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ABSTRACT

The purpose of this study is to estimate the mean transitioning probabilities from a Healthy state
to malaria positive uncomplicated state or to malaria positive severe state. It also classifies the
various transitioning probabilities of moving through the various states based on some baseline
characteristics. Malaria test results for 2019 over a 12-month period were collected from the
University of Ghana school clinic. An H-U model for the study was developed and the transition
rates from the cross-sectional data are indicated. With two states Healthy (H) and Uncomplicated
(V) forming a state space, there were four possible transitions. The results show that the probability
of transitioning from a Healthy state to a malaria positive state is 0.03% while the probability that
an individual will remain at Healthy state (H) after the test is 99.73%. It was found that if an
individual is already positive and has taken medication the probability that its second test came
out negative is 6.45% while the chances that it will remain positive but uncomplicated is 93.55%.
The study also showed that in the long run, about 95.98% of persons who visited the student clinic
with malaria symptoms recorded negative tests for malaria parasite while about 4% recorded
positive for malaria. In terms of disaggregation by gender, it was realized that the number of

reported negative test results were higher for females (97.08%) than for males (96.13%). However,
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the infection rate is higher for males (3.87%) than females (2.92%). It is recommended that in as
much as the University of Ghana has two health centers (a clinic and hospital), there should be a

centralized system to track students’ health so research done would not be biased.
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INTRODUCTION

Malaria is a life-threatening disease caused by parasites that are transmitted to people through the
bites of infected female Anopheles mosquitoes. According to WHO (2017) estimate, there were
about 219 million cases of Malaria in 87 countries with estimated number of 435,000 malaria
deaths. It is believed that with first symptoms of fever, headache, and chills sometimes mild or
severe, it requires that a test be conducted is conducted to determine the symptoms shown is
malaria. If malaria is not treated within 24 hours, P. falciparum malaria can progress to severe

iliness, often leading to death.

There are two states of malaria: Uncomplicated Malaria and Severe Malaria. It is also known that
malaria parasites relapse and according to WHO, effective surveillance is required at all points on
the path to malaria elimination. Stronger malaria surveillance systems are urgently needed to
enable a timely and effective malaria response in endemic regions, to prevent outbreaks and
resurgences, to track progress, and to hold governments and the global malaria community
accountable (WHO, 2017).

Many researches have been made about malaria and how to model its transmission mathematically.
A study by Nedelman (1985) indicated that mosquitoes transmitted malaria. Nedelman limited his
work to infants. He considered other works which expanded on what Roland Ross did. Nedelman
also conducted a reanalysis of Ross’s model to explain Lotka’s interpretation of those models. The
study was of the view that malaria models had inoculation rate which was the probability per unit

time an uninfected individual becomes infected.

Odongo et al., (2015), also made a research to investigate anti-malarial drug use patterns among
women who have recently been infected with malaria before and during pregnancy in Uganda. He

used data collected through questionnaires and applying a first order Markov probability model to
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help estimate probabilities of transitioning between treatment choices made and during pregnancy.
Odongo et al. (2015), used three transition probability transitioning states for their model. The
study made two assumptions when constructing the probability model: a constant time interval for
each woman, between malaria infection before and during pregnancy and that each medicine was
always considered in its rightful dose and duration. While these assumptions are relevant it is quite
complicated in practice.

Richard et al. (1993) came up with a three-state Markov model of Plasmodium falciparum
Parasitmia. It considered a non-infected state, the infected state exhibiting no clinical signs and the
infected state with clinical signs. Data of children in Burkina Faso was used. The article stated that
various authors have established that in order to attribute with minimum error a high temperature
to malaria attack, it is necessary that concomitantly the level of parasite blood density be greater
than a certain threshold, which varies with age. In their model, they made no allowance for
misclassification. They also supposed that the parameters were constant between two survey
points. The state classification though valid it is limited to the data considerations and

classification requirement.

In this paper, we present a Markovian model for the Malaria disease that distinguishes two
hypothesized states based on data consistency and threshold requirement: healthy and
uncomplicated state. We demonstrate how the transition rates between these two states can be
estimated and apply the model to evaluate data collected from the University of Ghana student
Clinic for the year 2019. The overall aim is to determine the average transitioning probability

between these two states within the given period.

METHODOLOGY

The article describes a quantitative study of a stochastic model using a Markov chain. Data were
obtained from all students who visited the student clinic and were tested for Malaria from January
2019 to December 20109.

