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Abstract

One open question remains regarding the theory of the generalized variational
principle, that is, why the stress-strain relation still be derived from the gener-
alized variational principle while the Lagrangian multiplier method is applied
in vain? This study shows that the generalized variational principle can only
be understood and implemented correctly within the framework of thermody-
namics. As long as the functional has one of the combination A(e;;) — 0y;€;; or
B(o;j) — 04j€ij, its corresponding variational principle will produce the stress-
strain relation without the need to introduce extra constraints by the La-
grangian multiplier method. It is proved herein that the Hu-Washizu functional
O aw|us, €5,0:;] and Hu-Washizu variational principle comprise a real three-

field functional.

Keywords: variational principle, elasticity, Lagrangian multipliers,

thermodynamics, entropy

1. Introduction

Variational principles have always played an important role in both theo-
retical and computational mechanics [1 2, 8, B, [, B 6l [7, @, 10, 12, 13|, 14
15, 16, 24, 26, 27, 29, 211, 23, 28, B2 BT} B3} 25, 30, 18, 22 [11], 17, 20, 19].

Generalized variational mechanics began in the 1950s with the breakthrough
works of Reissner [2] on two-field variational principles for elasticity problems,
in which the displacement u; and stress ¢;; are considered independent fields.
The previous literature, however, considered only displacement wu; as a single
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independent field. Reissner introduced a functional F' that is defined in terms

of 12 arguments: six stresses o;; and six strains e;;:
F = oijei; — Bloy), (1)

where B(0;;) is the elastic complementary energy density.

Reissner proved the following theorem: Among all states of stress and dis-
placement that satisfy the boundary conditions of the prescribed surface dis-
placement, the actually occurring state of stress and displacement is determined

by the variational equation:

5{ [ ra- [ piuidg} o, @

where the symbol V indicates the volume of the elastic body and S, indicates
that the surface integrals are to be taken over that part of the surface only
where the appropriate surface stress is prescribed.

In 1954, Hu published a paper [4] (its English version appeared in 1955
[6]) that borrowed the idea from Reissner [2] and successfully extended Reiss-
ner’s two-field (displacement-stress) theory to a three-field (displacement-stress-

strain) theory by introducing a functional Hy given by

1 1

Hy = (6”) fiusg — Uij(eij - iui,j - §Uj,i)~ (3)

Hu [6]) proved a theorem as follows:

{// Hydv — // PrusdS — // — )ds} n

In 1955, Washizu [7] independently proposed the same functional and proved
the same theorems as Hu [4, 6].

Regarding the history of the generalized variational principle, Felippa [32]
published a dedicated paper on the original publication of the generalized varia-
tional principle and showed that de Veubeke had developed a much more gener-
alized variational principle in a report dated 1951 [3], in which four fields, name-
ly, displacement, stress, strain, and surface force, were included. de Veubeke’s
four-field (w;, 045, €5, t;) theory can be presented as follows [32]: 6II = 0, where
the functional

1 1
v [ui, 0, €5, ti] /// (€ij) + UZJ(QUM 5““ — €ij) — fiu]dV
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The three-field standard form is obtained by setting ¢; = o;;n; on .S, a priori.
Hence, Fellippa proposed that the canonical functional in Eq. [5| be called the
de Veubeke-Hu-Washizu functional Ily gyy. This proposal has been confirmed
by The History of the Theory of Structures Searching for Equilibrium [33].

In 1983, Chien [23], who was Hu’s supervisor and communicated Hu’s pa-
per to both the Chinese Journal of Physics [4] and Science Sinica [6], pointed
out that, regarding all publications and reports of Reissner [2], Hu [4, 6] and
Washizu [7] did not give any information on how to construct the functional.
The formulation of the generalized variational seems mystical, and thus Chien
indicated that the trial-and-error method was used when Reissner, Hu, and
Washizu formulated their functional [23, 28].

To derive the generalized functional in a systematic way, Chien proposed to
formulate the functional by using the well-known method of Lagrangian multi-
pliers [21]. This method can be described as follows [21, 23, 28]: Multiply unde-
termined Lagrange multipliers by various constraints and add these products to
the original functional. Considering these undetermined Lagrange multipliers
and the original variables in these new functionals as independent variables of
variation, it can be seen that the stationary conditions of these functionals give
these undetermined Lagrange multipliers in terms of original variables. The
substitutions of these results for Lagrange multipliers into the above functional
lead to the functional of these non-conditional variational principles.

