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Abstract

We derive new infinite series involving Fibonacci numbers and Riemann zeta num-
bers. The calculations are facilitated by evaluating linear combinations of polygamma
functions of the same order at certain arguments.

1 Introduction

The Fibonacci numbers, F,,, and the Lucas numbers, L,, are defined, for all integers n by
the Binet formulas:
a” — ﬁn

a—F3"
where o and 3 are the zeros of the characteristic polynomial, 22 — x — 1, of the Fibonacci
sequence. Thus o + 3 = 1 and a3 = —1; so that o = (1 + v/5)/2 (the golden ratio) and
B =—1/a = (1 —+/5)/2. Koshy [8] and Vajda [10] have written excellent books dealing
with Fibonacci and Lucas numbers.

F, = L,=a"+ 3", (1.1)

Our purpose in writing this paper is to employ the properties of the polygamma functions
to derive infinite series identities involving Fibonacci numbers, Lucas numbers and the
Riemann zeta numbers. We will obtain sums such as

i WCU + 3)F; = 2 tan (W\/g> sec” (W—\/g> :

o RY \/3 6 6
and
D (=176 + 1)Ly = 7 sec? (%) -3,
j=1
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and, in fact, more general series. Here ((n) is the Riemann zeta function.

The digamma function, 1(z), is the logarithmic derivative of the Gamma function:

Vo) = - 18T() = 1

dz
where the Gamma function is defined for #(z) > 0 by

I(z) = /0 T et g — /0 " (log(1/0)" dt,

and is extended to the rest of the complex plane, excluding the non-positive integers,
by analytic continuation. The Gamma function has a simple pole at each of the points
z=---,-3,—2,—1,0. The Gamma function extends the classical factorial function to the
complex plane: I'(z) = (z — 1)!

The nth polygamma function ¥(™(z) is the nth derivative of the digamma function:

dn—i—l

M) () = - ©0)(,) —
PI(e) = - logT(z) = (2, () = ()
The polygamma functions satisfy the recurrence relation,

m!

(m) — ™ _1ym
Pz +1) = p(z) + (-1 (12)
and the reflection relation,
(=)™ (1 = 2) =™ (z) = T cot(m2) . (1.3)
zZm
The Taylor series for the polygamma functions is
Syt I ey G ), w1 (1.4)
3=0 I
- Z DG+ 1) =z + 1), (15)

where 7 is the Euler-Mascheronl constant and ¢((n), n € C, is the Riemann zeta function,

defined by
=1
=17

and analytically continued to all n € C with (n) > 0, n # 1 through

)= s S T

= 7

Further information on the polygamma functions can be found in the books by Erdé-
lyi et al. [3, §1.16] and Srivastava and Choi |9, p. 33]. The book by Edwards [2] is a good
treatise on the Riemann zeta function.

Infinite series involving Fibonacci numbers and Riemann zeta numbers were also derived
by Frontczak [4, 5, 6], Frontczak and Goy [7| and Adegoke [1].
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2 Preliminary results

Here we derive more functional equations for the polygamma functions. We also evaluate
required linear combinations of the polygamma function at appropriate arguments.

2.1 Functional equations

Writing —z for z in the recurrence relation (1.2) and making use of the reflection rela-
tion (1.3), we obtain the duplication formula

Y (=) — (~1)™(z) = (~1)" e cot(nz) + o (2.)
and consequently,
m! m)!
0 (=) = P (—y) = ™ (@) — " (y) + gl gyt
+ 7 —— cot(mrz) — T —— cot(72) , meven,
dz I dz =y
m m m " m! m!
00 (=) + 0 (=) = =@ ) + 0) + i+
—m — cot(m2) —m ——cot(mz)| , modd.
dz _— dz =y
In particular, if z + y = 1, then,
m | |
M) (_g) — M () = — L mo_
P (=) =P\ (—y) = —7 T cot(mz) _ + o —» meven, (2.4)
(m) (m) " mi :
S+ U y) = o feot(ns)| b modd.(29)

