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ON THE FOURTH COEFFICIENT OF THE INVERSE OF A
STARLIKE FUNCTION OF POSITIVE ORDER

TOSHIYUKI SUGAWA AND LI-MEI WANG

ABSTRACT. We consider the inverse function z = g(w) of a (normalized) starlike function
w = f(z) of order « on the unit disk of the complex plane with 0 < a < 1. Krzyz, Libera
and Zlotkiewicz obtained sharp estimates of the second and the third coefficients of g(w)
in their 1979 paper. Prokhorov and Szynal gave sharp estimates of the fourth coefficient
of g(w) as a consequence of the solution to an extremal problem in 1981. We give
a straightforward proof of the estimate of the fourth coefficient of g(w) together with
explicit forms of the extremal functions.

1. INTRODUCTION

We denote by A the set of analytic functions f(z) on the unit disk D = {z € C: |z| < 1}

normalized by f(0) = f/(0) —1 = 0. Let S denote the subset of A consisting of univalent
ones. Each function f € § is expanded in the form
(1.1) f(2) :z—i—Zanz”.

n=2

The Bieberbach conjecture asserts that |a,| < n for n > 2 and it is finally proved com-
pletely by de Branges in 1984 (see, for instance, [4]). We note that equality holds for the
Koebe function K(z) = z/(1—2)? = 2+ 22+ 32+ - - . The Koebe one-quarter theorem
implies that f(ID) contains the disk |w| < 1/4 so that the inverse function z = g(w) of
a univalent function w = f(z) in § is analytic on |w| < 1/4. We expand g = f~! in the
form

(1.2) g(w) =w+ Z byw™.

Léwner [10] showed the sharp inequalities

(2n)! 1 [2n
by| < - L n=2,3,...
| ‘_n!(n—i—l)! n+1\n "

(see also [4, §7.9]). We note that equalities hold for K (w) = [1 — 2w — /1 — 4w]/(2w).
A function f € A is called starlike of order « if

Re <ZJ{(<Z’§)) >a, 2D,
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for a constant a € [0,1). We denote by S*(«) the set of those functions f. A function
in $*(0) =: §* is simply called starlike and known to map I univalently onto a starlike
domain in C with respect to the origin. Hence S*(a) (C §*) is contained in S for 0 <
a < 1. For a function f in S*(a), Robertson [12] proved the sharp inequality

| ’<F(2—2a—|—n—1) (2 —2a),1

Ap| > = s

I'(2 — 2a)T'(n) (n—1)!

for each n > 2. Here, (a),, is the Pochhammer symbol and means a(a +1)---(a +n — 1)
for n > 1 and (a)o = 1. Equalities hold above for the function

o

z (2 — 205)an n
Ko(2) = S :;Wz :

It is also known that f(ID) contains the disk |w| < 27207 for every f € S*(a). However,
sharp inequalities are less known for the inverse functions of starlike functions of order
a > 0. Krzyz, Libera and Zlotkiewicz [6] gave the sharp estimates
b2 < 2(1 — )
and
by| < (1 —-a)(5—6a) for0 <o <2

= 11—« f0r§§a<1.
Equality is attained by g = K;! for |by| and for |bs] with 0 < o < 2 and by g = K} for
|bo| with 2 < o < 1, where

Ka,n(z) = {Ka<zn)}1/n =

z
(1 _ Zn)Q(l—a)/n ’

0<a<l, n=1,2,3,....

Campschroer [2, Theorem 2.IX] proved the following theorem, except for the explicit
expression of the bound in the first case and for the second case, both of which were
shown by Kapoor and Mishra [5].

Theorem A. Let f~(w) = w + bow? + bgw® + - -+ for an f € S*(a). Then

(
(n Qna'+2)n1 forOﬁaSg,
n! n
(n—2na+k+ 1), k E+1
b,| < Yca< T k=2,....n—2,
bl < 9 nn—1)(n—k—1)! forn_a n "
2(1 — -1
M, forn <a<l.
. n—1 n

Moreover, equality holds when f = K, for the first case, and equality holds when f =
Ko n-1 for the last case.

We remark that the above result was extended to the so-called Janowski starlike func-
tions by Ali and Vasudevarao [1].

Though the sharp bound of |b,| is not known for n > 5 and 2 < v < =1, Prokhorov and
Szynal [11] obtained the sharp bounds of |by| for (o, f)-convex functions, which contains
the case of starlike functions of order «. Indeed, for given real numbers p and v, they
solved the extremal problem of finding the maximum |ez + pejes + veb| over all the
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analytic functions w(z) = e12 + e22% + €32% + -+ on D with |w(2)| < |z|, and then they
derived their main results from the solution to this extremal problem (see also [2, Lemma
2.VI]). They also provided the information of extremal functions in terms of the function
w determined by the relation zf'(z)/f(2) = (1 + (1 —2a)w(2))/(1 —w(z)). Therefore, the
expression of the extremal functions is not very explicit. We will give a more detailed

proof of it with explicit forms of extremal functions as follows. (See also [2, Theorem
2.VIII].)

