (] 9Cod, (#).
Wo=Us,"s

Hence, in a strong Jg-space, for a set-valued map g-Der, : & (Q2) — & ()
on & () ranging in & () to be characterized as a g-Ty-derived operator it
must necessarily and sufficiently satisfy a list of derived set g-T;-derived opera-
tor conditions (ITEMS I.—1v. of COR. 3.25), and similarly, for a set-valued map
g-Dery : & (Q) — Z(Q) on & (Q) ranging in & (Q) to be characterized as a
g-T4-coderived operator it must necessarily and sufficiently satisfy a list of derived
set g-Ty-coderived operator conditions (ITEMS v.—VIIL. of COR. 3.26).

Some nice Mathematical vocabulary follow. In CoRr. 3.25, ITEMS I., II., III.
and Tv. may well be taken as stating that the g-Tg-derived operator g-Derg
P (Q) — Z(Q) is B-grounded (alternatively, B-preserving), &-invariant (alterna-
tively, §-unaffected), g-Cly-intensive and U-additive (alternatively, U-distributive),
respectively. On the other hand, ITEMS 1., 11., 11I. and 1v. of COR. 3.26, may well
be taken as stating that the g-Tg-coderived operator g-Cod, : & (Q2) — £ () is
Q-grounded (alternatively, Q-preserving), (-invariant (alternatively, ¢-unaffected),
g-Int-extensive and N-additive (alternatively, N-distributive), respectively.

Viewing the derived set g-%-derived operator conditions (ITEMS 1.—1v. of COR.
3.25 above) as g-T4-derived operator axioms, the axiomatic definition of the concept
of a g-Ty-derived operator, then, can be defined as a set-valued map g-Der, :
Z Q) — Z(Q) on & (Q) ranging in & (Q) satistying a list of g-T-derived
operator axioms. The axiomatic definition of the concept of a g-%4-derived operator
in -spaces follows.

DEFINITION 3.27 (Axiomatic Definition: g-T4-Derived Operator). A set-valued
map of the type g-Der; : & (Q) — &2 (Q) in a strong Jy-space Ty = (2, F) is
called a ”g-T4-derived operator” on & (2) ranging in & (Q2) if and only if, for any
({&}, %4, 7,) € Xaery & (Q2) such that {§} C g-Der, (%), it satisfies each "g-T -

derived operator axiom” in AX[g-DE[Ty];B] ef {Axpp, (g-Dery) : v € Ij},

where Axpg,, : g-DE [Ty] — B o {0,1}, v € I}, is defined as thus:

) ety g-Der, (0) =0,
o) Jef, g-Der, (%) = g-Der (%, N g-Op, ({€})),
g-Der,) LN Der o g-Dery (%) € %4 U g-Der, (%),
) i

<—>gDer (Zq U Sy) = U g-Dery (%)
Uy=Tg, Sy

e Axpg,1 (g-Der
(
(
(

° AXDE74 g—Der

g

[ AXDE72 g—Der

e Axpg 3

g

Thus, a g-T4-derived operator g-Der, : & (Q) — & () in a Jy-space Ty =
(Q2, Fy) is a 0-grounded (Axpg,1), §-invariant (Axpg,2), g-Cly-intensive (Axpg 3)
and U-additive (Axpg.4) g-T4-set-valued set map forming a generalization of the
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Tg-set-valued set map dery : & () — £ (Q) in the strong J-space Ty, provided

(9-Dery (%4 U g-Dery (%4)) € %4 U g-Der (%))
A(g-Dery (%4 U ) = g-Dery (%) U g-Der, (#;))

!

g-Dery o g-Der (%) C Zy U g-Der, (%)

holds for any (Zg, 7y) € Xoery & ()

Having introduced an alternative definition defining the notion of a g-% -derived
operator in a strong Jg-space axiomatically, it may not be without interest to prove
some further propositions based on such axiomatic definition. The theorem follows.

THEOREM 3.28. Let AX[g—DE (Tql; } def {AXDE,, = ij} be the class of
g-%4-derived operator axioms in a strong Jy-space Ty = (€2, Fy) and, let Axpry :
g-DE [T4] — B such that, for any (9?975/9) € Xaery 7 (9),

Axpg,1 (g-Der,) &t g-Der (%3 U g-Der, ()

(3.13) u( U (% ugDer, (%)))

Uy=Rg,5s
= (%3 U Sy Ug-Dery (%5 U.7,)) \ g-Der, (0).

Then, Axpg 1 (g—Derg) =1 — /\uelz Axpg, (g—Derg) =1.

PROOF. Let AX [g DE [‘I ] = {AXDE L. VE ij} be the class of g—fg—derived
operator axioms in a strong Tg-space Ty = (Q, F) and, let Axpg;: g-DE[T;] —
B such that, for any (Zy,-%5) € Xaepy @ (),

Axpg,1 (g-Der,) &t g-Der (%3 U g-Der, (S3))

o U omueve )

=Zg,%s
= (%3 U Sy Ug-Dery (%, U.7;)) \ g-Der, (0).

Suppose Axpg, 1 (g Der ) =1 holds. Then:
If (%Zg4,-75) = (0,0), then

Axpg,1 (g-Der,) &% g-Der o (DU g-Der, (0))

u( U (%Ug—Derg(%))>

Uy=0,0

=(Pupu g-Der, (U 0)) \ g-Der, (0).

Consequently, g-Der, o g-Dery (), g-Dery () = 0. Therefore, g-Dery () = 0 <—
AXDEJ (g—Derg) and thus, AXDE,I — AXDE,l-
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If (Zy, 73) € Xoer; 7 () be arbitrary such that %5 = %4 N g-Op, ({¢}) and
{} C g-Dery (#Z,), then

Axpg,1 (g-Der,) Jef, g-Der, (%4 N g-Opg ({€})) U g-Der (%24 N g-Op, ({¢})))

u( U (% U g-Der, (%)))
Us=Rg,%3M8-Opy ({£})
= (%g U (%g n Q'Opg ({f}))
Ug-Derg (%g U (%3 N g-Opg ({€})))) \ g-Derg (9).-
Since the relation g-Der, (S U g-Der, (7)) € S U g-Der, (/) holds, imply-
ing g-Der, (% U g-Der, (#)) U (3 U g-Dery (7)) = #5 U g-Der, (%), and
g-Der, (0) = 0 by virtue of Axpg 1, the above expression reduces to
g-Der, (%Z4) U g-Der (2, N g-Op, ({€})) = g-Der, (%, U (%N g-Op, {&h))-
Clearly, g-Der (24U (%,Ng-Op, ({£}))) +— g-Der, (%,). Consequently, it results
that g-Der (%4 N g-Op, ({£})) € g-Der, (%,). But,
g-Dery (#;) C {£€T,: £eg-Cly(%,Ng-Op, ({€}))}
{8y & gCly((% N 9-Op, ({€})) Na-Op, ({€1)) }
> g-Dery (%, Ng-Op, ({€})) -
Consequently, g-Der, (%4 N 9-Op, ({&h) 2 g-Dery (#;). Therefore, it results that

g-Dery (%3) = g-Der (%, N g-Op, ({£})) LN Axpg,2 (g-Der,) holds and hence,
AXDE,I — AXDE,Q.
If (Zy, 75) € Xoery & () such that 7y = %4 be arbitrary, then

Axpg, (g-Der,) BN g-Der (Z, U g-Der, (%))

(U mueve, o)

Uy=R oK g
= (%4 U 2%y U g-Dery (%5 U %)) \ g-Derg (0).
Consequently, g-Der (%2, U g-Der, (%Z,)) C %4 U g-Dery (%), since g-Der, () =
0 by virtue of Axpg1. But, g-Der (%, U g-Der, (%)) 2 g-Dergog-Der, (%)

Therefore, g-Der, o g-Der, (%) C ZyUg-Der, (%) &, Axpg,3 (g—Derg) and thus,
AXDE,I — AXDE’3.
If (Zy,75) € Xoer; & () be arbitrary, then

Axpg, (g-Dery) gt g-Der, (.7 U g-Dery (7))
u( U (% UgDer, (%)))
Us=Rg, s
= (%4 U .7 Ug-Dery (%, U.7;)) \ g-Der, (0).

By virtue of the relation g- Derg (S5 Ug-Der, (L)) C S Ug-Der, (F) or equiva-
lently, g-Der, (.75 Ug-Der (#5)) U (-3 Ug- Der (Yg)) = SyUg-Der (), together
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with Axpg 1, Axpg,1 reduces to g-Der, (%, U.%;) = U%:ﬂ’gé‘g g-Der (%) ety

Axpg.4 (g—Derg) and hence, Axpg 1 — AXpg 4.
Hence, Axpg 1 (g—Derg) =1 — /\uelg Axpg. (g—Derg) = 1 and the proof of
the theorem is complete. Q.E.D.

In the proposition given below there is contained further properties.

PROPOSITION 3.29. Let AX[g-DE[Ty];B] “ {Axpg, : v € I} be the class of
g-T;-derived operator azioms in a strong Jy-space Tq = (Q, T) and, let Axpg :
g-DE [T4] — B such that, for any (%9,5’,3) € Xoer; & (Q),

Axpp (g-Der,) N ( J  o-Dery (%, U gDer, (%g))>
=%,y

Uy
(3.14) U( (%, U g-Der, (?/g))>
Uy=Rg s

= (#yU S) Ug-Dery (%, U7).
Then, AXDE,II (g—Derg) =1 — /\VEIZ AXDE’,, (g—Derg) =1.

PROOF. Let AX[g-DE [T ];B] = & {Axpg,, : v € Ij} be the class of g-T-derived
operator axioms in a strong Jy-space Ty = (2, F5) and, let Axpg 11 : g-DE [T4] —
B such that, for any (%9,5’9) € Xaery 7 (),

Axpp (g-Der,) N lJ  o-Dery (%, U gDer, (%g))>
Uy=R g5

( ?/g U g-Der, (%g))>
=%4,7y
(%’ U7y) Ug-Dery (%, U 7).

Suppose Axpg 11 (g Der ) =1 holds. Then:
If (Zy,5) = (0,0), then

Axpg, (g-Der,) Jef, < U g-Der (%, U g-Der, (%g))>
Ug=0,0
U( %g U g-Der, (02/9))>
=(u )UgDer Oun).

Consequently, g-Der, o g-Der, () U g-Dery (0) = g-Der, (#). But, g-Dery (0) «+—

O U g-Dery (0) <— g-Cl; (0) = 0. Therefore, g-Der, (§) = 0 &, Axpg,1 (g-Der,)
and thus, AXDE,II — AXDEJ.
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If (Zy, 73) € Xoer; 7 () be arbitrary such that %5 = %4 N g-Op, ({¢}) and
{} C g-Dery (#Z,), then

ef
Axpg,ir (g-Der) TN ( U g-Der (%, U g-Der, (02/9))>
Uy=Rq,%5M8-Opy ({€})

u( U (% U g-Der, (%))>
%g:@gv%gﬂg‘olf’g({g})

= (#5 U (%3 N g-Op, ({€})))

Ug-Dery (%, U (%4 N g-Op, ({£})))-

Since the relation g-Der, (%, U g-Der, (%)) C Uy U g-Der, (%) holds, implying
g-Der (%, U g-Dery (%)) U (%, U g-Dery (%)) = U, U g-Der, (%) for any %, €
{%’g, %4 N g-Opy ({f})}, Axpg 11 reduces to

U g-Der (%) = g-Der, (%4 U (%50 g-Op, {eh))-
Us=Ty,%4M8-Opy ({£})

Because #Z; 2 %4 N g-Op, ({¢}) holds, g-Derg (9’29 U (929 N g-Op, ({f}))) —
g-Der, (%,). Consequently, g-Der, (%4 N g-Op, ({¢€})) C g-Der, (%,). But,

g-Dery (%Zy) C {£€T,: £eg-Cly(%,Ng-Op, ({€}))}
{¢ €Ty £ €g-Cly((# N o-Opg ({£})) Ne-Op, ({€1) }
«— g-Der, (%, N g-Op, ({¢})) ,

implying g-Der, (%5 N g-Op, ({¢h) 2 g-Dery (#y). Therefore, g-Dery (%;) =

g-Der, (%’g N g-Op, ({5})) g, Axpg 2 (g—Derg) and hence, Axpg 1 — AXpg,2-
If (Zg,%3) € Xoery & (Q) such that 5 = %, be arbitrary, then

Axpp (g-Der,) gty < U g-Der (%, U g-Der, (%g))>
Us=R g, % g

U( U Uy U g-Der, (?/g)>
Usg=R g% g
= (#yg U Hy) U g-Dery (ZyUZHy) -

Consequently, g-Der, (%4 U g-Der, (%)) U (%4 Ug-Der, (%,)) = %y Ug-Der, (%),
implying g-Der, (,@g U g-Derg (%g)) C %y U g-Dery (%,). But, because the re-
lation g-Derog-Der, (%#,) C g-Der, (%, U g-Der, (%4)) holds, it results, there-
fore, that g-Der o g-Der (%) C %4 U g-Der, (%) &L, Axpg,3 (g-Der,) and thus,
Axpg,1 — AXpE,3.
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If (Zy,75) € Xoer; & () be arbitrary, then

Axpp (g-Der,) N lJ  o-Dery (%, U gDer, (02/9))>
Uy=Tg, s
( U % ugDer, (%))
Uy=Tg,
= (%4 U ) U g-Der, (Z, U %) -

Since U% —a,,7, 8-Derg (%, Ug-Der, (%)) € U%:%g,yg (%3 Ug-Der, (%)) holds,

Axpg1, evidently, reduces to g-Der, (%, U.%;) = U%:%g,yg g-Der (%) gt

AxpE .4 (g—Derg) and hence, Axpg 11 — AXpg 4.
Thus, AXpE.11 (g—Derg) =1 — /\ueI; Axpry (g—Derg) = 1 and the proof of
the proposition is complete. Q.E.D.

The corollary stated below is an immediate consequence of the foregoing theorem
and proposition.

COROLLARY 3.30. If g-Dery : Z(Q2) — P (Q) be a g-Ty-derived operator on
Z (Q) ranging in & (Q) in a strong Ty-space Ty = (R, Ty), then it satisfies the
following "g-%4-derived operator axziomatic diagram:”

Axpg 1 (g-Derg) =1— /\VEII AxpEg,u (g-Derg) =1
(3~15) \ T
AXDE,II (g—Derg) =1.

Likewise, viewing the derived set g-% -coderived operator conditions (ITEMS 1.—
1v. of COR. 3.26 above) as g-Tg-coderived operator azioms, the axiomatic definition
of the concept of a g-Ty-coderived operator, then, can be defined as a set-valued
map g-Cod; : Z(Q) — Z(Q) on & (Q) ranging in & (1) satisfying a list of
g-T4-coderived operator axioms. The axiomatic definition of the concept of a g-T4-
coderived operator in J-spaces follows.

DEFINITION 3.31 (Axiomatic Definition: g-%;-Coderived Operator). A one-valued
map of the type g-Cod, : & (Q) — Z(Q) in a Jy-space Ty = (€2, F) is called
a "g-T4-coderived operator” on & (1) ranging in & () if and only if, for any
({C} Uy, “//g) € Xaer; & (), it satisfies each "g-T-coderived operator axiom” in
AX[g CD [%, ]JB%] def {AXCD v (g—Cod ) T vE ij}, where Axcp,, @ g-CD [T4] —

B« {0,1}, v € I}, is defined as thus:

Axcp, (g-Codg) <% g-Cod, () = €,

(
(g-Cod,) &y g Cod o (%) = g-Cod (%, U{C}),
(9-Cod,) Qg Cod, o g-Cod, (%) 2 % N g-Cod, (%),
( )

A% g-Cod,, (%, N ¥4) = () 9-Cod, (#5).
Wg:%gvﬂf/g

AXCD,z

Axcp3

AXCD74 g—COdg

Hence, a g-T4-coderived operator g-Cod, : & (Q2) — £ (Q) in a J-space
Ty = (2, %) is a Q-grounded (Axcp,1), (-invariant (Axcp2), g-Intg-extensive
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(Axcp,3) and N-additive (Axcp,4) g-Tg-set-valued set map forming a generalization
of the T-set-valued set map cody : & () — & () in the Jy-space Ty, provided

(g-Cod, (F Ng-Cod, (7)) 2 S5 Ng-Cod, (H))
A(g-Cody (%4 N Fy) = g-Cod (#,) N g-Cod, ()

!

g-Cod 0 g-Cod, (#) 2 /4 N g-Cod,, (F)

holds for any (%Zg,75) € Xaery & ()

As above, having introduced an alternative definition defining the notion of a
g-T ;-coderived operator in a J-space axiomatically, it may not be without interest
to prove some further propositions based on such axiomatic definition. The theorem
follows.

THEOREM 3.32. Let AX[g-CD[%];B] Lef {Axcp, : v € Ij} be the class of

g-%4-coderived operator azioms in a Fy-space Ty = (1, Fy) and, let Axcpy :
g-CD [Tg] — B such that, for any (%, V5) € Xoer; & (),

Axcpy (5-Cody) &% g-Cod, (%, N g-Cod,y (7))

(3.16) m( (| (#4ng-Cod, (%)))

Woa=Ug,Ys
= (%, N V5N g-Cody (% N ¥4)) \ g-Opg 0 g-Cod, () .

Then, AXCD,I (g—COdg) =1 — /\UEIZ AXCD,V (g—Codg) =1.

PROOF. Let AX [g—CD [Tql ;IBS] = {AXCD’,, tve IZ} be the class of g-T -coderived
operator axioms in a Jy-space Ty = (12, F;) and, let Axcp 1 : g-CD [T4] — B such
that, for any (%, 75) € Xaery 7 (),

Axcpy (g-Cody) <% g-Cody (% N e-Cod (%))

(N tanecod, o)
We=Uq,"s
= (%3N Y5 N g-Cody (% N Yg)) \ g-Opg 0 g-Cod, (Q).
Suppose Axcp 1 (g-Codg) =1 holds. Then:
If (%, 75) = (2,9), then

Axcpy (5-Cody) <% g-Cody (2 N g-Cod, (2))

(N oanecod, )
Wo=Q,Q
= (2nQNng-Cody (2N Q) \ g-Op, o g-Cod, ().
Consequently, g-Cod, o g-Cod, (£2), g-Cod, (22) = g-Cod,, (£2). Thus, g-Cod, (2) =

Q ﬁ) AXCD,l (g—COdg) and hence, AXCD,I — AXCD,l-
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If (%, 75) € Xoer; () be arbitrary such that 75 = %; U {¢} and {¢} C
g-Cod, (%), then

Axcpy (5-Cody) &% g-Cody (%, N g-Cod, (%))
(N thnecod,on)
Wo=Uq,%s I{C}
= (% N (% U {¢}) N g-Cody (% N (% U{C})))
\ g-Op, 0 g-Cod, (2) .
Since the relation g-Cod, (% N g-Cod, (%)) 2 U N g-Cod, (%) holds, implying
g-Cod (% Ng-Cod, (%)) N (%, N g-Cod, (%)) = %y N g-Cod (%), and Axcp,1
implies g-Op, o g-Cod, () = 0, Axcp 1 reduces to
g-Cod (%) N g-Cod (% U {C}) = g-Cody (% N (% U{(Y)).
Clearly, g-Cod, (Us N (U3 ULCY)) +— g-Cod, (%;). Consequently, it results that
g-Cody (%, U{¢}) 2 g-Cod, (%,). But,
g-Cody (%) 2 {(e€Ty: (egnty (% U{C})}
— {C €%y (€ g—Intg((%g u{¢chHu {C})}
«— g-Cody (%; U{C})-
Consequently, g-Cod, (%z U {¢}) C g-Cod (%,). Therefore, it follows that the

relation g-Cod, (%) = g-Cod, (%, U{¢}) et Axcp,2 (9-Cod,) holds and thus,
AXCD,I — AXCD72.
If (%, 75) € Xoery & () such that 75 = %, be arbitrary, then

Axcpy (5-Codg) <% g-Cod,y (% N g-Cod, (7))
(N enecod, )
Wo=Uy,Us
= (% N Uy N g-Cody (% N U)) \ 8-Opy 0 g-Cod, () .
Consequently, g-Cod (?/g Ng-Cod, (?/g)) 2 UyNg-Cody (%), since Axcp,1 implies
g-Op, 0 g-Cod, () = 0. But, g-Cody (%, N g-Cod, (%)) € g-Cod, o g-Cod, (%).

Therefore, g-Cod,og-Cod, (%) 2 %, N g-Cod, (%) g, Axcp3 (g-Codg) and
thus, AXCD,I — AXCD73.
If (%3, 75) € Xaer; 2 () be arbitrary, then

Axcpy (5-Cody) &% g-Cod, (%, N g-Cod, (7))

(N tanecod o))
W=y Vs
= (%N V5N g-Cody (% N 7g)) \ g-Op, 0 g-Cod, (Q).

By virtue of the relation g-Cod, (%, Ng-Cod, (%)) 2 %N g-Cod, (%) or equiva-
lently, g-Cod,, (%, Ng-Cod, (%g))ﬁ(%gﬂg—Codg (%)) = UyNg-Cod,, (%), together
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with Axcp,1, Axcp 1 reduces to g-Cod, (% N 75) = ﬂWg:%’% g-Cod,, (#4) gt

Axcpa (g—Codg) and hence, Axcp 1 — Axcp,4.
Thus, Axcp,1 (g—Codg) =1 — /\ueI; Axcp,y (g-Codg) = 1 and the proof of
the theorem is complete. Q.E.D.

The proposition given below contains further properties.
ProrosSITION 3.33. Let AX[g—CD [Tl ] def {AXCD,, v E IZ} be the class

of g-T4-coderived operator azioms in a Jy-space Ty = (Q, Fy) and, let Axcpr :
g-CD [T,] — B such that, for any (%,, Vg) € Xaerz; 7 (),

Axeon (5-Cody) % () (#na-Cod, () )

Wo=Uq,"s
(3.17) m( (1 9Cody(#4 N g-Cod, (Wg)))
Woa=Uy,Vs

= (% ¥3) N g-Cody (%N Vy)
Then, AXCD,II (g—Codg) =1 — /\VGIZ AXCD,V (g—Codg) =

PROOF. Let AX[g-CD[Ty];B] © {Axcp, : v € Ij} be the class of g-T-
coderived operator axioms in a Jy-space Ty = (2, .7;) and further, let Axcp,ir :
g-CD [T4] — B such that, for any (%, 75) € Xaery & (),

Axcp 11 (g-Cod,y) N < ﬂ (#4 N g-Cod, (%)))

Wo=Us: Vs
ﬁ( (1 9Cody(#4 N g-Cod, (%)))
Wo=Ug, Yy

— (%1 %) Na-Cody (%1 73)

Suppose Axcp 11 (9-Cod,) = 1 holds. Then:
If (%, 75) = (2,9), then
Axcpr (g-Cod,y) < ( ﬂ (#4 N g-Cod, (Wg)))

m< g-Cod, (#4 N g-Cod, (Wg)))
We=,Q
=QNnQ)N g-Cod, QnQ).

