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ABSTRACT：
When different strain hardening and strain rate sensitive materials are used for
scaled model and prototype, the traditional pure geometrical similarity laws of solid
mechanics will fail. Although correcting the basic scaling factors of velocity, density
and geometry have been developed to compensate for the material distortion in recent
non-geometric scaling works, it is difficult to be widely used because of its inherent
indirect (depending on the structural strain and strain rate responses) and inexact
(having significant prediction errors for prototype) defects.
In this paper, a framework of material similarity, based on the new suggested
material dimensionless numbers and the ‘Material number vs. strain/strain-rate’
function curves, are further developed, which represents the objective requirement of
similarity theory for the basic mechanical properties of materials. It is demonstrated
what is similitude materials of solid mechanics and how to use the best similitude
materials to overcome the non-scalabilities of materials for identical or different
materials. The direct and exact solution of the basic correction factors is further
obtained and therefore overcomes the previous inherent indirect and inexact defects
radically. Based on the similarity evaluation of different materials of the classical
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constitutive models, the impacted structures of circular plate and crooked plate with
strain hardening and strain rate sensitive materials are verified numerically. The results
show the completely different materials can be exact similitude for various structural
behaviors (strain, strain rate, stress and displacement) of time and space fields after
using the best similitude materials; and the basic correction factors do not depend on
the structural strain and strain rate responses. As a contrast, when the non-similitude
materials are used, the similarity results are very sensitive to the selection of
strain/strain-rate and often leads to failed predictions. In addition, for the material
elastic and temperature effects, the proposed method is also discussed to be valid.
Keywords: Material number; Similarity; Scaling; Strain hardening; Strain rate;
Temperature; Structural impact

1. Introduction
When the theoretical and numerical studies were practically impeded for structural
impact phenomenon, verification by experiment is indispensable. As an important
approach, the use of a scaled model instead of the full-size prototype has a great
practical advantage [1,2]. The methodology with scaled model is termed as similarity,
scaling or similitude [3]. In solid mechanics, scaling of the geometry, materials and
external loads is the basic premise to establish similarity laws [3].
The traditional similarity laws were well-known and had been widely used in solid
mechanics [3,4]. In these works, the identical materials were considered to simplify
similarity difficulties of various material parameters, and the pure geometrical scaling
was accomplished by a basic geometrically-similar factor to relate various physical
quantities between prototype and scaled models. However, the traditional similarity
laws were easily broken for the non-scalabilities such as size effects of material strain
rate effects, gravity and fracture [3-8]. The non-scalability, that violating the traditional
similarity laws, were usually said to be distorted [3].
The size effects of material strain-rate sensitivity were widespread [9], prompting
researchers to develop the non-geometric scaling method with correction factors of
external loads [10-15]. Oshiro and Alves [11] for example used a basic correction factor
2
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of impact velocity to compensate distortion of material strain rate effects. For simple
analytical models [11] and complex numerical models [12], with the strain-rate
sensitive mild steel, only had very small prediction errors. Similarly, the basic
correction factor of mass/density for the impactor and structure were also developed in
early work [13] and in recent work [14,15]. However, these developed methods were
limited by an inherent defect that the basic correction factors were coupled to the
structural average strain-rate responses and therefore were called to be indirect, which
was hard to understand in similarity theory. To overcome this difficulty, a special power
law constitutive equation was initially used to obtain the direct correction factor of
velocity in the work of Oshiro and Alves [16]. When using simple analytical models,
this direct method produced completely accurate similarity prediction for prototype.
Nevertheless, it was only applicable to the particular power law form of the constitutive
equation, not in all types.
Previous studies have assumed that a completely identical material was used for
scaled model and prototype, and in fact, few experiments can satisfy this premise
condition due to the absence cause of identical materials and the change of material
properties in manufacturing [17]. In addition, impact problems usually involved many
material viscous-plasticity (i.e., strain hardening and strain rate effects) parameters, so
the use of different materials at scaling was an open problem. Based on the indirect
correction technique, Alves and Oshiro [17] compensate distortion of the different
materials in the quasi-static flow stress and the strain-rate sensitive effects. Although
this method was precise for simple analytical models [17], it had been verified to have
significant errors for complex problems of circular tubes axially impact [18]. Mazzariol,
et al. [19,20] further used the basic correction factor of density to compensate distortion
of the different materials in density, and set the average strain-rate to 1 𝑠 −1 to simplify
the previous indirect difficulties. Some different materials behaved good similarity,
while others had significant errors [19]. A more comprehensive consideration for
distortion of the diﬀerent materials further including strain-hardening effects,
temperature effects and failure are developed by Sadeghi et al. [21,22], and a fixed
strain and strain-rate window instead of the average strain and strain-rate was used to
3
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simplify the previous indirect difficulty. However, this method can only provide inexact
prediction ability and usually result in obvious errors for similarity. In further research,
Wang and Xu et al. [23,24] proposed geometric distortion similarity ability that adding
a basic correction factor of geometrical thickness to compensate distortion of the
different materials. But the average strain and average strain rate of the structure was
required in the basic correction factor.
The inexact difficulty of the previous correction methods had caused some
researchers to examine the influence of material parameters for the similarity. Wang
and Xu et al. [25] qualitatively studied the influence of the material density, yield stress
and strain-rate sensitive parameters for the optimal approximation similarity and found
that the strain-rate sensitivity parameters play a decisive influence on the similarity
errors. Davey et al. [26] studied influence of the Norton–Hoff constitutive parameters
for similarity and therefore obtained more exact scaling feasibility for the complicated
hot forging experimentation. In spite of this, these studies only focused on qualitative
discussions for constitutive equation parameters in particular situations. For
overcoming the previous indirect and inexact difficulties fundamentally, nor did they
offer solutions.
A major criticism for all past studies is that they usually are limited by the indirect
and inexact difficulties. As found in the research of our concerns, it is quite difficult to
determine the response information of structural strain and strain rate in basic correction
factors, especially for complex impacted structures; and none of these previous methods
are precise enough to describe non-scalability of material distortion and they could even
result in failed prediction in some cases. And in this paper, the main objective is to
propose a complete framework of material similarity to overcome the two inherent
difficulties of previous scaling approach.
In what follows, Section 2 introduces our newly material similarity framework in
detail. Section 3 respectively investigated two scaled impacted models with strain
hardening and strain-rate sensitive materials. Section 4 gives a discussion for extending
the suggested method to more material mechanical properties and Section 5 summarize
this work.
4
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2. Material similarity framework
2.1. Previous scaling approach
The similarity theory relating the prototype (p) and the scaled model (m) is wellknown and usually uses scaling factors of the physical quantities to conduct the forward
scaling and the reverse prediction. For example, the basic geometrically-similar factor
is usually defined as 𝛽 = 𝐿̅𝑚 /𝐿̅𝑝 for all geometrical characteristic lengths 𝐿̅.
For impact mechanics with strain hardening and strain-rate sensitive materials,
recent researchers have developed several effective similarity systems [11,19,21-24] to
derive scaling factors. As a more concise, clear and effective system, the density-lengthvelocity (DLV) dimensional analysis system [23] was expressed as the seven main
dimensionless numbers
 V 2 
 L 
 tV 
 = 
,   =   ,   =   ,  t =   ,