Theorem 1.1 (c¢f. Prokhorov-Szynal [11, Theorem 27]). Let f~'(w) = w+ byw? + byw? +
byw* + - -+ for a function f € §*(a) with 0 < o < 1. Then the following sharp inequality

holds:
) . 3
g(l—a)(3—4a)(7—8a) szSOéSOél:g,
4(2 = 3a)%2(3 — 4a)(7 — -
(2 —3a)%?(3 — 4a)(7 — 8a) ifag < a<ay= m ~ 0.609488,
| < 3v5 — 8a 48
~ )2 /11 —12a)\*? fon<a<a
3 6 2 > ~ &3,
2
\5(1_04) ifaz < a <1,
where

]_ 3 3
a3 =g (21 13 2vIT - {13 - 2\/11> ~ 0.685369.

If 0 < a < ay, then equality holds for f = K,.
If ap < a < ag, then equality holds for
fz) =

z
(1 — 2)20-0)A(1 — i )2(1—a)(1-X)’

where

5 — 8«
B (50 — 3)(7 — 8av)
2(1 — a)2(72a — 43) — (1 — a)y/(3a — 2)(72a — 43) (2402 — 33a + 11)
If as < a < ag, then equality holds for

£(2) z h 11 - 12«
Z) = wnere s = —_— .
(14 2)1-0)(=s)(] — z)(A=a)(1+s)’ 4v6(1 — a)

If a3 < a < 1, then equality holds for f = K, 3.

[4 (72a% — 103 + 36)}
0y = arccos ,

Let B(«) be the sharp bound for |b4| given in the above theorem. The graph of the
function B(«) in the range 1/2 < a < 1 is exhibited in Figure 1.

The organization of the present note is as follows. In the next section, a few preliminary
results are given. Some of them may be useful in different situations. Section 3 will be
devoted to the proof of the main theorem except for the technical Lemma 3.1, which will
be shown in Section 4.
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FIGURE 1. The graph of the bound B(«) for |by| in the range 1/2 < o < 1

As the reader will observe, our proof is quite involved with heavy computations. It is
quite surprising that Prokhorov and Szynal were able to show it (even in a much general
form) as early as in 1981. Finally, the authors would like to thank Professor Ponnusamy
for conveying the paper [11] to their attention. Before that, the authors prepared the
manuscript, being unaware of [11]. The authors believe that the present paper has a merit
in the sense that it may give new techniques to the reader to attack similar problems.

2. PRELIMINARIES

Recall that an analytic function p on D with p(0) = 1 and Rep > 0 is called a
Carathéodory function. We will denote by P the set of Carathéodory functions. Therefore,
we can say that a function f € A is starlike of order «v if and only if p(z) = [zf'(2)/f(z) —
a]/(1 — a) belongs to P. In this case, we can write

2f'(2)
f(z)

It is therefore fundamental to investigate the coefficients of Carathéodory functions in
order to study starlike functions of order av. We will introduce several necessary results in
this section. The next result is essentially due to Libera and Ztotkiewicz [9] (the present
version is found in [8]).

(2.1)

—a+(1-a)p(2).

Lemma 2.1. Let p(z) = 1+ 2¢12 + 2c922 +2c32° + - - - be a Carathéodory function. Then
G = u
co = u*+o(l—|uf),
cg = w4+ (1—|u®)vu—av) + (1 —|ul®)(1 — [v[)w

for some u,v,w € D. Conversely, for complex numbers c1, cs,c3 expressed as above, there

is a Carathéodory function p satisfying p(z) = 1 + 2c12 + 2c022 + 2¢32° + O(2%).

We will also make use of the next result derived from Carathéodory-Toeplitz theorem
(see [7, Lemma 2.6]).
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Lemma 2.2. Let p(z) = 1+ 2c12 + 2¢92% + -+ be a Carathéodory function with ¢, = ¢ €
0,1). If co = ® +v(1 — ) for some v € C with |v| =1, then

14+¢12 1+e52
2.2 = A A
( ) p<Z> 11—812+ 21—822’
where e = ¢ — qe**/1 — c? and e = ¢+ ¢ te\/1 — 2 with ¢ = %argv € (=% 3], and
M=1/1+¢%), Ma=¢/(1+¢*) and q = (ccosp + /1 — 2sin? p)/v/1 — c2.

We remark that the above condition on ¢; = ¢ and ¢, means that the equality |co — 3| =
1 — |e1)? holds. Furthermore, the condition ¢ = 1 corresponds to the case when \; = 1.

Note that |e1] = |ea| = 1. Thus, they can be expressed by ; = ¢?t and e, = € for
some #;,05 € R. Note also that

1— 2
(23) A= ¢ and Ay =1— .
2 — 24 c2cos2p + cy/2(1 + cos 2¢) — c2sin® 2

It is convenient to notice the following fact. The function f € A determined by the
equation (2.1) for the function p in the form of (2.2) should satisfy the equation
f/(Z) 1 1 2)\181 i 2)\262

%_;:;[OJ—FO_O&)I)(Z)_H:(1_a> 1—eg2z 1—¢9z

Integrating both sides, we obtain
fz) _
log ——= = —2(1 — a)A\ log(1l —e12) — 2(1 — a) A2 log(1 — e32),
z
and hence, the expression

z
f(z) = (1 _ €1Z)2(1_a)>\1(1 _ 522)2(1—&))\2 .