Writing 1/2 — 2 for z in (1.3) gives

(—1)mapm) (% + z) gl (1 _ z) L cot(na) | (2.6)

2 dx™ x=1/2—z
Eliminating 1™ (2) between (1.2) and (1.3) gives
am —1)™m)!
YO (L4 2) = (<L) (1 = 2) = —7—— cot(r2) + (Z# (2.7)
If x — y = 1, then the recurrence relation gives
() — M (y) = Ty (2.8)
while if © + y = 1, the reflection relation gives
(m) mapm) () — g 4
P (@) — (1)) = —m o cot(mz)| (2.9

d0i:10.20944/preprints202011.0539.v2
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The recurrence relation has the following consequences:

(x4 1) =™ (y + 1) = 9 (2) — ™ (y)

m+1l _ o mtl 2.10
_ (—1)mm!—x (xy)m?il ) (2.10
9@+ 1) + Py + 1) = 6 () + ()
m+1 m+1 211
1y .

For any x and y such that 1 —2 ¢ Z~, 1 —y ¢ Z~ and = # 1, y # 1, relation (2.7) implies

YA+ ) =M1 y) = (1) ("1 - 2) = ™ (1 - y))

m dm
e cot(mx) + Wdy_m cot(my) (2.12)
(=1)™m!  (=1)™m!
xm-{—l ym—f—l ’

YLt 2) + ™ (L y) = (1) (0 (1 - 2) + 0 (1 - y)

_ 7de_m COt(ﬂ'l’) — ﬂ—dy_m COt(ﬂ'y) (213)
“1)mml (=1

+ G+
xrm ym

From the functional equation (2.12), it follows that if m is even and = + y = 1, then,

m

P14 z) — ™A +y)=n i—m cot(mz) _ + x;nll — y:ll . (2.14)
From the functional equation (2.13), it follows that if m is odd and = + y = 1, then,
P14+ 2)+op™WA+y) =7 a cot(mz) _om . (2.15)
dzm ., amtl ymi
If m is an even number and x + y = 2, equation (2.12) gives
M1+ z) =M™ (14 y) = -7 dz—mm cot(mz) . + § _n;!)m+1 + x:il — y:il , (2.16)
while if m is an odd number and x 4+ y = 2, equation (2.13) gives
P14+ 2) + ™1 +y) = -7 a cot(mz) - m! _om ! . (2.17)
dzm . (gt gl e
Note that we used
s dz—n:n cot(mz) _ +7 dZ_n; cot(mz) . =0, meven,

d0i:10.20944/preprints202011.0539.v2
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and .
T cot(mz)

From (2.6) we have

+ 7 — cot(mz) — 71 —— cot(7z) :
dzm z=1/2—x dz z=1/2—y
(2.18)
1 1 1 1
S DU YAGON (m) [ = — _pm [ Z _ _pm (=
(—1) (@/} (2+5E>+¢ 5 TY (8 5 7 (G 5 Y
+ 7 —— cot(rz) + 7 —— cot(mrz)
dz z=1/2—x dz z=1/2—y
(2.19)

Thus, if m is even and = + y = 1, then from (2.18) and the duplication formula, we have

1 1 dm
w(m) (5 + .T> _ w(m) (5 -+ y) = —7T dz_m COt(ﬂ'Z)

and if m is odd and z + y = 1, then from (2.19) and the duplication formula, we have

m!

e

z=1/2—y

(2.20)

1 1 am m)!
(m) (= (m) (= — 1ot " (221
o (gra) v (g0) = m fmentra)| | - @20
2.2 Evaluation at various arguments
Lemma 1. We have
P () — ™ () = —x ;— cot(mz) . m even, (2.22)
zm zZ=x
(m) m gy — —x L
P (o) +(B) = -7 o cot(mz) , m odd, (2.23)
dm
P (a?) — ™ (3 = o cot(mz) +m!Fy,1V5, m even, (2.24)
z=03
Y™ (a?) + ™ (3%) = -7 jz_m cot(mz) —m! Ly, m odd, (2.25)
z=p
m m! m!