Consequently, g-Cod, (©2) N g-Cod 0 g-Cod, () = g-Cod, (©2). But, the relation
g-Cod, () +— QNg-Cod, () «— g-Int, (2) = Q holds. Therefore, g-Cod,, (2) =

Q ﬁ) AXCD,l (g—COdg) and hence, AXCD,II — AXCD,l'
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If (%, 75) € Xoer; () be arbitrary such that 75 = %; U {¢} and {¢} C
g-Cod, (%), then

Axcp,r (g-Cod,y) < ( N (”/ﬂgﬂg—Codg(%))>
W=y, UsI{C}

m( N g-Cody (#4 N g-Cod, (%)))
Wo=Uyg,UsI{C}

= (% N (% U{¢})) Ng-Cody (% N (U U{C))).
Since the relation g-Cod, (#5N g-Cod, (#4)) 2 #4 N g-Cod, (#4) holds, implying
g-Cod, (#g N g-Cod, (#a) N (#y N g-Cod, (W) =Wy Ng-Cod, (#) for any #; €
{%g, Uy U {(}}, Axcp 11 reduces to
(1 oCody (#;) = g-Cody (% N (%3 U{C(}))-
Wo=Ug, Uy I{C}

Because %, C % U{C} holds, g-Cod (% N (%, U{¢})) «— g-Cod, (%,). Conse-
quently, g-Cod, (% u{¢}) 2 g-Cod, (%;). But,

g-Cody (%) 2 {(eFy: (egnt, (% U{c})}
— {CeTy: (egnt (% u{chHu{c})}
< g-Cody (%, U{C}),
implying the relation g-Cod, (% U{¢}) C g-Cod, (%,). Therefore, g-Cod, (%) =
g-Cody (% U {C}) <% Axcp.s (g-Cod,) and hence, Axcp 1 — Axcpo.
If (%, 75) € Xoery & () such that ¥ = %, be arbitrary, then

Axeon (3-Cody) % () (#naCod, ()
Wa=Uy, Uy

ﬂ< n g-Cod, (#4 N g-Cod, (”//g)))
Wo=Uy, Uy

= (U3 N Uy) N g-Cody (g N Uy) -
Consequently, g-Cod (@/gﬂg—Codg (%g)) N (%g Ng-Cod, (%g)) = U;Ng-Cody (%),
implying g-Cod, (% N g-Cod, (%)) 2 U N g-Cod, (%,). But, because the rela-
tion g-Cod, o g-Cod (%,) 2 g-Cod, (%, N g-Cod, (%)) holds, it results, therefore,
that g-Codgog-Cody (%) 2 %, N g-Cod, (%) &% Axeps (g-Cod,) and thus,

Axcpar — AXcp,3-
If (%, 75) € Xoery & () be arbitrary, then

Axeon (a-Codg) % () (#na-Cod, () )
Wy =g, Ve

m( (| 9Cody(#4 N g-Cod, (Wg)))

Wo=TUy, Yy
— (%N ¥4) N g-Cody (%N 7;).
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Since . 4, 4, 8-Cod, (#gng-Cod,, (#4)) 2 Ny=a, 7, (#3ng-Cod, (#4)) holds,

Axcp i1, evidently, reduces to g-Cody (%, N 7,) = ﬂWg:%,“Ifg g-Cod (7) BN

AXCD,4 (g—Codg) and hence, AXCD,H — AXCD,4~
Thus, Axcp,ir (g—Codg) =1 — /\ute; Axcp,, (g—Codg) = 1 and the proof of
the proposition is complete. Q.E.D.

The corollary stated below is an immediate consequence of the foregoing theorem
and proposition.

COROLLARY 3.34. If g-Cod : 2 (Q) — P () be a g-T4-coderived operator on
P (Q) ranging in P (Q) in a Ty-space Ty = (2, Ty), then it satisfies the following
"g-T4-coderived operator axiomatic diagram:”

AXCDJ (g—COdg) =1— /\VEIZ AXCD,V (g'COdg) =1

(3.18) \ T

AXCD,II (g—COdg) =1.

The proven lemma presented below will be helpful in proving the theorem fol-
lowing it.

LeEMMA 3.35. Let g-Dery, g-Cod, : & () — Z(Q) be a g-Ty-derived and a
g-%-coderived operators, respectively, in a strong Jy-space T4 = (Q, Fy). Then:

o I. Ty per () def {Hy € 2 (Q): Ay D g-Der, (Hy)} satisfies the Ty-closed
set axioms for the strong Jy-space Ty,

o 1I. Ty co0a(Q) e {0, € 2(Q): 04 C g-Cod, (O4)} satisfies the Ty-open
set axzioms for the strong Jy-space Ty.

PROOF. Let g-Dery, g-Cod, : & (Q) — £ (Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, in a strong Jg-space Ty, = (2,.7;). Since T,
is a strong Jg-space, it satisfies the Jj-open set axioms J, (0) = 0, 5 (Q) =
Q, Ty (0g) C Oy, and Ty(Uyers Oor) = Upers Zo(Op), and it also satis-
fies the Jg-closed set axioms -7, () = Q, =7, (0) = 0, =T (Hg) 2 Hg, and
“Tg(Mvers Haw) = Nper 7T (Hg,). Therefore, to prove ITEM 1. and ITEM
II., it suffices to show that %,Der +— Jy and J,coq +— T, respectively. Then:

1. By the definition of Jyper : £ () — Z(Q), Q 2 g-Der, (©2). Thus,
Tg.per () = Q. By virtue of Axpg 1, 0§ = g-Der, ® +— 02 g-Der, (D). Hence,
Typer (1) = 0. Since Ty per () 2 {Hg € P () : Ay D g-Dery (HAy)}, it results
that, for every (Jif97 Ty Der (,%/g)) € Z(Q) X Ty per (), the relation Ty per (Hg) 2
Hy holds. Suppose (Ag,u, #5,u) € Xoepy & () such that, for each n € {v, u},
Hyu 2 Ky, and, for all o € I3, the relation 75 , 2 g-Der () holds. Then,
Ky 2 Hy, implies Ay, «— Hy Uy, «— Ky, U(Hy,, N Hy,). By virtue of
AXpE,4, it follows that the relation (1, _, , g-Dery (#g,,) 2 g-Derg (g, N Jg,.) N
g-Dery (Ay,,) <— g-Derg (g, N Ay,) holds, implying (1, _, , g-Derg (Hg,) 2
g-Dery (5., Ny ). But Ay, 2 g-Dery (A ;) holds for each n € {v, u} implies
Novp Ham 2 =y, 8-Derg (Agy). Thus, (), _, , Ao, 2 g-Derg (Hg N Ay ).
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The condition . per ¢— =7 is proved and hence, Jy perZ () —> & (Q) satis-
fies the F-closed set axioms for the strong Jg-space T.

. By virtue of Axcp1, @ = g-Cody () +— Q C g-Cod, (©2). Thus,
Ta,Cod () = Q. By the definition of F4.coa : & (Q) — Z2(Q), O C g-Cod, (0).
Hence, J4.coa (1) = 0. Since Fy.coa () C {0y € 2(Q) : Oy C g-Cod, (Ty)},
it follows that, for every (g, g.coa (Of)) € P (Q) X Tg,coa (), the relation
T4,00d (Og) © Oy holds.  Let (Ogp, Ogu) € Xoepy & () such that, for each
n € {v,u}, Ogu C Oy, and, for all o € I3, the relation 0y, C g-Cody (0y,5)
holds. Then, &y, C 0Oy, implies Oy, — Og, N Oy, «— (Oy,U04,)N
Oq,,. By virtue of Axcp 4, it results that the relation Un:mu g-Cod, (Ogn) C
g-Cod (04, U Oy ) U g-Cod (Oy,) < g-Cody (O, U Oy ,) holds which, in
turn, implies J, _,, , 8-Codg (Oy,) € g-Cod (O, U Oy,,.). But the relation 0y, C
g-Codg (0p,) holding true for each n € {v,u} implies, in turn, U,_, , Ogn C
=0, 8-Cody (Og). Thus, U, _, , Ogn € g-Codg (g, U Oy ). The condition
Tg,Cod < Ty is proved and hence, Ty coaZ (1) — & () satisfies the Fy-open
set axioms for the strong Jy-space ;. The proof of the lemma is complete. Q.E.D.

The theorem is now stated and proved by the aid of the above lemma.

THEOREM 3.36. Let g-Dery, g-Cod, : Z(Q) — Z () be a g-T4-derived and a
g-%4-coderived operators, respectively, in a unique strong Jy-space Ty = (Q, Ty).
Then:

o 1. Jyper () e {Hye 2(Q): A2 g-Derg (Ag)} forms the Ty-closed
sets for the unique strong Jy-space T,

o 1. Ty .Cod () def {0, € 2(Q): Oy C g-Cod,(Oy)} forms the Ty-open
set axioms for the unique strong Jg-space Ty.

PROOF. Let g-Dery, g-Cod, : & (Q) — Z(Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, in a strong Jg-space Ty = (Q, F;). Then:

L. Ty per () e {Hy € 2(Q) : Ay 2 g-Dery ()} forms the collection of
Ty-closed set in the strong Jg-space Ty. Suppose g-Derg ;.4 @ & (Q) — & (2) be
the induced g-%4-derived operator, then to show uniqueness it only suffices to prove
that g-Der ;,q (Z) +— g-Der, (%;) holds true for any #; C T,. Let Z,; C T,
be arbitrary and by hypothesis, let (£ € g-Der, (%y)) N (€ ¢ g-Derg a4 (%)) hold
true. Then, uniqueness is shown by proving that such hypothesis is a contradiction.
Thus, the following cases present themselves:

Case (i.) Suppose & & Zy. Then, (& ¢ %y) N (€ ¢ g-Derg ;4 (%)) by virtue of
the supposition and the hypothesis. Consequently, ¢ ¢ g-Cl, (%5 N g-Op, ({eh).
Therefore, a Jy-open set 0, € J can be found, satisfying £ € &, such that
Oy (#3Ng-Op, ({€})) = OyN%y = 0. Clearly, Ay = g-Op, (Jy) is a Fy-closed set
and therefore, it satisfies 5 2 g-Der (), implying (,%/g € %’Der) A (l/g B) %g)
holds true. Consequently, it follows that J#; 2 g-Der, () 2 g-Der, (#,). But,
§ € g-Dery (#,) by hypothesis. Hence, (€ Oy) N (€€ = g-Op, (0y)), a
contradiction. The hypothesis is therefore a contradiction.
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Case (ii.) Suppose £ € Zgy. Then, (£ € Zy) A (€ € g-Dery (%)) by virtue of the
supposition and the hypothesis. Consequently, £ € g-Cl; (%gﬂ g-Op, ({¢€ })) There-
fore, a J-closed set .y € =7, can be found, satisfying £ € J¢;, such that J#; N
(%#5N9g-Opy ({€})) = Z3Ng-Opy ({€}) # 0. Then, H; 2 Z3Ng-Opy ({£}) and con-
sequently, g 2 g-Derg ;.4 (#g) 2 g-Derg ,q (%5 N 8-Op, ({€})) = g-Der ,q (%)
But, & ¢ g-Derg ;,q (#,) by hypothesis. Thus, (& € ) A (€ ¢ ), a contradiction.
The hypothesis is therefore a contradiction. Hence, g-Der, (%) C g-Der ;,q (Zg)-

The relation g-Der, (#;) 2 g-Derg ;,q (%) is now proved. By hypothesis, let
(& ¢ g-Dery (%)) A (€ € g-Derg;,q (%)) hold true. Then, uniqueness is again
shown by proving that such hypothesis is a contradiction. Thus, the following
cases present themselves:

Case (i.) Suppose & ¢ Zy. Clearly, a Jy-closed set g € =7, can be found
such that g = %, U g-Dery (%), and consequently, g 2 g-Derg ;,q (%) But,
by virtue of the supposition and the hypothesis, (§ ¢ %) A (¢ ¢ g-Der, (%y)),
implying § ¢ g-Der ;,q (%), a contradiction. The hypothesis is therefore a con-
tradiction.

Case (ii.) Suppose & € Zy. Then, (£ € Zy) A (€ € g-Derg ;o4 (%y)) by
virtue of the supposition and the hypothesis. Consequently, § € g-Cl; (%g N
g-Op, ({£})). Since ¢ € g-Derg;,q (%) is equivalent to ¢ € g-Derg;,q(% N
9-Op, ({5})) and, on the other hand, g-Cl; (%’g N g-Op, ({f})) is equivalent to
(%4 N g-Op, ({eh) u g-Derg ;.4 (%4 N g-Op, ({£})) = A for some Fy-closed set
Hy € Ty, it follows that £ € g-Dery ;,q (%3 N g-Op, ({£})) C g-Dery jnq (%), im-
plying § € g-Derg ;.4 (%4). But, by virtue of the supposition and the hypothesis,
(5 € %g) A (5 € g-Derg ;a4 (%’g)), implying £ € g-Der, (%), a contradiction. The
hypothesis is therefore a contradiction. Thus, g-Der (%,) 2 g-Derg ;.4 (%)

1. Jy,coa () def {0y € 2 (Q): 04 Cg-Cod,(0y)} forms the collection of .7,-

open set in the strong J-space Tq. Suppose g-Cod ;,q : & (2) — & (2) be the
induced g-T4-coderived operator, then to show uniqueness it only suffices to prove
that g-Cod ;,q (73) — g-Cod, () holds true for any 7y C Ty. Let /3 C T,
be arbitrary and by hypothesis, let (¢ € g-Cod, (#3)) A (¢ ¢ g-Cod, 1,4 (-5)) hold
true. Then, uniqueness is shown by proving that such hypothesis is a contradiction.
Thus, the following cases present themselves:

Case (i.) Suppose ¢ ¢ ;. By virtue of the supposition and the hypothe-
sis, the relation (C ¢ Yg) A (Q ¢ 9-Codg ipa (YQ)), then, holds true. Consequently,
¢ ¢ g-Int, (ygu{(}), implying ¢ € g-Cl; 0g-Op, (,VBU{C}). Therefore, a J;-closed
set .y € =, can be found, satisfying ¢ € 5, such that ;N g-Op, (Fu{¢}) =
9-Op, (S U{¢}). Clearly, 0, = 9-Op, (H) is a Jy-open set and therefore, it
satisfies 0y C g-Cod, (0y), implying (ﬁg € %,cod) A (ﬁg - 5”9) holds true. Con-
sequently, it follows that 0y C g-Cod, (0y) C g-Cod, (F). But, ¢ € g-Cod, (#5)
by hypothesis. Hence, (¢ ¢ 0y = g-Op, (#5)) A (¢ & ), a contradiction. The
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hypothesis is therefore a contradiction.

Case (i.) Suppose ( € 5. By virtue of the supposition and the hypothe-
sis, the relation (C € Yg) A (C € g-Cod, (yg)), then, holds true. Consequently,
¢ € g-Int, (Yg U {C}), implying ¢ ¢ g;—Clgog—Opg(&’g U {(}) Therefore, a ;-
open set Oy € J; can be found, satisfying { € &y, such that 03 U (S U{{}) =
Sy UA{E}. Then, 6, C 7, U {{} and consequently, &y C g-Cod ;.4 (0y) €
g'COdg,ind (yg U {g}) = g'COdg,ind (yg) BUt? C ¢ g'COdg,ind (yg) by hypOthe'
sis. Thus, (( ¢ ﬁg) A (( ¢ ﬁg), a contradiction. The hypothesis is therefore a
contradiction. Hence, g-Cod, (-#;) 2 g-Cod, ;,q4 (-%5)-

The relation g-Cod, (#;) C g-Cod, ;,q (-/3) is now proved. By hypothesis, let
(€ ¢ g-Cody (H)) A (€ € g-Codg g (-#)) hold true. Then, uniqueness is again
shown by proving that such hypothesis is a contradiction. Thus, the following cases
present themselves:

Case (i.) Suppose ( ¢ .75. Clearly, a Jy-open set 0y € J; can be found
such that 0y = 7 N g-Cod, (), and consequently, 0y C g-Cod, ;,q (-/5). But,
by virtue of the supposition and the hypothesis, (¢ ¢ %5) A (¢ ¢ g-Cod, (7))
implying ¢ ¢ g-Codg ;,q (5), a contradiction. The hypothesis is therefore a con-
tradiction.

Case (ii.) Suppose ¢ € 7. Then, (¢ € 74) A (¢ € g-Codg 5,4 () by virtue of
the supposition and the hypothesis. Consequently, ¢ € g-Int, (.75 U{¢}). Since ¢ €
g-Cod inq () is equivalent to ¢ € g-Codg ;4 (- U{¢}) and, on the other hand,
g-Int, (.75 U{¢}) is equivalent to (S5 U{¢}) Ng-Codg inq (-5 U{¢}) = Ty for some
Tg-open set Oy € Ty, it follows that ¢ € g-Cody ;,q(-7 U {€}) = g-Codg ina (L),
implying ¢ € g-Cod ;,q (5)- But, by virtue of the supposition and the hypothesis,
(Ce SN (Ce g-Codg ing (#,)), implying ¢ € g-Cod, (), a contradiction. The
hypothesis is therefore a contradiction. Hence, g-Cod, (#5) C g-Codg ;4 (5)-
The proof of the lemma is complete. Q.E.D.

On the essential properties of g-Tj-derived and g-%j-coderived operators in -
spaces, the discussion of the present section terminates here.

3.2. ITERATIONS. In the preceding section, considerations were given to the study
of the essential properties of g-Ty-derived and g-T4-coderived operators in Jg-
spaces; now considerations are given to the study of the essential properties of their
iterations.

In a Jy-space, every g-T,-derived set is contained in all the preceding g-%4-
derived sets and, every g-%4-coderived set contains all the preceding g-%4-coderived
sets. The theorem follows.

THEOREM 3.37. Let g-Dery, g-Cod, : & (Q2) — () be a g-T4-derived and
a g-T4-coderived operators, respectively, and let y € 2 () be arbitrary in a
Ty-space Ty = (2, T,). Then:

oI g—Derg‘Hl) (S) € g—Deré‘s) (S) (Vo: 1x6=<N),
o 1. g-Cod{™ (F) 2 g-Cod() (F) (V6: 16 =<N).
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Proor. Let g-Dery, g-Cod, : Z(Q2) — Z(2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .y, € & (2) be arbitrary in a J;-space
Ty = (Q, F). Then:

I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> P () N g—Deré‘;H) (“) C g—Derg‘s) () (Vo: 1x5=<N).
Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1x6=<N[(PL)=1)A(PO)=1 — P(E+1)=1)].
Case (i.) Let 1 =4. Since g-Cl; () 2 g-Der, (), it follows that
g-Dery : g-Dery () — {£€F,: &€ g-Cly(g-Dery (#5) Ng-Opy ({€1)) }
C {£eTy: £egClogCl (A}
— {£eTy: €egCl (S}
— {€eTy: £egCl (S NgOp, {£))}
+—  g-Der, (L) -
Thus, g-Derg o g-Der, (#;) C g-Dery (7). But, g-Dery (&) «— g—Dergl) ()
and g—DeréZ) (#5) +— g-Der o g-Der, (#;). Thus, g—DerEf) (S) € g—Derél) (Sa)s
implying P (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < § < A and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Dergs"'l) (L) C g—Deré‘s) (-73) and consequently, it results that
g-Der, og-DerffH) (#5) € g-Der, og—Deré‘s) (-)- But, for each n € {0,6 + 1},

g-Der, og—Derg’) (S) «— g—Dergl) og—Derg") (SG) +— g—Derg"H) (S) -

Hence, g—Der’g(‘sH)H) () C g—Derg‘SH) (-3), implying P (6 + 1) = 1. The induc-
tive case therefore holds.
Since P () = 1 for all § such that 1 < § < A, it follows that

g—Derg)‘H) (7)) <— g-Derg og—Derg)‘) (“%)
< g-Dery < m g—Derff) (Yg)>
EPN
C  g-Der, og—Derg‘s) (Sp) «— g—Deré‘sH) (%)
C g—Derg‘s) (“%)
for all ¢ such that 1 < § < A, from which P (A) = 1 follows.

11. Introduce the Boolean-valued propositional formula

B>Q(5) <% g-Codf*V (7) 2 g-Cod) (7)) (V6: 156 <A).

Then, to prove ITEM I1., it only suffices to prove that,

(V6: 1x0=<N[(QU0)=1)A(Q(¥) =1 — Q(6+1)=1)].
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Case (i.) Let 1 =4. Since g-Int, (/) C g-Cod, (), it results that
g-Codg : g-Cody () — {CeTy: ¢ eglnty(g-Cod, () U{C})}
> {(eFy: Ce g-Int, o g-Int, ()}

— {(eTy: (egnt, (F)}

— {CeTy: fegnty (FHU{CH}

+— g-Cod, ().
Thus, g-Cod, 0 g-Cod, () 2 g-Cod, (7). But, g-Cod, () <— g—Codél) ()
and g—Codég) (#4) +— g-Cod,og-Dery (7). Thus, the relation g—CodéQ) () 2
g—Codél) (-4) holds true, implying Q (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < 6 < X\ and assume that the inductive hypothesis Q (J) = 1
holds true. Then, g—Codé‘sH) (S) 2 g—Codé‘s) («73) and consequently, it results that
g-Cod, 0 g-Cod™ (#) 2 g-Cod, 0 g-Cod”) (7). But, for each n € {6,5 + 1},

g-Cody 0 g-Cod(" (F) +— g-Cod{") 0 g-Cod" (S) +— g-Cod{"™) ().

Hence, g—Codg(‘sH)H) () 2 g—Codé‘sH) (L), implying Q (6 + 1) = 1. The induc-
tive case therefore holds.
Since Q (4) =1 for all § such that 1 < ¢ < A, it follows that

g-CodMV (A) «— g-Codyog-CodV (F)

— g—Codg<ﬂ g-Cod!?) (5{,))
O=<A\

D> g-Codyog-Codl”) (F) «— g-Cod" ™" (F)
&
2 g-Cod{)) (F)

for all § such that 1 < § < A, from which Q(A) = 1 follows. The proof of the
theorem is complete. Q.E.D.