By taking the rotation &, f (£72) = €' f(e="12), we can replace g1, &5 by 1,6 = Z1ep = €,

respectively, where 6y = 05 — 6. Moreover, we may assume that Ime > 0 by considering
f(2) if necessary. We now compute

cosfly = Re (F1e0) =2¢® — 1 — V1 —c2(q—q ) cosgp
= 2c%sin® p — 1 = (1 — cos2p) — 1.

Thus an extremal function can be given in the form

(2.4) f(z) = -

(1 _ 2)2(170{))\1(1 _ 67;902)2(1751))\27

where 0, = arccos [02(1 —cos2p) — 1}.

For real constants A, B, C' we consider the quantity |A+2Be® +Ce??| for § € R. Since
this is invariant under the transformation # — —0, it is a function of x = cos#. Thus we
can define a function @ : [—1, 1] — [0, +00) satisfying

(2.5) ®(cos ) = |A+2Be + Ce*™|.

We define Sgnz = x/|z| for x € R with  # 0. The next elementary lemma (cf. |3,
Lemma 3.3]) is useful in the sequel.
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Lemma 2.3. Let A, B, C be real constants with AC' < 0 and set { = —B(A+C)/(2AC).
Then the function ® satisfies the inequality

P(—1)=|A-2B+C|=SgnB(-A+2B-0C) if £ < —1,

Pa) < Ca(e) = \/1- a0 fo1<e<t,

P(1)=|A+2B+C|=SgnB(A+2B+C) if1<¢
for =1 <x <1.

3. PROOF OF THE MAIN THEOREM

We are ready to show Theorem 1.1.
Let f € S*(a) be of the form (1.1). Then we may write

2f'(2)
f(2)
for a Carathéodory function p(z) = 1+ 2(c12 + cp2? + - -+ ), where we put 8 = 1 — « for

the sake of simplicity.
By a comparison of the coefficients, we have the relations

a9 = 2501,
as = 25203 + /BCQa

=a+(1—a)p(z) = 1+2ﬁchz"
n=1

4 2
[ gﬁsci + 2ﬁ26102 + 5563.

Let g = f~! be of the form (1.2). Then simple computations yield

b2 = —ag,
by = —az + 2ay,
(31) b4 = —ay + 5(12&3 — 5(1%

By using these relations, we have
2 2
b4 = —gﬁ ((33 — 1250102 + 32526?) = —gﬁQ,
where QQ = c3 — 128¢1co + 3263%¢3. Let M = M () denote the quantity
sup {|c3 — 128c1c0 + 328%¢}] : p(2) = 1 + 2c12 + 2¢02% + 2¢32° + O(z*) for some p € P}.

Thus we need to show

(45— 18- 1) 125> 6=2,
2(38 — 1)32(48 — 1)(86 — 1) . 13 4++/33
pr=>202pr=—g—,
(3.2)  M(B) = 5\/852— 3 ' ? 48
%(1256_1) i 6> 6> fy=1—as,
1 if B3> >0
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with enough information about the extremal functions, in addition. We now use Lemma
2.1 to parametrize the quantity () as

Q= (88— 1)(48 — Du’ —2(68 — 1)(1 — |u)uv — (1 — [ul)aw® + (1 — Jul*)(1 = [v[*)w
= Ae*™ 2BV L Cei Y (1 — 5%)(1 - t)w
where u = se?, v = te’® and
= (88— 1)(4p - 1)s’
B=—(68-1)(1—s%st
C=—(1—s%st*
Note here that the condition |c; — ¢?| = 1 — |¢;|* is equivalent to ¢ = |v| = 1. Since the
argument of w can be taken arbitrarily, we have the sharp inequality
Q1 < 4+ 2B 4 0] 4 (1= (1~ )
= B(cos(p— 20)) + (1 — (1 — ),
where @ is defined in (2.5). We next divide the proof into two cases.

Case I: When 0 < a < %, in this case }1 <p <1
We note that 86 —1>65—1>45—1>0. Hence A > 0,C < 0 and B < 0 as long as
st > 0. In order to apply Lemma 2.3, we compute

B(A+C) (68 - 1{(86 - 1)(48 — 1)s* — *(1 - 5*)}

(3:3) $=""9dc ~ 252t(48 — 1)(88 — 1)
Therefore, by Lemma 2.3, M(f3) is the supremum of the following quantity over s,t €
(0,1] :
O(—1) + (1 —s?)(1 —t?) = Fi(s,t) if € < —1,
Fls,t) = { 0() + (1- (1 - ) = Fy(s,t) i —1<€<1,
O(1) + (1 —s*)(1 —t?) = F3(s, ) if1<¢.
Here,

Fi(s,t) = (88 —1)(4B — 1)s* +2(68 — 1)(1 — s*)st — (1 — s?)st* + (1 — s*)(1 — t?),

Fy(s, 1) = \/((686@:11))2(;54f2f)2 (86— 1)(4 — 1)s* + (1 — )} + (1 — 2)(1 - £2),

Fy(s,t) = —(88 —1)(48 — 1)s® +2(68 — 1)(1 — s?)st + (1 — s?)st* + (1 — s*)(1 — t2).
By its form, the function F(s,t) is continuous on [0, 1]? = [0,1] x [0, 1]. We observe that
¢ < —1if and only if

82 (6/6 — 1)t 0'2<t)2,

T (68— =288 - 1)(48 - 1)t + (88— 1)(68 —1)(48 — 1)
and that £ > 1 if and only if
2 (68 — 1)t?