With the help of the Lagrangian multipliers, in 1983 Chien [23] successfully
reformulated the two-field functional, namely, II[u;, 0;;] and II[u;, €;5], which
are called the Hellinger-Resissner functional [2] and De Veubeke functional [3],
respectively. However, Chien [23] found that the constitutive relation between
stress and strain cannot be included to form a three-field functional ITu;, €;;, 0y;]
due to the zero crisis of corresponding Lagrangian multipliers, as it is known
to be impossible to incorporate this condition of constraint into a functional
whenever the corresponding Lagrange multiplier turns out to be zero. Therefore,
Chien claimed that the functional Hy is not a three-field, but rather a two-field,
functional. To address this point of view, Chien elegantly wrote a monograph
on the generalized variational principle [28] and, to overcome the difficulty, he
proposed a method of a higher-order Lagrange multiplier, a four-field functional
Ilg that is suggested to be expressed as follows:

HQ[ui,O'ij,Q’j,)\] = // HydV — // ﬁzuldS — // O'ij’l’Lj(’U,i — ﬁz)dS
\%4 So Su

= [[[ Nt + Blow) - oy (©)
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Chien proved that for no zero A # 0, the 6Ilg[u;, 045, €5, A] = 0 will produce bal-
ance equations, strain-displacement relations, stress-strain relations, and corre-
sponding boundary conditions. Owing to the arbitrary nature of the Lagrangian
multiplier A, there are an infinite number of functionals Ilg[u,, 045, €5, AJ.
Regarding Chien’s questioning [23, 28], no explanation from Hu, to the best
of our knowledge, has been found in the literature. Because the formulation of
the generalized variational principle has been recognized as a key contribution
by a Chinese scholar to mechanics worldwide, and in particular, considering its
importance in finite-element formulation, it is vital that Chien’s question can be
clearly answered. Otherwise, it will continue to cause confusion to both scholars
and students. The task of answering this question has become a newcomer’s

responsibility.

2. Chien’s question on three-field variational principle

To propose our understanding of the issue, a brief review of one-, two-, and
three-field variational principles, as well as of Chien’s question, is presented now.

Let V be the volume of an elastic body, S, the boundary surface where
displacement is given, and S, the boundary surface where external force is
given. Letting S be the total boundary surface, then S =S, + S, .

Assuming the body is subjected to the action of distributed body force f; (i =
1,2,3), S, is the portion of the boundary surface subjected to the action of
external surface force p; and S,, the portion of the boundary surface where the
displacement @; is given. Under statical equilibrium, the stress state in the body
is denoted by stress tensor o;;. Displacement u;, strain €;;, and stress o;; satisfy

the following five conditions, that is,

oiji + fi =0, (inV), (7)
which is the balance equation, and o0;; ; = %injj, where j is a dummy index;
1 .
€ij = §(Uz‘,j + ujq), (inV), (8)
which is a strain-displacement relation;
8A(ei ) .
oij = Ti;, (inV), (9)
aB(Uij) .
€ij = ———, (inV), (10)
J 80'1‘]‘
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which are stress-strain relations;
u; = Uj, (on Su), (11)
which is the boundary conditions for a given surface displacement; and
oijn; = pi, (on Sy), (12)

which is the boundary conditions for a given external surface force; n; is normal
unit vector of surface S,.

For a one-field potential functional,

Ml = ///V[A(“i,j)dv — fiu)dV
_ //sa DiuidS — //Su oing(u; — ;)dS.

Its extreme condition ¢II[u;] = 0 leads to the balance equation oy ; + f; = 0

(13)

with constraints of €;; = % (u;; + u;;) and o;; = %Zj), boundary condition
u; = U; on Sy, and o515 = pion S,.

If one wishes to eliminate the constraint of strain-displacement relation
€ij = 3(u;; +uj;), according to Chien [23], a symmetric tensor of Lagrangian
multiplier \;; can be introduced and form a functional as

Mui, €;5] = ///V[A(Gij) = fiug]dV — //Sg piuidS
—// o, (u; — a;)dS (14)
/// Nijleis — um +u; ;)]|dV.