L
V 
  

(1)

  L2V 2 
 m 
 
 =   ,  G =  3  ,  F = 
.
L 
 L 
 F 

where 𝜌, 𝑉, 𝜎, 𝜀, 𝜀̇, 𝑡, 𝛿, 𝑚
̅ and 𝐹 are density, velocity, stress, strain, strain rate,
time, displacement, mass and force, respectively, that each physical quantity is related
by the three bases of the density 𝜌, the length 𝐿̅ and the velocity 𝑉.
The well-known similarity theory requires that all predominant dimensionless
numbers of a scaled model must be equal to those of the prototype [3,4], i.e. (Π𝑖 )𝑚 =
(Π𝑖 )𝑝 . When the seven numbers are used, main scaling factors can be directly obtained
as Table 1, in which 𝛽, 𝛽𝑉 and 𝛽𝜌 are three independent basic factors.
Table 1 Main scaling factors of impact mechanics.
Variable

Scaling factor

Variable

Scaling factor

Length, 𝐿̅

𝛽 = 𝐿̅𝑚 /𝐿̅𝑝

Strain rate, 𝜀̇

𝛽𝜀̇ = 𝛽𝑉 /𝛽

Density, 𝜌

𝛽𝜌 = 𝜌𝑚 /𝜌𝑝

Time, 𝑡

𝛽𝑡 = 𝛽/𝛽𝑉

Velocity, 𝑉

𝛽𝑉 = 𝑉𝑚 /𝑉𝑝

Displacement, 𝛿

𝛽𝛿 = 𝛽

Stress, 𝜎

𝛽𝜎 = 𝛽𝜌 𝛽𝑉2

Mass, 𝑚
̅

𝛽𝑚̅ = 𝛽𝜌 𝛽 3
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𝛽𝐹 = 𝛽𝜌 𝛽 2 𝛽𝑉2

To compensate for the non-scalability of material strain hardening and strain-rate
sensitive effects, the similarity theory should respect the viscous-plasticity constitutive
equation,

 d =  0 f ( ,  ) ,

(2)

where 𝜎0 and 𝜎𝑑 are the quasi-static and dynamic flow stress, respectively.
When combining the scaling relations 𝛽𝜎 = 𝛽𝜌 𝛽𝑉2 , 𝛽𝜀 = 1, 𝛽𝜀̇ = 𝛽𝑉 /𝛽 and Eq.
(2), the correction factor of velocity is derived as

V =


 f m (   p ,   p )  f m (  p ,  p V /  )
=
=
,



f p ( p ,  p )
f p ( p ,  p )
d

0

0

(3)

which can be solved by a numerical method if the structural responses of the strain 𝜀𝑝
and the strain rate 𝜀̇𝑝 are known.
Similar studies in previous works also define the correction factor of density and
the geometry (for geometrically-distorted scaling). Since the three correction methods
can convert to each other [23,24], the velocity correction factor Eq. (3), as one of the
typical representatives, is mainly discussed in this paper.
In the above correction procedure, understanding Eq. (3) is crucial. As mentioned
in Section 1, two main inherent difficulties, existing in all recent developed approaches,
can be found as follows.
⚫

Non-direct: the velocity correction factor is coupled to the structural response

of strain and strain-rate, and therefore it is difficult obtained directly. This non-direct
phenomenon has not been seen in other known scaling laws.
⚫

Inaccuracy: the dynamic strain and strain rate responses of structure in time

and space fields lead to diﬀerent values of 𝛽𝑉 , while the similarity theory requires 𝛽𝑉
being constant. To overcome this problem, the previous works usually used the average
strain 𝜀̅𝑝 and the average strain rate 𝜀̇𝑝̅ (or some particular values, etc.) to obtain an
approximate value of 𝛽𝑉 . Thus, the exact similarity does not exist.
Therefore, it seems worthwhile to expand the previous methodologies by further
6
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overcoming the non-direct and inaccurate difficulty.

2.2. Dimensionless numbers of material similarity
To derive the essential similarity criterion for strain hardening and strain-rate
sensitive materials, in what follows, we further investigate similarity of the material
second-order effects by the slope of the most basic stress - strain/strain-rate relation.
Without loss of generality, the total differential relation (or one-dimensional
incremental relation of plasticity) of the constitutive equation Eq. (2) is expressed as

d d =  0

f (  ,  )
f (  ,  )
d +  0
d  = Et ( ,  ) d  + Kt ( ,  ) d  ,



(4)

where 𝐸𝑡 (𝜀, 𝜀̇) = 𝜎0 𝜕𝑓(𝜀, 𝜀̇)/𝜕𝜀 and 𝐾𝑡 (𝜀, 𝜀̇) = 𝜎0 𝜕𝑓(𝜀, 𝜀̇)/𝜕𝜀̇ are material tangent
modulus. Apparently, besides the dynamic flow stress 𝜎𝑑 , the important material
parameters 𝐸𝑡 and 𝐾𝑡 for strain hardening and strain-rate sensitive effects appear.
For two different materials, Eq. (4) can be written as
d ( d )m = ( Et )m d  m + ( Kt )m d  m