TS D+ 288 —)(AB - 1)t + (86— D6F - DB -1) (1)
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FIGURE 2. The regions 1, 25, 23 when }l <pB< %

Here, 0 < 04(t) < 039(t) and o1(t) < 1 for 0 < ¢ < 1. Note that

(3.4) s1:=01(1) = 1/% € (0,1),

which is a decreasing function in 8 > 0. In view of the form of 1/0;(t)?, we observe that
01(t) and oy(t) are monotone increasing and continuous on 0 < ¢ < 1 and o5(t) = 1 when
65 —1
t = tl = 6 .
2
For a fixed 8, we divide the set [0,1]? into three closed regions €y, Q3 according
as £ < —1,—1 < & < 1,1 < &, respectively. More precisely, we can define them by
Ql = {(S,t) S [O, 1]2 : Ug(t) < S}, Qg = {(8,t> S [O, 1]2 : Ul(t) < s < 0'2(t>}, Q3 =
{(s,t) € [0,1]? : s < oy (1)}
Then

M = M(B) = max F(s,t) = max{M;, M, Ms},

s,t€[0,1]
where

M;: = Fi(s,t =1,2,3.
J (S%%}éj J<S7 )7 J ) <y
According to the conditions ¢; € (0,1) and ¢; > 1 of ¢;, we consider two subcases to
find the value M (p).

Subcase Ia: When 4—11 < B < %, we have t; € (0,1). See Figure 2 for the domains
1,9, Q3 in this subcase.

At this point, it is worth noting that M > F;(0,0) = 1 for any /8 € (3, 3). Our strategy
to compute M is as follows. In order to find the value of M, we first look for critical points
of the function Fj in the interior Int €2; of ;. If there is no critical point, the maximum
must be taken on the boundary 0€2;. Thus we have only to look at the boundary values
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On the value M; : By the identity
OF
08 s0) = 201 = 2){(68 — 1+ 1)s — 1},
critical points of F} in Int €2, lie on the curve s = t/(68 — 1 + t). Since

2 t ’
oa(t) = (66 —1 +t)
_ 453%t%(68 — 1 — 2t) -
(68— 1+6)2{(68 — 1)t2 —2(86 — 1)(4B — )t + (88 — 1)(68 — 1)(45 — 1)}
for 0 < t < t1, there is no critical point of Fi(s,t) in Int ;. Thus the maximum M; of F}
is taken on 0€23. Simple computations yield

Fi(1,t) = (88 —1)(48 - 1),

Fi(5,0) = (88 —1)(4B — 1)s* + 1 — % =: ©(5).
Since ¢'(s) = {3(88 — 1)(45 — 1)s — 2}s, the function ¢(s) is decreasing in 0 < s <
2/[3(88 — 1)(48 — 1)] and increasing in 2/[3(858 — 1)(45 — 1)] < s. In particular, the
maximum of Fi(s,0) is taken at s = 0 or s = 1 on [0, 1]. Noting that the function
Fi(02(t),t) takes the value F;(0,0) = 1 for ¢t = 0 and Fi(1,t;) = F1(1,0) for t = ¢, the
maximum of F} on 2 is attained on the common boundary curve s = o9(t) (0 <t < t;)
with Q5. Hence, we conclude that M; < My so that M = max{Ms, M3}.

On the value M, : Since

8F2 ) ) 452(1 — 52)
o =2t(1— ) (\/1+ (88 —1)(45 1) _1> -

for s,t € (0,1), the function Fy(s,t) is increasing in 0 < ¢ < 1 for a fixed s € (0,1).
Therefore, the maximum M, is taken on either the segment [s1,1] x {1} or the common
boundary s = o1(t) (0 <t < 1) with Q3. If we put

M, = max Fy(s, 1),

s1<s<

then we have M = max{Ms, M,}.
We now look for the maximum of the function

n(z) = (88 — 1)(48 — DFa(v, 1)* = {(68 — 1)* — 45%}(326% — 125 + 1)’
on s < x < 1. Here we remark that max n(z) = (88 — 1)(48 — 1)M?. Since

2
1S

' (v) = 128(326%r — 128z + 1){1923% — 1363* + 298 — 2 — 45%(83 — 3)x},
the function 7(x) has possibly a critical point at

- 1923 — 13642 + 296 — 2
Y (R}

In view of the formulae
(88 —1)(4B —1)(58 —2)
4p2(86 — 3)