The corollary stated below is an immediate consequence of the above theorem.

COROLLARY 3.38. Let g-Dery, g-Cody : & (Q) — Z(Q) be a g-Ty-derived and
a g-T4-coderived operators, respectively, and let .y € P () be arbitrary in a
Tg-space T4 = (Q, Fy). Then:

o 1. gDerl” () C g-Der, () (¥6: 1535<N),

o 1. g-Cod) (#) 2 g-Cody (F) (V6: 153 =<N).

In a Fy-space, just as g-Dery : & () — () is coarser (or, smaller, weaker)
than dery : & (Q) — 2 (Q) (or, dery : Z () — £ (Q) is finer (or, larger,
stronger) than g-Dery : & (Q) — Z2(Q)), so is g—DerfB‘;) : Z2(Q) — Z(Q)
coarser (or, smaller, weaker) than derg‘s) P (Q) — 2 (Q) (or, deré‘s) 2 (Q) —
Z(Q) finer (or, larger, stronger) than g—Deré‘s) : P (Q) — 2 (Q)); likewise, just
as g-Cody : Z () — P (Q) is finer (or, larger, stronger) than codg : & (Q2) —
P (Q) or, codg : Z () — P (Q) is coarser (or, smaller, weaker) than g-Cod, :
Z () — Z(Q), so is g—Codé‘s) : Z(Q) — P(Q) finer (or, larger, stronger)
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than codg‘s) : 2(Q) — Z(Q) (or, codg‘s) P2 (Q) — P (Q) coarser (or, smaller,
weaker) than g—Codé‘s) : P (Q) — P (Q)). Accordingly, the proposition follows.
PROPOSITION 3.39. If g-Dc; € g-DC[T,] be a given pair of g-T4-operators g-Derg,
g-Cod, : Z () — Z(Q) and dcg € DC[T,] be a given pair of Ty-operators
derg, cody : Z () — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, ), then:

o 1. gDerl (A) Cderl? (F) (V6: 1<5=<N),

o 1. g-Cod” (F) Dcod) (F) (¥6: 158 =<N).
ProOF. Let Ty = (2, 74) be a F-space. Suppose g-Dc; € g-DC[Ty] and dcg €
DC[%,] be given and .y € & (2) be arbitrary. Then:

I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B3P (5) <% gDerl” () Cdeld (#) (W6: 1x8<A).
Then, to prove ITEM 1., it only suffices to prove that,

(V6: 1g06=<N[(PQ)=1)A(PB)=1 — P(+1)=1)].
Case (i.) Let 1 = 0. Then, g-Der, (#;) C derg (-#5) holds true, implying P (1) = 1.
The base case therefore holds.

Case (ii.) Let 1 < § < A and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Derg‘s) (S) € deré‘s) («73) and consequently, it follows that
g-Der’™ () «— g-Derjog-Derl” ()
C  g-Deryo deré‘s) ()
C  dergo derg‘s) (Sy) — deré’“‘l) (Fs) -

Hence, g—Dergs'H) (%) < deré‘”l) (L), implying P (6 +1) = 1. The inductive
case therefore holds.
Since P (0) =1 for all § such that 1 < < A, it follows that

g—Derg)‘H) (#s) <— g-Derg og-Derg)‘) (%)
C  dergo derg’\) ()

— derg<ﬂ der(? (%))

O=<A

N

derg o deré‘;) () — derg‘;"'l) (%%)

C derg‘s) (%%)
for all ¢ such that 1 < § < A, from which P (A) = 1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(6) <% g-Cod® (#) 2cod) (F) (¥6: 156 <N).
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Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 16=<N)[(Q()=1)A(Q()=1 — P@H+1)=1)].

Case (i.) Let 1 = 6. Then, g-Cod, (#5) 2 codg () holds true, implying
Q (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < § < X and assume that the inductive hypothesis Q (6) = 1
holds true. Then, g—Codg‘s) (L) 2 codé‘;) (73) and consequently, it follows that

g-CodP™ (#) «— g-Cod,og-Cod{) (F)

2 g-Codgo codé‘s) (%%)
D codg ocodgs) (S) «— cod (3+1) (Yg) .

Hence, g-CongH) () 2 codé‘”l) (L), implying Q (6 +1) = 1. The inductive
case therefore holds.
Since Q (0) =1 for all § such that 1 < < A, it follows that

g-CodMV (A) «+—  g-Codyog-CodM (F)
D  codgo codé’\) ()

cod <ﬂ cod(‘s) )

5=
2  cody ocodé‘s) (S) — codg‘”l) (%)
2 codé‘s) (“%)

for all § such that 1 < § < A, from which Q (A) = 1 follows. The proof of the
proposition is complete. Q.E.D.

For any ¢ such that 1 < 6 < A, g—Deré‘S) P (Q) — P(Q) is coarser (or,
smaller, weaker) than dery : & () — Z(Q) or, dery : Z(Q) — Z(Q) is
ﬁner (or, larger, stronger) than g- Der(é) 2 (Q) — P (Q); g—Codg‘s) 2 (Q) —

Z(Q) is finer (or, larger, stronger) than codg : Z(Q2) — Z(Q) or, codgy
P Q) — P(Q) is coarser (or, smaller, weaker) than g- Cod(5)  Z2(Q) —
2 (). Accordingly, the following corollary is an immediate consequence of the
above proposition.

COROLLARY 3.40. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cody : Z () — Z(Q) and deg € DC[T,] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, ), then:

o 1. gDerl” (F) Cderyg (F) (¥6: 1535 <N),
o 1. g-Cod (F) Dcody () (V6: 1535 =<A).

For any ¢ such that 1 < § < A, the notions of §*"-order T4, g-Tg-derived set
operators can be interrelated among themselves and presented 6*"-order Tq, 0-%4-
derived set operators finness-coarseness diagrams; similarly, the notions of §h-
order T4, g-%4-coderived set operators can be interrelated among themselves and
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presented 0" -order T, g-T4-coderived set operators finness-coarseness diagrams.
A further corollary follows.

COROLLARY 3.41. If g-Dc, € g-DC[T] be a given pair of g-Tg-operators g-Dery,
g-Cod, : Z(Q) — 2 (Q) and dcy € DC[T,] be a given pair of Tq-operators derg,
codg : Z () — Z(Q) in a Ty-space Ty = (Q, Ty), then:

e 1. Forany #y4 € & (Q),

g—Derg‘s) (%#y) C g-Dery (%y) ——— g—Derg‘s) (Zq) C derg (Z4)

(3.19) \ T

deréé) (#g) C derg (%y) (V6: 16 =<A).
o 1. Forany S5 € Z(Q),

g-Cod!? () 2 g-Cod, (F) +———— g-Cod¥) (F) D codq ()

(3.20) \ l

codgf) (Fy) Dcodg (F) (V6: 155 <N).

For any 0 such that 1 < § < X, the ¢*"-order g-Tg-derived set operator is (-
grounded (alternatively, ()-preserving); the §*"-order g-T4-coderived set operator
is Q-grounded (alternatively, Q-preserving). These are embodied in the following
theorem.

THEOREM 3.42. Let g-Dery, g-Cody : Z(Q) — Z () be a g-T4-derived and a
g-T4-coderived operators, respectively, in a strong Jy-space Ty = (2, Ty). Then:
oI g—Derg‘s) D)y=0 (Vo: 1xd=<N),
o 1. g-Cod() () =Q (V5: 158 =<\).

Proor. Let g-Dery, g-Cod, : Z(2) — Z(2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, in a strong Jg-space Ty = (2, 7). Then:

I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

BoP(6) &% gDl (@) =0 (v5: 155<A).
Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1x6=<N[(PL)=1)A(P0)=1 — P(+1)=1)].
Case (i.) Let 1 = §. Then, g—Dergl) (0) «— g-Der, (0) = 0. Thus, g—Dergl) 0) =0,
implying P (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < § < A and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Deré‘s) (#) = 0 and consequently, it follows that

g—Deré‘;H) (0) +— g-Der, og—Dergs) (0) «— g-Der, (9) = 0.

Hence, g—Deré‘;H) (0) = 0, implying P (6 +1) = 1. The inductive case therefore
holds.
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Since P (0) =1 for all § such that 1 < § < A, it follows that
g—Deré’\H) 0) +— g-Deryo g-DerEf‘) ()

«— g-Der, ( ﬂ g—Dergé) ((Z))) «— g-Der, (0) =0
5=

for all 4 such that 1 < § < A, from which P (A) = 1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(6) &% g-Cod® (=0 (¥5: 156<N).

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 16 =<N)[(QM)=1)A(Q@)=1 — Q(6+1)=1)].

Case (i.) Let 1 = 8. Then, g-Cod{" (Q) «— g-Cod, (Q) = Q. Thus, g-Cod'" (Q) =
Q, implying Q (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < § < X and assume that the inductive hypothesis Q (§) = 1
holds true. Then, g—Codg‘s) () = Q and consequently, it follows that

6+1 é
g-Cod"*V (Q) +— g-Cod, 0 g-Cod'?) (Q) +— g-Cod, (Q) = Q.

Hence, g—Codff“) (Q) = Q, implying Q (§ + 1) = 1. The inductive case therefore
holds.
Since Q (0) =1 for all § such that 1 < < A, it follows that

g-CodM (Q) +—  g-Codyog-Cod(M (Q)

— g—Codg<ﬂ g-Cod{?) (Q)> +— g-Cod, (Q) = Q
PN
for all 6 such that 1 < § < A, from which Q()\) = 1 follows. The proof of the
theorem is complete. Q.E.D.

For any § such that 1 < § < A, the §*'-order g-Tg-derived set operator is U-
additive (alternatively, U-distributive); the §*"-order g-T4-coderived set operator is
N-additive (alternatively, N-distributive). The theorem follows.

THEOREM 3.43. Let g-Dery, g-Cod, : Z(Q) — Z () be a g-Ty-derived and a
g-%4-coderived operators, respectively, and let (%4, %) € Xaers Z (Q) be arbitrary
in a Ty-space Ty = (Q, Ty). Then:

o L gDerl) (Z,0.7) = | J eDerl) (#) (¥6:1<6=<N),
Wo=Ry,Ss

o 1. g-Cod) (Z,nF) = ()  oCod() (#) (V6: 1<35=N).
We=Rg,q

Proor. Let g-Dery, g-Cod, : Z(2) — Z(2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let (%Zg,.75) € X, ¢ I Z (Q) be arbitrary in
a Jg-space Ty = (Q, 7). Then:
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I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P(6) <% gDl (@us) = |J oDal® (#) (6:1<6<)).
Wo=Rg,
Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1x6=<N[(PL)=1)A(PO)=1 — P(+1)=1)].

Case (i.) Let 1 = 4. Then, g-Dery (%, U %) = U,,,/g —a,,7, 8-Derg (#5) holds true,
implying P (1) = 1. The base case therefore holds.

Case (4.) Let 1 < ¢ < X and assume that the inductive hypothesis P (0) =
1 holds true. Then, g—Deré‘s) (Zg U Fy) = LJ,,/g:ng’y,g g—Deré‘S) (#g) and conse-
quently, it follows that

g-Der’™) (%, U.7;) «— g-Dergog-Derl’) (%, U.7)

= g—Derg< U g—Derg‘s) (%))

Wo=Ry,y

= U g-Derg o g—Derg‘s) (Hy)
Wo=Ry. S

— U g—DerEf‘H) (#y) .
Wo=Ry,%s

Hence, g—Deré‘SH) (%3 U S5) = Uy, —2,.7, g—Deré“l) (#4), implying P (6 +1) =

1. The inductive case therefore holds.
Since P (§) = 1 for all § such that 1 < § < A, it follows that P (A) = 1 states that

ﬂ( N g-Deré‘”(%)) — N (ﬂ g—Derg“(%)),

S<N My =Ty .S Wo=Rg, Sy 5=

and it is evident that any element in (;_, (ﬂ%_%g’yg g—Derg‘s) (%)) is con-
tained in (N, _gp o ( Ns<r g—Derg‘s) (#3) ). Thus, to prove that any element in
V=207, (ﬂwx g-Der(” (%)> is also in (s, <ﬂ%—%,5ﬂg g-Dery” (%)>’ let
e ﬂWg:%g,y’g (ﬂ(R/\ g—Deré‘s) (V/g)) such that, for some (a, 5) < (A, A) where a <
B, say, the statement £ € (N, _ o (ﬂg_a’ﬁ g—Derg‘S) (%)) holds true. Then,

£ €Ny, 2,7, g-Deréa) (#4) and therefore £ € (53 ( Ny, =2, ., g—Deré‘s) (%)),
implying P (A) = 1 holds.
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1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(0) <% gCod? (#nS) = [| eCody) (#g) (W6:1<5<A).
We=Rg,S
Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 16=<N)[(QM)=1)A(Q@)=1 — Q(6+1)=1)].
Case (i.) Let 1 = 4. Then, g-Cody (%3 N-5y) = Ny, —n, ., 8-Cody (#) holds
true, implying Q (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < 6 < X\ and assume that the inductive hypothesis Q (§) = 1
holds true. Then, g—Codg‘s) (%gNFy) = ﬂWgzﬂg,yg g—Codg‘S) (#4) and conse-
quently, it follows that

g-CodP™) (%, N F) +— g-Codyog-Cod) (%, N .7,)
= g—Codg< (1 #-Cod (%)>
We=Rg,q

= ﬂ g-Codg o g—Cod(g‘S) (#y)
Wo=Rq,7s

— ﬂ g-Cod™) (#4) .
Wa=Ry,%s

Hence, g—Codé‘sH) (%g N Fy) = ﬂ%:%’% g-Codg‘SH) (#y), implying Q (0 +1) =
1. The inductive case therefore holds.
Since Q(d) = 1 for all § such that 1 < § < A, it follows that Q (A) = 1 states

that
N N scaPom) N (N ecod? )

S=<A =Ry, Wo=Rg, T 6=

and it is evident that any element in (;_, (ﬂ%,:%g e g—Cod(g‘S) (%)) is con-

tained in ﬂW Ry S (ﬂR)\g Codé‘s (A4 )) Thus, to prove that any element

in ﬂ%:%,yg (ﬂ(m G'COdé‘;) ) is also in (s (ﬂw =Ry, Sy & COd(é) (%))v
let ¢ € ﬂ“///g:%’g,yg (ﬂ(k)\g Cod (7/)) such that, for some (a,f) < (A A)

where o 5 3, say, the statement ¢ € Ny, _g o (ﬂ(;_a”@ g—Codgs) (%)) holds
true. Then, ¢ € n%:%gé’g g—Codéo‘) (#5) and therefore, it follows that ¢ €

Mo ngzﬂg,yg g—Codg‘s) (%)), implying Q (A) = 1 holds. The proof of the

theorem is complete. Q.E.D.

The corollary stated below is an immediate consequence of the above theorem.
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COROLLARY 3.44. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cod, : Z(Q) — Z (), deg € DC[T] be a given pair of Ty-operators derg,
codg : () — Z (), and (%y,%5) € Xoery & () be arbitrary in a Ty-space
Ty = (Q, Fy), then:

o L gDl (Zus) | dal () (v 1x0=<0N),

We=Rg,q
o i g-Cod{) (ZyN.7) 2 () cod) (#) (W6: 1<x6=<N).
Wo=Rg, Sy

For any (6,7) such that 1 6 <7 < A, g—Derg") P (Q) — P (Q) is coarser
(or, smaller, weaker) than g—Derg‘s) () — Z(Q) or, g—Deré‘s) 2 () —
P (Q) is finer (or, larger, stronger) than g—Deré”) P2 () — Z(Q); g—Codé")
P () — P (Q) is finer (or, larger, stronger) than g—Codg‘s) P (Q) — 2 (Q)
or, g—Codg‘s) : Z(Q) — P(Q) is coarser (or, smaller, weaker) than g—Codé") :
Z () — £ (). Accordingly, the proposition follows.

PROPOSITION 3.45. Let g-Dery, g-Cod, : & () — P () be a g-T4-derived and
a g-Tq4-coderived operators, respectively, and let Sy € P (Q) be arbitrary in a
Tg-space T4 = (Q, Fy). Then:

oI g—Der(g”) (S) € g-DergS) (Fs) (V(6m): 1<0=<n=<A),

o 1. g-Cod(" (#) 2 g-Cod¥ (F) (Y(6,n): 155 <n=]A).
Proor. Let g-Dery, g-Cod, : Z(Q2) — £ (Q

()
coderived operators, respectively, and let .75 € &
Ty = (92, ). Then:

be a g-Ty-derived and a g-T4-
(Q) be arbitrary in a J-space

I. Set n = § + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

Bo>P(e) <% gDal’t () CgDeald) (#) (ve: 1xe).

Then, to prove ITEM 1., it only suffices to prove that,
(Ve: 1ge)[(P1)=1)A(P(e)=1 — P(e+1)=1)].
Case (i.) Let 1 = ¢. Then, g-Deré‘sH) (L) € g—Derg‘s) (L), implying P (1) = 1.

The base case therefore holds.

Case (#i.) Let 1 < ¢ and assume that the inductive hypothesis P(¢) = 1
holds true. Then, g—Der(g‘HE) (S) C g-Derf;s) () and consequently, it results
that g-Der, og—Deré‘HE) (7s) € g-Der, og—Deré‘;) (-#3)- But,

g-Der, og-Deré‘H‘E) (Fy) — g—Der(H(aH)) ()
C  g-Der, ogDerg)(Jﬂ)
— g—Derg‘Hl) (S) C o Der(‘s) (L) -
(

Hence, g—Derg‘H(EH)) () € g—Derg‘s) (-#3), implying P (¢ + 1) = 1. The inductive
case therefore holds.
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Since P (0) =1 for all § such that 1 < § < n < A, it follows that
g—Derg)‘H) (#) +— g-Der og—Derg)‘) (Z%)
< g-Der, < ﬂ g—Deré”) (,79))
n=<X

C  g-Deryo g—Derg") (%)

— g—Derg”H) (S) C g—Derg‘”l) ()

C g-Der?) () € g-Derd) ()
for all ¢ such that 1 < § <n < A, from which P (\) = 1 follows.

1. Set n = 0 + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

B3>Q(e) &% g-Codl™®) (#) D g-Cod (#) (Ve: 1<e).

Then, to prove ITEM I1., it only suffices to prove that,
(Ve: 15e)[(QM)=1)A(Qe)=1 — Q(e+1)=1)].
Case (i.) Let 1 = e. Then, g—Codé‘s‘H) (S) 2 g—Codé‘s) (), implying Q (1) = 1.

The base case therefore holds.

Case (ii.) Let 1 < € and assume that the inductive hypothesis Q (¢) = 1 holds
true. Then, g—Codé‘HE) (S) 2 g—Codg‘s) (-3) and consequently, it results that
g-Cody 0 g-Cod{’™ (#;) 2 g-Cody 0 g-Cod{)) (7). But,

g-Cod, 0g-Cod¥™ (F) «—  g-CodlTEMD) ()
> g-Codgog-Cod) ()
> g-CodP™ (A) 2 g-Codl ().

Hence, g—Codé‘”(EH)) (Fg) 2 g—Codé‘s) (S,), implying Q (¢ +1) = 1. The induc-
tive case therefore holds.
Since Q (0) =1 for all § such that 1 < § < n < A, it follows that

g-CodMV (A) +—  g-Codyog-CodV (F)
— g—Codg(ﬂ g-Cod{" (5@))
n=<A
2 g-Codyo g—Codg’) (“%)
«— g-Cod{"™") (F) 2 g-Cod "V (F)
D g-Cod{" (#) 2 g-Cod{) (.#)

for all 6 such that 1 < § < n < A, from which Q (A\) = 1 follows. The proof of the
proposition is complete. Q.E.D.

The corollary stated below is an immediate consequence of the above proposition.
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COROLLARY 3.46. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cod,; : Z () — Z(Q) and deg € DC[T,] be a given pair of Ty-operators
derg, codg : Z (Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, Fy), then:

o1 g—Derg’) (L) C derg‘s) (F) (V(m): 1x0=<n=<A),

o 1. g-Cod(" (#) 2 cod) (F) (V(6,1m): 186 =<n=<A).

For any (8,7) such that 1 < & < < X, the (6 +7n)"-order g-T4-derived set
operator is equivalent to the composition of the §*P-order and the n'"-order of the
g-T4-derived set operator; likewise, the (6 + n)th—order g-T4-coderived set operator
is equivalent to the composition of the §*-order and the n'f-order of the g-T,-
coderived set operator. The proposition follows.

PROPOSITION 3.47. Let g-Dery, g-Cody : & (Q2) — () be a g-T4-derived and
a g-T4-coderived operators, respectively, and let y € 2 () be arbitrary in a
Ty-space Tg = (2, 7). Then:

o 1. gDerl’™ () = g-Der() og-Der” ()  (V(6,m): (1,1) < (6,7)),
o IL gcod“*”)(y)—gcod@)og cod“')(y) (V(8n): (1,1) < (8,7m)),

where (§,1) < (A, A).
Proor. Let g-Dery, g-Cod, : Z(Q2) — Z(2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .7, € &2 () be arbltrary in a J-space
Ty = (Q, F). Then:

I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P(4,n) &y g—Derg‘Hn) () = g—Derg‘s) og—Derg") (%)
(V(6,m) = (L,1) < (6,m) < (A N)).-

Then, to prove ITEM 1., it only suffices to prove that,

(V(@m: (1,1) 5 (8,m) < (A N)
(P(L)=1)AP@En=1 — P@E+1,n+1)=1)].

Case (i.) Let (1,1) = (6,7). Then,
g—DergQ) () — g—DergIH) (S) = g—Derél) og—Dergl) () — g—Deréz) (),
implying P (1,1) = 1. The base case therefore holds.

Case (ii.) Let (1,1) < (§,17) < (A, A) and assume that the inductive hypothe-
sis P (0,7) = 1 holds true. Then, g—Derg‘H”) (S) = g—Deré‘s) og—Derg") () and
consequently, g—Dergz) o g—Deré‘H") () = g—DeréQ) o g—Derg‘s) o g—Derg”) (%3). But,
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g-Der(?) 0 g-Der’ ™ () +— g-Der{®THTOI) (7)) and,

g—Dergz) o g—Deré‘S) o g—Derg’) (%%)

!

