Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 October 2020 d0i:10.20944/preprints202010.0320.v1

Extended General Relativity for a Curved Universe

Mohammed. B. Al-Fadhli®*

ICollege of Science, University of Lincoln, Lincoln, LN6 7TS, UK.
*Correspondence: malfadhli@lincoln.ac.uk; mo.fadhli7@gmail.com

Abstract: The Planck Legacy recent release revealed the presence of an enhanced lensing amplitude
in the cosmic microwave background, which confirms the early universe positive curvature with a
confidence level exceeding 99%. Besides, the observed gravitational lensing within several galaxy
clusters is higher than that estimated through the standard lambda cold dark matter model by an
order of magnitude. While general relativity works perfectly well in the present universe where the
spacetime is almost flat, it should be enhanced to account for the pre-existing universal curvature.
This study presents new enhanced field equations utilising Einstein—Hilbert action. The enhanced
field equations are reduced to Einstein field equations in a flat universe.
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1. INTRODUCTION

There is strong evidence of early universe positive curvature according to Planck Legacy recent
release with a higher than 99% confidence level [1,2]. In addition, the detected gravitational lensing
within several galaxy clusters by their substructures is higher than that estimated through the current
standard model by an order of magnitude [3]. Enhancing general relativity by integrating the pre-
existing universal curvature might assist in resolving these inconsistencies.

This study presents new enhanced field equations based on Einstein-Hilbert action. The paper
is organised as follows. In Section 2, the enhanced field equations are derived with considering the
pre-existing universal curvature. Section 3 presents future works.

2. New Field Equations

The pre-existing universal curvature represented by the scalar curvature R is incorporated into
Einstein—-Hilbert action as

S = f ——+LM]Hd4x (1)

where R = R, g*¥ is the scalar curvature, g = detg,, is the determinant of the metric tensor [4] and
Ep = (stress/strain) in (%) is the deformation modulus reflecting the stress energy tensor of the

matter in terms of the Lagrangian £, divided over the change in spacetime curvature R,, with
respect the pre-existing universal curvature R. Using the principle of least action 6S =0 of the
variation of the action over the inverse metric tensor §g#¥
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Eq. (3) have to hold at any variation in §g#¥ as
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The four terms in Eq. (4) are solved individually as follows
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2.1 First Term

The variation of the first term is

§(Rw3g"™)  Ruy69™” + 9" "0Ry,
REgH REgH
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where 8R,, is the variation of the Ricci curvature tensor and §g*V is the variation of the inverse
metric tensor g#¥. The variation in the Ricci curvature tensor can be obtained by contacting over two
indices in the variation of the Riemann curvature tensor R’ ouv [5]- The Riemann curvature tensor is

defined as
R%, = 0,1 — 0,1 + T T — T4 T ©)
where T, is the Levi-Civita connection. The variation of the Riemann curvature tensor is
SRy = 08T 5 — 0,8T 5 + TP T4 + T, 6T 45 — 6T, T5 — T4, )
where 6T, represents the difference between two connections where its covariant derivative is
Vu(8T%5) = 0,(8T5,;) + T4 ;6T — 7,617, — T766T (8)

By substituting Eq. (8) to Eq. (7), the variation of the Riemann curvature tensor can be rewritten as
OR o = Vu(8T%5) = Vo (0T0) ©)

The variation in the Ricci curvature tensor 6R,, can be obtained by contracting two indices in Eq.
(9) and acquiring the Palatini identity [5] as

8Ryy = V,(6T%,) = V,(6T%,,) (10)

Regarding the variation of the inverse metric tensor §g*”, it can be obtained according to the
metric compatibility of the covariant derivative, V,g*¥ = 0 and by renaming the dummy indices v
and p to p and u respectively then substitute Eq. (10) as

o — o P o
9°"6Rsy, = Vp(g veT ve — 9 parlzw) (11)
To obtain the total derivative, Eq. (11) is multiplied by ,/—g [5] where for any tensor density it is as
follows

Vu (\/__g(gavé‘rltla - o‘,ué‘l"ll o‘)) - a (\/_ (gavsrlia - U#SF” o‘)) (12)

Integrating Eq. (12) produces a boundary term according to Stokes theorem. The variation of the
inverse metric tensor 5g#*as well as its partial derivative d,6g*" do not vanish. Therefore, the
boundary term exists. However, as the variation vanishes as it approaches the neighbourhood of the
boundary, its contribution to the action can be discounted [5]. Therefore, the first term reduced to

§(Rywg™) R
REgWW R (13)

where this term represents the change of spacetime curvature R,, over the pre-existing universal
conformal curvature R
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2.2 Second Term

The variation of the second term is

RR _ 2R(Ruwbg™ + 9" 6R,)
§(Ruwg™ 289" R2§gH

(14)

According to the metric compatibility of the covariant derivative, V,g*¥ = 0 and by renaming the
dummy indices v and p to p and p respectively then substitute Eq. (10) as

gV oRsy = Vp(gavarﬁ/a - ga'pé'l-*ljw) (15)

Utilising Stokes theorem as with Eq.(12), the second term reduce to

RR 2R R
=- (16)
S(Rurg**)?8g" R?
2.3 Third Term
Utilising the Jacobi's formula, the differentiation of the determinant and its variation are
v79
89 = 6det(gus) = 99" 89wy » 8Y=9 = = 5= Guv 69" (17)
where g, 69" = —g"'8g,, and 69" = —gH*(8gap )g?” [5]. Accordingly, the third term is
R &8.—g _ R 18
RH 69#1; - 2R Juv ( )
2.4 Fourth Term
The fourth term is proportional to the stress-energy tensor by the definition [6] as follows
-28(/—g9Lu) 8Ly
———F— =9Jwlm —2 <~ T (19)
5gt'\—g sg*
2.5 Enhanced Field Equations
Substituting Egs. (19, 18, 16, 13) to Eq. (4), generates the new field equations
Ru  2RwR _ R Tw (20)

R TRz 2RI T,

The enhanced field equations are reduced to Einstein field equations in a flat universe that in
which the curvature tensor through space and conformal time R,, =0 as well as the scalar
curvature over the conformal time R = 1.

3. FUTURE WORK

The Newtonian limit to be taken for the enhanced field equations in future works.
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