0(5) — 1 =
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and
o) — 52— (38— V(5 - 1)(2888% — 1564 + 17)
1 85°(85 — 3) (245 — 5) |
we see that s? < 6(8) < 1 precisely when (13 + v/33)/48 < f < 2/5 for B under
consideration. Note here that (13 + v/33)/48 ~ 0.390512 > 3/8. Also, we note that
n'(1) = 123(88 — 1)?(48 — 1)*(583 — 2). According to the above observation, we consider
the following three cases.
(1) When 1/4 < 8 < (13++/33)/48, n(x) is decreasing on [s?, 1] and therefore Fy(s, 1)
is decreasing on [sy, 1]. Hence, we have My = Fy(s1,1) < M3 because (s1, 1) € 0.
(ii) When (13 ++/33)/48 < B < 2/5, n(w) is increasing on [s?,0(3)] and decreasing on
[0(5), 1]. Hence n(x) takes the maximum at z = 6(3). A straightforward calculation

produces
488 —1)3(4B —1)3(38 —1)3
oty = AOB =018 g
and therefore
1y, 2086 = 15~ 1)(35 — 1)?"
b B(8p —3)1/2 |

(iii) When 2/5 < 8 < 1/2, n(x) is increasing on [s?, 1] and so is Fy(s, 1) on [sy, 1]. Thus
M, = Fy(1,1) = (88 — 1)(48 — 1).

On the value M3 : The last step is to solve the extremal problem on 3. To find a critical
point of F3, we solve the system of equations

%?=2U—sﬂ@wﬂ—1+ﬂ—w}zq
% = =3(88 =1+ )48 — 1+ 1)s” = 2(1 — t*)s + t(126 — 2 +1) = 0.

Solving the first equation, we have the relation s = ¢t/(65 — 1 + t). We substitute it into
the second equation and simplify to

1264{(78 — 2)t + 2(65 — 1)(35 — 1)}
(68 —1+1)2
Hence a candidate of critical points in Int Q; is only (sg,to), where

_21-38) 268 -3 1)
So = ——F—, to = — .
g -2
By the requirement 0 < sy < 1, the parameter 8 should satisfy 2/7 < 5 < 1/3. After
some computations, we have the expression

Fy(s0,to) = 145 — 1’76 — 4320 + 432532 =: h(B).

=0.

Since I/(8) = 16(68 + 1)(38 — 1)?/8? > 0 in this range, we have F3(so,ty) < h(1/3) =
1 = F5(0,0). Therefore, this critical point does not contribute to the maximum of F3. At
any event, we conclude that the maximum M; is attained on the boundary of €23.

Next we shall look at the values of F3 on 093. First, F3(0,t) =1—¢* < 1= F(0,0) for
t € [0, 1]. Second, we will prove the following result in the next section.
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Lemma 3.1. Let 1/4 < 8 < 1/2. Then F3(o1(t),t) < max{1l, F3(s1,1)} for 0 <t <1.

Therefore, we see that the maximum of F3 on 3 is taken either on the segment [0, s1] x
{1} or at the point (0,0). We now have
Fy(s,1) = (128 — 1)s — 3283%s* =: G(s)
for s € [0, s1]. Let
V125 =1
4/68
which is the positive critical point of G(s). Since
22 _28862 — 156 + 17
b2 96/32(24 — 5) '
sy € [0, 51] if and only if B < (13 +/33)/48 for B € (1/4,1/2). So we divide the problem
into two cases.
(1) When 1/4 < 8 < (13 4 1/33)/48, we have
(128 —1)*2
67653

for 0 < s < s;. Hence M3 = max{1,G(sy)} in this case.
(2) When (13 ++/33)/48 < 8 < 1/2, G(s) is increasing in [0, s1] so that

988 —1)(48 —1)v65 -1
2v/26(248 — 5)°2
for s € [0, s1]. Hence M3 = max{1,G(s;)} in this case.

We now summarize what we have seen. So far, we had M(f) = M = max{Ms, M4}
and M3 is computed in (1) and (2) above. On the other hand M, is computed in (i), (ii)
and (iii) on the value M,. Hence, we have the following conclusion.

(a) When 1/4 < 8 < (13 + /33)/48 = 5, we have M = M3 = max{1,G(s)}. It
is easy to see that 1 < G(sy) = (128 — 1)*/2/6+/63 precisely if 3 > 3, where
3 ~ 0.31463 is the unique real solution to the equation (123 — 1)3 = 635%. That
is,

So =

G(s) < G(sq9) =

1 3 3
53:ﬂ<3+ \/13+2¢ﬁ+ \/13—2\/ﬁ>,

which is the same as in (3.2).

