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Abstract

Expectation maximization (EM) algorithm is a powerful mathematical tool for estimating
statistical parameter when data sample contains hidden part and observed part. EM is applied
to learn finite mixture model in which the whole distribution of observed variable is finite sum
of partial distributions. Coverage ratio of every partial distribution is specified by the
probability of hidden variable. An application of mixture model is soft clustering in which
cluster is modeled by hidden variable whereas each data point can be assigned to more than
one cluster and degree of such assignment is represented by the probability of hidden variable.
However, such probability in traditional mixture model is simplified as a parameter, which can
cause loss of valuable information. Therefore, in this research I propose a so-called conditional
mixture model (CMM) in which the probability of hidden variable is modeled as a full
probabilistic density function (PDF) that owns individual parameter. CMM aims to improve
power of mixture model. | also propose an application of CMM which is called adaptive
regressive model (ARM). Traditional regression model is effective when data sample is
scattered equally. If data points are grouped into clusters, regression model tries to learn a
unified regression function which goes through all data points. Obviously, such unified
function is not effective to evaluate response variable based on grouped data points. The
concept “adaptive” of ARM means that ARM solves the ineffectiveness problem by selecting
the best cluster of data points firstly and then evaluating response variable within such best
cluster. In order words, ARM reduces estimation space of regression model so as to gain high
accuracy in calculation.

Keywords: expectation maximization (EM) algorithm, finite mixture model, conditional
mixture model, regression model, adaptive regressive model (ARM).

1. Introduction
Suppose data has two parts such as hidden part X and observed part Y and we only know Y. A
relationship between random variable X and random variable Y is specified by the joint
probabilistic density function (PDF) denoted f(X, Y | ®) where ® is parameter. Given sample
Y ={Y1, Ya,..., Yn} whose all Y; (s) are mutually independent and identically distributed (iid),
it is required to estimate ® based on Y whereas X is unknown. Expectation maximization (EM)
algorithm is applied to solve this problem when only Y is observed. EM has many iterations
and each iteration has two steps such as expectation step (E-step) and maximization step (M-
step). At some t" iteration, given current parameter ®©, the two steps are described as follows:
E-step:

The expectation Q(® | ®Y) is determined based on current parameter ®®, according to

equation 1.1 (Nguyen, Tutorial on EM tutorial, 2020, p. 50).

N

e(6lo®) =y [ roxivi, elog(£(x. vleN)dx (L)
M-step: o
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The next parameter @Y is a maximizer of Q(® | ®) with subject to ©. Note that @Y

will become current parameter at the next iteration (the (t+1)" iteration).

EM algorithm will converge after some iterations, at that time we have the estimate ®® = @9
= ®". Note, the estimate ®@" is result of EM. Because all Y; (s) are iid, let random variable Y
represent every Yi.

Especially, the random variable X represents latent class or latent component of random
variable Y. Suppose X is discrete and ranges in {1, 2,..., K}. As a convention, let k=X. The so-
called probabilistic finite mixture model is represented by the PDF of Y, as follows:

K

FV10) = ) aufelY16:) 12)
k=1

Where,

@ == (al, az, - aK, 61, 62, . HK)T

K
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k=1 )
Note, the superscript “T” denotes transpose operator for vector and matrix. The Q(O | ®(t)) is
re-defined for finite mixture model as follows (Nguyen, Tutorial on EM tutorial, 2020, p. 79):

N K
0(6]0®) = > > P(k|¥, 6)log(afi (Yil61)) (L3)

i=1k=1
Where,

()

£, aPf(v|6®)
If every fi(Y|0k) distributes normally with 6k = (u, Zx)", the next parameter @ is calculated
at M-step of such t™ iteration given current parameter ®® as follows (Nguyen, Tutorial on EM
tutorial, 2020, p. 85):

P(k|Y, 00) = (1.4)

N

a’(ct+1) — %Z p(klyl,,g(t))
i=1
) _ 2izr P(K|Y, 0)Y;
' 1 P(k]Y, 09) s

{Vzlp(klyl,@(t)) ((Yl _‘ul((t+1))(yi _‘ul((t+1))T>

i, P (K[, 01)
Note, the conditional probability P(k | Yi, ®"Y) is calculated at E-step.