The Lagrangian multiplier A;; can be determined by 6II[u;, €;;, Ai;] = 0, namely,
Aij = —%; therefore, the two-field de Veubeke functional is

U 61] /// 61] fzuz dV // pl’U/ldS
// 86 nj(ui — 4;)dS (15)
ij
0A(e;5) 1
/// Toe, 1 g F gV
ij

If one wishes to carry on this process and eliminate the stress-strain rela-

. DA(ei . . .
tions, 05 = 8&?’), one can do so by introducing another symmetric tensor of
ij
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Lagrangian multiplier 7;; to form a new functional as

s, ei5, 03] :/// [A(qj)—///v fiui]dV—//SUpiuidS
// 86” nJ u; — U;)dS

(16)
0A(e; 1
/// e, ) [eij — 5 (uig +uj0)ldV
ij
( )
[t~
The Lagrangian multiplier 7;; can be determined by IIu;, €5, 0:5,1:;] = 0,
2 Afers 2 A(e;s
which leads to n;; = 0 and eklgeiiggil) = 0, since %(56’23 > 0, thus giving an

incorrect result €;; = 0.

If one examines the three-field functional IT[u;, €;;, 05, 1;;] carefully, one can
find that there is only one term in the right containing stress tensor, namely,
[[[,, mijoijdV, and there are no other terms to balance it in its variation, which
means that 5fffv nijO'i]‘dV = fffv(cimjaij +mj50ij)dV = 0 will definitely pro-
duce the result of 77;; = 0. To overcome this, using the stress-strain relation, one

can try to replace the term 8’3(6”) with 045, and hence the three-field functional
becomes
Hlu;, €5, 045] = /// [A(esj) — fiug]dV — // DiuidS
\% So
—// oin;(u; — u;)dS
(17)
/// oijl€ij — “w +u;;)]dV
8A(6ij)
ii (055 — dv.
+///V77](UJ Des; )
The Lagrangian multiplier 7;; can be determined by 6H[ui,eij,oij,nij] = 0,

2 . .
which leads to 77;.3186’472223 =0, since (?)51-4-7(82,13 > 0, again 7;; = 0.
ij

These results reveal that the stress-strain relation cannot be included in
the functional, II[u;,€;;, 045], by the Lagrangian multiplier method. In other
words, it is impossible to remove all the constraints simply because the related
Lagrange multiplier is equal to zero in the stationary condition. This Lagrangian
multiplier method crisis was discovered by Chien in 1983 [23], when he published

a monograph and provided a comprehensive discussion of the issue [28].
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3. Thermodynamic foundation of generalized variational principle

For the sake of brainstorming on the stress-strain relation, a quick brief of
constitutive theory from a thermodynamics perspective is presented here.

Combining the first law and second laws of thermodynamics [34], [35] leads
to an equation defined in the current configuration as follows:

) . 1
p((15+776’)fo':e'ngq-VQSO7

where ¢(€, 0) is the Helmholtz free energy, n(e, 8) the entropy, 6 the temperature,
o the stress tensor, € the rate of deformation, and g the heat flux vector. Since
gf) =€+ qﬁ,gé =€+ ¢790', one can obtain

o . o -1
Zr . 7 Za- <
(p . o) é+p( 7 —|—77)9+9q Vo <0,

Note that the left-hand side of the inequality is a polynomial of degree 1 in € and
6. Because the inequality must hold for all choices of € and 6, it will therefore
be violated unless o = p% and n = —%, which are the constitutive equations
of simple materials [34, 35]. The purpose of this brief review of the formulation

of constitutive equations is to show that the thermodynamic relation,
. . 1
p(¢+n0)—a:e+§q~V8§0,

has already contained the constitutive relations. In other words, the thermody-

namic relation,

) . 1
P(¢+779)—0':é—|—§q-v0§0,

is an implicit form of constitutive equation.
For isothermal reversible thermodynamics, 6= 0, one has

pp—o:é=0,
which can further be reduced to
pdop — o : de = pdp — o;5de;; = 0.
If one replaces p¢ by the potential energy density A(e;;), we have
dA(e;;) — oidei; =0,

the equivalent form of which is the stress-strain relation:

_ OA(e)

O;5 =
J 8eij
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. Similar to the above-mentioned general case, dA(eij) —04jde;; = 0 implies the
stress-strain relation.