(2 5-1) 1 (
g-Der{ )o g-DeréI o g-Deré )o g—Derg") (“%)

l

5+1 1
g—DeréI o g—Deré"'|r ) (L) -

Hence, it follows that g—Derg(‘;H)H"H)) (S) = g—Deré‘sH) og—Deré"H) (), im-
plying P (6 + 1,7 4+ 1) = 1. The inductive case therefore holds.
Suppose P (4,m) = 1 holds for all (d,7n) such that (1,1) < (6,7) < (A, ). Then,

m g—Derg‘H‘”) () = ﬂ g—Deré‘;) o g—Deré”) (“%)
SHn=<A+A SHn=<A+A
g—Derg’\+’\) (S) = g—Deré’\) o g-Deré’\) (L%)

from which P (A, A) = 1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B 3 Q(6,7) <% g-CodP™ () = g-Cod () 0 g-Cod(? ()
(V(m): (1,1) < (8,m) < (A, N).

Then, to prove ITEM I1., it only suffices to prove that,

(V (6,m): (1,1) < (0,7m)
—1

< (\N)
[(Q(1,1) A

QWm=1— QUW+1n+1)=1)].

Case (i.) Let (1,1) = (6,n). Then,
g-Cod? () +— g-Cod(™) (#) = g-CodV 0 g-Cod{V (#) +— g-Cod?) (),
implying Q (1,1) = 1. The base case therefore holds.

Case (4.) Let (1,1) < (6,n7) < (A, A) and assume that the inductive hypothesis
Q (6,m) = 1 holds true. Then, g—Codg‘H") (F) = g-Codg‘s) og—Cod;") (#4) and con-
sequently, g—Cod(gz) og—Cod(gé‘H’) () = g—Cod(g2) og—Codé‘S) og—Codg') (%3). But,
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g-Cod? 0 g-Cod "™ (F) +— g-CodPTDTOHD) (7)) and,
g—Cod(QQ) o g—Codé‘s) o g-Codg’) ()

!

2 6—1 1
g-Cod(? 0 g-Cod ™ 0 g-Cod M 0 g-Cod(? (7,)

!

0
g-COdE1 o g—CodénJrl) (%) -

Hence, it follows that g-Cod{ TV ) (7)) = g-Cod{ ™ 0 g-Cod "™ (), im-
plying Q (6 + 1,7+ 1) = 1. The inductive case therefore holds.
Suppose Q (4,n7) = 1 holds for all (§,7) such that (1,1) < (6,17) < (A, A). Then,

(N eCod{™(#) = (] 8Cod{’)og-Cod” (7)
S+n=<A+A S+n=<A+A
g-CodMN () = g-Cod(M og-Cod(V (),

from which Q (A, \) = 1 follows. The proof of the proposition is complete. Q.E.D.
The corollary stated below is an immediate consequence of the above proposition.
COROLLARY 3.48. If g-Dc, € g-DC[T] be a given pair of g-Tg-operators g-Der,
g-Cod; : Z () — Z () and dcg € DC[T,] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, ), then:
o 1. g-Der’™ (F) Cderl® oder(” (F)  (V(6,m): (1,1) < (5,1m)),
o 1. g-Cod{™ (F) 2 codP ocod” (F)  (V(6,m): (1,1) < (6,7)
where (§,1) < (A, A).
For any (8,n) such that (1,1) < (6,17) < (A, A), the dn'h-order g-Ty-derived
set operator is equivalent to the n"-order of the §*"-order of the g-T4-derived set
operator; likewise, the ént"-order g-T4-coderived set operator is equivalent to the

n'P-order of the d*"-order of the g-Tg-coderived set operator. Accordingly, the
following proposition presents itself.

)

PROPOSITION 3.49. Let g-Dery, g-Cod, : & () — P () be a g-T4-derived and
a g-%Tq4-coderived operators, respectively, and let Sy € P (Q) be arbitrary in a
Tg-space T4 = (Q, Fy). Then:
o L gDer” () = (g:Dex?) " () (V(.m): (L) < (6.m) < (A N),
o 1. g-Cod("” () = (g Cod“”) (A (V) (1L1) < (6.m) < (A N).
PROOF. Let g-Dery, g-Cod, : & (Q) — £ (Q) be a g-Ty-derived and a g-T-
€ 2(Q

coderived operatorb rebpectlvely, and let .7 € & () be arbltrary in a J-space
Ty = (2, ). Then:
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I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

def
B>P(n) «— g—Derg‘sn) () = (g—Deré‘s))(n) () (I 1xn=<A).

Then, to prove ITEM 1., it only suffices to prove that,
(Vn: 1xn=<N[(PL)=1)APH =1 — Pn+1)=1)].
Case (i.) Let 1 =n. Then,

1
g-Derl? (Fy) +— g-Der*V (F) = (g—Derg‘s))( ) (F5) < g-Derl?) (A),
implying P (1) = 1. The base case therefore holds.

Case (#i.) Let 1 < n < X and assume that the inductive hypothesis P (n) =1
holds true. Then, g—Derg‘S") (F) = (g—Derg;))(n) (#;) and consequently, it re-
sults that g—Der(g‘S) og—Deré‘S”) (S) = g—Derg‘s) O(g—Derg‘S))(n) (-75). But, the rela-
tion g—Derg’) og—Derg‘S") (S) «— g—Deré‘S("‘H)) (-#3) holds true and on the other
hand, the relation g-Der() o(g—Deré‘s))(m (Fy) (g—Derg‘s))(nH) () also holds

true. Hence, it follows that g—Derg‘s("H)) () = (g—Der(g‘s))(nH) (%), implying
P (n+ 1) = 1. The inductive case therefore holds.
Suppose P (4,7) = 1 holds for all (J,7n) such that (1,1) < (6,7) < (A, ). Then,

N(Nsvaf”#0) = N(NEDe)” ()

5<A Mp<A 5= Mp<A
A
ﬂ g—Derg‘”‘) (S) = m (g—Deré‘s))( ) (“%)
§<A 6<A
A
G-Der?“) (F) = (g—Derg’\))( : (%)

from which P (A, \) =1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B 5 Qn) <% g-Cod®™ () = (g-Cod®) ™ (F)  (vn: 1<n<A\).

Then, to prove ITEM I1., it only suffices to prove that,

(vn: L= N[(QM=)Ar(QMn) =1 — Q+1)=1)].
Case (i.) Let 1 =n. Then,

1
g-Cod® () «— g-Cod TV () = (g-Cod D)V (F) +— g-Cod?) (7)
implying Q (1) = 1. The base case therefore holds.
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Case (#i.) Let 1 < n < X\ and assume that the inductive hypothesis Q (n) = 1
holds true. Then, g-Codg‘sn) (S) = (g-Codg‘s))(n) (-73) and consequently, it re-
sults that g-Cod(” 0 g-Cod™ (#) = g-Cod{ o(g-Cod®)"” (#,)). But, the
relation g—Codé”) og—Codg‘s") (S) — g—Codg‘s("H)) (-#5) holds true and on the
other hand, the relation g-Cod® o(g-Cod)™ (#,)) +— (g-Cod() "V ()

also holds true. Hence, it follows that g—Codg‘s("H)) () = (g—Codé‘s))(nH) (),
implying Q (n+ 1) = 1. The inductive case therefore holds.
Suppose Q (6,1) = 1 holds for all (d,7n) such that (1,1) < (6,7) < (A, ). Then,

N(Necoa ) = NN o) )
<A <A <A “n=<A

A
) o-Cod® (#) = () (8-Cod?)™V ()
<A <A
g-CodM N (7)) = (g-CodM)V (7)

from which Q (A, \) = 1 follows. The proof of the proposition is complete. Q.E.D.

An immediate consequence of the above proposition is the following corollary.

CoRrOLLARY 3.50. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cod; : Z () — Z(Q) and deg € DC[T,] be a given pair of Ty-operators
derg, cody : Z () — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, Fy), then:

o L gDl (7)) C (der®)” () (F@E0): (1L,1) < (6,m) < (A N),
o 1. g-Cod (7)) 2 (cod) ™ (A (V(6m): (1,1) < (6,m) < (A N).
For any 6 such that 1 < d < A, the union of a T -set and its g-T4-derived
set includes the image of the Tg-set under the s*h_order g-T4-derived set operator
composition with itself; the intersection of a Tg-set and its g-T4-coderived set is

included in the image of the Ty-set under the §*"-order g-T-coderived set operator
composition with itself. These are embodied in the following theorem.

THEOREM 3.51. Let g-Dery, g-Cod, : & (Q2) — Z(Q) be a g-Ty-derived and
a g-T4-coderived operators, respectively, and let /y € P () be arbitrary in a
Tg-space T4 = (Q, Fy). Then:

oI g—Derg‘s) og—Deré‘s) (Sa) € SgUg-Dery () (V0: 16 <),

o 1. g-Cod") 0 g-Cod{) (#) 2 FNg-Cody (F) (V6: 1535 =<N).
PROOF. Let g-Dery, g-Cod, : & (Q) — £ (Q) be a g-Ty-derived and a g-T-

coderived operators, respectively, and let .7, € & () be arbitrary in a Jg-space
Ty = (2, ). Then:
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I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

BoP () &% gDerl®ogDerld) (7)) C S UgDer, (F) (V6: 1<5=<A).

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1x6<N[(PL)=1)A(PO)=1 — P(@+1)=1)].

Case (i.) Let 1 = 6. Then, g-Der,og-Der, () C 3 U g-Der, (#;) holds true,
implying P (1) = 1. The base case therefore holds.

Case (7.) Let 1 < 0 < XA and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Deré‘S) og—Deré‘s) (#s) € S Ug-Dery () and consequently,
it follows that g—DerEf) og—Derg‘s) og—Der(g‘S) (S) <€ g—DerEf) (S U g-Der, (L))
But, g—DeréQ) o g-Der(g‘S) o g—Der(g‘S) (S) — g—Derg‘sH) og—Derg‘sH) () and, on
the other hand, g—Derg2) (3 Ug-Dery (#)) € g-Dery (., U g-Der, () C S U
g-Der, (/). Hence, g—Derg‘Hl) og—Derg‘Hl) (Ss) © S U g-Dery (), implying
P (6 + 1) = 1. The inductive case therefore holds.

Suppose P (§) = 1 holds for all § such that 1 < 6 < A. Then,

g—Derg“H) ° g-Derg)"H) (Sy) g—Dergz) og-DerM o g—Deré/\) ()
— g—DergQ) o g-Der™M™N (#,)

— g—Derg2)< ﬂ g-Der{" (5@))
S+5<A+A

N

g-Der(?) o g-Der’ ) (7,)

— g—Derg‘Hl) o g—Derg‘Hl) (%)
- g—Derg‘s) og—Derg‘s) (Sa) € Sy Ug-Dery (S)
from which P (\) = 1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <% g-Cod? og-Cod) (F) D FNo-Cody (L) (V6: 158 <A).

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 16=<N)[(QM)=1)A(Q@)=1 — Q(6+1)=1)].

Case (i.) Let 1 = 4. Then, g-Cod, o g-Cod, () 2 #; N g-Cod, (#;) holds true,
implying Q (1) = 1. The base case therefore holds.

Case (#i.) Let 1 < 6 < A and assume that the inductive hypothesis Q (6) = 1
holds true. Then, g—Codg‘s) og—Cong) (Fs) 2 F4 N g-Cod, (S) and consequently,
it follows that g-Cod{” 0 g-Cod{"’ 0 g-Cod{") (#) 2 g-Cod{? (.#; N g-Cod, (S)).
But, g-Cod{?) 0 g-Cod{) 0 g-Cod(?) (#) +— g-Cod"™ 0 g-Cod "V (#;) and, on
the other hand, g—CodéQ) (Z3Ng-Cod, (L)) 2 g-Cody (L Ng-Cod, () 2 LN

d0i:10.20944/preprints202011.0747.v1
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g-Cod, (7). Hence, g-Cod{"™" 0 g-Cod"™ (.#;) 2 .7, N g-Cod, (#), implying
Q (6 + 1) = 1. The inductive case therefore holds.
Suppose Q (6) = 1 holds for all § such that 1 < § < A. Then,

g-CodM Y 0 g-Cod MY (.7,) g-Cod?) 0 g-Cod{VM 0 g-CodM (.7;)
g-Cod?) 0 g-CodMM (7)

g—Cod?( ﬂ g—Codg‘H“S) (YE))
S+E<A+A

g—Code) o g—Codé‘H";) (%%)

g-Cod"™ 0 g-Cod{*V ()

g-Cod 0 g-Codl? (7)

S5 N g-Cod,y ()

from which Q (A\) =1 follows. The proof of the theorem is complete. Q.E.D.

I 11

WAV I N

The following corollary is an immediate consequence of the above theorem.

COROLLARY 3.52. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cody : Z () — Z(Q) and deg € DC[T,] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty = (Q, Fy), then:

o 1. g-Derl) og-Der() (F) € .7y Uderg (F) (V5: 158 <)),

o 1. g-Cod") 0 g-Cod{) (S) 2 FyNcodg (Fy) (V6: 158 < A).

For any d such 1 < 6 < A, the image of a Tg-set under the s*h_order g-Tg-derived
operator is equivalent to the image of the relative complement of any g-%4-derived
unit set in the Ty-set under the §*'-order g-T4-derived operator; the image of the
T g-set under the §*-order g-Tg-coderived operator is equivalent to the image of
the union of the T4-set and any g-%4-coderived unit set under the dth-order g-Tq-
coderived operator. The theorem follows.

THEOREM 3.53. Let g-Dery, g-Cod, : & (Q) — & (Q) be a g-Ty-derived and a
g-T4-coderived operators, respectively, and let ({f} 75”9) € Xaers 2 () be arbi-
trary in a Jy-space Ty = (2, Ty). Then:

o 1. g-Derl) (A) = g-Derl? (S, N g-Op, ({€})) (¥6: 148 <),

o 1. g-Cod) (F,) = g-Cod) (FU{E}) (V6: 15 =<N).
Proor. Let g-Dery, g-Cod, : Z(Q2) — Z(2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let ({£}, %) € X,¢ I 2 (Q) be arbitrary in
a Jy-space Ty = (Q, 7). Then:

I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B3P () <% gDal) ()= gDl (S Na0p, ({€}) (0: 155N,

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 16 <N[(PL)=1)A(PB)=1 — P(+1)=1)].
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Case (i.) Let 1 = 6. Then, g-Der, (.7;) = g-Der (.75 N g-Op, ({¢})) holds true,
implying P (1) = 1. The base case therefore holds.

Case (ii.) Let 1 < 6 < X and assume that the inductive hypothesis P (§) = 1
holds true. Then, g-Der?) (#;) = g-Der{’) (%, N g-Op, ({¢})) and consequently,
it follows that g-Der, og—Derg‘” (#4) = g-Der, og—Deré‘s) (73 N g-Op, ({¢})). But,
g-Derg og—Deré‘S) () — g—Deré‘s‘H) (-73) and, on the other hand, the relation

g-Der, og—Dergs) (SN g-Op, ({&h) «— g—Deré‘SH) (SN g-Op, ({¢})) also holds

true. Hence, g-Deré‘sH) (Sy) = g—Deré‘sH) (LSWE,I’Wg—OpEl ({¢})), implying P (6 + 1) =
1. The inductive case therefore holds.
Suppose P (§) = 1 holds for all § such that 1 < § < A. Then,

ﬂ g—Deréé) (Fy) = ﬂ g—Derff) (73 Ng-Op, ({¢}))
S<A I=<A

g-Derg) (S) = g-Derg” (7 Ng-Op, ({€1)
from which P (A\) = 1 follows.

1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(6) &% g-Cod? () =g-Codd) (FUE)) (V6: 158=<A).
Then, to prove ITEM I1., it only suffices to prove that,
(V6: 10=<N)[(Q)=1)A(QW)=1 — Q(6+1)=1)].

Case (i.) Let 1 = 4. Then, g-Cod (%) = g-Cody (%, U {¢}) holds true, implying
Q (1) = 1. The base case therefore holds.

Case (#.) Let 1 < § < X and assume that the inductive hypothesis Q (§) = 1
holds true. Then, g—Codgg) (F) = g—Codg‘s) (3 U{€}) and consequently, it follows
that g-Cod, o g—Codg‘;) (F) = g-Cod, og—Codg‘s) (3 U{¢}). But on the one hand,
g-Cod,; og—Codé‘S) (5”9) —> g—Codé‘Hl)(Yg) and, on the other hand, the relation
g-Cody 0 g-Cod) (S U {€}) +— g-Cod{ Y (F, U {€}) also holds true. Hence,
g—Codé‘;H)(Yg) = g—Codé‘;H)(Yg U {¢}), implying Q (6 + 1) = 1. The inductive
case therefore holds.

Suppose Q (6) = 1 holds for all § such that 1 < § < A. Then,

[ 9-Cod{ (F) = [ 8-Codl (Fu{g})
5<A <A

!

g-Cod(V (S) = g-Cod{V(FU{¢})
from which Q (A) =1 follows. The proof of the theorem is complete. Q.E.D.

The corollary stated below is an immediate consequence of the above theorem.
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COROLLARY 3.54. If g-Dc, € g-DC[T,] be a given pair of g-Ty-operators g-Derg,
g-Cod,; : Z () — Z(Q) and deg € DC[T,] be a given pair of Ty-operators
derg, codg : 2 (Q) — 2 (), and let ({¢},.7;) € Xacry & () be arbitrary in a
Ty-space Ty = (R, Ty), then:

oI g—Derg‘s) () € derg‘s) (F5Ng-Op, ({€}) (V6: 156 <)),

o 1. g-Cod{)(F) 2 cod() (S U{E}) (V6: 158 =<N).

Our second research objective concerning the definitions and the essential prop-
erties of the concepts of §*"-order derivative g-Tg-derived and g-Ty-coderived op-
erators defined by transfinite recursion on the class of successor ordinals in -
spaces is now complete. Of the notions of the §*"-iterates of the g-Tg-derived and
g-T4-coderived operators in J-spaces, we conclude the present section with two
corollaries and two axiomatic definitions derived from these two corollaries.

The first corollary stated below gives the necessary and sufficient condition for
a d™-order g-T4-derived operator to be a g-T4-derived operator.

COROLLARY 3.55. A necessary and sufficient condition for the 6" -iterate g—Derg‘s) :

Ty € Z(Q) — g—Deré‘s) (#) of g-Dery : Z(Q) — Z(Q) to be a g-Ty-derived

operator in a strong Jy-space Ty = (Q, Ty) is that, for every ({f},%g,yg) €

Xaer; & (), it satisfies:

L gDerd (0) =0 (V0: 1<45=<N),

1. g-Der) (%y) = g-Der()) (%, N g-Opy ({£})) (V6: 1535 =<N),

Il. g—Derg‘s) og—Derg‘s) (Zy) C R#yUg-Dery (Zy) (Vo: 10=<N),

v. gDerl (Z,U.7) = |J gDerl) (%) (¥5: 1<56=<\).
Uy=Rg, s

The second corollary stated below gives the necessary and sufficient condition
for a ¢*"-order g-T4-coderived operator to be a g-T4-coderived operator.

COROLLARY 3.56. A necessary and sufficient condition for the §**-iterate g—Codg‘s) :
Ty € P(Q) — g-CodV) () of g-Cody : P (Q) — P(Q) to be a g-Ty-
coderived operator in a Jy-space Ty = (Q, Ty) is that, for every ({&},%q,-5) €
Xaer; & (), it satisfies:

L g-Cod (Q)=Q (VW: 1<4d=<N),

o 1. g-Cod) (%) = cod() (%, U{E}) (¥6: 148 =<N),

o 11. g-Codl” 0g-Cod(") (%,) 2 %4 N g-Cod, (%,) (V6: 1535 =<N),

o v. g-Cod) (#Z,N.Fy) = [| 9Cod() (%) (V6: 1<05=<N).
Uyg=R g,y

Hence, in a strong J;-space, for the St iterate of a set-valued map g-Der, :
Z () — Z () on & (Q) ranging in & () to be characterized as a g-Ty-derived
operator it must necessarily and sufficiently satisfy a list of derived set g-% ;-derived
operator conditions (ITEMS 1.-1v. of COR. 3.55), and similarly, for the 6*P-iterate
of a set-valued map g-Der; : & (Q) — () on & () ranging in & (Q) to
be characterized as a g-T4-coderived operator it must necessarily and sufficiently
satisfy a list of derived set g-;-coderived operator conditions (ITEMS V.—VIIL. of
COR. 3.56).
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Evidently, ITEMS 1., 1., 1. and 1v. of COR. 3.55 state that the §*'-iterate
of the g-Ty-derived operator g-Der, : &2 (Q) — () is 0-grounded (alterna-
tively, 0-preserving), {-invariant (alternatively, §-unaffected), g-Cly-intensive and
U-additive (alternatively, U-distributive), respectively. On the other hand, ITEMS
I, I, 1. and 1v. of COR. 3.56 state that the *P-iterate of the g-Tg-coderived
operator g-Cod, : & (Q) — Z(Q) is Q-grounded (alternatively, {2-preserving),
(-invariant (alternatively, (-unaffected), g-Int j-extensive and N-additive (alterna-
tively, N-distributive), respectively.

Viewing the §*"-order derived set g-%;-derived operator conditions (ITEMS 1.—
1v. of COR. 3.55 above) as §**-order g-Ty-derived operator arioms, the axiomatic
definition of the concept of a §**-order g-T4-derived operator, then, can be defined
as a 6'M-order set-valued map g—Deré‘S)  Z2(Q) — Z(Q) on & (Q) ranging in
P () satisfying a list of 6*'-order g-T4-derived operator azioms. The axiomatic
definition of the concept of a §*"-order g-%4-derived operator in strong J-spaces
follows.

DEFINITION 3.57 (Axiomatic Definition: g-T4-Derived Operator). The §*P-iterate
g—Dergs) Sy € () — g—Derg‘s) (S) of g-Dery : & (Q) — Z(Q) is called
a "g-T4-derived operator of §'' order” on & (2) ranging in & (Q) for some ordi-
nal § such that 1 < < A if and only if, for any ({€}, %y, %) € Xaers 2 (D)
such that {{} C g-Dery (%), it satisfies each "g-T4-derived operator axiom” in
AX [g—DE(‘S) (T4l ] def {AXDE ,,(g—Der(‘s)) Ve Ij[} where the mapping Axpg,, :
g-DE(®) [Ty — B o {0,1}, v € I}, is defined as thus:
AxDE,l(g—Der(‘s)) ey o Der(5) (@) =0,
AxpE 2 (g—Derg ) LN Der(‘s) (%) = g Deré (%4 N g-Op, ({£1)),
Axpg 3 (g-Der( ) gef, g- Der )og- Der ) (% o) € #yUg-Dery (%),

( )

Axpg 4(g- Der 8y Jef, g- Der(‘s) (% U Sy) = U g—Derg‘s) ().
Uy=Ry, Sy

Similarly, viewing the 6'"-order derived set g-T4-coderived operator conditions
(ITEMS L-1V. of COR. 3.56 above) as §'"-order g-T4-coderived operator axioms,
the axiomatic definition of the concept of a §*'-order g-T4-coderived operator, then,
can be defined as a 0*"-order set-valued map g—Codg‘s) P (Q) — P () on Z(Q)
ranging in & (Q) satisfying a list of g-Ty-coderived operator axioms. The axiomatic
definition of the concept of a §*P-order g-%4-coderived operator in Z;-spaces follows.