In the traditional finite mixture model, the parameter ax is essentially the parameter of
hidden random variable X when X is discrete, ax = P(X=K). In other words, P(X) is “reduced”
at most. There is a problem of how to define and learn finite mixture model when P(X) is still
a full PDF which owns individual parameter. Such problem is solved by the definition of
conditional mixture model (CMM) in the next section.

z:l((t+1) —

2. Conditional mixture model
Now let W and Y be two random variables and both of them are observed. | define the
conditional PDF of Y given W as follows:
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W)
Y|W,0) = Y|W,6 2.1
al ) e 19 W) filYIW. 8) @1)
Where gk(W|ex) is the k" PDF of W which can be considered PDF of X for the k'™ component.
Equation 2.1 specifies the so-call conditional mixture model (CMM) when random variable Y
is dependent on another random variable W. It is possible to consider that the parameter ox in
the traditional finite mixture model specified by equation 1.2 is:

W ley)

Y9 (W)
It is deduced that hidden variable X=k in CMM s represented by gkx(W|ex). When the sum
YK 9:(W|g)) is considered as constant we have:

A =

FOIW,0) = 5o 1gl(W|¢l)ng(W|<pk>fk<Y|w ) ng(wwk)fkmw 00)

Where the sign “«” indicates proportion. The quasi- condltlonal PDF of Y given W is defined
to be proportional to the conditional PDF of Y given W as follows:

foriw,e) = Z G W1 f(YIW,8,) 22)

Where the parameter of CMM is © = (gol, 02,..., Pk, 01, Oo,..., 6k)T. Of course, we have:
fYIw,e) « f(Y|IW,0)
Given sample Z = {Z1 = {W1, Y1}, Z2 = {W2, Y2},..., }, Zn = {Wn, Yn})} of size N in which all
Xi (s) are iid and all y; (s) are iid, we need to learn CMM. Let W and Y represent every Wi and
every Yi, respectively. When applying EM along with the quasi-conditional PDF £(Y|W, ©) to
estimate ©, the Q(® | ®V) is re-defined as follows:
N K

0(6]0®) = > " P(k|W, ¥;,0©)log(ge (Wil g fYiIW:, 6,)) (23)

i=1 k=1
au(Wiloi”) e (], )
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We need to maximize Q(® | ®Y) at M-step of some t™ iteration given current parameter @®,
Expectedly, the next parameter ©*9 s solution of the equation created by setting the first-
order derivative of Q(® | ®®) with regard to ® to be zero. The first-order partial derivatives of
Q(® | ©Y) with regard to ¢« and 6k are:

® N _
aQ(@I@ ) _ Z p(k|W, ¥, 6©) dlog( gk (Wilpy))

Where,

P(klwi: Y, @(t)) = (2.4)

do oy
] G)G(t) alog(fi (v;Iw;, 6
de(ele®) zp(klwuy.“@@) g(fi (G W, 6,))
09k aek
Thus, the next parameter @Y is solutlon of the following equation:
N
dlo W;
ZP(kIWi,Yi,@“)) g9 Wilew) _ o
= 0k
;V_ (2.5)
dlog(fi (YiIW;, 6x))
> P(k|w, v, 00) L E0) _ gr
k

i=1
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How to solve the equation 2.5 depends on individual applications. The next section describes
an application of CMM.