(5a)

d ( d ) p = ( Et ) p d  p + ( Kt ) p d  p ,

(5b)

and

respectively.
Substitution (𝜎𝑑 )𝑚 = 𝛽𝜎𝑑 (𝜎𝑑 )𝑝 , (𝐸𝑡 )𝑚 = 𝛽𝐸𝑡 (𝐸𝑡 )𝑝 , (𝐾𝑡 )𝑚 = 𝛽𝐾𝑡 (𝐾𝑡 )𝑝 , 𝜀𝑚 =
𝛽𝜀 𝜀𝑝 and 𝜀̇𝑚 = 𝛽𝜀̇ 𝜀̇𝑝 into Eq. (5a) leads to

d  d ( d ) p =  Et ( Et ) p d (   p ) +  Kt ( Kt ) p d (   p ) ,

(6a)

It can be rewritten as

d ( d ) p =

 E 
 
( Et ) p d p + K  ( Kt ) p d p ,


t

t

d

(6b)

d

For similarity, Eq. (6b) and Eq. (5b) should be identical, which should respect the
quantitative similarity criterion

 E 
=1


(7a)

t

d
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and

 K 
= 1.


(7b)

t

d

The two criterions can also be re-written as the dimensionless equations as

( ) = ( )
Et

m

Et

(8a)

p

and

( ) = ( )
Kt

m

Kt

p

(8b)

,
𝐸𝜀

𝑘 𝜀̇

𝑑

𝑑

respectively, where Π𝐸𝑡 = [ 𝜎𝑡 ] and Π𝐾𝑡 = [ 𝜎𝑡 ] are dimensionless numbers of the
material strain hardening and strain-rate sensitive effects, respectively.
It is easy to see that the numbers Π𝐸𝑡 and Π𝐾𝑡 are the dominant dimensionless
parameters for material similarity. For convenience, the two dimensionless numbers are
termed as ‘‘material similarity number / material number (𝑀𝑛)’’ by the present paper
and are further expressed as

Mn   =

Et (  ,  ) 

d

=

( f ( ,  ) /  )  =  ln f ( ,  )

(9a)

=

( f ( ,  ) /  )  =  ln f ( ,  ) , 1

(9b)

f ( ,  )

 ln 

and

Mn   =

Kt (  ,  ) 

d

f ( ,  )

 ln 

where the curly braces {𝜀} and {𝜀̇} represent associations with the material strain
hardening and strain-rate sensitive effects, respectively.
From Eq. (9) follows that the material number can be considered as the ratio of a

1

For the material number 𝑀𝑛{𝜀̇} , the similar forms 𝜆 = [∂σ/ ∂lnε̇ ], [∂τ/ ∂lnγ̇ ],

[∂τeff / ∂lnγ̇ ] and [𝜕𝜎𝑑 /𝜕𝑙𝑛𝜀̇] [27], termed as the strain-rate sensitivity coefficient (or
exponent), were used for macroscopic dynamic plasticity and dislocation dynamic
studies, where τ, γ̇ and τeff were shear stress, shear strain-rate and effective shear
stress, respectively. It is noted that the first three forms of 𝜆 have the dimension 𝑀𝑃𝑎;
while the last form is a dimensionless number and equivalent to 𝑀𝑛{𝜀̇}.
8
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material's ability to maintain inertial motion deformation (i.e., 𝐸𝑡 𝜀 at space and 𝐾𝑡 𝜀̇
at time) to its own resistance (i.e., 𝜎𝑑 ); it can also be considered as the rate of change
of the logarithmic exponent of dynamic flow stress (i.e., 𝑛 = 𝑙𝑛𝑓(𝜀, 𝜀̇) with 𝑛 being
exponent of the natural constant 𝑒) relative to the logarithmic exponent of deformation
(i.e., 𝑙𝑛𝜀 at space and 𝑙𝑛𝜀̇ at time); it can be also understood as the intrinsic
requirement of similarity to material basic mechanical properties of strain hardening
and strain-rate sensitive effects.
The above derivation indicates that the proposed material numbers control
similarity of the material strain hardening and strain-rate sensitive effects, and therefore
they must be respected to perform scaled experimentation in solid mechanics.

2.3. Direct and exact solution of correction factor
In an attempt to solve the inherent non-direct and inaccuracy difficulty of previous
scaling methods, the material similarity criterion developed in Section 2.2 is applied.
The similarity criterion 𝑀𝑛𝑚 {𝜀𝑚 } = 𝑀𝑛𝑝 {𝜀𝑝 } (Eq. (8a)) leads to
 ln f m (  m ,  m )
 ln  m
=

=

 ln f m (   p ,   p )
 ln (   p )

=

 ln f m (   p ,   p )
 ln  p

 ln f p (  p ,  p )

(10)

 ln  p

Let's assume that 𝜀̇𝑝 is some arbitrary constant 𝜀̇𝐶 , Eq. (10) becomes
d ln f m (   p ,   C ) = d ln f p (  p ,  C )

(11)

So, the integral of Eq. (11) results in
f m (   p ,   C )
f p ( p ,  C )

= constant

(12a)

In a similar way, when 𝜀𝑝 is some arbitrary constant 𝜀𝐶 , the similarity criterion
𝑀𝑛𝑚 {𝜀̇𝑚 } = 𝑀𝑛𝑝 {𝜀̇𝑝 } (Eq. (8b)) leads to
f m (   C ,   p )
f p ( C ,  p )

= constant

(12b)

The combination of Eq. (12a) and Eq. (12b) signifies
9
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 Mnm  m  = Mn p  p 

 constant if 
,
 Mnm  m  = Mn p  p 

(13)

Then, the direct and exact solution for Eq. (3) can be obtained as

 Mnm  m  = Mn p  p 
 f m (  p ,  p V /  )

V =
 constant if 
,

f p ( p ,  p )
 Mnm  m  = Mn p  p 
0

(14)

in which 𝜀𝑝 and 𝜀̇𝑝 can be arbitrary values and have no effect on the solution (in other
words, it can be eliminated from the equation). To illustrate the solution explicitly, an
example of constitutive equation is presented in Appendix A.
In most cases, it is difficult for two different materials to accurately satisfy the
similarity criterion 𝑀𝑛𝑚 {𝜀𝑚 } = 𝑀𝑛𝑝 {𝜀𝑝 } and 𝑀𝑛𝑚 {𝜀̇𝑚 } = 𝑀𝑛𝑝 {𝜀̇𝑝 }. Therefore, by
allowing a certain degree of errors 𝜅1 and 𝜅2 , they are relaxed as
Mn   = Mnm  m  − Mn p  p   1

(15a)

Mn   = Mnm  m  − Mn p  p    2 ,

(15b)

and

respectively.
And the direct and exact solution of Eq. (14) is further relaxed as

V =

(

)

 Mn    1
 f m ˆ p , ˆ p V / 
 constant if 
,


Mn





f p  p , ˆ p
2

0

(

)

(16)

where 𝜀̂𝑝 and 𝜀̇̂𝑝 can be some order of magnitude of structural strain and strain rate
responses, easily obtained through very simple estimation or engineering experience.