Next we shall give extremal functions. First, for 1/4 < 5 < 3, M = 1 is
attained when s = 0, = 0 and |w| = 1, which corresponds to p(z) = (1 +
wz?)/(1 — wz?). Taking w = 1, we get f = K,3. Second, for B3 < < [,
M = G(sy) is attained when ¢t = 1,5 = so and cosf = 1, where § = ¢ — 21).
We may assume ¥ = 0 so that § = ¢ = 0. Now we will apply Lemma 2.2 with

¢ = 89,0 =0/2=0, where s, = ‘/4\1/16_(113?;)‘ Then ¢ = (1 + s2)/+/1 — s3 so that

A =(1—=59)/2, \g = (14 s9)/2 and &1 = —1, 9 = —1. Therefore, with the help
of (2.4), we obtain the extremal function as in the third case of Theorem 1.1.
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(b) When (13 ++/33)/48 < 8 < 2/5, we have M = max{Ms, M,}. Noting M, > 1, we
obtain, more precisely,

988 —1)(45 —1)v65 —1 2(85 —1)(45 - 1)(36 — 1)3/2}
2V25(245 — 5)¥/2 B(3F —3)1/2 |

Letting mg be the first term in this maximum, we have

M \? - (1443% — 78 4 13)(28832 — 15632 + 17)2
<_) o 81(65 — 1)(88 —3)

for  in the current range. Hence, we obtain

2(86 — 1)(48 — 1)(38 — 1)*?
B(88 — 3)1/2 '

Next let us see forms of extremal functions. Recall that M, was evaluated
according as (i), (ii), (iii) occurs, respectively, in the analysis of the value M,.
First, for 5y < f < 1 < 2/5, M = M, is attained when s = 1/0(8) =: s3,t = 1
and cos(¢ — 2¢) = &£, where £ in (3.3) is now computed as
¢ — (68 = D{(88 — (48 — 1)8(8) — (1 — 0(B))}

20(8)(48 —1)(88 — 1)
We may take ¢ = 0 so that Lemma 2.2 is applicable with ¢ = ¢/2 € (—7/2,7/2)

and ¢ = s3. Now we obtain the form of an extremal function in the second case of
Theorem 1.1 by (2.3) and (2.4), where we observe
(7282 — 418 +5)  4(72a* — 103a + 36)

4
cosfp = s3(1 — cos¢) — 1 = 88 —3 - 5 — 8

M:max{

>0

ms3

M=M,=

and, after some simplifications,
N (56 —2)(38 - 1)
14433 — 5832 — 23+/(38 — 1)(728 — 29) (2432 — 158 + 2)
(c) When 2/5 < < 1/2, similarly, we have

B 086 - (4B - 1)V6F -1 , - }
M = max{ V25245 — 5 (4 —-1)(88—1) ¢
Let
H(B) = ( 9y68 — 1 )2 _81(68 1)
C\2v2B(248 —5)3/2 )  8B(24B — 5)3

Then

o BI(2888 —T5B+5)  81{2(128 —2)* +3(78 — 1)}

PO =—"ipms—sy ~~  4peB-s) <0
for 2/5 < B < 1/2. Therefore, the function H(f) is decreasing there so that
354375
H(B) < H(2/5) = 335301 <

for 2/5 < B < 1/2. We thus get M = (48 — 1)(85 — 1).
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FIGURE 3. The regions €, s, €23 when 5 =1

Since this case corresponds to the condition s = |u| = 1, we have the simplest
extremal function f = K,.

Subcase Ib: When % < B <1, t; > 1. We focus only on the special case § = 1 since

% < B < 1 can be proved by the same technique showing in Case II. See Figure 3 for the
domains €2, Q9, Q3 when 5 = 1. Our aim is to show that M (1) = 21.
If =1, F|, F5, F3 have the following forms.

Fi(s,t) = 218° + 10(1 — s%)st — (1 — s%)st* + (1 — s*)(1 — #?),
25 — 452
21
Fy(s,t) = —215% + 10(1 — s%)st + (1 — s%)st* + (1 — s?)(1 — t?).

A computation shows that

Fy(s,t) = [215% + (1 — s*)*] + (1 — s*)(1 — #?),

F

% = 35%(21 — 10t + %) — 25(1 — t?) + (10 — )t > 0, for (s,t) €
S

OF, _ [25—4s? ) )

E—Q T(I—S)t—2(1—8>t>0, fOI'(S,t)GQQ

Fy(s,t) < —21s* +12 < 21, for (s,t) € Q3.

Therefore

25 — 452
M(1) = max {Fi(1,t), Fy(s, 1),21} = max { \/ ———(1 + 20s2),21 , = 21
s€l0,1] s€[0,1] 21

since F1(1,t) = 21 and Fy(0y(t),t) = F5(01(t),t) < 21 fort € [0,1]. The extremal function
is the Koebe function K.

Case II: When 3 < a < 1, for any function f(z) = z + Zanz” € S§*(a), we have
n=2
fr(2) = % (72) € S* (@) C S*() where o is any constant in (a3, 3/4) and 7% = =2 > 1.


https://doi.org/10.20944/preprints202011.0428.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 November 2020 d0i:10.20944/preprints202011.0428.v1

14 T. SUGAWA AND L.-M. WANG

In view of (3.1) and the result proved in Case I for f,, we have
2
|’y3(—a4 + Hasag — 5a§’)| < §(1 —a)
which is 5
}—a4 + bagas — 5a§| < g(l —a).
On the other hand the function K, 3 makes the equality hold.

