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Partial Derivative Approach to the Change of Scale Formula
for the Function Space Integral

Young Sik Kim *

Abstract

We investigate the behavior of the partial derivative approach to the change of scale formula
and prove relationships among the analytic Wiener integral and the analytic Feynman integral
of the partial derivative for the function space integral.

1 Introduction

In [2,3,4], various formulas for linear transformations of Wiener integrals have been given
and the behavior of measure and measurability under the change of scale was investigated in
[5] on the Wiener space. The scale invariant measurability was proved on the Wiener space
in [9]. The relationship between the Wiener integral and the analytic Feynman integral was
proved in [6] and [8]. Using these results, they found a change of scale formula for Wiener
integrals on Cy[0,T7] in [7].

In [10], the author proved the change of scale formula for F(z) = f((h1,2)™~, -+, (hn,x)™)
where f € L,(R") with 1 < p < 0o on abstract Wiener spaces. In [11], the author established
those relationships for the Fourier transform of a measure i((hy,2)~, -, (hy,z)™) on abstract
Wiener spaces. In [13], the author investigated the partial derivative approach to the integral
transform for the function space in some Banach algebra on the Wiener space.

In this paper, we prove the change of scale formula for the function space integral about
the partial derivative of a Fourier transform on the Wiener space and prove some relationships
among the analytic Wiener integral and the analytic Feynman integral and the Wiener integral
of the partial derivative for the function space integral.

2 Definitions and Preliminaries

Let Cy[0,T] be the one parameter Wiener space. That is the class of R-valued continuous
functions x on [0, T] with 2(0) = 0. Let M denote the class of all Wiener measurable subsets
of Cy[0,T] and let m denote the Wiener measure. (Cy[0, T, M, m) is a complete measure space
and we denote the Wiener integral of a functional F' by Ey[F(2)] = [¢y0 1) F'(z)dm(z).
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A subset E of Cy[0,T] is said to be scale-invariant measurable provided pE € M for
all p > 0, and scale invariant measurable set N is said to be scale-invariant null provided
m(pN) = 0 for each p > 0. A property that holds except on a scale-invariant null set is said
to hold scale-invariant almost everywhere (s-a.e.). If two functionals F' and G are equal s-a.e.,
we write F' ~ G.

Definition 2.1 Let C. = {A|Re(\) > 0} and CT = {A|Re(\) > 0}. Let F be a complez-
valued measurable function on Cyl0,T] such that the integral

Jp(\) = B, (F(A%)) (2.1)

exists for all real X > 0. If there exists an analytic function Jj(z) analytic on C4 such that
JE(N) = Jp(X) for all real A > 0, then we define Jj:(z) to be the analytic Wiener integral
of F over Cyl0,T] with parameter z and for each z € Cy, we write

o (F(x)) — B, (F(z—%x)) — T5(2) (2.2)

Let g be a non-zero real number and let F be a function whose analytic Wiener integral
exists for each z in Cy. If the following limit exists, then we call it the analytic Feynman
integral of F' over Cy|0,T] with parameter q, and we write

Joar (F@)) — lim B (F(@), (2.3)

Z——iq
where z approaches —iq through C, and i> = —1.

Definition 2.2 (Ref.[1]) The first variation of a Wiener measurable functional F in the di-
rection w € Cy[0,T) is defined by the partial derivative as

0
OF (zw) = %F(az + hw)|p=o (2.4)
We will denote it by [D, F,z,w].(See [13]).

The following is a well-known Wiener integration formula for Wiener integrals on the Wiener
space Cy[0,T.

Theorem 2.3 Let Cy[0,T] be the Wiener space and let F be a cylinder function on Cy[0, T
of the form F(x) = f([I,cq1(t),z(t)], -, [I,an(t),z(t)]), where f : R" — C is a Lebesgue
measurable function on R™. Then

B (0L o0 0,0+ L) 2(0) ) = o)# [ sesn {5 3wt 29

where [I,a;(t),z(t)] = fOT a;(t)dxz(t) for 1 < j < mn and” =" mean that if either side ex-
ists, then both sides exists and they are equal and {aq, g, -+, an} is an orthonormal class of
Ls[0,T].

Remark. For a € C, and b € R,

9 . ™ b?
/ expy —au” +ibupdu = /—expy — —¢. (2.6)
R a 4a
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3 Results.
Let
F(r) = ﬂ([f, ar(t), z(t)], [1, aa(t), z(t)], - -, [I,an(t)vx(t)]» (3.1)
where {a1, g, -, a,} is an orthonormal class of Lo[0, 7] and where
a(w) = / exp{ Z“JUJ} ,u € R" (3.2)
is the Fourier transform of the measure p on R™ and 4 = (u1, -+, u,) and ¥ = (v1,--+,v,) are

in R" and [I, a;(t), z(t)] = fOT aj(t)dz(t) for 1 < j<n.
Throughout this section, we assume that w € Cy[0,T] is absolutely continuous in [0, 7]
with w' € Ly[0,T7.