2.4. Using material similarity curves to design scaled model
The above research proves that the key to obtain the direct and exact solution of
basic correction factor is to select the best similitude materials. To evaluate the material
similarity more intuitively and conveniently, Eq. (15a) and (15b) (using 𝛽𝜀 = 1 and
𝛽𝜀̇ = 𝛽𝑉 /𝛽 , respectively) are plotted in Fig. 1, in which the ‘material number 10
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strain/strain-rate’ curves are termed as ‘material similarity curves’ by the present paper.
⚫

For strain hardening effects, since the strain 𝜀𝑚 is the same as 𝜀𝑝 , the best
similitude material for scaled model is a material whose 𝑀𝑛{𝜀} at 𝜀𝑝 is basically
identical with the corresponding prototype 𝑀𝑛{𝜀} at 𝜀𝑝 , Fig. 1a.

⚫

For the strain-rate sensitive effects, since 𝜀̇𝑚 is proportional to 𝜀̇𝑝 , the best
similitude material for scaled model is a material whose 𝑀𝑛{𝜀̇} at (𝛽𝜀̇ 𝜀̇𝑝 ) is
basically identical with the corresponding prototype 𝑀𝑛{𝜀̇} at 𝜀̇𝑝 , Fig. 1b. For
convenience, 𝛽𝜀̇ in Fig. 1b can be taken to be 𝛽̃𝜀̇ = 𝛽𝑉 /𝛽 ≈ √𝛽𝜎0 /𝛽𝜌 /𝛽 (it does
not require iteration) when 𝛽𝑉 is approximated as √𝛽𝜎0 /𝛽𝜌 from Eq. (3).

Fig. 1 Illustration the material similarity criterion (Eq. (15a) and (15b)).

3. Verification
In this section, two impacted structures with strain hardening and strain-rate
sensitive materials are used to validate the proposed methods.

3.1. Impacted circular plate with strain hardening materials
To verify material similarity of the strain hardening effects, the simple impacted
structure of a clamped circular plate subjected to impulsive velocity (as shown in Fig.
2) is used, and the well-known parabolic hardening relation [28]

 d = 0 + k n

(17)

with 𝑘 and 𝑛 being material constants is considered.
11
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Fig. 2 A clamped circular plate with 𝑅 = 300 and 𝐻 = 4 is subjected to the
impulsive velocity 𝑉0 = 60 𝑚/𝑠.
The substitution of 𝐸𝑡 (𝜀) = 𝜕𝜎𝑑 /𝜕𝜀 = 𝑘𝑛𝜀 𝑛−1 into Eq. (9a) obtains the material
number

Mn   =

Et 

d

=n

k n
.
 0 + k n

(18)

Then, the material similarity is evaluated in Fig. 3 with eight different materials
(referring to Table B.1). Apparently, if the factor 𝛽𝜀 = 1 is used to scale strain, the
OFHC copper and the Nickel 200, the 1006 steel and the α- titanium alloy as well as
the S-7 Tool Steel and the Tungsten Alloy can be intuitively considered as the best
similitude materials.

12
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Fig. 3 Material similarity curves of the parabolic hardening equation Eq. (17).
⚫

3.1.1 Formulation
For prototype, the geometry and loads are exactly the same as the impacted

circular plate. And the Nickel 200 is used. For scaled models, all geometric sizes are
scaled by 𝛽 = 1/100 . The impact velocity is scaled by 𝛽𝑉 (Eq. (16)). The best
similitude material, OFHC copper, and the non-similitude material (as a contrast),
Tungsten Alloy, are selected intuitively, according to Fig. 3. Furthermore, the
quantitative evaluation for material similarity is carried out by Eq. (15a) in which 𝜅1
is assumed to 0.03 that being about one tenth of the maximum vertical coordinate of
Fig. 3. In addition, the five orders of magnitude of characteristic strain, 𝜀̂𝑝 =
0.005, 0.01, 0.05, 0.1, 0.2 are used to Eq. (16), respectively. Ten kinds of cases with
the evaluation of material similarity as well as the basic scaling factors 𝛽, 𝛽𝜌 and 𝛽𝑉
are listed in Table 2. From 𝜀̂𝑝 = 0.005 to 𝜀̂𝑝 = 0.2 , the factor 𝛽𝑉 for the nonsimilitude material Tungsten changed by 28 percent; while, for the similitude material
Copper, it only changed by 4 percent.
Table 2
Scaled model

Material similarity evaluation and three basic scaling factors.
Material

𝛽𝜀

𝜀̂𝑚
13

|∆𝑀𝑛|

𝛽

𝛽𝜌

𝛽𝑉
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1 (𝜀̂𝑝 = 0.005)

Tungsten

1

0.005

0.128

0.01

1.910

1.743

2 (𝜀̂𝑝 = 0.01)

Tungsten

1

0.01

0.146

0.01

1.910

1.662

3 (𝜀̂𝑝 = 0.05)

Tungsten

1

0.05

0.188

0.01

1.910

1.453

4 (𝜀̂𝑝 = 0.1)

Tungsten

1

0.1

0.205

0.01

1.910

1.357

5 (𝜀̂𝑝 = 0.2)

Tungsten

1

0.2

0.221

0.01

1.910

1.261

6 (𝜀̂𝑝 = 0.005)

Copper

1

0.005

0.015

0.01

1.007

0.726

7 (𝜀̂𝑝 = 0.01)

Copper

1

0.01

0.018

0.01

1.007

0.722

8 (𝜀̂𝑝 = 0.05)