In this way, we have proven (3.2) as required and finish the proof of the main theorem,
up to Lemma 3.1.

4. PROOF OF LEMMA 3.1

The remaining task is to show that Fs(oy(t),t) < max{1, F3(s1,1)} for 0 < ¢ <1, where
s1 = s1(f) is given in (3.4). The standard method using Langrange multipliers seems to
involve messy calculations. Thus we will take another approach. It is convenient in the
sequel to consider the inverse function 7y : [0, 1] — [0,1] of o1 : [0, 1] — [0, s1]. That is,

(88 —1)(48 — 1)s* + s/(88 — 1)(48 — 1){(63 — 1)2 — 43252}

o) (65— 1)(1 — )
ks?/(68 — 1) 4+ sy/K(1 — ps?)
B 1—s2
for s € [0, s1], where
k=8—-1)4p—-1)>0 and pu= 45 = 44 € (0,1).

(66—17  r+4p
Then it is enough to show that the function
w(s) = F(s,m1(s))

satisfies w(s) < max{l, F3(s1,1)} for 0 < s < s1. A straightforward computation gives
the expression

where

1 — g2
v(s) = 2kps® + (k — 1)s — (1 + &) + 2x(1 + ps) N _,u; :

We now analyze the behaviour of v(s) over [0, s1]. First we compute

2kp(1 — s — 2us?) ‘
V(I = )1 = ps?)

We note here that 1 — s — 2us®> > 1 — s; — 2us? for s € [0, s1]. By using the expression

1] ep—1 1 B
Los=2psi =13 2B@iF—5)  5-n@is—5 )

we can check that u/(5) > 0 on 1/4 < § < 1/2 and thus u(f) is increasing there. We

compute u(i) = 551 — 17\6/% = 0.0060--- > 0. Hence, 1 — s —2us* > 0 over s € [0, s;] for

V'(s) =4drkus+k— 1+
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17/52 < p < 1/2. Note that 17/52 ~ 0.326923. We divide the situation into four cases to
show that w(s) < max{1,w(s1)} over [0, s1].

Case I: When 3 € [3/8,1/2), we have k > 1 and 1 — s — 2us® > 1 — 57 — 2us? > 0 for
s € [0, s1]. Then

2ku(1 — s — 2us?)
VO )

for s € [0, s1]. Hence w(s) is increasing in [0, s1] and therefore

v'(s) > dkus +

w(s) <w(sy), forse|0,s].

Case II: When ( € [%, %], as we saw above, £ < 1. Since /1 — us? < /1 — us? <1 for
0 < s < s, we have

V1—pus?v'(s)

2kp(1 — s — 282
= (dkpus + Kk —1)\/1 — pus? + rull = s = 257

v1i—p
26u(1 — s — 2us?
> 4kpsy/1 —ps?+ (k—1) + /W(\/ls__'u/w)

_ 2kp 2 > (k—Dy1—p
=T |:—2,u3 + (2\/(1—#)(1—M51)—1)5+1+ 2wt
0

I

for s € [0,s1]. Since f(s) is concave, f(s) > min{f(0), f(s1)} for s € [0, s1]. Noting the
estimate /(45 — 1)(86 — 1) > 2Y2L = (.7050 - - - > 7/10, we obtain

R VA Ty I GEt 1 Bt
A R T (S )
L BB-8AEF -1 _3(165-5)(56-1)
78 0

We also compute

o) = 1= st + YRS (5 st - 1) s

2K

34 -1)BF-1)—28 (86-3)66-1) 1 681
26(68 —1)(248—5)  28/[dB-1)(86—1) 28\ 48810
=1+ a(B) + @2(6) — 43(6).

Simple calculations yield

%(ﬁ) = 2ﬁ2(246_5)2(66_1>2
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and
p _ —3+548 — 30032 + 5443°
) = 4l 15 - D
One can easily check that the numerators of ¢;(f) and ¢5(f) are concave on the interval
[L.3]) and that both of them take positive values at the end points 17/52 and 3/8.

527 8
Therefore ¢; and ¢y are increasing on [é—;, g] Since g3 can be written in the form
1 /1 1
it is obvious that it is decreasing on [é—;, %] By virtue of the computation
17 23083 125 65
1+ (g1 + gy — — | = — — — =0.037--- >0,

we conclude that v'(s) is positive on [0, s1]. Therefore, no matter whether v(s;) is positive
or negative, we have

w(s) =1+ i

T Sv(s) < max{w(0),w(s1)} = max{1l,w(s1)}, fors e [0,s].

Case III: When § € [8/25,17/52], we observe that /1 — > /1 — u(8/25) = 1/273/23 =
0.71838--- > 51/71 = 1/A, because u = pu(f) is decreasing in 8/25 < 5 < 17/52, where

A =T71/51. Note also s1(8/25) = 221/22. Then, for s € [0, s1] we have
1 — ps?
v(s) = 2kps” 4+ (K — 1)s — (1 + &) + 2k(1 + ps) 1
—u
< 2kus® + (k —1)s — (1 + k) + 24k(1 + ps)(1 — us?/2)
=:g(s).
We will show that g(s) in increasing on [0, s1] in this case. To do that, we compute
/
-1
g(s) =45+ - + A(2 — 25 — 3us?)