DEFINITION 3.58 (Axiomatic Definition: g-T4-Coderived Operator). The §*'-iterate
g-Cod) : 7y € 2 (Q) — g-Cod(") (F;) of g-Cod : P (Q) — Z(Q) is called a
"g-T4-coderived operator of §*" order” on & (Q2) ranging in & (Q) for some ordi-
nal § such that 1 < 6 < A if and only if, for any ({¢},%y,.%,) € Xaerz Z(Q)
such that {¢} C g-Cod, (%), it satisfies each "g-Ty-derived operator axiom”

in AX[g—CD(‘S) [Tq];B] Lef {AXCDU(Q-COd(é)) : v € Ij}, where the mapping
Axcp,y, 1 g-CD®) [Ty — B %ef {0,1}, v € I}, is defined as thus:
o Axcpi(g-Cod()) <% g-Cod() () = 0,

o Axcpa(g-Cod{)) &% g- cod@ (%) = g-Cod)) (%4 U {€}),
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o Axcpa(g-Cod) <% g-Cod® 0 g-Cod (") (%,) 2 %y N g-Cod,, (%,),
o Axcpa(g-Cod{)) &% g- cod“) (#NFg) = [ 8Cod?) (7).
Uy=R g, s
On the essential properties of the §'"-order derivative g-Tg-derived and g-T4-

coderived operators defined by transfinite recursion on the class of successor ordinals
in Jg-spaces, the discussion of the present section terminates here.

3.3. RANKS: OPENNESS AND CLOSEDNESS. It is the intention of this section to
investigate some of the basic properties of the notions of g-F4-open and g-T4-closed
sets of rank d in J-spaces.

The following lemma in which are proved that Tj-openness and ¥ -closedness
imply g-T4-openness and g-Ty-closedness, respectively, will be helpful in the sequel.

LEMMA 3.59. If (ﬁéé), %(5)) C Ty x Tg be a pair of T4-open and Ty-closed sets of
rank 6 in a Jy-space Ty = (Q, Fy), then (ﬁéé),%w)) is also a pair of g-Ty-open
and g-%4-closed sets of rank 0 in Ty.

ProOF. Let (037, 7,”) C Ty x T4 be a pair of Ty-open and Tg-closed sets of
rank ¢ in a Jy-space Ty = (Q, J). Then, there exist ﬁ(é) ﬁ’g 5, - .. such that

9,1

M) - N %
WoeCD® [047:3,]

— codg‘s) (ﬁ(é)) N cod(é) (ﬁ(a)) n---

C  g-Cod(61) Ng-Cod (6)) N ---
— ﬂ Wy = g—Intg‘” (ﬁé‘s)),

Wy€g-CD® [0V,

implying that ﬁéé) is also a g-T4-open set of rank ¢ in ¥y. Similarly, there exist
,%/g(ﬁ), Ji/g(g), ... such that
L L I U B 2
#y€DE® [ ("3, ]
— der(‘s)( (6)) N der(‘s)( (5))

> g Der( (%( )) Ng- Der(‘s) (J{( ))

- = 50 (),
Wy€g-DE® [£0:3,]

implying that %(5) is also a g-Ty-closed set of rank ¢ in ;. The proof of the
lemma is complete. Q.E.D.

In a J-space, g-T4-open, closed sets of rank § are also g-Tg-open, closed sets of
rank 7, respectively, n being such that 0 < 7, as proved in the following theorem.
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THEOREM 3.60. If (ﬁ’éé), %(6)) C Ty x Ty be a pair of g-Tg-open and g-Ty-closed
sets of rank 0 in a Ty-space Ty = (Q, T,), then (ﬁy),%(é)) is also a pair of
g-T4-open and g-T4-closed sets of rank on, 0 <7, in T,.

PROOF. Let (ﬁy),%@) C Ty X Ty be a pair of g-Ty-open and g-Ty-closed sets
of rank 0 in a Jy-space Ty = (2, ;). Then,

o) C gt (60)) = N W,
Wyea-CDO [0V, |
4" 2¢O (A7) = U 2

Wy€g-DE® [ 3,

But (g—Codé‘S") (ﬁéé)),g—Deré‘s) (Jifg(é))) D (g-Codg‘s)(ﬁy)),g—Derg&”) (Ji/g(&))), where
0 < n. Consequently,
N 74 N Ve« gt (6),
Wyea-CDO® [047:3,] Wyeg-CDOM (63,
U Wy U Wy s g-CIOP (04V).

Waea-DEC) [T, Woeg-DEO [, |

N

V)

Hence,
o comPe®) - N %

Wyeg-CDOM [0V,

%(5) :_) g_Clg(Sﬂ) (%(5)) _ U %,

Wyeg-DEOD [ 03]

implying that (ﬁé‘;), %(5)) is also a pair of g-Ty-open and g-Ty-closed sets of rank
om, 0 <7, in Ty. The proof of the theorem is complete. Q.E.D.

In a J-space, g-T4-open sets of rank ¢ under U-operation and g-%-closed sets
of rank ¢ under M-operation are both rank-preserving, as proved in the following
theorem.

THEOREM 3.61. If ﬁéjsl), ﬁég, cey ﬁg(fo)t C %y be o < 00 g-Ty-open sets of rank §

and Jf/g(ﬁ), %gg), e z}é/g(f;) C Ty be B < 00 g-Fy-closed sets of rank 6 in a Ty-space
Ty = (Q, Fy), then:
o1 ﬁéé) = U ﬁffﬁ is likewise g-%4-open of rank § in Ty,
yEI;
e II. %(5) = ﬂ Ji/g(,i) is likewise g-%4-closed of rank § in T,.
I/GI/’;

PROOF. Let ﬁéfl), ﬁé‘;), cen ﬁéil C %y be o < 00 g-Ty-open sets of rank ¢ and let
%) %’Eé) ey f%/;? C T4 be f < 00 g-Ty-closed sets of rank ¢ in a J;-space

Ty = (92, Jy). Then:
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1. For any p € I},

s 8§ ( (8
Oy € o) (03) = N a
Wy€g-CDO [600),:5, ]
Consequently,
s 5 8) ( (6
05 =Uer, 050 € U oIt (657)
VEI;
c g-lntgw( U @gf;) s I (6
velk
— ﬂ Wy.

#yeg-CD® [0(V:3,]

Thus, ﬁéé) =U,er- ﬁéiz is likewise g-T4-open of rank 0 in Ty.

1. For any p € I,
) § g
A5 2 0O (A5 = U Yy
Waeg-DE® [ (03, ]
Consequently,
5 5 5 5
A =Noer A 2 () o-CP (A5

velg

& 0 & &
> o0 ) 4) e (47)
vely
— ﬂ Wy.
Wyeg-DE® [ 03]
Hence, %(5) =Nye I3 %(j,) is likewise g-%4-closed of rank ¢ in €. The proof of
the theorem is complete. Q.E.D.
An immediate consequence of the above lemma and theorem is the following

corollary.
COROLLARY 3.62. If ﬁ’é"sl), ﬁég, cen ﬁéil C %y be o < 00 Tg-open sets of rank o
and z%/g(j), Jéfg(g), ces %E? C T4 be B < oo Ty-closed sets of rank & in a Ty-space
Ty = (Q, Fy), then:

oI ﬁéé) = U ﬁéfg is also g-Tg-open of rank § in Ty,

velk
o II %(6) = n %g,{) is also g-Tg-closed of rank 6 in Ty.

VEIE

In a J-space, the onth g-T4-derived set of each member of any subcollection of
the power set of a g-T4-closed set of rank § is also one element of the power set;
likewise, the dn'" g-Tg-coderived set of each member of any subcollection of the
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power set of a g-Ty-open set of rank § is also one element of the power set, 7 being
such that 0 < 7, as proved in the following proposition.

PRrROPOSITION 3.63. Let (ﬁé‘;), 9(@35))) and (,%/9(5), ,@(%(5))) be pairs of a g-T4-
open set of rank 6 and its power set and a g-Tq4-closed set of rank d and its power
set, respectively, in a Jy-space Ty = (Q, F;). Suppose (‘K(ﬁé‘s)),%(%fg@)) C
(@(6’35)), @(%(5))) be a pair of subcollections of (?}’(ﬁég)), @(%(5))), then the
following statements hold for any n such that 0 < n:

o 1. (VO, €€ (60)) (3% € 2(6))[% = g-Cod(’" (6})].

o 1. (VA € € (A7) (3% € 2(#")) Ve = gD’ ()]
Proor. Let (637, 2(0{)) and (4", 2 (4. ")) be pairs of a g-Tg-open set
of rank 6 and its power set and a g-T,-closed set of rank ¢ and its power set, re-
spectively, in a Jg-space Ty = (Q, F). Further, suppose (%(ﬁéé)),‘ﬁ(%(a))) -
(9(@56)), W(%(a))) be a pair of subcollections of (9(656)), W(jifg(é))). Then:

1. For any (n, 0,) such that &, € ‘K(ﬁéé)) C @(ﬁéé)) and 0 < 7,
o) C gt (6) < gt (08")

- ﬂ Wy C g-Cod{™ (ﬁ’é‘;)),

Wyea-CDOM [0(:3,]

implying 6 C g-Cod{"” (65"). But, 6, € €(6) € 2(65) and conse-
quently, there exists % € f@(ﬁéé)) such that %, = g-Codg‘S") (Oy).

11 For any (1, %) such that 7 € € (#y") € 2(#;") and 0 < n,
A > g-C10)( A9) 2 g-C107 ( #,9)

= U Wy D g—Deré’sn) (%(6)),

Wy ea-DEGD [ ("3,

implying %(5) 2 g—Derg‘;") (%(5)). But, J; € (5(%(5)) - 93(%(5)) and conse-
quently, there exists ¥ € @(Jéfg(é)) such that 7 = g—Deré‘S”) (). The proof of
the proposition is complete. Q.E.D.

Any set {0, : v € I} of positive ordinals has a least common (positive) right
multiple and a greatest common right divisor. In what follows, the expressions
lem (6, : v eI}) and ged (5, : v € I}), respectively, will stand for the least com-
mon multiple and greatest common divisor of 81, d2, ..., do. In a Fy-space,
g-T4-open sets of ranks dq, do, ..., 0o under U-operation and g-Tg4-closed sets of
ranks d1, d2, ..., 0g under N-operation are, in general, both not rank-preserving;
they become g-Tg-open of rank 6 = lem (6, : v € I}) and g-Ty-closed of rank
6= lcm(dy T VE IE), as proved in the following theorem.

THEOREM 3.64. If ﬁéél), ﬁéé2), - ﬁéé‘*) C Ty be a < 00 g-T4-open sets of rank

01, 02, ..., 0n, and %(61), %(62), cey %(6‘3) C g be B < 00 g-F4-closed sets of
rank 81, 82, ..., 0q, Tespectively, in a Ty-space Ty = (Q, Ty), then:


https://doi.org/10.20944/preprints202011.0747.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 November 2020 d0i:10.20944/preprints202011.0747.v1

— THEORY OF g-T4-DERIVED AND g-%,-CODERIVED OPERATORS — 63

o1 ﬁéé) = U ﬁ’éé”) is g-%g-open of rank 6 =lem (6, : v € I}}) in Ty,

vel}
o II. %(6) = n %(5“) is g-T4-closed of rank § = lcm(5y T VE IE) in Ty.
vels
PROOF. Let 6’551), ﬁé&“), ey ﬁééa) C %y be a < 0o g-T4-open sets of rank dq, do,

.., 0q, and let Jifg(él), %(52), - %(5‘3) C T4 be B < 0o g-T4-closed sets of rank
01, 82, ..., dq, respectively, in a Jy-space Ty = (2, 7). Then:

I. Since ﬁéél), @552), cey ﬁéé‘*) are g-Tg-open sets of rank 01, da, . . ., dq, they are
also g-T4-open sets of rank 0171, dan2, ..., 6ana for some 0y, 72, ..., no satisfying
(0,0,...,0) < (M,Mm2,...,Ma) and 6 = lem (d, : v €I5) = dimy = o = -+ =
0aMe- Thus, ﬁéé) =Uver: ﬁéé") is g-T4-open of rank § =lem (6, : v € I}) in T.

1. Since %(61)’ %(52), cey %(513) are g-Tg-closed sets of rank i, 02, ...,
08, they are also g-Tg-closed sets of rank 6171, dam2, ..., 6gng for some 71, 72,
..., mg satisfying (0,0,...,0) < (n1,72,...,m3) and § = lem(d, : v € I;) =
01 = 02m2 = -+ = dgng. Hence, %(5) = muelg J{g(é”) is g-Tq4-closed of rank
6= lcm(é,, T VE IE) in ¥4. The proof of the theorem is complete. Q.E.D.

An immediate consequence of the above lemma and theorem is the following
corollary.

COROLLARY 3.65. If ﬁéél), 6552)7 ey ﬁé‘;") C Ty be a < 00 Ty-open sets of rank
01, 02, ..., 0y, and %(61), %(62), cey %wﬁ) C %y be B < oo Ty-closed sets of rank
01, 02, ..., Oa, respectively, in a Ty-space Ty = (Q, Ty), then:

oI ﬁéé) = U ﬁé‘s”) is also g-Tg-open of rank 6 =lem (6, : v € I}}) in Ty,

velk
o II. %(5) = ﬂ %fg(é”) is also g-%4-closed of rank § = lcm(é,, T VE IE) in
uelg
Ty-

The results presented after the following definition make great use of the elements
contained in the definition.

DEFINITION 3.66. Let (ﬁéa),%(")) C Tg x Ty be a pair of g-Tg-open set of rank
0 and g-T4-closed set of rank 7, (0,0) < (6,n), in a Fy-space Ty = (2, F). Then,
for some (v, o) such that (0,0) < (vy,0):
oI ﬂ(ﬁéé)) def {ﬁg 1 Oy C ﬁéﬁ)} denotes the power set of ﬁéé) and:
— (i) 2(65") C {2 = g-Cod) (6,) 1 Oy € (057} denotes
the class of all sets which are 4" g-T;-coderived sets of members of
5
2(05");
— (i) 2(60) {2 = g-CodP (%) : w) € 2(60)}
denotes the class of all sets which are §*' g-T ;-coderived sets of mem-
bers of Q(ﬁsv)).

e II. @(%(")) Lef {% i A Ji/g(n)} denotes the power set of %(n) and:
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- (i) ,@(,%/g(a)) e {”I/g(g) = g—Deré”) (M) : Hy € @(Jé/g(n))} denotes
the class of all sets which are ¢! g-%4-derived sets of members of
(@( %(n));

— (i) Q(%(U+77)) def {%(7]4“0) — g—Deré") (7/9(‘7)) . %(0) c Q(%(U))}
denotes the class of all sets which are ntP g-%4-derived sets of members

of 2(47).
In a J-space, suppose given a g-Tg-open set of ranks 01, d2, ..., 0o and a
g-T4-closed set of ranks 41, 02, ..., d3, and suppose 6 = ged (d, : v € I}}) and

n = ged (77,, T VE Ig) be the greatest common divisors of 1, do, ..., do and 71, 72,
..., na, respectively, there exists, in general, a pair (v, o), satistying (0,0) < (v, ),
such that all members of & (ﬁéé)) belong to Q(ﬁéw) Ug(ﬁéww)) and all members

of Q(%(U)) U 3(%(0+")) belong to @(%(n)). The proof of this statement is
contained in the following theorem.

THEOREM 3.67. Let 6’36) C Ty be a g-Tg-open set of rank § € {0, : ve It}
and Ji/g(n) C Ty be a g-Ty-closed set of rank n € {n, : v € I}} in a Jy-space
Ty = (0,.7). Suppose § = ged (6, : veIL) andn = ged(n, : v € IE) be the
greatest common divisors of 01, d2, ..., 6o and 1, 12, ..., g, respectively, then:

o1 (3y: 0—<’y)[ \/ (# e2(68) «— % e 32(@’;5))],
=",y +0
e II. (ElU: 0= a) \/ (”//g(") c g(%(l’))) SN 7/9(0) c 9’(%("))].

v=0,0+n

PROOF. Let ﬁéé) C Ty bea g-Tg-openset of rank 6 € {d, : v € I} and %(77) C %,
be a g-Ty-closed set of rank ) € {771, T VE IE} in a Jy-space Ty = (2, F;). Suppose
0 =ged(d,: velrIr)and n=ged (77,, DV E IE) be the greatest common divisors
of 41, d2, ..., 6o and 71, 12, ..., ng, respectively. Then:

I. Since non-zero negative and positive sets of integers {Hk el : ke Ij} and
{6 €27 : ke I;\1;}, respectively, exist, in actual fact (|61],[62],...,]0,]) <
(01,02,...,8,) and (0p41,0,42,...,00) < (0,41,0u42,-..,04), such that

S=ged(d,: vEI)=> 0,0, = Y 05,+ > 0,0,

vely pely WEIXN\I}

= _(Z |9u|5u> + Z 01104
pely pEINI:
Set v =31 |0ul 6y Accordingly, 6+v =ged (6, : v € I5)+7 =3 cpa\ 1= Opdp-
Since a g-Tg-open set of rank § € {6, : v € I;} is also g-T4-open of rank ¢ +
vye{b,+v: veli}, 0 < v, it follows that @/g('y) € ,@(ﬁéa)) implies %g('v) €
Q(ﬁéy)), with ﬁéé) C %4 being g-Tg-open of rank § € {0, : v e I}}. More-
over, g-Cod?) (%) € 2(60") for any 2" € 2(6{). But 2(60) C
Q(ﬁ’éﬂré)) and consequently, %9(7—’_5) € :@(ﬁéé)) implies %g(7+5) € o@(ﬁéw_(s)).
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1. Since non-zero negative and positive sets of integers {ﬁk el : ke I,j} and

{9p € 2« k € I\ I}, respectively, exist, in actual fact (|01],[02],...,[9,]) <
(m,m2s---,mw) and (P41, 9p12, ..., 98) < (Mut1, Mot2, - - -, M), such that
n=ged(n, : vel}) = Z D = Z Py + Z Y
vely nel; WEIZ\IE
= (T i)+ ¥
REL; REIZNIE

Set o = Z#GI; V| nu. Accordingly, n+o = ged(n, : v € IZ;)—i—U = ZMEI;\Iz Dy
Since a g-T4-closed set of rank 7 € {77,, v E IE} is also g-T4-closed of rank
n+o € {77,, +0: v E€E IE}, 0 < o, it follows that ”I/g(a) € Q(Ji/g(a)) implies
7/9(0) € @(Jé/g(”)), with %(n) C g being g-Ty-closed of rank n € {n, : v €
I;} Moreover, g—Derg’) (7/9,(”)) € Q(Ji/g(a+")) for any ”f/g(a) € Q(%fg(a)). But
Q(Ji/g(g)) 2 Q(ﬁég+")) and consequently, ”f/g(ng”) € ,@(%(U+")) implies ”//g(UJrn) €
9(%(")). The proof of the theorem is complete. Q.E.D.

In the event that § = ged (0, : v €I}) = 1 and n = ged(n, : v € I}) =1,
the members of the collections {8, : v € I} and {n, : v € IE} are said to be
relatively prime. Accordingly, the following corollary is an immediate consequence
of the above theorem.

COROLLARY 3.68. Let ﬁéé) C T4 be a g-T4-open set of rank § € {0, : v e I}}
and Jfg(") C %q be a g-T4-closed set of rank n € {771, v E IE} in a Jy-space
Ty = (2, T). Suppose 6 = ged (9, : vel}) and n = gcd(n,, v E I;;) be the

greatest common divisors of 61, 62, ..., 6o andny, N2, ..., Ng, respectively, satisfying
(6,m) = (1,1), then:

o1 (3 oﬂ)[ A (9(@’&”)23@(@’&‘”))];

p=",y+1
e 1t (3o 0<a){ A (205" ggﬂ(%(")))}
p=o,0+1
In a Jj-space, suppose given a g-Ts-open set of ranks dq, 62, ..., o and a
g-T4-closed set of ranks 6, 02, ..., dg, and suppose ged (0, : v €1}) = 1 and

gcd(n,, NS I;;) = 1, then there exist, in general, supersets of the g-%;-open set
whose g-T4-coderived sets contain the g-T -open, and subsets of the g-Tj-closed
set whose g-%4-derived sets are contained in the g-T4-closed set, as proved in the
following proposition.

PROPOSITION 3.69. Let ﬁéa) C T4 be a g-T4-open set of rank 6 € {5, : vel}}

and Ji/g(") C %y be a g-Tq4-closed set of rank n € {7]1, DV E IE} in a Jy-space
Ty = (2, 7). Suppose § = ged (6, : veI;) and n = ged(n, : v € IE) be the
greatest common divisors of 61, 62, ..., 6o andn, N2, ..., Ng, respectively, satisfying
(6,m) = (1,1), then:

o 1. (36,2 60)[g-Cody (6,) 2 657],

o 1. (34 C ") [g-Dery (Hy) C "]
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PrOOF. Let ﬁéé) C Ty beag-Ty-openset ofrank é € {4, : v € I} and %(77) C %4
be a g-Tq-closed set of rank 1) € {n, : v € I}} ina Fy-space Ty = (R, F). Suppose
0 =ged(d,: vell)andn=ged (nu PV E IE) be the greatest common divisors
of 01, 2, ..., 0o and 1, M2, ..., na, respectively, satisfying (d,7) = (1,1). Then:

I. Since ged (6, : v € I}) = 1, non-zero negative and positive sets of integers
{0 ez : kel;} and {6, € Z% : k eI\ I}, respectively, exist such that

ged (8, : ueI;):ZQV5V:—<Z|9M|6M>+ > Oubu=1.

vely nely; WETZNI}

Set v =" ,cr: 0] 0. Accordingly, ged (d, : v € I5)+v =147 =3 ,cr\ 12 Oy
Since a g-Tg-open set of rank § € {6, : v € I;} is also g-T4-open of rank ¢ +
vye{d,+v: veli}, 0 < v, it follows that @/g('y) € ,@(ﬁéa)) implies %9(7) €
Q(ﬁéy)), with ﬁéé) C %4 being g-Tg-open of rank § € {6, : v € I;}. Moreover,
g-Cody (%) = g-Cod\V(% ") € 2(60"") for any 2" € 2(6”). But
2(6) € 2(60™) and consequently, % € 2(68) implies %Y €
2(65*V). Set Oy = %" Then,

U U e U N g-Cody (%)) +— Oy N g-Cody (G) 2 6.