Copper

1

0.05

0.023

0.01

1.007

0.711

9 (𝜀̂𝑝 = 0.1)

Copper

1

0.1

0.024

0.01

1.007

0.705

10 (𝜀̂𝑝 = 0.2)

Copper

1

0.2

0.026

0.01

1.007

0.699

⚫

3.1.2 Results
The clamped circular plates are modelled in the ABAQUS software using the

CAX4R axisymmetric elements and discretized with 600 elements in radius and 8 in
thickness direction. In order to eliminate the errors of elasticity for similarity as much
as possible, the elastic modulus is set to 10000 times of the quasi-static flow stress so
that the maximum elastic strain is limited to 0.0001. The various responses of the
center point and neutral surface of the circular plates are analyzed below.
The refined evaluation of similarity by the strain and stress responses in time and
space fields is plotted in Fig. 4. For the scaled models with the non-similitude material
Tungsten, the strain and stress responses of these models deviate significantly from the
prototype responses whether in the time field or in the space field, Fig. 4a, c, e and g.
And the predicted results are very sensitive to the characteristic strain used in Eq. (16).
While, for the scaled models with the best similitude material Copper, the strain and
stress responses of scale model is almost exactly consistent with those of the prototype,
Fig. 4b, d, f and h. And the predicted results are not affected by the characteristic strain.

14
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Fig. 4 Strain and stress response for scaled impacted circular plates with the
similitude material Tungsten and the non-similitude material Copper.
Further evaluation of similarity by the displacement responses in time and space
fields is shown in Fig. 5. The responses of the non-similitude material Tungsten are
very sensitive to the characteristic strain 𝜀̂𝑝 and lead to significant predicted errors
(maximum error being 19 percent) for prototype, Fig. 5a and c. While, the best
similitude material Copper responses are always nearly the same as the prototype
15
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responses, only with the maximum error 0.2 percent, Fig. 5b and d.

Fig. 5 Displacement responses for scaled impacted circular plates with the
similitude material Tungsten and the non-similitude material Copper.

3.2. Impacted circular plate with strain-rate sensitive materials
To verify material similarity of the strain-rate sensitive effects, the impacted
circular plate model in Fig. 2 is used again, and the Cowper-Symonds equation [3]



 

D

1/P

 d = 0 1+ 



,


(19)

with material parameters 𝐷 and 𝑃 is considered.
The substitution of 𝐾𝑡 (𝜀̇) = 𝜕𝜎𝑑 /𝜕𝜀̇ = (𝜎0 /𝑃𝐷)(𝜀̇/𝐷)1/𝑃−1 into Eq. (9b)
obtains the material number

Mn   =

Kt

d

1 ( / D )
=
.
P 1 + (  / D )1/P
1/P

(20)

Then, the material similarity of strain-rate sensitive effects is evaluated in Fig. 6
with eight different materials in Table B.2. Apparently, if the factor 𝛽𝜀̇ = 1 (i.e., the
geometry does not scale) is used to scale strain-rate, the S355 steel and the Highstrength steel S690, the Aluminum 6061-T6 and the Copper as well as the Dual Phase
16
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1200 steel and the Stainless steel 304 can be intuitively considered as the best similitude
materials.

Fig. 6 Material similarity curves of the Cowper–Symonds equation Eq. (19).
⚫

3.2.1 Formulation
The impacted circular plates in Fig. 2 is again considered as the prototype. And

the High-strength steel S690 is used. For scaled models, all geometric sizes are scaled
by 𝛽 = 1/100 . The impact velocity is scaled by 𝛽𝑉 (Eq. (16)). Assume the
characteristic strain rate of prototype 𝜀̇̂𝑝 ∈ [0, 400 𝑠 −1 ], the best similitude material,
Dual Phase 1200 steel (DP1200), and the non-similitude material (as a contrast), S355
steel, are selected intuitively, according to Fig. 1b with 𝛽̃𝜀̇ ≈ √𝛽𝜎0 /𝛽𝜌 /𝛽 = 78 for the
S355 and 𝛽̃𝜀̇ ≈ 125 for the DP1200S. Furthermore, the quantitative evaluation of
material similarity is carried out by Eq. (15b) in which 𝜅2 is assumed to 0.03 that being
about one tenth of the maximum vertical coordinate of Fig. 6. In addition, the five
orders of magnitude of characteristic strain-rate, 𝜀̇̂𝑝 = 10, 100, 200, 400 s −1 , are used
to Eq. (16). Eight kinds of cases with the evaluation of material similarity as well as the
basic scaling factors 𝛽, 𝛽𝜌 and 𝛽𝑉 are listed in Table 3. From 𝜀̇̂𝑝 = 10 𝑠 −1 to 𝜀̇̂𝑝 =
17
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400 𝑠 −1 , the factor 𝛽𝑉 for the non-similitude material S355 changed by 38 percent;
while, for the similitude material DP1200, it only changed by 1 percent.
Table 3

Evaluation of material similarity and three basic factors.

Scaled model

Material

𝛽̃𝜀̇

𝜀̇̂𝑚 [𝑠 −1 ]

|∆𝑀𝑛|

𝛽

𝛽𝜌

𝛽𝑉

1 (𝜀̇̂𝑝 = 10 𝑠 −1)

S355

78

0.78E3

0.107

0.01

1.019

0.949

2 (𝜀̇̂𝑝 = 100 𝑠 −1)

S355

78

0.78E4

0.159

0.01

1.019

1.137

3 (𝜀̇̂𝑝 = 200 𝑠 −1)

S355

78

1.56E4

0.169

0.01

1.019

1.219

4 (𝜀̇̂𝑝 = 400 𝑠 −1)

S355

78

3.12E4

0.176

0.01

1.019

1.313

5 (𝜀̇̂𝑝 = 10 𝑠 −1)

DP1200

125

1.25E3

0.006

0.01

1.0

1.315

6 (𝜀̇̂𝑝 = 100 𝑠 −1)

DP1200

125

1.25E4

0.010

0.01

1.0

1.314

7 (𝜀̇̂𝑝 = 200 𝑠 −1)

DP1200

125

2.50E4

0.019

0.01

1.0

1.308

8 (𝜀̇̂𝑝 = 400 𝑠 −1)