Model Analysis strategy

The pre-analysis was done by checking for missing data and outliers. The outliers were removed

and the section of data that did not fall in the category of the target group were also removed. That
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is all values outside the range were considered outliers. It was found out that none of the
individuals fell in the category of severe malaria reducing the states for the study to two states.
Therefore, the Markov transition matrix becomes a two state Markov chain.

A description of the states under consideration is given as below:

Healthy state: it comprises of individuals who tested negative to the malaria test and individuals

who have recovered from the malaria infection or disease.

Uncomplicated state: it comprises of infected individuals or individuals tested positive with the

malaria parasite count of less than 100,000.
Model Development for the two-state chain.

Consider two discrete states: Healthy state (State 0) and Uncomplicated state (State 1). If
(X,, h = 0,1) represent the number of individuals at any state for Malaria at any time t, then

clearly, X; is a stochastic process with states 0 and 1.
Thus, the first-order time-homogeneous Markov dependency can statistically be modeled as
P(Xy = h|Xp1 = hnon,. X1 = h1, X = Xo)
= P(Xp = hn|Xy-1 = hy-1) (1)

Then, the transition probability (P,,,,) for h,u = 0,1 is denoted in matrix form as
Pyy P
P )= ( 00 o1> 5
( hu) P10 P11 ( )
where

YizoPru =1, h=0,1. (3)

Parameters of the Markov Chain (Probabilities of Transition matrix), Phh: probability of
remaining in a state h. and Ppy: transition probability from state h to state u.

Remarks. The parameter Pg1 is mostly referred to in the literature as discrete time force of
infection. Also, P10 is the recovery or defection probability. The time step unit to ensure the

transition from one state to another is measured on a yearly basis.
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Model assumptions
In relation to the model, the following assumptions are made.

1. The current state of an individual is only dependent on only the individuals state or step or
health status according to the malaria test.

2. Transitioning probabilities are independent of time and remain constant over the study
period.

3. Successive transitions or relapse confirmed severity of the disease and other medical
complications were not taken into consideration.

4. Students who do not return to the clinic after treatment were considered healed.

Estimating Transition Probabilities.

The maximum- likelihood estimation (MLE) was used to estimate the transition probabilities for
the Malaria disease with its standard errors. Table 1 shows the number of individuals during the
study period at any state (H, U) for each case study of the Malaria disease.

Table 1: Number of individuals at any of the two state for group

Group Healthy Uncomplicated
Healthy Individual Xoo Xo1
Uncomplicated X10 X11
individual

X00: humber of healthy individuals who remained healthy at the end of the study period.
X01: number of healthy individuals who became infected and at the uncomplicated stage

at the end of the study period.

X10: number of infected individuals who recovered at the end of the study period.
X11: number of uncomplicated individuals who remained at the uncomplicated stage at

the end of the study period.

The transition events are independent of one another (as defined by the Markov principle); the

likelihood of the transition probability, Phy, follows a binomial model:
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L(Pry | N,20) = (30 ) B (1 — Py Ve %, (@)
Where Ny, is the number of observed transition that starts from state h to u and

2P =1 (5)

From equation (4) and the assumption of constant transition probabilities over the period,

the transition probability matrix is estimated as a multinomial distribution given as

p—_*hu _ Xhu
b= YuXhy Np (6)

for h, u=0, 1 with standard errors from the sampling distribution of the ML estimate given

as

n Ppu(1- Ppy
S.e(Ppy) = /%hh) (7)

Estimating the Malaria Disease Metrics.

The probability that a Healthy individual becomes infected with malaria for the first time between
m — 1 and m time steps for states h,u = 0,1 from the transition probability matrix (H-U) is given

as shown in Table 1.

0 = Kpem = L, Xneme1 = 0,..., Xny1 = 01X, = 0) = P3Py, (8)

Similarly, the probability that an uncomplicated individual first recovers between m — 1

and m time steps is given as

T — Ko = 0, Xpame1 = 1,0, Xnpq = 11X, = 1) = PP1P,. 9)
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The expected time of infection to an uncomplicated stage and recovery has a closed form
solution which is computed as

1 _Z?r°1=1mfrfﬁ — Phry
E(rp) = P.(h>u)  1-Ppy (10)

for h,u = 0,1, h= u, where the numerator, ), fmy’,, is the expected value of first passage time from

state h to state u and the denominator

P(h - u) = 2h (11)

The life expectancies (Wh, h = 0, 1) for healthy and Uncomplicated individuals can also be

estimated using the following equation:
W= =)™ x(3), (12)

where | is a2 x 2 identity matrix and Q is a transition matrix given as
Poo Po1>
= : 13
Q <P1o P11 ( )
The n' step transition probability matrix (P, h, u =0, 1) was estimated for each disease using

a decomposition method that requires eigenvalues and their corresponding eigenvectors. Hence, it

can be estimated using the decomposition below:

P" =QAmQ™ (14)

where Q is 2 x 2 nonsingular matrix and X,,, (u = 0,1) is the right eigenvectors corresponding to

the eigenvalues Ay(u =0, 1). Thus,

PX, = A,X,, (15)
A0

n _ 0

r=(5 ) as)
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To estimate the limiting distribution we note that,

lim P" =n (17)
nP=m (18)
_[1—a a o
where, P = [ b 1 b] and T = (7,, T,), Where

RESULTS

Considering that the H-U model for malaria disease, thus Healthy (State 0) and Uncomplicated
(State 1).