+ (\/g)m-i-l + om+1 Fm+1\/5> m even, (2.26)
z=20

Y (0) — () = 7 cot(nz)

m

V(@) 4 9 (F) = 7 D cot(r2) LI

B (\/g)m-i—l ~ gm+l Lyt1, modd, (2.27)
z=20
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dam 1gm+1
w(m)(a3/2) — w(m)(ﬁfﬂ/g) =T cot(mz) /o + (T:L/gw, m even, (2.28)
dm 1gm+l
w(m)(a3/2) + ¢(m)(ﬁ3/2) =T cot(mz) /o — (T\H/EW’ m odd, (2.29)
B (o7 L) — (B /L) = 1 D cot(rz) Cmoeven,  (2.30)
dz z=a" /Ly
Y™ (a" /L) + "™ (3" /L) = —7 A cot(mz) ,  m odd, (2.31)
dzm z=a" /Ly
w(m) (FOC:/E) . w(m) (Fﬁ:/g) _ (—1)Tm+T+mm!F:n+1(OéT\/g)m+l, (2‘32)

YO +207 /L) — ™ (1 + 267/ L)

- m m LM+ (=1)'m! LM E, VB
— T g cot(mz) 207 /L, + (F/5)m+! N om+1 , M even,
(2.33)
(14207 /L,) + ™ (1 4267/ L,)
dzm N \/g)m+1 gm+1 ’ )
w(m)<_ar/LT> . w(m)(—ﬁ’"/l}r)
" 2.35
=T om cot(mz) - m!L’r”“(—l)rFT(mH)\/E, m even, (2.35)
Zm
Z:/BT/LT
w(m)<_ar/LT> 4 77b(m)(_ﬁr/LT)
" 2.36
= —m —— cot(rz) + mIL Lygr),  m odd. (2.36)
dzm T (m+1)
& ==87 /L

Proof. To prove (2.22) and (2.23), set * = o, y = # in (2.9). To prove (2.24) and (2.25),
set © = «, y = [ in (2.14) and (2.15). Setting z = 2a, y = 20 in (2.16) and (2.17)
gives (2.26) and (2.27). To prove (2.28) and (2.29) set x = a, y = [ in (2.20) and (2.21).
Use of x = o"/L, and y = ("/L, in (2.9) gives (2.30) and (2.31). Identity (2.32) is
obtained by setting z = " /(F,v/5) and y = 8" /(F,v/5) in (2.8). Identities (2.33) and (2.34)
follow from (2.16) and (2.17), upon setting x = 2a" /L, and y = 23" /L,. Identities (2.35)
and (2.36) are obtained from (2.4) and (2.5), with x = " /L, and y = "/ L,. O
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3 Main results

Theorem. If r and m are integers, then,

Z J+1—m I 4 j 4+ 1)E,
Jj=1 (F)

C fy e~y 452}, m2o0,
S (m +J)
———((m+j+1)L,;z
Jz: (L)
= (-1)™" 1{¢ )(l—l—ofz)—l-iﬂ(m)(l—{—ﬂTZ)}y m>1.
Proof. Writing "z for z in the Taylor series (1.4), we obtain
(—1)3'“@«771 +i+ 1) = (=)™ (a2 +1). (3.1)
=0 '
Similarly,
> 1 I G 4 1) = (-1 4 1), (32)
=0 :

Subtraction of (3.2) from (3.1) gives (F) while their addition produces (L), on account of
the Binet formulas. O

Note that, in view of identities (2.10) and (2.11), the right hand side of (F) and (L) can be
expressed as:

1
3.3)
—1)"m! (
\/— {1/1 — ™ (B"= )} —( zm>+1 Frmy1), m even,
PONa"z 4+ 1) + (672 + 1)
(m) (o (m)( gr m! (34)
= ¢ (O[ Z) + ¢ (ﬂ Z) — WLr(erl), m odd.
Corollary 1. We have
0 ' 1
Z( 1)J+1(m'+‘_]) ¢(m ‘;]J + )F3]
, J:
7j=1
3.5
1 [ ar ml 2m+1 Lomet 339)
= ~ 7 Loy cot(mz) - - W +m! 2" Fyis,  m even,
z2=vb5/2
- m+]'g(m+y+1)
Z 27 Ls;
7= 3.6)
am m! 2m+1 @
= —71—— cot(mz) —m! 2" Ly s, m odd.
dz z—\[/2 (\/S)m—l-l
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Proof. Set r =3, z=1/21in (F) and (L), noting (3.3) and (3.4) and using (2.28) and (2.29).

0
Example 1. We have
= L+ DE+2)
> (—D”“Q%c(a + 3)Fy;
= (3.7)
273 mf , (75 13616
= ——=cot | —— | csc + ,
\/_ 2 25
- ' 5\ 364
Z ) (j =+ 2)L3J = 7T CSC <%_> — ? . (38)
j=
Proof. To prove (3.7), set m = 2 in (3.5), while m = 1 in (3.6) proves (3.8). O
Corollary 2. If r is an integer, then,
= m+ ] .
> (- ”1—'LJ) ((m+j+1)F,
7=l ; (3.9)
T m
—= —— cot(72) — (=1)"m! L E g1y, M even,
\/_ d Z:ﬂT/LT
G (m + j ,
Z 'LJ) C(m+j+1)L,,
= (3.10)
= —T —— cot(72) —m!L M Long1y,  m odd.
d Z:ﬁT/Lr

Proof. Set z=1/L, in (F) and (L), noting (3.3) and (3.4) and using (2.30) and (2.31). O

Example 2. We have

S DD g

1 ¥
j=
273 /5 ™™D (3-11)
="_tan | — | sec® | — | — 432,
V5 6 6
Z (=1)7715¢(5 + 1)Ly = 7 sec? (%) —-3. (3.12)
j=1

Proof. Set m =2, r =2 in (3.9) to prove (3.11) and m = 1, r = 1 in (3.10) to prove (3.12).
0
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Corollary 3. If r is an integer with |r| > 1, then,

=1 pi
o 1 am t m!L:nJrl rm!L;nJrlFr(erl)
B, e T e
(3.13)
> (m + j)! .
Z G2 o YCmt g+ )Ly
= B o (3.14)
m 17 m 1Lm (.
= — m—— cot(72) Lo I 1( +1), odd.
dzm =207 /L, (Fr\/5>m+1 om+
Proof. Set z=2/L, in (F) and (L) and use (2.33) and (2.34). O
Example 3. We have
< +1)(+2) .,
> (- UHDUED g,
= (3.15)
13616 2n° ™5 , [ 7V5
= —cot | —— |csct | — |,
25 5 2 2
S + 1 5\ 364
Z il ) C(j +2)Ls; = 7 csc (%) - (3.16)
Jj=
Proof. Set m = 2, r = 3 in (3.13) to prove (3.15) and m = 1, » = 3 in (3.14) to prove (3.16).
[
Corollary 4. If r is an integer with |r| > 1, then,
——((m+j+1)F,; = — cot(mz) , m even, (3.17)
j—zl .7' LZ’ ! \/_ dZ z=0" /Ly
— (m + j)! : i
Z TC(m +j+ 1)L, =—m T cot(mz) ,  m odd. (3.18)
]:O j. L'r Z:,BT/LT
Proof. Set z=—1/L, in (F) and (L) and use (2.35) and (2.36). O

Example 4. We have

i WCU +3)Fy; = 2 tan (W\/g) sec? (W—\/g> ; (3.19)

j=1 ¥ V5 6 6
i U+1) C(j +2)Ly; = 7° sec? (322/5) : (3.20)
=0

Proof. To prove (3.19), set m = 2, r = 2 in (3.17). To prove (3.20), set m = 1, r = 4
n (3.18). O
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