3. Adaptive regression model
Traditional regression model is effective when data sample is scattered equally. If data points
are grouped into clusters with their nature, regression model tries to learn a unified regression
function which goes through all data points. Obviously, such unified function is not effective
to evaluate response variable based on grouped data points. Alternately, if it is possible to select
a right cluster for evaluating response variable, the value of response variable will be more
precise. Therefore, selective evaluation is the main idea of adaptive regression model (ARM).
The main ideology of ARM to group sample into clusters and build respective regression
functions for clusters in parallel. CMM is applied to solve this problem, in other words, ARM
is an application of CMM. There may be other applications of CMM but here | focus on ARM.
Given a n-dimension random variable W = (w1, Wa,..., wy)" which is called regressors, a
regressive function is defined as

y = Bo +Zﬁjo (3.1)
=1

Where y is the random variable called response variable and each p; is called regressive
coefficient. According to regression model, y conforms multinormal distribution, as follows:

_ L (y — BTW)?
f(Y|Wr9)—f(J’|W:a:0' )_Wexp< 20.2 (32)
Where = (Bo, f1,..., fn)" is called regressive parameter of f(y | W, 5, 6%). Therefore, mean and
variance of f(y | W, S, %) are X and ¢°. Note, f(y | W, S, &%) is called regressive PDF of y. As
a convention, we denote:

n
BTW = o+ ) Bw,
j=1
Given sample Z = {Z1 = {Wy, y1}, Zo = {W2, y2},..., }, Zn = {Wn, yn})} of size N in which all
Xi (s) are iid and all yi (s) are iid. Let W = (W1, Wo,..., Wn)" and y represent every Wi = (Wi,
Wi,..., Win) and every y;, respectively. Let W and y be a matrix and a vector extracted from Z

as follows:
1wy w0 owyy
w1 v e
1 wy, wyy 0 wyy
3.3
V1 (3.3)
| Y2
y=1:
Yn

When applying EM to estimate ©, by following equation 2.3, the Q(® | ®Y) for ARM is re-
defined as follows:

N K

0(0]0) = > 3" P(k|W, %, 6©)log(ge (Wil pio fe 0l W;, 6:)) (34)
i=1k=1

Where,

g (Wil il w2 0°)
kW v, 0O =
P ) = o W) 8

(3.5)
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Where the parameter of ARM is © = (p1, ¢2,..., ok, 61, O2,..., Ok)" but each gk and each 6 are
resolved more complexly. The definition of Q(® | ®®) implies that sample Z can be grouped
into K clusters.

The function fi(y | W, 6k) is the k" regressive PDF of y.

T 2
W, 60 = f I, B 07 = Jz;lz—a,ge"p (—%) (36)
Obviously, we have:
6k = (ﬁk,O',?)T
ﬁk = (ﬁkO' ﬁkl) "'iﬁkn)T
n (3.7)

BTW = o+ ) By,
j=1
For convenience, suppose the k" PDF of W denoted gk(W|ex) is multinormal PDF as follows:

BLCRE 1 To-1
I Wlew) = g (Wpg, Zx) = (2m) 2|2, | Zexp (_E(W — ) T (W — #k)) (3.8)
Where,

or = (W, Z)"
We need to maximize Q(® | ®Y) at M-step of some t" iteration given current parameter @0,
Expectedly, the next parameter ©**9 s solution of the equation created by setting the first-
order derivative of Q(® | ®) with regard to ® to be zero.
The first-order partial derivative of Q(® | ®Y) with regard to fk is:

s0(ele®) & ol (W, 8
% = 2 P(k|X;y:, 0©) Og(ka')};’k 5
i=1

N
T
- o0 o~ (87 )

=1
By referring (Nguyen & Shafiq, Mixture Regression Model for Incomplete Data, 2018, pp. 11-

o _ . a0(6]0W) :
13), the next parameter A which is solution of the equation T 07 where 0 is zero
k
vector is:
D) — (T y®©) ' wTy® (3.9)
Where,
® @®) ®
Ugp U 7 Uy
) ®) ®)
U® =| U U1 ° Uy
: : : (3.10)
© © (®)
Uyo Uy * Unp
ul(Jt) = WijP(k Wi, Vi, ﬁ,gt); (Glg)(t))
And,
oo
v = | v
: (3.11)
»®
n