DP1200

125

5.00E4

0.030

0.01

1.0

1.297

⚫

3.2.2 Results
The establishing method of numerical model of impacted circular plates is exactly

the same as that in Section 3.1.2. The various responses of the center point and neutral
surface of the circular plates are analyzed below.
The refined evaluation of similarity by the strain-rate and stress responses in time
and space fields is plotted in Fig. 7. The responses of the non-similitude material S355
used for scaled model are very sensitive to the characteristic strain-rate 𝜀̇̂𝑝 and have
significant predicted errors, Fig. 7a, c, e and g. While, the best similitude material
DP1200 responses are always nearly the same as the prototype responses, Fig. 7b, d, f
and h. Some small degree of error in the local part can be attributed to the elasticity
effects and the relaxation for |∆𝑀𝑛| = 0.
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Fig. 7 Strain-rate and stress responses for scaled impacted circular plates with the
similitude material S355 and the non-similitude material DP1200.
Further evaluation of similarity by structural displacement responses in time and
space fields is shown in Fig. 8. The results show once more that the present method
after using similitude material obtains direct and exact prediction. The maximum
prediction error of the permanent displacement of the center point is also effectively
19
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reduced from 29 percent of the non-similitude material to the current 2 percent.

Fig. 8 Displacement responses for scaled impacted circular plates with the
similitude material S355 and the non-similitude material DP1200.

3.3. Impacted crooked plate with both strain hardening and strain-rate sensitive
materials
To verify material similarity of both the strain hardening effects and the strain-rate
sensitive effects, a more complicated structure of two pre-bent plates (clamped together
at both ends) with the initial crooked angle and subjected to an axial impact mass (as
shown in Fig. 9) is used, and the Johnson-Cook equation (simplified)

 d = ( A + B n ) (1 + C ln (  /  0 ) )

(21)

with material parameters 𝐴 , 𝐵 , 𝑛 , 𝐶 and 𝜀̇0 in Table. B.2 is considered. The
structure is classified as ‘type II’ that being very sensitive to impact velocity [4].

20

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2020

Fig. 9

doi:10.20944/preprints202011.0614.v1

Crooked plates under axial impact. 𝐿1 = 0.005 𝑚, 𝐿2 = 0.025 𝑚, 𝑊 =

0.051 𝑚, 𝐻 = 0.0016 𝑚, 𝜃0 = 1.15 °, 𝐺𝑝 = 4 𝑘𝑔 and 𝑉0 = 12 𝑚/𝑠.
The substitution of 𝐸𝑡 (𝜀, 𝜀̇) = 𝜕𝜎𝑑 /𝜕𝜀 = 𝐵𝑛𝜀 𝑛−1 (1 + 𝐶𝑙𝑛(𝜀̇/𝜀̇0 )) into Eq. (9a)
and the substitution of 𝐾𝑡 (𝜀, 𝜀̇) = 𝜕𝜎𝑑 /𝜕𝜀̇ = (𝐴 + 𝐵𝜀 𝑛 )(𝐶/𝜀̇) into Eq. (9b) obtain the
material numbers

Mn   =

Et 

Mn   =

C
,
1 + C ln (  /  0 )

d

=n

B n
.
A + B n

(22)

and
(23)

respectively.
Then, the material similarity is evaluated by both ‘material number – strain’ curves
(same with Fig. 3) and ‘material number – strain’ curves (as shown in Fig. 10) with
eight different materials in Table B.2. Compared with Fig. 6, the 𝑀𝑛{𝜀̇}-values in Fig.
10 are small, which indicates that the strain-rate sensitivity of the Johnson-Cook
equation is not very significant due to further considering strain hardening effects.
21
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Fig. 10 Material similarity (only strain-rete effects) curves of the Johnson-Cook
equation Eq. (21).
⚫

3.3.1 Formulation
For prototype, the geometry and loads are exactly the same as the impacted

crooked plate. And the Tungsten Alloy is used. For scaled models, all geometric sizes
are scaled by 𝛽 = 1/10. The impact mass and impact velocity are scaled by 𝛽𝐺 =
𝛽𝜌 𝛽 3 and 𝛽𝑉 (Eq. (16)), respectively. The best similitude material, S-7 Tool Steel
(STS), and the non-similitude material (as a contrast), Armco Iron (AI), are selected
intuitively, according to both Fig. 6 and Fig. 10. Furthermore, the quantitative
evaluation for material similarity is carried out by both Eq. (15a) and Eq. (15b) in which
𝜅1 and 𝜅2 are assumed to be 0.03. In addition, different orders of magnitude of the
characteristic strain, 𝜀̂ = 0.005, 0.05, 0.2 and the characteristic strain rate, 𝜀̇̂𝑝 = 10,
250, 500 s −1 are used to Eq. (16). Ten kinds of loading cases with the evaluation of
material similarity as well as the basic scaling factors 𝛽 , 𝛽𝜌 and 𝛽𝑉 are listed in
Table 4. From (𝜀̂𝑝 = 0.005, 𝜀̇̂𝑝 = 10 𝑠 −1) to (𝜀̂𝑝 = 0.2, 𝜀̇̂𝑝 = 500 𝑠 −1), the factor 𝛽𝑉
for the non-similitude material AI changed by 31 percent; while, for the similitude
22
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material STS, it only changed by 2 percent.
Table 4

Evaluation of material similarity and three basic factors.
𝛽̃𝜀̇

𝜀̇̂𝑚 [𝑠 −1 ]

|∆𝑀𝑛{𝜀̇}| 𝛽

𝛽𝑉

5.00

50

0.033

0.1

0.630

0.084

5.00

2500

0.026

0.1

0.668

0.05

0.136

5.00

50

0.033

0.1

0.717

1

0.15

0.163

5.00

50

0.033

0.1

0.780

AI

1

0.15

0.163

5.00

2500

0.026

0.1

0.826

6 (𝜀̂𝑝 = 0.005, 𝜀̇̂𝑝 = 10 𝑠 −1)

STS

1

0.005

0.012

14.97

150

0.004

0.1

1.555

7 (𝜀̂𝑝 = 0.005, 𝜀̇̂𝑝 = 500 𝑠 −1)