Assume (Xi,izo,l) represent the number of individuals at any state of the Malaria disease at any
time t, which satisfies the first order time-homogenous Markov dependency from equation (1).

Clearly, X; satisfies the Markov chain model with a state space S = {0,1}.

The Table 2-4 show the number of individuals included in the study population from Healthy state
to Uncomplicated state for the total Malaria cases and the disaggregated, Female and Males

respectively.

Estimating the Transition Probabilities

A two state Markov chain has the nature where it is seen as ‘sticky’, where if an individual
is healthy at one instance (one step) and in the next instance or step, the person is likely to
still be healthy. A manual computation was used in estimating the transition probabilities
and for generating the probability transition matrix for each state of the Malaria in all
classes. Considering that the Markov chain is in state 0 with a probability of 0.9973 of
being healthy, then there would be a 0.0027 probability of moving to state 1 the probability

of being in an uncomplicated state.

The transition probability matrices for the various classes are, respectively, presented as
follows:

_[0.9973 0.0027]

Pr= 0.0645 0.9355
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where P; is the transition matrix for total malaria cases, and for female and males are

given as,
p. — [0:9965 0.0035]
F~10.1165 0.8833
p — [0:9984 0.0016]
M ™10.0397 0.9603

For the total transition matrix, it is seen that the probability of healthy individuals who
became infected and at the uncomplicated stage at the end of the study period is seen to be
0.0027 and the probability of infected individuals who recovered at the end of the study
period were 0.645; which shows that the rate of infection of Malaria is generally low and
the rate of recovery from Malaria is generally high. It is observed that the probability of
healthy individuals who remained healthy at the end of the study period for females is
0.9965 and 0.9984 for males; which shows that most of the males remained healthy than
the females. Also the probability of healthy individuals who became infected and at the
uncomplicated stage at the end of the study period is seen to be 0.0035 and 0.0016 for
females and males respectively; this means that more females got infected by the end of
the period compared to males. Again, the probability of infected individuals who recovered
at the end of the study period were 0.1165 and 0.0397 for females and males respectively
which implies that females recover from Malaria faster than males. Finally, it is found that
the probability of uncomplicated individuals who remained at the uncomplicated stage at
the end of the study period were 0.8833 and 0.9603 for males and females respectively and

this means that males stay infected for a longer period compared to females.

Table 2: Number of individuals at any state for total Malaria cases at the end of

the period.
Group Healthy State Uncomplicated State
Healthy State 2923 8

Uncomplicated State 12 174
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Table 3: Number of individuals at any state for Females in the sample population at the

end of the period

Group Healthy State Uncomplicated State
Healthy State 1688 6
Uncomplicated State 7 53

Table 4: Number of individuals at any state for Males in the sample population at the end

of the period.

Group Healthy State Uncomplicated State
Healthy State 1235 2
Uncomplicated State 5 121

Classification of States of the Model using Graph Algorithm

A graph algorithm was used to represent the transition probabilities for each category of
the Malaria disease so as to easily classify the states into recurrent, transient, or absorbing.
From Figure 1 A, it can be concluded that it is recurrent, which means that the state
communicates between themselves. Figure 1 B and C are also seen to be recurrent. It is
seen that all states communicate H—U making it an irreducible Markov chain. It is
recurrent because starting from a healthy state H, one would eventually return to H in a

finite number of steps, which means the eventual return is certain.

0 (5
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Figure 1: Graphical display of the transition matrices for the three categories; Total (A)
malaria cases, Female (B) and Male (C), respectively.