Furthermore, since
dA(eij) — oijdeij = dA(eij) — [d(oij€ij) — €ijdois] = 0,
and denoting
dB = ¢;;do;j,

after integration one has

Aleiz) + B(oij) — 04jei; = C.
Applying conditions A(0) = 0 and B(0) = 0, thus C' = 0. Hence,

A(eij) + B(oij) — aijeij = 0,

where A(e;;) and B(oy;) are the potential and complementary energy density,
respectively.
Following the above thinking, it is easy to know that a functional has in-

cluded a stress-strain relation if it contains either the terms [A(e;;) — 05€;;] or
[B(0ij) = gijeis].
In other words, if the structure of the functional was in the following form,

Hu;, €5, 045] = ///V [A(eij) — 0ij€i5 + } dV + Boundary tems, (18)

it implies that the stress-strain relation o;; = % is included. Because its
¥

variational 8I1[u;, €;5, ;5] = 0, namely, & {fffv { (€ij) — oijeij + }dV + Boundary tems}
0, leads to

/// { 81;;” — 045]0€;5 + } dV + §(Boundary tems) = 0, (19)

and due to the arbitrary variation de;;, one therefore has the following stress-
0A(eis) o
Dei; iJ .

Similarly, if the structure of the functional was in the following form,

strain relation:

I [u;, €5, 045] = ///v {B(O‘ij) — 0;j€ij + ...| dV + Boundary tems. (20)

it implies that the stress-strain relation €;; = % is included.
ij
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With this understanding, an examination of the following Hu-Washizu func-

tional is necessary:

Huwlus, €5, 045] = ///V {A(Gij) — fiui — oijle — %(Um‘ + Uj,i)]} dv

- // ﬁzuzds — // aijnj(ui — ﬂz)dS
So Su

The combination of the underlined terms in the above functional is exactly the

(21)

term of A(e;;) — 0y5€;5. Therefore, the Hu-Washizu functional I gw [us, €5, 035
has already included the stress-strain relation o;; = %ﬁ;j). The Hu-Washizu
functional IIgw [u,, €;5,045] is a real three-field functional. This key point was
not understood by Hu [4, 6], Reissner [2], and de Veubeke [3] when they con-
structed their own generalized functional by the trial-and-error method. This
situation is very similar to the formulation of the Schrédinger wave equation in
quantum mechanics. The Schrédinger equation provides a way to calculate the
wave function of a system and how it changes dynamically in time. However,
the Schrédinger equation does not directly say exactly what the wave function
is. For instance, Schrédinger originally viewed the electron’s wave function as
its charge density was smeared across space, but Born reinterpreted the ab-
solute square value of the wave function as the electron’s probability density
distributed across space.

Of course, Chien’s functional IIg[u;, €;5, 0;5] in Eq. |§|is not only a three-field
functional, but also much more general one, since it contains all elements, such
as A(eij), B(oij), and o0;j€;;. The arbitrary nature of A provides some kind

flexibility in constructing a generalized functional.

4. Conclusions

It has been shown in this study that the generalized variational principle
can only be correctly understood and implemented within the framework of
thermodynamics. As long as the functional has any one of the combination
A(e;j) — o45€;5 or B(oi;) — 0565, its corresponding variational principle can
produce the stress-strain relation without the need to introduce extra constraints
by the Lagrangian multiplier method.

It has been proved that the Hu-Washizu functional IIgw|u;, €5, 0] is a
real three-field functional and therefore that the Hu-Washizu variational prin-
ciple is a three-field variational principle. In addition, that Chien’s functional

Ig[ui, €5, 045] is a much more general three-field functional has been confirmed.
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Owing to Chien’s academic acumen, he discovered the problems and carried
out meticulous research. His research inspired the author to think further on
this issue. Although it was finally proved that the result of the Hu-Washizu
functional was only correct in form, the current understanding has risen to a
new level, leading to the resolution of the historic academic controversy on the

issue of constructing a three-field functional.
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