Thus, 0y D ﬁé‘s) exists such that g-Cod, (0q) 2 ﬁ,g‘”.

11. Since gcd(ny TV E IE) = 1, non-zero negative and positive sets of integers
{19k ez : ke Il’,“} and {ﬁk €Zy : kelj \ Ij}, respectively, exist such that

ged(ny : vely) = Z I, = —<Z |19u|77u> + Z Yum, = 1.
velj nels ueI;\I;

Set 0 = ZueI: |0, .- Accordingly, ged(n, : v € IE)JrU =140 = Zuelg\l;; V-
Since a g-T4-closed set of rank 7 € {771, N S IE} is also g-Ty-closed of rank
n+oe€{m+o: vels} 0<o, it follows that 7/9(0) € 32(%(0)) implies
7/9(0) € 32'(%/9(")), with Ji/g(") C %4 being g-T4-closed of rank 7 € {771, N S
I;} Moreover, g-Der, (”I/g(g)) = g—Dergl)(”f/g(a)) € Q(%/g(ﬂ'l)) for any Vg(a) €
Q(Jifg(a)). But Q(J(g(g)) ) Q(ﬁéa+1)) and consequently, %(UH) € 3(%<0+1))
implies %(JH) € 9(%(")). Set g = 7/9(0). Then,

P UL s 9 U g-Dery (447)) +— H U g-Dery () C .

Thus, 5 C Ji/g(n) exists such that g-Der (Jf5) C %("). The proof of the proposi-
tion is complete. Q.E.D.

In a Jj-space, suppose given a g-Tg-open set of rank ¢ and a g-T-closed set of
rank 7, then @(ﬁé‘s)), Q(ﬁéé)), Q(ﬁé%)), ey Q(ﬁéaé)), ... forms a monotone
increasing sequence of collections of sets and, 3”(%(")), Q(%(")), Q(%@")), -

Q(%(’B 77)), ... forms a monotone decreasing sequences of collections of sets, as
proved in the following theorem.
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THEOREM 3.70. If ﬁéé) C %y be a g-FT4-open set of rank § and Ji/g(") C Ty beag-Ty4-
closed set of rankn in a Ty-space Ty = (2, Ty), then <<@(ﬁéé)),Q(ﬁéé)),e@(ﬁé%)),
L 2(058),.) and (2(H"), 2(7), 2(HL7), ., 2(7M), L), re-
spectively, are monotone increasing and monotone decreasing sequences:
e 1 2(0)) C2(05”) C2(05") C - 2(047) C -
o II. g(%(n)) ) g(%(n)) ) Q(%@n)) >...D g(%(ﬂn)) o,

PrOOF. Let ﬁéé) C %4 be a g-Tg-open set of rank ¢ and %(") C T4 be a g-F4-
closed set of rank 7 in a J;-space Ty = (2, F;). Then:

I. Suppose Oy € Q(ﬁéé)) hold. Then, %9(5) = g—Codgé) (Oq) € ,@(ﬁé%))
also holds. Because of %9(5) € Q(ﬁé%)), the relation 0y € Q(ﬁéé)) necessar-
ily holds also and, moreover, each 0y € gz(ﬁéé)) has a 0*h g-Tg-coderived set
%9(26) = g—Cod(gé) (%g(é)) = g—Codé%) (0g) € Q(%(%)). Consequently, it re-
sults that 2(08) € 2(0) C 2(68") holds true. Furthermore, suppose
:@(ﬁéé)) C Q(ﬁ’éé)) - o@(ﬁ’éw)) C ... C Q(ﬁéws)) holds true for some « such
that 0 < o and Gy € 2(05 ™), then the relation %" = g-Cod\”) (6,) €
Q(ﬁéaé)) also holds true because, 0, € 2 (ﬁéaé)) by inductive hypothesis and,
?/g(aé) = g—Codg‘s) (02/9((&71)6)) = g—Codéo“s) (Og) € Q(ﬁéaé)) holds true for every
%g((a_l)é) IS Q(ﬁé(a_lw). Hence, Q(ﬁé(a_l)é)) - Q(ﬁéaé)) and the induction is
complete.

1. Suppose #g € 2(#y") hold. Then, " = g-Der(" () € 2(M)
also holds. Because of ”I/g(") € ,@(%(n)), the relation J7; € 32(%(")) neces-
sarily holds also and, moreover, each J¢; € 32(%(")) has a 7" g-%g-derived
set 7@(2") = g—Deré") (7@(")) = g—DeréQﬁ) (Hy) € Q(Jé/g(n)). Consequently, it re-
sults that 3”(%(")) 2 Q(Jfg(")) ) Q(lfg@")) holds true. Furthermore, suppose
(@(%(n)) D) Q(%(n)) ) Q(%(%)) DD Q(%w")) holds true for some g
such that 0 < 8 and J; € Q(Ji/g(ﬁ")), then the relation ”f/g(") = g—Derg’) () €
2(£°™) also holds true because, H# € 2(#g "~V by inductive hypothesis
and, 7" = g-Der(? (7. 7V7) = g-Derl® () € 2("™) holds true for

every 7/9((5*1)77) c Q(%((Bfl)n)). Hence, Q(%((ﬁfl)ﬂ)) ) g(%(ﬁn)) and the
induction is complete. The proof of the theorem is therefore complete. Q.E.D.

On the essential properties of the concepts of g-T4-open and g-Ty-closed sets of
rank ¢ in J-spaces, the discussion of the present section terminates here.

The categorical classifications of g-%-derived and g-T-coderived operators, their
d*_iterates called, respectively, g-T-derived and g-T-coderived operators of order
9, and g-T-open and g-T-closed sets of rank ¢ in the 7-space T C Ty and, g-T -
derived and g-T -coderived operators, their dth-iterates called, respectively, 0-%4-
derived and g-Tj-coderived operators of order 4, and g-T -open and g-%-closed
sets of rank J in the Z-space Ty are discussed and diagrammed on this ground in
the next sections.
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4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of g-T4-derived and g-Tg-coderived operators, their sth-iterates
called, respectively, g-T;-derived and g-% ;-coderived operators of order ¢, and g-% -
open and g-T-closed sets of rank 4, the twofold purposes here are to establish the
various relationships between the classes of g-T-derived and g-%-coderived operators
in the J-space T and the classes of g-Ty-derived and g-T4-coderived operators in
the J,-space T, the classes of their §*P-iterates in their 7, J-spaces T, Ty,
respectively, the classes of g-T-open and g-%-closed sets of rank § in the 7 -space
T and the classes of g-Tj-open and g-Tj-closed sets of rank § in the Jj-space Ty,
and to illustrate them through diagrams.

Ina J-space T = (£, .7), the relation g-Int, (.#) C g-Int, (.#) C g-Ints (7)) 2
g-Int, (4;) holds for any .7y € & (2). Likewise, in a Jy-space Ty = (2, ), the
relation g-Int, o () C g-Inty | (F) C g-Inty 5 (F) 2 g-Inty 5 (F) holds for
any Sy € & (). Moreover, the relation g-Int, (#5) C g-Int,, (5) also holds
true for any (v,.%;) € I x T4. But, for every (v,.%;) € I x T4, the relations
g-Int, () «— S4 N g-Cod, (), g-Int, , (F) «— S5 N g-Cod,, () and
(g-Cod,, (#),9-Cod, , (L)) 2 (cod (Fy),codg (#)) hold true. Consequently,
this diagram, which is to be read horizontally, from left to right and vertically,
from top to bottom, follows:

cod (“) C cod (S) - cod (S) 2 cod ()

N N N N
g-Cody (7)) € 9Cod, (S) S gCods () 2 g-Cody ()
N N N N
g-Codyo () € gCody, (F) S gCodgs(H) 2 g-Codgy(H)
U v} U 1V,
codg (F) C  codg (-H) C  codg (H) D codg (L)

In FiGg. 1, we present the relationships between the elements of the collections
{g-Cod, : Sy +— g-Cod,, (F,) : v € I9} in the T-space T C T4 and {g—Codgﬂ/ :
Sy — g-Cod, , (Fy) : v € I§} in the Fy-space Tg O T; FIG. 1 may well be
called a (g—Cod7 g-Codg)—valued diagram.

In a J-space T = (Q,.7), the relation g-Cl, (/) 2 ¢-Cl, (-*5) 2 ¢-Cl3 (S) C
g-Cly () holds for any %, € 7 (Q). Likewise, in a Jy-space T4 = (2, ),
the relation g-Cl; , (/) 2 g-Clg; () 2 ¢-Cly 3 (F) € ¢-Cly 5 (F) holds for
any 3 € Z(Q). Moreover, the relation g-Cl, (/) 2 ¢-Clg, (#5) also holds
true for any (v,.%;) € I x T4. But, for every (v,.%;) € I x T4, the relations
g-Cly , (Sy) «— Sy Ug-Dery, (), ¢-Cly , () «— S U g-Dery, () and
(g-Der,, (S) ,g-Dery , () C (der(F),derg () hold true. Consequently,
this diagram, which is to be read horizontally, from left to right and vertically,
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g Cod (-,
g-Codgy (Sy)—>— o~ Cod1 —— g-Cod; (F) —=— g-Cod, ()

T *

g-Cody o (#)——g-Cody ; () ——g-Cod 3 (F)—=<—g-Cody 5 ()

g-Cod, (%%)

FicUrRE 1. Relationships: g-%-coderived operators in 7 -spaces
and g-T -coderived operators in J;-spaces.

from top to bottom, follows:

der () 2 der () 2 der (#) C der ()
V) I I V)
g-Derg (#) 2 g-Der; (7)) 2 gDerg(#) < g-Der, (F)
v} V) U U
g-Derg o (F) 2 g-Derg, () 2 gDerys () S g-Derg,(H)
N N N N
derg (7) 2 derg (S) 2 derg (S) C  derg (S)

(4.2)

In FiGg. 2, we present the relationships between the elements of the collections
{g-Der, : #; — g-Der, () : v € I} in the T-space T C T4 and {g-DergJ,
Sy —> g-Dery , (L) : v e If} in the Fy-space Ty D T; FIG. 2 may well be called
a (g—Der,g—Derg)-valued diagram.

g Der (¢,
g-Dery () ——— g¢- Der1 ——— g-Der3 () —>— g-Der, (V)

T *

g—Derg)O (%) _‘__Q‘Derg,l (%) —<——g—Derg’3 (%) ——>—g—Der972 (%)

g_Derg (‘yg)

FIGURE 2. Relationships: g-%T-derived operators in .7 -spaces and
g-%4-derived operators in Tg-spaces.
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The various relationships between the classes of g-%-derived and g-T-coderived
operators in the .7-space ¥ and the classes of g-Ty-derived and g-Ty-coderived
operators in the Jj-space T, are therefore established. The various relationships
between the classes of their §'I-iterates in their .7, J-spaces T, T, respectively,
will now be established based on the notions of coarseness (or, smallness, weakness),
or alternatively, finness (or, largeness, strongness).

Let it be granted some pair (v, u) € I x I of categories and some pair of or-
dinals (5 n) such that (1,1) < (6,1) < (A, A). Suppose the relations "g-Cod(" =
g- Codu ” and "g-Der = g- Der&‘”” stand for ”g-Cod("” () C g—Codl(f) (“)”
and "g-Der(” (.#,) D g—Der,(f) (-#,),” or equivalently, ”g—Cod,(f) = g-Cod™” and
”g—Derff) < g-Der™” stand for the relations ”g—CodL‘S) () 2 g-Cod " ()7
and ”g—DerEf) (“) <€ g-Der(" (S),” respectively, in a J-space T = (Q,T);
”g-Cod(") =3 g-Codg‘fL” and ”g-Derg’,l = g—Derg‘?L” stand for ”g—Codg?,l (S) C
g- Cod ( w)” and "g- Der ) ) (Ss) 2 o Der(‘s) (F),” or equivalently, "g- Codg‘sl =
g- Cod;j,,” and "g- DeréL =3 g Der(") K stand for g- Cod(‘s) (S%) 2 9 Cod(”) ()"
and ’ g—Der;L (“) C o Deré} (5”9),” respectively, in a %—space Ty = (Q,%).
Then, g-Cod™ g—Derff) P2 () — P (Q) are coarser (or, smaller, weaker)
than g—CodEf), g-Der” : 2 (Q) — 2(Q) or, g—CodEf), g-Der” : 2 (Q) —
P () are finer (or, larger, stronger) than g-Cod(™, g—Der,(f) : Z(Q) — Z(Q);
g- Cod(‘s , O Der(”) : P (Q) — P (Q) are finer (or, larger, stronger) than g—Codg’Z
- Derg#)‘ : P (Q) — Z(Q) or, g- Codg ) g Derg‘z P2 (Q) — P (Q) are coarser
(or, smaller, weaker) than g—Cod(‘sz” g- Der(") P (Q) — Z(Q).

In view of the above descriptions, for any pair (,n) of ordinals such that 1 <
6 < n < A, this first diagram, which is to be read horizontally, from left to right
and vertically, from top to bottom, follows:

cod™ = cod™ 2 cod™ = cod™

LA N N SN
g-Cod(” 3 g-Cod™ < g-Cod” % g-Codl”
Y Y Y al
¢-Codf) 2 g-Cod” = g-Cod? » g-Codf’
(4.3) 28 2 o o
g—CodS% = g—Codfﬁ N Q-COdg:); z Q‘COdgg
LA N LA SN
g-Cod) 3 g-Codl) 3 g-Cod) z g-Cod)
Y Y Y al
codé") = codé”) =3 codé”) z codfz") .

Accordingly, EQ. (4.3) may well be called a (0, n)th-itemte (g—Cod,g—Codg)-valued
diagram. For any pair (J,7n) of ordinals such that 1 < 6§ < n < A, this second
diagram, which is to be read horizontally, from left to right and vertically, from top
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to bottom, also follows:

dert™ = der™ = der™ < der™

Y Y Y ot
g-Der(()n) - g-Dergn) > g-Derg”) = g—Dergn)

A A A N
g-Dery’ = gDerl” 2z gDery’ 3 g-Dery

(4.4) oY g Y e
g—Derg()) z g—Derfﬁ Z g-Derff:)», 3 B-Derg%

Y Y Y ot
g—DergB 7 g-Der Eﬁ % g-Der (Jg 3 g-Der,(;,’%

LA A A N

deré”) = derg”) = deré”) 3 derg’) .

Accordingly, EQ. (4.4) may well be called a (4, n)th-itemte (g—Der, g-Derg)-valued
diagram.

The various relationships between the classes of the §*P-iterates of g-T-derived
and g-T-coderived operators in the .7-space T and the classes of the §*P-iterates of
g-T4-derived and g-T4-coderived operators in the J;-space Ty are therefore estab-
lished. The various relationships between the classes of g-T-open and g-%-closed
sets of rank ¢ in the J-space T and the classes of g-T -open and g-T;-closed sets
of rank § in the J-space T, will now be established, again, based on the notions of
coarseness (or, smallness, weakness), or alternatively, finness (or, largeness, strong-
ness).

Let it be granted some pair (v,u) € IS x I3 of categories and some pair of
ordinals (d,7) such that (1,1) < (6,7) < (X, \). Furthermore, let ”g-v-T(M-0” and
7g-p-T@)-K” stand for "g-T-openness of category v and rank n” and ”g-T-closedness
of category pu and rank §,” respectively, in a J-space T = (Q,.7); ”g—u—‘Zén)—O”
and ”g—u—Tgé)—K” stand for "g-T -openness of category v and rank n” and "g-Tgy-
closedness of category p and rank d,” respectively, in a J;-space Ty = (2, Fy).

Suppose ”g—Int,(,") = g—IntEf)” and ”g—le,") = g—ClEf)” hold true, then the implica-
tions "g-v-TM-0 — g-p-T-0” and ?g-v-TM-K — g-p-T@)-K” also hold true,
or equivalently, ”g—IntEf) = g—Int,(,")” and ”g-Cll(f) = g—Cl,(f’) ” hold true imply that
Pg-p-T0-0 — g-r-TM-0” and 7g-pu-TO-K — g-v-TW-K” also hold true, re-
spectively, in a J-space T = (2, T ); ”g—Inté?Z = g—Inté‘?L” and ”g—CléZ), = B'Clgl”
hold true, then the implications ”g-v-%(M-O +— g—u—T,(;s)—O” and ”g—u—Té”)—K —

g—p—‘Igs)—K” also hold true, or equivalently, ”g—Intg?L = g—Intgf’,Z” and ”g-Clg‘fL =

g—Clg’Z” hold true imply that ”g—u—ié‘s)—O — g—l/—f(g")—O” and ”g—u—‘lg‘s)—K —
g—V—TE,")—K” also hold true, respectively, in a Jy-space Ty = (22, F;)

In view of the above descriptions, for any pair (§,n) of ordinals such that 1 <
6 < n < A, this first diagram, which is to be read horizontally, from left to right
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and vertically, from top to bottom, follows:

T(_O SN T_0 — T(_0 — T(m_0

l ! l l

g-0-T-0 — g1-TW.0 — g3-TW.0 «— g2-T-0

I i 1 I

g0TU0 — glTO0 — g3TO0  g2T90

ws) | ! l l

g0-30-0 — ¢150-0 — 3300 +— g250-0

l l l l

60770 — g1T-0 — 3370 «— g2%-0

1 I I 1

.o — 3o — o0 — 0.

Accordingly, EQ. (4.5) may well be called a (4, n)th-mnk (9-%,9-T4) -openness
diagram. For any pair (4,n) of ordinals such that 1 < 6 < n < A, this second
diagram, which is to be read horizontally, from left to right and vertically, from top
to bottom, also follows:

T(_K - T(_K « T(_K — T(_K

1 I I I

g-0-T-K +— gl-TWK +— g3-TW.K — g2-TW.K

l l l l

g-0-TOK +— g1-TOK +— g3IOK — g230.K

o) 1 I 1 I

g0-TVK +— g1-TVK « g33VK — g23VK

I I I I

00T K «— g1TK « g33TWK — g2IPK

l l l l

WK +— VK — K — K.

Accordingly, EQ. (4.6) may well be called a (0, n)th-mnk (g—K7 g—Eg)—closedness
diagram.

The various relationships between the classes of g-%-open and g-%T-closed sets of
rank ¢ in the 7-space T and the classes of g-T -open and g-T ;-closed sets of rank
0 in the J-space T are therefore established.
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As in the works of other authors [CJS05, Don97, JJLL08, TC16], the manner
we have positioned the arrows is solely to stress that, in general, the implications
in F1es 1, 2 and EQs (4.5), (4.6) are irreversible.

At this stage, a nice application is worth considering, and is presented in the
following section.

4.2. A NICE APPLICATION. Focusing on essential concepts from the standpoint
of the theory of g-%T4-derived and g-Ty-coderived operators in an attempt to shed
lights on some essential properties of g-T4-derived and g-%4-coderived operators,
their d*-order derivative g-Tg-derived and g-T,-coderived operators defined by
transfinite recursion on the class of successor ordinals and, g-T4-open and g-%Tg4-
closed sets of rank ¢ in J;-spaces, established in their earlier sections, we shall now
present a nice application comprising of some interesting cases.

Let the 7-point set 2 = {EV v E I?} denotes the underlying set and consider
the J-space Ty = (Q, F;), where Q is 5-element topologized by the choice:

(4.7) T () = {0, {&}, {&.6,6), {&4,.86.84.86.6))
= {ﬁg,l, ﬁg,?a ﬁg,37 ﬁg,4};

(4.8)  =75(Q) = {9 {&,&,8.8.8.6) {€2.8.8.&), {686} )
= {%,17 %,23 %,33 %,4}-

Evidently, the set-valued set maps J;, ~7; : £ (Q) — @({@ v E I;‘})
establish the classes of Jj-open and Jj-closed sets, respectively. Since condi-
tions G (0) = 0, F3(04,.) C Oy, for every v € I, and %(Uyeq Ogv) =
Uuelz Ty (Oy,) are satisfied, it is clear that the one-valued map ., : & () —
@({5,, v E I}k}) is a g-topology and hence, T, = (9, .7;) is a Jy-space.
Moreover, it is easily checked that (ﬁg,w%,u) € g-v-0O [f] x g-v-K [S] for each
(v,u) € I9 x I;. Thus, the Z-open sets forming the g-topology 7, : & (Q) —
P({& « v € I#}) and the Jy-closed sets forming the complement g-topology
Ty P () — P({& : v e IF}) of the Ty-space Ty = (2, F;) are, respectively,
g-T-open and g-T-closed sets relative to the Z-space T = (Q,.7) = (2, T, U{Q}).
After calculations, the classes g-v-O [Tg] and g-v-K [‘IQ], respectively, of g-T4-
open and g-T4-closed sets of categories v € {0, 2} then take the following forms:

gr-0[T] = {SCTy: S C Ohuls

(4.9) gv-K[T = {FCTy: S Hat Yve{o,2}.

On the other hand, those of categories v € {1, 3} take the following forms:
gr-0[T] = {SAHCT: S CHals

(4.10) gv-K[T] = {SFHCTy: S 20,1 Wwe{l,3}.

Based on the g-Tg-sets in g-0-O [T4], g-0-K [T, ..., g-3-O [T4], g-3-K[T], these

three interesting cases follow:

CASE 1. On g-Ty-Derived, g-T4-Coderived Operators. Introduce the Tg-sets
%g = {51352,54}7 <Eﬂg = %g U {57}7 %g = {53»55,56757}3 and 75 = %Q \ {53}7
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thus, (S, %) 2 (%g, V). Then, for each #y € {#y, S5} and ¥y € {%,, ¥4}, the

following results present themselves:

g'Clg,u (% N g'Opg ({gﬂ})) = (WQ \ {gll«}) U ‘%/974 v (/’L’ V) € I’; X {07 2} ’
g-Cly, (75 Ng-Opg ({€.})) = #g\{&} V(nv) €7 x {13},
g'Intg,V (% U {gﬂ}) = (% U {fﬂ}) \%,4 V(M, V) € I; X {07 2} )

(4.11) g-Inty, (ZU{E.}) = Fou{&} V(pv)el; x{1,3}.