Kl K
1
=202 - A)s+ 2" 4 A2 — 3us?),
Kp

which is a concave function of s. Thus ¢'(s) > min{¢’(0), ¢’(s1)} for s € [0, s1]. Introducing
the new variable x = 16 — 3, we compute

k=1 _(68-10°@88-3) (z—-3)(Bz+1)* _

= = =: h(z).
. BEB-DEE-1) - @ -n@+a)
Note that the range of x is now [22, 22]. Since

;o 16(a® 4 3)(3z + 1)
@) = (e + 3

>0,
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for x € [32, 28], h(x) is increasing and so that ¢'(0)/(kp) = h(z) + 24 > h(3) + 24 =
iz 2819 = 0.1196 - - - > 0. We also observe that h(x) is convex on 1 < x < +o00 by

16 (62° + 325 + 92 + 8223 + 10822 + 27x + 21)
(x =13z +1)3(x + 3)3

h”(x) _ _

In particular, (x — 1)/(xu) is a concave function of 5 on (1/4,1/2). Secondly, another
computation yields

g(s1) k—1 A 57682 —21683 + 17
R R R I (1 7T

(4.1)

On the interval [2%, %], we estimate, by convexity,

2(2 — A)sy(B) > 2s7(1/4) = —20
and, by concavity,

1431

— > 20.
20

d k—1 ’ l _
%< " >:16h(166—3)216h(7/3)—

Hence the sum of the first two terms of ¢'(s1)/(kp) in (4.1) is an increasing function of g3
on [8/25,17/52]. On the other hand, by using the same change of variables as before, we
have

BT66% — 2168 +17  2(92° — 13) 24

68—1)(248—5) (3z—1)(3z+1) 922 — 1’

which is obviously increasing in « > 1/3. Therefore, the third term is also increasing in
B. In summary, ¢'(s1)/(kp) is increasing in 3 so that its minimum over [, 7] is taken at
B =8/25 and its value is

g'(51(8/25))  34312v/273 4 13650/3082 — 575+/841386 — 779746

=0.0599- - - > 0.
KL 292656

Hence we have proved that g(s) is increasing on [0, s1] for each g € [2%, é—;] Thus we need

only to show that the value g(s;) is negative. Now we write g(s1) in the form

g(s1) = 2%,&8% +(k—=1)s1 — (1 + k) + 2Ac(1 + ps1)(1 — /LS%/2)
= (2= A)[rusi] + [(k = Ds1] + [2Ak — k — 1] + 24 purs; | + A — kp’si]
=(2—A)T)+To + T5+ 2AT, + ATs.
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By virtue of
iy 168 — 3
W= G —sres 17

, 115267 — 4563 + 49 486 — 10
B0 =G5\ -1

T3(8) = 2A-1)4f -1 - 1) — L,
(46 )(SB 1)

1)?
N 1 (48 -1)(88 - 1)8
T5(8) = \/(485 —10)(68 — 1) (63 — 1)3(243 — 5)
= — L t5(6)

V(486 —10)(68 — 1)

and
5 — 608 — 24/3% + 19203% — 46083*

t5(f8

R
by the concavity of the numerator of t5(5), each T; = T;() is increasing in 8/25 < g <
17/52. We thus obtain

<0, forf e[z, ]

7670451v/37 — 54764625
< - . Y
g(s1) < g(s1(17/52)) = 5165627 0.00857--- < 0

Hence, we see that v(s) is always negative on [0, 1] for § € [, i]. Therefore in this case

w(s) <1, for s €[0,sy].

Case IV: When f € [1, =], we have the estimates

1 — ps?
L —p

v(s) = 2kps” + (K — 1)s — (1 + &) + 2k(1 + ps)

< 2kus® 4+ (k—1)s — (1 + k) + 24x(1 + us)
=:1(s)
< max{l(0),1(s1)}

for s € [0, s1], where A = 71/51 as before. Next we will show that both {(0) and I(s;) are
negative. First, since A < 7/5, we have

1(0) = —(1+ 5) + 24K < —1_ﬁ+%ﬁ_ 2381248 -1) < 0.

Second, a computation shows that
I(s1) = 2kus® + (k — 1)s; — (1 4+ &) + 24k(1 + ps;)
=2[kpst| + [(k — 1)s1] + [24k — k — 1] + 24 [pks]
=211 + Ty + 15 + 2AT),
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where T}, T, T5 and T, have the same form as in Case III. The same arguments as in Case
IIT show that all the terms 7 = T}(/5) are increasing in § as before. Hence, we obtain
~37025+/3082 — 4054049

I(s1) < 1(s1(8/25)) = 0750575 = —0.0180--- < 0.

We find that v(s) is always negative on [0, s1] for 8 € [1, =]. Therefore in this case too,
we have

w(s) <1, for s € [0,sy].
Considering the above four cases together, we finally proved that w(s) < max{1,w(s1)}
over [0, s1].
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