STS

1

0.005

0.012

14.97

7486

0.004

0.1

1.543

8 (𝜀̂𝑝 = 0.05, 𝜀̇̂𝑝 = 250 𝑠 −1)

STS

1

0.05

0.019

14.97

7486

0.004

0.1

1.570

9 (𝜀̂𝑝 = 0.2, 𝜀̇̂𝑝 = 10 𝑠 −1)

STS

1

0.15

0.022

14.97

150

0.004

0.1

1.600

10 (𝜀̂𝑝 = 0.2, 𝜀̇̂𝑝 = 500 𝑠 −1)

STS

1

0.15

0.022

14.97

7486

0.004

0.1

1.588

Scaled model

Material

𝛽𝜀

𝜀̂𝑚

|∆𝑀𝑛{𝜀}|

1 (𝜀̂𝑝 = 0.005, 𝜀̇̂𝑝 = 10 𝑠 −1)

AI

1

0.005

0.084

2 (𝜀̂𝑝 = 0.005, 𝜀̇̂𝑝 = 500 𝑠 −1)

AI

1

0.005

3 (𝜀̂𝑝 = 0.05, 𝜀̇̂𝑝 = 250 𝑠 −1)

AI

1

4 (𝜀̂𝑝 = 0.2, 𝜀̇̂𝑝 = 10 𝑠 −1)

AI

5 (𝜀̂𝑝 = 0.2, 𝜀̇̂𝑝 = 500 𝑠 −1)

⚫

3.3.2 Results
The crooked plates were modelled in the ABAQUS software using the CPE4R

elements and discretized with 25 elements in 𝐿1 , 125 elements in 𝐿1 and 8 in
thickness direction. The impact mass was modelled as a steel mass block with the
Analytical Rigid. The contact between the impact mass and the plate used the Surface
to Surface contact. The setting method of elasticity is the same as that in Section 3.1.2.
The various responses of the impact mass, the point D (see Fig. 9) and the neutral
surface of crooked plates are analyzed below.
The refined evaluation of similarity by the strain, strain-rate and stress responses
in time and space fields is plotted in Fig. 11. The responses of the non-similitude
material Iron used for scaled model are very sensitive to the characteristic strain 𝜀̂𝑝
and the characteristic strain-rate 𝜀̇̂𝑝 and have significant predicted errors, and even
failed prediction, Fig. 11a, c, e, g and l. While, the best similitude material S-7 responses
are always nearly the same as the prototype responses, Fig. 11b, d, f, h and m. Some
small degree of error in the local part can be attributed to the elasticity effects and the
relaxation for |∆𝑀𝑛| = 0.
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Fig. 11 Strain, strain-rate and stress responses for scaled impacted crooked plates
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with the similitude material (STS) and the non-similitude material (AI).
Further evaluation of similarity by structural displacement and force responses in
time and space fields is shown in Fig. 12. The results show once more that the present
method after using similitude material obtains direct and exact prediction when the
strain hardening effects and strain-rate sensitive effects are coupled together. The
maximum prediction error of the maximum displacement of the impact mass is also
effectively reduced from 68 percent of the non-similitude material to the current 9
percent.

Fig. 12 The displacement and force response of impact mass and the horizontal
displacement 𝛿𝑥 of neutral surface for scaled impacted crooked plates with the
similitude material (STS) and the non-similitude material (AI).
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4. Discussion
4.1. Extension of material similarity for elastic and temperature effects
Is the method suggested in this paper instructive for similarity of elastic and
thermal effects of solid materials? The answer is positive.
⚫

When the linear elastic constitutive model 𝜎 = 𝐸ε𝑒 is used, the material

number is expressed as

Mn 

e

=

E e



 1,

(24)

where 𝐸 and ε𝑒 are Young’s modulus and elastic strain, respectively.
It immediately asserts that all linear elastic materials are always similar (if
influence of Poisson's ratio for similarity can be ignored) since 𝑀𝑛𝑚 {ε𝑒 } ≡ 𝑀𝑛𝑝 {ε𝑒 }.
Thus, the use of 𝛽𝜎 = 𝛽𝜌 𝛽𝑉2 and 𝛽𝜀 = 1 (Table 1) for 𝜎 = 𝐸ε𝑒 can obtain the direct
and exact correction factor of velocity as 𝛽𝑉 = √𝛽𝐸 /𝛽𝜌 .
⚫

When the Johnson–Cook equation with the temperature effects (see Table B.2)

is used, the material number is expressed as

 d (  ,  , T ) / T  T
T*
T
Mn T  = 
=m
.
*
d
1 − T T − T0

(25)

The temperature effect similarity of eight different materials are further depicted
in Fig. 13 where 𝑇0 is assumed to be the room temperature 298.15 K. Apparently, if
𝛽𝑇 = 1, the 1006 steel, the α- titanium alloy and the S-7 Tool Steel can be intuitively
considered as the best similitude materials for the Tungsten Alloy. For 1006 steel, the
ratio of the temperature effects (1 − 𝑇𝑚∗ )/(1 − 𝑇𝑝∗ ) is 1.00 and 1.03 when 𝑇𝑝 =
300 𝐾 and 800𝐾, respectively. Because it is almost unchanged, the direct and exact
property is verified. As a contrast, however, the ratio for Armco Iron (consider as nonsimilitude material) are 0.98 and 0.70, respectively. It changes significantly.
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Fig. 13 Material similarity curves of the temperature effect of the Johnson–Cook
equation.
⚫

In summary, for similarity of arbitrary material effects, the material number

𝑀𝑛 can be generalized to the form

f ( X 1 , , X i , ) / X i  X i  ln f ( X 1 , , X i ,
Mn  X i  = 
=
f ( X1 , , X i , )
 ln X i

)

(26)

for the general constitutive model 𝜎 = 𝑓(𝑋1 , 𝑋𝑖 , … ) with 𝑖 mechanical variables.
The form 𝜕𝑙𝑛(𝑓𝑢𝑛𝑡𝑖𝑜𝑛)/𝜕𝑙𝑛(𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒) is an important operator with
dimensionless property.