Theorem 3.1
[D, F,x,w| / (z Z I, 04(t vj> - exp {ZZ I,04(t vj},u(dz_f) . (3.3)
j=1 j=1

Proof. By Equation (2.4),
[D, F,x,w|

0
= %F@ + hw)|p=o
n

_ %/Rnexp{z;

— /Rn (z zn:[f,aj(t),w(t)] .Uj) . exp{ié[f, a;(t), z(t)] .vj}u(dﬁ). (3.4)

j=1

1, a (@), 2(t)] - vy + R (L (1), w(t)] - vj}u(dﬁ)lho

The Paley-Wiener-Zygmund integral equals to the Riemann Stieltzes integral

T T
/ aj(t) dw(t) = / aj(t)w'(t)dt,1 < j<n,
0 0
as w is an absolutely continuous function in [0, 7] with w’(t) € L2[0,T]. Therefore,

[D, F, z,w]
/ (z Z [, ot -v;(t ) : exp{zz [, ot vj(t)},u(di_f)
j=1 j=1
/ ( Z / "(t)dt) - v > exp {ZZ 1,0t vj(t)},u(dﬁ') (3.5)
Jj=1 j=1
as w € Cy[0,T] is absolutely continuous on [0,7] with w’ € L3[0,T]. Therefore we have that

. F.ra]
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n

ZIO‘J “Vj

j=1

feo 22 (H%‘Hz e rm) a0
= il [ oyl bl (d9)
R" 3

< oo, (3.6)

IN

/

|l (d0)

IA

by a Holder inequality in Ls[0,7T]. Therefore [D, F, x, w] exists. O

Theorem 3.2 For every z € Cy,

pe (10, ) = [ (530 ag@,000] - 50) e~ 2 303 (e (87

J=1 Jj=1

Proof. For z € CT,

o ([D,F,x,w])

- Gt (e a];),lw(t)] (1)
RO P P e
= G, (ISt )
({5 b+ g ot
- ot n(zzn:l[f,a](ﬂ,w(m u(0) - ((en)? exp{—%jivﬁ})u(dﬁ)
o RO URICREO RS S Wi )
TS R B "
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is a Wiener integrable function of x € Cp[0,T].

Proof. By the Wiener integration theorem, we have that

B {1525 1 ay0,20P ] - 1D, F,2,0])

E(xp{z 5Ly (0 + i [Lay(®).a(0)] - 0i(t) }) ()
S M OIEIORIORIO)
= G (I e wm) - ([, ew{Sgu i W}du) (@9
= " [ (e u) -8 e { - g Yt
= = (S nn) e { -5 3 b (3.10)

1
< %[ 350 w(t)] - 58 14

< sH|le Zmum (d7)

< 00, (3.11)
we have the desired result. O

Theorem 3.4 For z € C,

Egm= (D Fa:w)

= :5.B (exp{ ZZZ: 1, a(t }[D F,x w]> (3.12)
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Proof. By Theorem 3.2 and Theorem 3.3,

n
Ez<exp{ Z [, ot

n

= ot [ (i a0 0] - o)

2}[D,F,m,w]>

=1 Z =
= 7% . ponws ([D F,x w]> (3.13)
O
Theorem 3.5 For real p > 0,
p*—1
B (1D Fopwul) =p - Bo e {Z2 S (Lay(®).2P | ID.Fow))  (314)
e =
Proof. For real z > 0,
Eg= <[D,F,a:, w])
= Ex([D,F7 zéa:,fw>
n 11—z "
= 22 -Em<exp{ > [ a(t }[D F,x w]> (3.15)
7j=1
Taking z = p~2, we have the result. O
Theorem 3.6
Eg"fq<[D,F,x,w]>
_ / (zZ[I,aj(t),w(t)] - vj(t)> exp{ - va}u(dv) (3.16)
LA 29 55
Proof.
Eg”fq<[D,F,z,w]>
= lim E™-= ([D,F,x,w])
Z——1q
n 1 n
= i D (1 a (), w(t)] - vi(t) ) e S v~2} dv
Jim, [ (P00 ) e { - 32 Yo futa
n i n .
_ / (Z SO (1), ()] vj(t)) -exp{ - va}u(dv) (3.17)
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whenever z — —i g through C,. But we have that

\ pond ([D, P, w]) \

< [ ifay (0050 Il

- / (Z [ it @] - s1)) el

< (||aj||2 'l o0 ) 1 )

= el f, 32 0l

< oo. (3.18)

Therefore the analytic Feynman integral for the partial derivative of the Fourier transform g
of the measure p on R" exists. O

Theorem 3.7

E@Ja ([D, F, z, w])

= hm 22 -Ex<exp{ Y } [D,F,x w]> (3.19)

whenever {z,} — —iq through Cy.

Proof. By the theorem 3.4,
Ea ([D, F x, w])

= hm Ey ([D,F,x,w])

= Jim 5f Ex(exp{l —F oy [I,aj(t),x(t)]2} - [D,F,a:,w]) (3.20)

k—o00 2 =

whenever {z;} — —iq through C,.. O

3. Coclusions

We prove the change of scale formula for the function space integral about the partial
derivative of a function defined on the function space which is constructed by a Fourier trans-
form of a measure. And we prove some relationships among the analytic Wiener integral and
the analytic Feynman integral and the Wiener integral of the partial deriavtive for the function
space integral.

Remark 1. In this paper, we prove new results by extending those results [11] to the
first variation theory in [1] and to the partial derivative approach developed in [13] and to the
change of scale formula in [7] using the Fourier transform of a measure.
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Remark 2. In [12], the author extended those results in [11] to the first variation theory in
[1] and to the Fourier Feynman transform theory which is an integral transform on the function
space.
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