For each Wy € {Z%y, 7y} and ¥, € {%,, 75}, the following results also present
themselves:

clg(#Ng-Opy ({&u}) = Aoz V(ug) € I} x { %y, S5},

)

clg(#yNg-Ops ({&u}) = Hgn V(7)€ (IT\I7) x {%y, 7y},

(112) it (% U{E)) = Gaa\{&} Vim4) € If x {%, %4}
Thus, for each Wy € {Zy, 75} and ¥y € {%;, ¥4}, it follows that:
g'CIg,u (% N g_Opg ({gﬂ})) v (Ma V) € {23 6} X {O, 2} )
g_opg og_CIQ,V(% N g_Opg ({fﬂ})) v (/I’a V) € [; X {1’ 3} )
(4.13) ¢, € x
lnty , (% U (6,}) V(nv) € I x (1.3}
E-Opg og_Intg,u (% U {Eﬂ}) v (/J’a V) € {2a 6} X {07 2} .

On the other hand, it also follows that:
(410 {fu € clg(# N g-Opg ({€u})) Y (1, #g) € 17\ I]) x {%ys L4}
' €, & intg (% U {€,}) V(i W) € (I \17) x %y, Y} -

Taking the above results into account, the g-Tg4-derived operation of g-Der , :
Z(Q) — Z(Q) on the Ty-sets Zy, Sy C Ty, and the g-Ty-coderived operation
of g-Cod, , : 2 () — Z(Q) on the Ty-sets %, ¥y C Ty, for all v € I3, then,
produce the following results:

g Derg, (Fa) = Ao ¥ (0. W3) € (0,2} x (g, 7o}
§-Derg, () = g ¥ (0. W3) € (L3} x (g, 7o}
g-Cody , (%) = Oga V(v %) €{0,2} x {%, 74},
0-Cody , (%) = Han (0, %) € {13} x {%, %4}

(4.15)

Likewise, taking the above results into account, the T4-derived operation of dery :
Z () — Z(Q) on the Ty-sets Zy, Sy C Ty, and the Ty-coderived operation
of codg : Z(Q) — Z(Q) on the Ty-sets %, V3 C T4, then, also produce the
following results:

(4.16) {derg (W) = Hya YWy €{Hyg, 4}
codg (%) = Op2 V¥ € {%;, Y4}
Hence, for cach #; € {%y,-%,} and %, € {%,, ¥4}, it results that:
(4.17) { g-Dery o (#5) 2 g-Dery ; (#;) 2 g-Dery 5 (#4) C g-Dery o (#5)

g'COdg,O (%) g g'COdg,l (%) g g'COdg73 (%) 2 g'COdg,Q (%) .
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The ( relations g- Derg o & 9-Dery; = g-Dery 3 3 g-Dery o and g-Codyy 3
g-Cod,; T 9-Cody 3 Z g-Cod, 5 are thus Veriﬁed Clearly, the following results
also hold true:

N,N)

(4.18) g-Derg , (W) Cderg (Wy) ¥V (v, W) € 19 x {%y, 75},
' g-Cod, , (%) 2 codg (W) ¥ (1, %) € IS x { Wy, 4} -
Thus, the (3, z)-relations g-Der, , 3 derg and g-Cod, , 7 cody, for all v € I, are

also verified.
The case in which are presented some essential properties of g-%,-derived and
g-%4-coderived operators in Jg-spaces are therefore accomplished and ends here.

CASE 11. On 6*"-Order 9-Tg-Derived, g-%4-Coderived Operators. Consider again
the Ty-sets Zy = {51752754}, Sy = Xy U {57}, Uy, = {53755,56,57}, and 7; =
Uy \ {53}. Then, for any ¢ such that 1 < 6 < X, the §*"-order g-%4-derived
operation of g—Deré‘?)V P (Q) — Z(Q) on the Ty-sets #y, Sy C Tq, and the
§th-order g-T4-coderived operation of g—Codg‘?,)/ 1 Z(Q) — Z(Q) on the Ty-sets
Uy, Vg C Ty, for all v € 1Y, produce the following results:

g-Der’), (#) = %,4 V (v, #s) €{0,2} x {%y, 75},
g-Derl?), (7, Y (v, #,) € {1,3} x { %y, Sy},

W) = (
(4.19) ¢-Cod®) (2) — Y (v, %) € {0,2} x {, ¥4},
) (%) = (

g,
g-Cod¥) (% Y (v, %) € {1,3} x (%, 4} -

Likewise, for any & such that 1 < § < X, the §*"-order T 4-derived operation of
deré‘?)” : P () — Z(Q) on the Ty-sets Zy, Sy C Ty, and the §™-order T-
coderived operation of codgl), 1 Z(Q) — Z(Q) on the Ty-sets %, Vg C Ty, for
all v € I9, also produce the following results:
{derff) (W) = Hao YWy €{Hy, S5},

cod{) (%) = Ogr V9 € (%, )
By virtue of the above results, it follows, on the one hand, that

g-Derl) (#4) = () a-Dex() () =0 ¥ (v, #4) € {1,3} x {%y,.75}
6=

(4.20)

(4.21)
and, on the other hand, that

g- Der(’\) 7y) = ﬂ G'Der(g(?z)/ (#g) #0 (v, #y) €{0,2} x {%y, 74},
I=<A

g-Cod() (%) = (") o-Cody), (%) # 0 Y (v, %) € IS x {%, ¥4},
I=<A

(4.22)

e (1) =V dea® (Hp) 20 V(0. Hg) € I8 x (B, S}
<A

cod® () = () cod® (F) £0 V(1 %) € 19 x (%, %y}
RPN
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Hence, for any § such that 1 < § < A, it results that the following results hold true
for each #y € {Z%y, 3} and 67/ € {%g,”//}

g—Derg‘?% (#g) 2 g- Der(é) (#y) 2 g—DerEf:)3 () C g—Der @) ( 9
g-Cody (%) € g-Cod(Y) (%) C g-Codyy) (%) 2 g-Cod(l) (%)
relations g- Der(‘?g) = g Der((s) =

~

(4.23)

For any § such that 1 < 6 < A, the (

N7N)
g—Derg‘sg 3 g Der(‘s) and g—Codé‘?% 3 g—CodEﬁ 3 g Codéf3 7 g Codg‘g are thus

verified. Clearly, for any § such that 1 < § < A, the following results also hold true:

(1.24) g-Derd), (#4) Cderl) (#g) YV (1, 74) € I3 x (g, S5}
‘ g-Cod) (%) D cod() (#g) ¥ (v, %) € 1§ x {%, ¥4},
Thus, the (3, 7)-relations g-Der 6,)/ = derg) and g—Codg‘?,), = codg‘s), for all v € 19,

are also verified.

The case in which are presented some essential properties of the §*"-order deriva-
tive g-T4-derived and g-T4-coderived operators, defined by transfinite recursion on
the class of successor ordinals, of their g-T4-derived and g-T4-coderived operators
in ;-spaces are therefore accomplished and ends here.

CASE 11I. On 0*®-Rank g-T4-Open, g-T4-Closed Sets. Consider again the T g-sets
%g = {51752754}, yg = %g u {57}7 %g = {£3a§57€67£7}a and 7/9 = %g \ {53}

After calculations, the classes g-v-DE(®) [#y;Fq) and g-v-CD® [%4; T4), respec-
tively, of 6*"-rank g-Tg-open and g-Ty-closed sets of categories v € {0, 2}, for any
6 such that 1 < 6 < A, then take the following forms:

g-v-DE® Wg;%Tg] = 0 Vv, %) €{0,2} x {Zy, %5}
(135) gD [BT,] = 0 V(n%) € 0,2} x (%, %4},

On the other hand, those of categories v € {1, 3}, for any d such that 1 < § < A,
take the following forms:

v DE? [(# T = {051} V() € (1,3) x (B, 74}
(4.26)  gv-CDW [#4:T,] = {Hga} V(%) € {13} x {%, 14}
For any ¢ such that 1 < § < A, it follows, on the one hand, that
g1 Y (v, W) €{0,2} x {Z%y, L},
(4.27) A=TE Cl(‘s) (W) _ g1 ( g) {0,2} x{ g g}
Og1 Y (v, W) €{1,3} x {%y, 75},
and, on the other hand, that
ﬁg,l V(V,%) € {072} X {%977/9}’
Hg1 YV (v, %) € {1,3} x {%, Y5} -

Hence, for any & such that 1 < 0 < A, each % € {%y, 7} is 6'h-rank g-T4-closed
only in the event that it is of categories v € {1 3} because, in the event that it is
of categories v € {0,2}, the D-relation #; 2 g- Cl(‘s) (#4) is an untrue statement in
Wy since Wy P Hgy 1. Similarly, for any 0 such that 1<0 <X\ each & € {%, 74}
is 5th—rank g-Tg-open only in the event that it is of categories v € {1 3} because,

(4.28) Y, C g- Int(é) (g) _ {
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in the event that it is of categories v € {0,2}, the C-relation % C g-Int(’) (%) is
an untrue statement in %5 since %5 € Oy 1.

Moreover, for any § such that 1 < § < A, it results that the following results
hold true for each W € {Zy, 3} and ¥y € { %, V4 }:

) ) ) )
o-C1) (#4) 2 g-C1) (#) 2 9-C1Y) (#4) C 0-C1Y) (#4)

o-Int$) (%) € g-Int) (%) € oIt} (%) 2 g-Int ) (7).

(4.29)

For any ¢ such that 1 < 6 < A, the (I, 7)-relations g—ClEf()) e g—Cl(;i = g—Clgg =3

~) ~ ~

g—Clgg and g—Intgf()) = g—IntEfi 3 g—Intg% z g—Intg% are thus verified. Accordingly,

the (+—, —)-relations ‘Igs)-K — Tg‘s)-K — Tg‘s)—K — fif;s)—K and Tgs)-O —
zg‘”-o — zg‘”-o — zg‘;lo hold true for any ¢ such that 1 <6 < A.

The case in which are presented some essential properties of §*P-rank g-T4-open
and g-T4-closed sets in Jy-spaces are therefore accomplished and ends here.

If the discussions of this nice application be explore a step further, other inter-
esting conclusions can be drawn from the study of, firstly, the essential properties
of g-Ty-derived and g-T4-coderived operators, secondly, the essential properties of
their §*"-order derivative g-Tg-derived and g-T4-coderived operators, and thirdly,
the essential properties of §*P-rank g-Tg-open and g-T4-closed sets in J-spaces.
The next section provides concluding remarks and future directions of the theory
of g-Ty-derived and g-T4-coderived operators discussed in the preceding sections.

4.3. CONCLUDING REMARKS. In this Pure Mathematical manuscript titled Theory
of g-%4-Derived and g-%4-Coderived Operators and subtitled Definitions, Essential
Properties, Iterations, and Ranks, a new theory has been developed with the three-
fold objectives of, firstly, presenting the definitions and the essential properties of
a new class of g-Ty-derived and g-Tg-coderived operators in Z-spaces, secondly,
presenting the definitions and the essential properties of the concepts of §*"-order
derivative g-T4-derived and g-Tg-coderived operators in Jg-spaces and, thirdly,
presenting the definitions and the essential properties of the concepts of g-%4-open
and g-T4-closed sets of rank ¢ in F;-spaces.

Concisely, the definitions of the concepts of g-T4-derived and g-%y-coderived op-
erators, their 6""-order derivative g-Tg-derived and g-T,-coderived operators, and
d*_rank g-T4-open and g-Ty-closed sets in J;-spaces were presented in as general
and unified a manner as possible such that the passage from these concepts to g-%-
derived and g-T-coderived operators, their 6'"-order derivative g-Z-derived and g-%-
coderived operators, and §*'-rank g-T-open and g-T-closed sets in F-spaces, and
also to T-derived and ¥ 4-coderived operators, their §*-order derivative T 4-derived
and T4-coderived operators, and §th-rank Tg-open and Fy-closed sets in J-spaces,
is not impossible [SUBSECT. 2.1: DEF. 2.1 & REM. 2.4; DEF. 2.11 & REM. 2.12;
DEF. 2.13]; the essential properties of such novel types of g-T-derived and g-Tg-
coderived operators, their §*"-order derivative g-Ty-derived and g-Ty-coderived op-
erators, and §*P-rank g-T4-open and g-T4-closed sets in Z,-spaces were discussed in
such a manner as to show that much of the fundamental structure of J3-spaces is
better considered for g-Ty-derived and g-Tg-coderived operators g-Dery, g-Cod, :
P () — Z(Q), their §''-order derivative g-T-derived and g-T4-coderived op-
erators g—Deré‘s), g—Codéé) : Z(Q) — Z(Q), and the §®-rank g-T4-closure and
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g-% 4-interior operators g—Clg‘s), g—Intg‘s) 1 P (Q) — £ (Q) than for the Ty-derived
and T4-coderived operators dergy, codgy : & () — £ (Q), their §*'-order deriva-
tive T4-derived and T4-coderived operators deré‘s)7 codg‘s) 2 () — 2 (9), and

the 6'h-rank Ty-closure and Tg-interior operators clg‘s), intgﬁ) 2 (Q) — Z(Q),
respectively [SUBSECT. 3.1: Props 3.3-3.33, THMS 3.1-3.36, CORS 3.8-3.34 &
LeEwmsS 3.4-3.35; SUBSECT. 3.2: Props 3.39-3.49, THMS 3.37-3.53 & CORS 3.38—
3.56; SUBSECT. 3.3: ProOPS 3.63-3.69, THMS 3.60-3.70, CORS 3.62-3.68 & LEM.
3.59]; the axiomatic definitions of the concepts of g-T,-derived and g-Ty-coderived
operators, their §*'-order derivative g-Tg-derived and g-T4-coderived operators in
Jy-spaces were then presented from a purely mathematical or abstract point of
view [SUBSECT. 3.2: DEFS 3.27 & 3.31; SUBSECT. 3.3: DEFS 3.57 & 3.58].
Precisely, the outstanding facts are:

o 1. On g-%T4-Derived, g-T4-Coderived Operators.
— 1. If the definitions of g-Dery, g-Cod, : & (Q) — & () are based
on clg, inty : Z(Q) — £ () instead of g-Clj, g-Int; : & () —
Z (), then (g—Derg,g—Codg) Lef (derg,codg), and therefore, derg,
codg : Z(Q2) — £ (Q) are called, respectively, a Ty-derived and
a Ty-coderived operators in a Jy-space Ty = (2, Fy); if the defini-
tions of g-Dery, g-Cod, : & () — £ (Q) are based on g-Cl, g-Int :
Z(Q) — P () instead of g-Cly, g-Inty : & () — Z (), then

(g-Derg, g-Cod,) def (g-Der, g-Cod), and therefore, g-Der, g-Cod :
Z(Q) — Z(Q) are called, respectively, a g-T-derived and a g-%T-
coderived operators in a J-space T = (,.7); if the definitions of
g-Dery, g-Cod, : &2 () — & (Q) are based on cl, int : & () —
2 () instead of g-Cl, g-Int, : & () — Z(€2), then the equality

(9-Derg, g-Cod,) def (der, cod) holds, and der, cod : 2 (Q) — 2 (Q)
are called, respectively, a T-derived and a T-coderived operators in a
T -space T = (Q,.7).

— 1. If "g-Der;, 3 dery” stands for "g-Dery () C dery ()" and
"g-Cody 7 cody,” for "g-Cod, () 2 codg (#),” then it follows
that: g-Der; : & (Q) — & (Q) is coarser (or, smaller, weaker) than
derg : Z(Q) — Z(Q) or, dery : Z(Q) — £ (Q) is finer (or,
larger, stronger) than g-Dery : & (Q) — & (Q2); g-Cod : & () —
Z(Q) is finer (or, larger, stronger) than codg : 2 () — Z(Q)
or, codg : Z () — Z(Q) is coarser (or, smaller, weaker) than
g-Cod, : Z(Q) — 2 (Q).

— 1. A necessary and sufficient condition for the set-valued map g-Der, :
Z () — Z(Q) to be a g-T4-derived operator in a strong Jz-space
Ty = (Q,7,) is that, for every ({£},%,,.-75) € Xaer; 7 (€2) such
that {{} C g-Dery (%), it satisfies:

(i.) g-Derg (0) =0,

(ii.) g-Der, (%y) = g-Dery (%, N g-Op, ({€})),

(7ii.) g-Deryog-Dery (%) C %4 U g-Dery (%),

* (iv.) g-Dery (%, U 7) = U g-Der (%)

Uy=Ry. S

* ¥ ¥
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— IV. A necessary and sufficient condition for the set-valued map g-Cod, :
Z Q) — Z(Q) to be a g-Tg-coderived operator in a J-space
Ty = (2, F) is that, for each ({C}, %, ¥;) € Xaer; () such that
{¢} € g-Cod (%), it satisfies:

* (1.) g-Cody () = €,
(ii.) g-Cody(%,) = g-Cod, (% U {¢}),

* (i1i.) g-Codgyog-Cody (%) 2 Uy N g-Cody (%),

(iv.) g-Cod, (% N 7/9) = (] 9Cod, (#).
Wo=Ug,"s
o II. On §*-Order g-Tg-Derived, g-%4-Coderived Operators.

— 1. The substitution (g Derg,g—Codg) et (derg,codg) into the §*h-
iterates g- Der , o Cod(é : Z2(Q) — Z(Q) of g-Dery, g-Cod,
ZQ) — 3”( ) defines the §'B-iterates deré‘g)7 cod(‘;) @(Q) —
Z (Q) of dery, codg : Z(Q) — Z(Q), respectlvely, in a J-space
Ty = (Q, Fy); the substltutlon (g Der, g-Cod ) (g Der, g- Cod) de-
fines the 6™ -iterates g-Der(®, g- Cod® : 2 Q) — Z(Q) of g-Der®
g-Cod® : 2 (Q) — ,@( ) respectively, in a Jg-space T = (Q, .7);
finally, (g-Der ,9-Cod ) (der cod) defines the §*M-iterates der(‘s),
cod® : 2 (Q) — 2 (Q) of der®, cod® : 2 (Q) — 2 (Q), respec-
tively, in a Jg-space T = (Q, 7).

— 1I. A necessary and sufficient condition for the §'"-iterate g—Derg‘s) :
Ty € Z(Q) — g—Derg‘S) (S4) of g-Dery, : 2 (Q) — Z(Q) to be a
g-T4-derived operator in a Jy-space T, = (12, F) is that, for every
({E} ,%g,yg) € Xaer; Z () and § such that 1 5§ < A, it satisfies:

# (i) g-Dery () =0,
* (i) g- Der( ' (%) = g-Derl) (%, 1 g-Op, ({€1)),
x (14.) g- Der ) o g- Der(‘s) (%#y) € %y U g-Dery (%),
x (iv.) g- Der(‘s) (%y U Fy) = U g—Dergé) ().
Uy=Rg Sy

— 11 A necessary and sufficient condition for the §tP-iterate g—Codgs) :
Ty € P(Q) — g-Cod?) (F) of g-Cod, : P (Q) — P (Q) to be
a g-Tg-coderived operator in a strong Jg-space Ty = (2, ;) is that,
for every ({¢},%q,-%;) € Xaery 2 () and § such that 1 < § < A, it
satisfies:

% (i) g-Cod{) (Q) = Q,
x (ii.) g-Cod() (%,) = cod) (%, U{€}),
s (i) g-Cod) 0 g-Codl? (%,) 2 %4 N g-Cod, (%),
s (iv) g-Cod() (ZgN.Sg) = [\ 0-Cod( (%).
Uy=R g, S

e III. On 6*"-Rank g-T4-Open, g-T4-Closed Sets.

1. If the deﬁnltlons of (5th—rank g-Tg-open and g-Tg4 closed sets are

based on 1nté , lé‘s) : Z(Q) — Z(Q) instead of g- Int , o Cl(‘s)
P (Q) — Z(Q), the definitions of §*"-rank Ty-open and ‘I closed

*
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sets, respectively, in a Jg-space Ty = (Q,.7,) follow; if the defini-
tions of §*"-rank g-T,-open and g-T4-closed sets are based on g-Int,
g-Cl: Z(Q) — Z(Q) instead of g-Intg, g-Cl; : Z(Q) — 2 (Q),
g-ClY) © 2(Q) — 2 (Q), the definitions of 6™-rank g-T-open and
g-T-closed sets, respectively, in a J-space T = (2, 7)) follow; if the
definitions of §*M-rank g-Tj-open and g-T,-closed sets are based on
int, cl : 2 (Q) — £ (Q) instead of g-Int,, g-Cl, : & () — Z (),
the definitions of §*P-rank T-open and T-closed sets, respectively, in a
T-space T = (Q,.7) follow.

— 1. In a J-space, §-rank g-Ty-openness and g-T,-closedness are
preserved under U, N-operations and, for any 7 such that 0 < n, imply
dntP-rank g-Tg-openness and g-Ty-closedness, respectively.

— 1L In a J-space, S*h_rank T 4-openness and Ty-closedness imply sthe
rank g-%;-openness and g-%;-closedness, respectively.

— 1v. In a J-space, g-T4-open sets of ranks 41, d2, ..., 6, under U-
operation and g-%4-closed sets of ranks d1, d2, .. ., 3 under N-operation
are, in general, both not rank-preserving; they become g-Tj-open of
rank 6 = lem (9, : v € I}}) and g-T4-closed of rank § = lcm(&, TV E
I;)

— V. In a Jj-space, suppose given a g-Ty-open set of ranks di, do,
..., 0o and a g-Tg-closed set of ranks 91, d2, ..., dg, and suppose
ged (6, : vely) =1 and ged(n, : v € I5) = 1, then there exist,
in general, supersets of the g-Tj-open set whose g-Ty-coderived sets
contain the g-%4-open, and subsets of the g-T4-closed set whose g-%4-
derived sets are contained in the g-Tg-closed set.