5. Conclusion
This paper proposed a material similarity framework for strain hardening and
strain-rate sensitive solid materials, and solves the inherent non-direct and inaccuracy
difficulty existing in all previous similarity theory of structural impact when using the
basic correction factors. Since the proposed material similarity is an important property
for the most basic stress - strain/strain-rate relation of materials, it must be respected in
solid scaling experiments. Compared with previous works about scaling that only focus
on the correction of basic scaling factors, the new proposed method is mainly reflected
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in five aspects.
(1) Based on the similarity analysis of the viscous-plasticity constitutive equation,
the material dimensionless numbers of strain hardening and strain-rate sensitivity are
derived, which are the intrinsic requirement of similarity theory for material basic
mechanical properties.
(2) ‘Material number - strain/strain-rate’ function curves are further proposed to
evaluate material similarity between scale model and prototype. According to this curve,
it is very intuitive and convenient to select the best similitude materials for the scaled
model when carrying out the scaled solid experiments.
(3) The direct and accurate solution of the basic correction factors in similarity
theory is proved theoretically. Since this solution is independent of the structural strain
and strain-rate responses, the previous inherent non-direct and inaccuracy difficulty is
overcome radically.
(4) By using the best similitude material to scaled model and prototype, different
materials with strain hardening and strain-rate sensitive effects are allowed to precisely
similar in various behaviors of the impacted circular plate and the more complicated
impacted crooked plate in time and space fields. However, when using the nonsimilitude material, the similarity errors are not controllable, which often leads to failed
prediction.
(5) The proposed method is not only suitable for similarity of material strain
hardening and strain-rate sensitive effects, but also effective for similarity of other
effects of materials such as elastic and temperature.
Since the material similarity is an important basic mechanical property of solid
materials, it is necessary to be further explored in the future.

Appendix A
The direct and exact solution Eq. (14) is verified as follows.
Consider the Norton–Hoff equation [16,26]

 d = 0 n (  /  0 ) ,
1

n2

(A.1)
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where 𝜀̇0 is the corresponding strain rate for 𝜎0 ; 𝑛1 and 𝑛2 are material constants.
The material numbers Eq. (9a) and Eq. (9b) are derived as

Mn   =

Et 

Mn   =

Kt 

d

= n1

(A.2a)

= n2 ,

(A.2b)

and

d

respectively.
If (𝑛1 )𝑚 = (𝑛1 )𝑝 and (𝑛2 )𝑚 = (𝑛2 )𝑝 , we obtain
n
(  m ) (  m / (  0 )m )
1

 = 
d

0

( ) ( / ( ) )
n1

p

p

0

n2

n2

(

=  0 n1  /  0

)

n2

 constant,

(A.3)

p

The substitution of 𝛽𝜎𝑑 = 𝛽𝜌 𝛽𝑉2 , 𝛽𝜀 = 1 , 𝛽𝜀̇ = 𝛽𝑉 /𝛽 (Table 1) and Eq. (A.3)
into Eq. (3) obtains the direct and exact solution as

V = ( 2− n )
2




0

 1

 
0


2
 ( n1 )m = ( n1 ) p

,
  constant if 

n
=
n
(
)
(
)
2 p
 2 m


n

(A.4)

which has nothing to do with the structural strain and the strain-rate responses.

Appendix B
The material parameters used in Section 3 are as follows.
Table B.1 Material properties of the Johnson–Cook constitutive equation [29] 𝜎𝑑 =
(𝐴 + 𝐵𝜀 𝑛 )(1 + 𝐶𝑙𝑛𝜀̇ ∗ )(1 − 𝑇 ∗ 𝑚 ), where 𝐴 is quasi-static flow stress; 𝐵, 𝑛, 𝐶 and
𝑚 are material constants; 𝜀̇ ∗ = 𝜀̇/𝜀̇0 with 𝜀̇0 being reference strain-rate; 𝑇 ∗ =
(𝑇 − 𝑇0 )/(𝑇𝑚 − 𝑇0 ) with 𝑇, 𝑇0 and 𝑇m being temperature, reference temperature
and melting point, respectively. Note: * from [31]; ** from [32].
Material

Density

Elastic

Poisson’s

[𝑘𝑔/𝑚3]

modulus

Ratio

0.35*

A

B

[K]

[MPa]

[MPa]

1189

112

505

𝑇m

n

C

𝜀̇0

m

[𝑠 −1]

[GPa]
Cartridge Brass [29]

8.52E3

110 *

29

0.42

0.009

1

1.68
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OFHC copper [29]

8.96E3

115 *

0.33*

1356

90

292

0.31

0.025

1

1.09

Nickel 200 [29]

8.90E3

204 *

0.31*

1725

163

648

0.33

0.006

1

1.44

1006 steel [29]

7.89E3

207 *

0.30*

1811

350

275

0.36

0.022

1

1.00

α- titanium alloy [30]

4.51E3 *

103 *

0.34*

1933**

837

731

0.31

0.011

1

0.91

S-7 Tool Steel [29]

7.75E3

207 *

0.30*

1763

1539

477

0.18

0.012

1

1.00

Tungsten Alloy [29]

17.0E3

400 *

0.28*

1723

1506

177

0.12

0.016

1

1.00

Armco Iron [29]

7.89E3

207 *

0.30 *

1811

175

380

0.32

0.06

1

0.55

Table B.2 Material properties of the Cowper–Symonds constitutive equation [3] 𝜎𝑑 =
𝜎0 [1 + (𝜀̇/𝐷)1/𝑃 ] with 𝐷 and 𝑃 being the material constants. Note: * from [31].
Material

Density

Elastic

Poisson’s

𝜎0

D

[103 𝑘𝑔/𝑚3]

Modulus [GPa]

Ratio

[MPa]

[s-1]

S355 steel [33]

8.00 *

193 *

0.30 *

448

4945

2.70

High-strength steel S690 [34]

7.85 *

207 *

0.30 *

722

18404

2.38

Mild steel [3]

7.85 *

207 *

0.30 *

210 *

40.4

5

Dual Phase 1200 steel [35]

7.85 *

207 *

0.30 *

1130

55063631

5.63

Stainless steel 304 [3]

8.00 *

193 *

0.30 *

205 *

100

10

Aluminum 6061-T6 [3]

2.70 *

69 *

0.33 *

276 *

6500

4

Copper [36]

8.89 *

115 *

0.33 *

205

1778

4.99

𝛼- titanium Ti-50A [3]

4.51 *

103 *

0.34 *

170 *

120

9
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