v = yiP(k|Wi'Yi'ﬁlgt)' (Uf)(t))
The first-order partial derivative of Q(® | ®©) with regard to ai? is:
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The next parameter (ax?)®*? which is solution of the equation ——a = 0is:
k
2
(t+1)
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Where £t is specified in equation 3.9.
The first-order partial derivative of Q(® | ®©) with regard to ux is:
90(0]6®) < dlog( g, (W;16
Q(ele™) _ 2 P(k|W,y,, 0©) g(ggl(l 161))
. k
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The next parameter 1Y which is solution of the equation ,
k

i) 2ier P(k|W, Y, 0w,

‘ X P(kW, ¥, 00
The first-order partial derivative of Q(® | ©Y) with regard to X is (Nguyen, Tutorial on EM
tutorial, 2020, pp. 83-84):

®) o :
aQ(ele®) _ S P(IWi 7., 60) dlog(gi(Wil6,))

(3.13)

0%y
N
= > P(k|Wi 7, 09) (W, = ) (W = ") - ( P(k|Wi,yi,®(f))) %
i=1 —
The next parameter X% which is solution of the equation ———= ( | ) = (0) where (0) is zero

[i)n%

{Vzlp(k|Wi:3’i» @(t)) ((Wi _ H;({Hl))(Wi _ ‘ul({t+1))T>

L, P(k|w;, y;,00)
Where " is specified in equation 3.13.
In general, at some t™ iteration, given current parameter @, the two steps of EM for ARM
are described as follows:
E-step:
The conditional probability P(k | Yi, ®Y) is calculated based on current parameter @ =
(019, 029, ok®, 519, 8,0, 6«O)T, according to equation 3.5.

( '|§0]Et))fk(yi Wi'e(t))
£ 9i(Wi| o) (i e 60)

matrix is:

£+ (3.14)

P(lei,yi, G(t)) =

Where,
O = (Br Ul?)T
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M-step:
The next parameter @D = (oD, D @D 9,0 g, -0 FINT which is a
maximizer of Q(® | ®Y) with subject to @, is calculated by equation 3.19, equation 3.12, ,
equation 3.13, and equation 3.14 with current parameter ©0.

,St+1) — (WT U(t))_lev(t)

T \2
iy P(k|W;, y;,0®) (Yi - (5;&””) Wi)
L1 P(k|W y, 0©)
(t+1) _ YL, P(k|W,, Y, 00)W;
T I P00
(D) _ Y P(k|Wy, yi, ©O)Y (W — i) (W; — i )T)
ke N P(k|w;, y;, 00)
i=1 12 yl’
Where U® and VO are specified in equation 3.10 and equation 3.11.
EM algorithm will converge after some iterations, at that time we have the estimate @ = @1

=0 =(p1,02,...,06, 017, 02°,.... 6<)T. As a result, ARM is specified by the estimate ©". It
can be said that ®" is ARM. Given any data point W, ARM select the best cluster v as follows:

v = argmax g Wlep) (3.15)

Then ARM evaluates the response variable Y given regressor W with regard to such best cluster
as follows:

(B0 =

n
V= (BTW = Bio+ ) Bow, (3.16)
j=1
Equation 3.16 is used to evaluate the adaptive regressive function in final.

4. Conclusions

The main ideology of CMM is to improve competence of mixture model, in which the
probability of hidden variable is turned back its original form of PDF with full of parameters.
As a result, its application ARM takes advantages of such hidden parameters in order to select
best group or best cluster for making prediction of response value. In order words, ARM
reduces estimation space of regression model so as to gain high accuracy in calculation.
However, a new problem raised for CMM as well as ARM is how to pre-define the number K
of clusters or components when CMM currently set fixed K. In the future, 1 will research some
methods or algorithms (Hoshikawa, 2013, p. 5) to pre-define K. Alternately, CMM can be
improved or modified so that the number of clusters is updated in runtime (Nguyen & Shafiq,
Mixture Regression Model for Incomplete Data, 2018, p. 16); in other words, there is no pre-
definition of K and so K is determined dynamically.
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