Hence, the proposed theory, in its own rights, has several advantages. Indeed, in
relation to ITEMS I. 1., II. 1. and III. 1., the theory offers very nice features, firstly,
for the passage from g-%,-derived and g-T4-coderived operators to Ty-derived and
% 4-coderived operators, g-T-derived and g-T-coderived operators and T-derived
and T-coderived operators, respectively (ITEM I. I.); secondly, for the passage
from §'0-order g-Ty-derived and g-T4-coderived operators to §*P-order Ty-derived
and Tg-coderived operators, §*'-order g-T-derived and g-T-coderived operators and
d*-order T-derived and T-coderived operators, respectively (ITEM II. 1.); thirdly,
for the passage from §*P-rank g-T,-open and g-T,-closed sets to §*'-rank T,-open
and Tg-closed sets, d*_rank g-T-open and g-T-closed sets and §*'-rank T-open
and ¥-closed sets, respectively (ITEM III. 1.). Thus, the theory holds equally well
when (2, 75) = (2, ) and other features adapted on this basis, in which case it
might be called Theory of g-%-Derived and g-%-Coderived Operators. Therefore,
in a Jj-space the theoretical framework categorises the pair (g—Derg,o, g—Codgyo)
of g-T4-(derived, coderived) operators, the pair (g—Dergjl,g—Cong) of g-%4-semi-
(derived, coderived) operators, the pair (g—Dergg,g—Codgg) of g-Tq-pre-(derived,
coderived) operators and the pair (g-Derg73,g—Codg73) of g-T4-semi-pre-(derived,
coderived) operators as pairs of g-%-(derived, coderived) operators of categories 0,
1, 2, and 3, respectively, and theorises the concepts in a unified way.

In relation to ITEM I. 11., the theory offers g-%4-derived structures as (Q, g—Derg)
which are coarser (or, smaller, weaker) than Ts-derived structures as (2, dery) or,
(Q, dery) is finer (or, larger, stronger) than (Q, g—Derg); g-%4-coderived structures


https://doi.org/10.20944/preprints202011.0747.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 November 2020 d0i:10.20944/preprints202011.0747.v1

— THEORY OF g-T4-DERIVED AND g-%,-CODERIVED OPERATORS — 81

as (€, g-Cod,) which are finer (or, larger, stronger) than Tg-coderived structures
as (Q,cody) or, (2, cody) is coarser (or, smaller, weaker) than (Q,g—Codg). Hence,
such g-T4-structures can be considered as a means of handling certain problems in
Functional Analysis. In relation to ITEMS I. 1I1.—1v. (i.)—(%0.) and ITEMS II. 11.—111.
(@.)—(iv.), respectively, the theory contains the necessary and sufficient conditions
for set-valued maps and their §*"-iterates to be characterized as g-Ty-derived and
g-T4-coderived operators, and d*h_order g-%4-derived and g-Ty-coderived operators.
Therefore, the theory also offers g-%4-(derived, coderived) structures from which
many other novel propositions can be deduced by means of these conditions by
purely logical processes. Thus, the construction of a purely deductive theory of
g-%4-derived and g-Ty-coderived operators a step further is made possible. Finally,
in relation to III. 11.—V., the theory contains various properties of §*"-rank g-Ty-
open and g-Ty-closed sets, firstly, under U, N-operations, secondly, with respect to
themselves and various ranks, and thirdly, with respect to ¢"-rank T 4-open and
T 4-closed sets, respectively.

In view of the foregoing facts, making the theorization of g-T4-derived and g-%g4-
coderived operators of mixed categories in Jg-spaces by purely formal processes
a prime subject of inquiry for future research may therefore be not without in-
terest. More precisely, for some pair (v,p) € I x I such that v # pu, to de-
velop a purely deductive theory of g- (v, 1) -T4-derived and g- (v, p) -T4-coderived
operators g-Derg ,,, g-Cody,, : & (Q) — & (), respectively, in F-spaces,
where g-Dery ,, @ #y — g-Dery,,, (#4) describes a type of collection of g-Tg-
derived points of #4 and g-Cod,,, @ #4 — g-Cod,,,, (#5) describes another
type of collection of g-T4-coderived points of #;, and derivedness is characterized
by g-Tg-closed sets belonging to the class { g = Hg, N Ky, + (Ko, Hgpu) €
g-v-K [‘Zg} x g-p-K [‘Zg]} and coderivedness is characterized by g-T4-open sets be-
longing to the class {0y = Oy, U Oy, : (Og,,04,) € g-v-0[T4] x g-1-0[Tg] }.
Such an interestingly promising theory is what the present authors thought would
certainly be worth considering, and the discussion of this paper ends here.

APPENDIX A. PRE-PRELIMINARIES

In this pre-preliminaries section, the elements accompanying the foregoing pre-
liminary section are presented below. In actual fact, they are the elements ex-
tracted from the pre-preliminaries and preliminaries sections of the previous Pure
Mathematical manuscript of the authors entitled Theory of g-T4-Interior and g-Tg-
Closure Operators.

As in all the previous Pure Mathematical manuscripts of the authors (See, Theo-
ries of g-Tq-Sets, g-Ty-Maps, g-T4-Connectedness, g-Lq-Separation Azioms, g-T4-
Compactness, g-Tq-Interior and g-T4-Closure Operators and, g-%4-Exterior and
g-%4-Frontier Operators), 4l is the universe of discourse, fixed within the frame-
work of the theory of g-%4-derived and g-%4-coderived operators and containing as

elements all sets (briefly, Q, I'-sets; 7, g-7, T, g-T-sets; T, 9-T5, T4, 9-Tg-sets)
considered in this theory, and I9 def {V eN0: v < n}; index sets IS, I, I*, are

defined similarly. A set I' C U is a subset of the set @ C 4 and, for some Jy-open
set Oy € T Ug-T UG U g-Ty, these implications hold:

(Al) Oy€¢ T =0,€9T =0,€Ty=0,€9-Ty= 0y, CQCU
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In a natural way, a monotonic map 7 : & (Q) — £ () from the power set
& (1) of 1 into itself can be associated to a given mapping 7y : @ — €2, thereby
inducing a g-topology 75 C & (2) on the underlying set  C 4 [PC12]. When some
further axioms [LR15] is specified for .7 : & () — £ (Q) with no separation
axioms assumed unless otherwise stated, the notion of a Z;-space follows.

DEFINITION A.1 (J;-Space). Let 2 C il be a given set and let &7 (Q) o {C4, C
Q:ve I;“O} be the family of all subsets &y 1, Oy 2, .. ., of §2. Then every one-valued
map of the type Fy : & () — £ (Q) satisfying the following axioms:

e AX. I %((7]):@

o AX. 11. F4(0y) C O,

o AX. IIL %(Uyez;o ’ o) = Uvers, 5 (0g0),

is called a ”g-topology on 2,” and the structure T4 def (Q, Fy) is called a ” Fy-space.”

In DEF. A.1, by AX. 1., AX. 1I. and AX. III., respectively, are meant that the
unary operation 7 : & () — & () preserves nullary union, is contracting and

preserves binary union. Any element 0y € 7 def {Of: Oy € Ty} of the Fy-space
def

T, is called a Jy-open set and its complement element Cq (0,) = #; € ~7,
{y : C(Ay) € Ty}, a Ty-closed set; by convention, Jy and -, respectlvely,
stand for the classes of all J;-open and Z;-closed sets relative to the g-topology
Ty If there exists a v € I such that 0y, =, then T is called a strong J-space
[Cs5, PC12]. Moreover, if %(ﬂuel; Ogv) = nuel,t Ty (O4,,) holds for any index
set I C I% such that n < oo, then T is called a quasi J-space [Cs8].

In the J-space Ty, the operator inty : & (Q) — & () carrying each Tg-set
Sy C T4 into its interior inty (F) = 2 —cly (Q\ F) C Fyq is called a "Ty-interior
operator;” the operator clg : & (Q) — & (Q) carrying each Tg-set /3 C Ty into
its closure clg (%) = Q —intg (2 \ ) C T4 is called a "Ty-closure operator.” The
S E {0y € Ty: 0,C Fy} and C% 1.7, def{%eﬁy Hy 2
Yg}, respectlvely, denote the classes of Jy-open subsets and Jy-closed supersets
of the Ty-set .75 C T4 relative to the g-topology 7. That Cf%) (%) € T4 () and
-5 () 2 Ciugg [#,] are true for the Ty-set #; C T4 in question are clear from
the context. To this end, the Ty-closure and the Tg-interior of a Ty-set S C Ty
in a J-space define themselves as

classes Csub

(A2) intg () = U Oy, clg () = m Ay

04031 7,] Ha €O (7]

respectively. We note in passing that, cly (-) # cl(-) and intg () # int (-) in general,
because the resulting sets obtained from the intersection of all J-closed supersets
and the union of all J3-open subsets, respectively, relative to the g-topology 7 are
not necessarily equal to those which would be obtained from the intersection of all
T -closed supersets and the union of all .7 -open subsets relative to the topology 7
[BKR13]. Throughout this work, by clg ointg (-), intgocly (+), and clg ointg ocly (+),
respectively, are meant cly (intg (+)), intg (clg (+)), and clg (intg (clg (+))); other com-
position operators are defined in a similar way. Also, the backslash Q \ .7 refers
to the set-theoretic difference 2 — .#5. Finally, for convenience of notation, let

7 (Q) =2 (Q\{0}, Ty = 75\ {0}, and =77 = =7\ {0}.
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DEFINITION A.2 (g-Operation). Let T4 = (Q, J;) be a Jy-space. Then, a mapping
opy : Z () — Z(Q) on Z () ranging in & (1) is called a "g-operation” if and
only if the following statements hold:

(A3) (V. € 2% (0)) (3 (04, H) € Ty x _‘9*) [(Opg =0) v (_‘Opg ) =0)
V(S C opg (4, W)V (S 2 T 0Py (Z)],

where —op, : Z () — Z (1) is called the "complementary g-operation” on
2 (Q) ranging in # (Q) and, for all (Sg, X, Vgw) € Xaer; & (€) such that
Wy = Uy U Yy, and (%,ﬁ%) = (opg (#4) , - op, (%)), the following axioms
are satisfied:

o AX. I (5 Copy (Ty)) V (S 2 —opg (),

o AX. 1L (op, (L) C opgoop, () V (mopg () 2 ~op, 0 opy (Hy)),

e AX. TIL (”//g < |J op, (ﬁg,c,)> \/<ﬁ7/g > |J —op, (%70)>,
o=p,v o=p,v

o AX. V. (g € Vg — 0Py (Og ) € 00y (Og)) V (% 2 Vo —
_‘Opg (%7#) 2 _'Opg (‘%7’/))’

for some (Oy, Oy, Oy,.) € Xaers Ty and (Hy, Ky, Hyw) € Xaer; T

The formulation of DEF. A.2 is based on the axioms of the Cech closure operator
[Booll] and the various axioms used by many mathematicians to define closure
operators [MHDS83].

DEFINITION A.3 (op,-Elements). Let Ty = (2, 7;) be a Fy-space. Then, the class
20 Y {opy, = (opg.,—0py,) : ve I} C L [Q) x ZF[Q], where

w def
(A4) Opg € gg [Q] {Opg 0 Opg,l) Opg 2 Opg 3}

= {intg7 clg ointg, intgocly, clgoin‘cgoclg}7

def
(A.5)  —op, € .2 Q] = {=0pg0, 7OPg1, 7ODg2, 0Dy 3}

= {clg, intg ocly, clgointg, intgoclgointg},

stands for the class of all possible pairs of g-operators and its complementary g-
operators in the J-space T.

The use of op; = (opg7 - opg) € Z, [Q] on a class of Ty-sets will construct a new

class of g-T4-sets, just as the use of £ [Q ] {op, = (op,,—op,) : v € I} on the

class of T-sets have constructed the new class of g-T-sets. But since clg # cl and
inty # int, in general, it follows that op,, # op, for some v € I9 and therefore,
the new class of g-Tg4-sets that will be obtained from the first construction will,
in general, differ from the new class of g-%-sets that had been obtained from the
second construction. Employing the set-builder notations, the notion of g-%T4-set of
category v may then be defined as thus:
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DEFINITION A.4. Let (7, Oy, #y) € Ty X Ty x =Ty and let op, , € Z;[Q] be a
g-operator in a Jg-space Ty = (2, .7;). Suppose the predicates

def

Pg (yg7 ﬁg7 ’%/g;opgﬂ/; g7 2) Pg (‘797 ﬁg7 Opg,y; g) \/ Pg (‘797‘%/95 Opg,y; D))

Po(S, Ogi0pg,iC) = (3(0g,0p4,) € Ty x Z5 ()
[5/9 C opg,, (ﬁg)]v
(A6) Py(F Haiopg,i2) = (3(Hm0py,) € Ty x £ [0)
(74 2 —op,, (A)]

be "Boolean-valued functions” on Ty x (Jg U~T,) x Ly [Q] x {C, D}, then

g_l/_S [‘IQ} déf {yg ng : Pg(ygvﬁga%;opg,y;gvg)}v
(A7) g-v-0 [T def {F C Ty Py(F4 Ogs0p,,;9) )
g-v-K [T def {yg C%y: Py (yg,%;opgyy; 2)},

respectively, are called the classes of all g-T4-sets, g-T4-open sets and g-T4-closed
sets of category v in T,.

Thus, S C %, is called a g-T4-set of category v if and only if there exists a pair
(O4, Hy) € Ty x—Ty of Ty-open and Jy-closed sets and a g-operator op, , € Z [€)]
of category v such that the following statement holds:

(39) [(f € 5”9) N ((yg c OPg, (ﬁg)) v (yg 2 T 0DPg (%)))] .

Clearly,
08T © Uyerg0v-8[%g] = |J (6--0[Fe] Ug--K [%,))
vell
= g-v-O [T,y | U g-v-K [T]
(VLEJI:? ) <ugg >

“ 00T UeK[T,

then, defines the class of all g-v-Ty-sets as the union of the classes of all g-v-% -
open and g-v-Tg-closed sets, defined by g-O [T,] and g-K [T4] respectively. It is
interesting to view the concepts of open, semi-open, preopen, semi-preopen sets
[And86, And84, CM64, Lev63, MEMEDS2, Nj5] as g-T-open sets of categories 0,
1, 2, and 3, respectively; likewise, to view the concepts of closed, semi-closed,
preclosed, semi-preclosed sets [And96] as g-T-closed sets of categories 0, 1, 2, and
3, respectively. These can be realised by omitting the subscript ”g” in all symbols
of the above definitions. The remark follows.

REMARK A.5. Observing that, for every v € I3, the first and second components
of the g-vector operator op , = (opgyy, —|0pg7,,) € %5 [Q] are based on J; x =,

respectively, it follows that op,, = op, ef (op,,—op,) € Z[Q] if based on
T x =7, respectively. In this way, op : Z(Q2) x Z () — Z(Q) x Z(Q) is
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called a g-vector operator in a J-space T = (Q,.7). Accordingly,

w def
(A.8) ope LY = {opo7 Op1, ODg, 0p3}
= {int7 cloint, intocl, clointocl},
. def
(A.9) —ope.Z*[Q] = {-opy, —op;, "opy, —ops}

= {cl, intocl, cloint, intoclomt},

and, .Z; [Q] e {op,, = (0py,,—0p,,) : v €I} C ZLF [0 x L [Q] stands for
the class of all possible pairs of g-operators and its complementary g-operators in
the J-space T = (Q,.7).

By virtue of the above remark, if (7, 0,.%) € T x 7 x =7 and op,, € .Z[Q]
in a Jy-space Ty = (12, Fy), then the predicates

P(S,0,%;0p,;C,2) ¥ P(F,0;0p,;C)VP(F,H;0p,;2),

P(#,050p,;C) = (3(0,0p,) € T x £°[Q]) [ Cop, (0)],
(A.10) P(F, % ;0p,;2) & (3(H,—0p,) € ~T x L5 [Q])[# 2 —op, (£)]
are obviously ”Boolean-valued functions” on T x (7 U—=7) x £ [Q] x {C, D} and,

gv-8[3 ¥ {#cT:P(#6,4;0p,;C,0)},
(A.11) gr-0[F ¥ {7cT: P(# 6;0p,;0)},
grKE ¥ {scT: P(S,H50p,:2)),

respectively, are called the classes of all g-%-sets, g-T-open sets and g-%-closed sets
of category v in ¥. Therefore, . C ¥ is called a g-T-set of category v if and only if
there exist a pair (0, %) € T x -7 of T-open and 7 -closed sets and a g-operator
op, € Z Q] of category v such that the following statement holds:

(3 [(€ € X)A((F Sop, (0))V (S 2 =0, (K))] -

Evidently,
g-S[T] & Upernor-S[E = U (e--0[F) U g-v-K [3])
uelg
= g-v-O[%] | U g-v-K[%]
E gO[FJUgKI[T],

then, defines the class of all g-v-T-sets as the union of the classes of all g-v-%-open
and g-v-T-closed sets, defined by g-O [T] and g-K [] respectively.

Similar to the definitions of g-S[Ty] = g-O [T4] U g-K [T4] in Ty and g-S[T,] =
g-O [T,] U g-K[Ty] in T, those standing for S[T,] = O[T, UK [T,] in Ty and
S[Z] =O0[F]UK]Z] in T are defined as thus:

DEFINITION A.6. If T; = (R, 7;) be a Fy-space and T = (Q,.7) be a T -space,
then:
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def def
e1. OF {5/ C %y (5’ 40Py 0} )}andK {5” C %4
(YQ, 5’9, OPg o} )} denote the classes of all T4-open and T g-closed sets,
respectlvely, in Ty, with S[T,] = O [T,] UK [T,];
e1l. O o {# cT: P(S S50py;=)} and K[T def {¥ c%:

(5” 5” opPy; )} denote the classes of all T-open and S—closed sets, re-

spectively, in T, with S[¥] = O [Z]UK[Z].
REMARK A.7. Since
def
(ygaygaygvopg 07_7_) =P (ygvyg,opg 01 ) VPg(ygayg;Opg,O;:)v

def

it is plain that S[¥ {5” C %, g(yg, Fg:74:0Pg 05 = :) }; likewise, since

P(S,.S, Opgo,—,—) dﬁfP(y 0Py =) V P(F,.7;0py; =),

def

it follows that S[¥ {Y Cc%: P(y 54 yg,opgo,—,—)}.

Given the Tg—sets Ry, Sy C Ty, Xy is said to be equivalent to Sy, written
Ky ~ Sy, if and only if, there exists a Ty-map my : Z3 — 5 which is bijective;
the relation Zy o 7, then, holds whenever Z; is not equivalent to 75.

The definitions of the notions of g-%4-closure and g-T4-interior operators of cat-
egory v in Jg-spaces are now given.

DEFINITION A.8 (g-v-%4-Interior, g-v-T4-Closure Operators). Let Ty = (Q, .7;) be
a Jy-space, let Cg v-0[z,] 7o dCf {04 € g-v-0[Ty] : Oy C S} be the family of
all g-v-T -open subsets of ,5” € Z(Q) relative to the class g-v-O [T4] of g-v-T -

open sets, and let C;uf K[T, ] def {y € gv-K[Ty| : g D S} be the family

of all g-v-T;-closed supersets of Sy € Z(Q) relative to the class g-v-K|[Tg] of
g-v-Ty-closed sets. Then, the one—valued maps of the types

(A.12) glnt,, : 2(Q) — P(Q)C{F,CQ: pell)
Sy — U Oy,
o eC;“l‘j o[ ][yg]
(A.13) gCl,: 2(Q) — PO C{F,CQ: pel}

Sy ﬂ Hy

K €O 1z 1]

on & () ranging in & () are called, respectively, a "g-T;-interior operator of

category v” and a "g-Tg-closure operator of category v.” The classes g-1(T,] = def

{g—Intg’V T VE IO} and g-C [T def {g Cly,: ve Ig?}, respectively, are called the
classes of all g-%4-interior and g % 4-closure operators.

REMARK A.9. According to their definitions, g-Int, : & (2) — & () is the dual
of g-Cly : Z(Q) — Z(12), and conversely. For, the definition of the first rests on
such concepts as U, C, 01, Oy 2, ... whereas the second, on N, 2, g1, Ky, - - .,
which are dual concepts to U, C, 041, Oy 2, ..., respectively.

It is interesting to view g-Intg, g-Cl; : & (2) — £ (Q) as the components of
some so-called g-T4-vector operator.
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DEFINITION A.10 (g-T4-Vector Operator). Let Ty = (2, ;) be a F-space. Then,
an operator of the type
(A.14) gle, , : Z () x 7 (Q) — Z(Q)xZ(Q)
(‘%9’ yg) — (g_:[ntg,y (‘%9) ﬂg_Clgy (yg))
on & (Q) x & (Q) ranging in & (Q) x & (Q) is called a "g-Ty-vector operator of

category v.” Then, g-IC [T ] def {g-Ic,, = (g-Int,,,g-Cl,,) : v € I§} is called

the class of all g-T4-vector operators.
The following remark is an immediate consequence of the above definition.

REMARK A.11. Observing that, for every v € I3, the first and second components
of the g-T-vector operator g-Icy , = (g—Intg)l,, g—CngJ) are based on g-v-O [T4] and
g-v-K [T,], respectively, it follows that:

o 1. g-lc, , = icy e (intg, clg) if based on O [T,] and K [T];

o 1. g-Ic,, = g-Ic, e (g-Int,,, g-Cl,)) if based on g-v-O [T] and g-v-K [T];

e 1. g-Ic, , =ic def (int, cl) if based on O [%] and K [Z].
In this way, icg, g-Ic,, ic : Z (Q)x Z (Q) — & (Q) x Z (Q) are called a Ty-vector
operator in a Jg-space Ty = (2, Fy), a g-T-vector operator of category v in a .7-
space T = (,.7) and a T-vector operator in a J-space T = (0, T), respectively.
Accordingly,

g-1C (3] {g-Ic, = (g-Int,, g-Cl,) : v € IJ}
(A.15) C {gnt,: veli} x{gCl,: velIf}

def

= g1(T) x -C[T].
Then, g-IC[T] denotes the class of all g-T-vector operators in the J-space T =
(Q, 7); g-1[Z] denotes the class of all g-T-interior operators while g-C [¥] denotes
the class of all g-%-closure operators in the 7 -space T = (Q2,.7).

DEFINITION A.12 (Complement g-Ty-Operator). Let Ty = (€2, F;) be a Jy-space.
Then, the one-valued map

(A.16) 00Dy, : 2 (Q) — 2(Q)
yg — C-%g (‘Sﬂg) )

where 0z, : 2 (Q2) — £ (Q) denotes the relative complement of its operand with
respect to Zy € g-S [T, is called a "natural complement g-g-operator” on & ().

For clarity, the notation g—Opg,%B = g-Op,, is employed whenever %Z; = Q or
Ay 1s understood from the context. When g-Op, 5 @ & () — £ () is with
respect to Zy € S[Ty], Zy € 9-S [X] and Z, € S[F], the terms natural complement
T 4-operator, natural complement g-T-operator and natural complement T-operator
are employed and these terms stand for Opy 4 , 8-Opg_, Opg, + & Q) — 2 (),
respectively.

The pre-preliminaries section ends here.
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