Considering the two main types of recurrent states, Figures 1 can be classified as positive
recurrent states. Since all states belong to the same equivalence class, it can be classified
as an irreducible Markov chain hence it can be inferred from the classifications that the
above Markov chain is ergodic. Since it is also classified as a finite Markov chain. Hence

it is clear that Pt Pr, and Pm have limiting distributions. That is lim P™ = m. It is seen that

n—-oo
Pt Pr, and Pmare all square matrices (2x2) which satisfies a stochastic or transition matrix.
This is because Y.,es Py =1 and for each ues, Pt Pr, and Pwm can be considered as

doubly stochastic matrices.
Estimation of the n step transition probability

Considering a two-state Markov chain transition probability matrix P, then the n-step
probability matrix would be P". The P" transition probability matrix was estimated from
equation (14). The Markov chains above are all aperiodic and irreducible. The P" transition

probability matrix predicts the transition probabilities for each state at any time step.

[ 215 4 9(0.9328)" 9 9(0.9328)™ 1

pn — | 224 224 224 224
T 215 215(0.9328)" 215 4 215(0.9328)"
224 224 224 224 -
[ 233 4 7(0.8800)" 7 7(0.8800)™ 1

pn — | 240 240 240 240
F 233 233(0.8800)™ 233 4 233(0.8800)™

L1240 240 240 240
[ 397 N 16(0.9587)" 16  16(0.9587)" 7

pn — | 413 413 413 413
M 397 397(0.9587)" 397 4 397(0.9587)"
413 413 413 413 -

Clearly, n=1 from the estimated P" transition matrix gives the actual first transition matrix
of Pr,Pr, and Pwm, respectively. Therefore, the transition matrix at any time step greater

than or equal to 1 can be generated from the fitted P" matrix.
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Estimating steady state or limiting distribution (lim P™ = m.)

n—oo

From Equation (14), we can also deduce the limiting distribution for the various classes of
the Malaria disease. After the computation, the limiting distributions using equation (19)

for Pg, Pk, and Pwm their solutions are presented below respectively.
mr = (0.9598,0.0402)
mr = (0.9708,0.0292)
my = (0.9613,0.0387)

Considering the above probabilities, the probability of one being healthy in the long run is
almost assured. Hence this proves the temporal immunity one gets after being infected with

malaria severally.
DISCUSSION

According to Sonnenberg et al. (1993), Markov models are useful when a decision problem
involves risk that is continuous over time, when the timing of events is important. The
study utilized these ideas to be able to arrive at the conclusion. In this study Markov chain
model showed that both rate of infection and severity were relatively low in all the three
classifications. The findings relate with Twumasi et al. (2019) where similar outcome, was
obtained but with different disease scope namely, HIV, Hepatitis B (HBV) and tuberculosis
TB). These diseases are classified as infectious diseases. Considering HIV, HBV and TB
have different states in terms of treatment and disease progression hence making it possible
for it to be modelled using Markov chain modelling. Thus, male had higher chances of
staying in the uncomplicated state for a longer period than the females. Also, females had

a higher recovery rate than males.

Generally, the probability of an individual recovering from Malaria is high compared to
the probability of that person getting infected. Considering the probabilities computed in
Equations 4 and 5, the probability of one being healthy in the long run is almost assured.
This demonstrative effectiveness in the treatment of malaria. It also proves the temporal
immunity one gets after being infected with Malaria severally this support effort of. Sandip,

Ram and Somdatta (2011). Sandip et al. (2011) published a review on mathematical models
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of malaria to help public health get a better appreciation of strategies to effectively control

malaria.

The study could not extend the state transition matrix to Severe cases due to data
unavailability. That notwithstanding, the data and analysis presented is a fair representation
of the situation pertaining to the student clinic at University of Ghana.

CONCLUSION

In conclusion, the Markov chain model has helped to show the transition probabilities
between healthy individuals and malaria positive but uncomplicated individuals within the
given year. With two states Healthy (H) and Uncomplicated (U) forming a state space,
there are four possible transitions. If we are at H we could transition to U or stay at H. if
we are at U, we can transition to H or stay at H. Based on the formulated transition
probability matrices, the probability of transitioning from Healthy state to malaria positive
state is about 0.03% while the probability that the individual will remain at H after test is
99.73%. This means that probability of individuals with malaria symptoms who were
eventually tested positive were 0.03% at first visit. If the individual is already positive and
has taken medication the probability that its second test came out negative is 6.45% while

the chances that it will remain positive but uncomplicated is 93.55%.

The studied showed that in the long run about 95.98% who showed at the student clinic
with malaria symptoms recorded negative for malaria parasite while about 4% record
positive for malaria. In terms of disaggregation by gender, it was realized that number of
reported negative test results were higher for females (97.08%) than for males (96.13%).

However, the infection rate is higher for males (3.87%) than females (2.92%).

It is recommended that, in as much as the University of Ghana has two health centers (a
clinic and hospital), there should be a centralized system to track students’ health for

effective and efficient research.
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