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Abstract: In this article, the Legendre-Gould Hopper polynomials are combined with
Sheffer sequences to introduce certain mixed type special polynomials. Generating func-
tions, differential equations and certain other properties of Legendre-Gould Hopper based
Sheffer polynomials are derived. Further, operational and integral representations provid-
ing connections between these polynomials and known special polynomials are established.
Certain identities and results for some members of these new mixed polynomials are also
obtained. Finally, the determinantal definitions of Legendre-Gould Hopper based Sheffer
polynomials are also given.
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1. Introduction and preliminaries

Operational methods developed within the context of the monomiality principle have
opened new possibilities to treat problems associated with the properties of special func-
tions and polynomials. Even classical problems with well known solutions may acquire a
different flavor if viewed from such perspective. Furthermore, the same formalism provides
the possibilities of introducing new families of mixed special polynomials. These polynomials
have several applications in different branches of mathematics.

(s)
Recently, the Legendre-Gould Hopper polynomials (LeGHP) RH”T(,“”) and SHT(LS) (x,y, 2)
are introduced in [30] which are defined by means of the following generating functions

XL RHY( ) "
exp(zt®) Co(xt) Co(—yt) = Z b (@ y, ! (1.1)
n=0 :
and
t
oyt + ) Coot®) = 3 5.2, (12
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respectively, where Cy(z) denotes the Tricomi function of order zero. The n'* order Tricomi
functions C),(z) are defined by means of the generating function

e:cp(t - —) Z Ch( (1.3)

for t # 0 and for all finite = and are defined by the following series [12, p.150]:
S 1
Z . n=0,1,2 ... (1.4)
st (n+s)!
s=0
The 0%-order Tricomi function Cy(z) is also given by the following operational definition:
Co(az) = exp(—aD, ){1}, (1.5)

where D! denotes the inverse of the derivative operator D, := % and

gy "
D ™"{1} = ok (1.6)
Also, it is known that [16]
a 0
- (%x%)@)(o&) a Co(ax). (1.7)

(s)
The LeGHP RH"TW and SHT({S)(:U,y, z) are shown to be quasi-monomial [12, 28] under
the action of the following multiplicative and derivative operators [30]:

831

MRH = —D + D + SZay 1 (18)
- 0 0
Pry = ——a— 1.9
RH 8xx8x (19)
and
M + 2D_ 0 + ! (1.10)
= — + Ssz—— )
SH =Y By By
A 0
Psg = — 1.11
respectively.
Consequently, M RH, PRH and MSH, PSH satisfy the following recurrence relations:
- HY (2,y, 2) RH() (xy z)
Mpy B2 i 1.12
s RS @y )| rHY (2, 2)
R i 1.13
fH { nl o) (1.13)
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and
MSH{SHés)(xvyvz)} = SHéil(xayaz)a (114)
pSH{SHr(LS)(x7y7 Z)} :nSHT(li)l(x7y7z)7 (115)

respectively, for all n € N.

In view of the monomiality principle equations

R R HT(LS) HT(LS)
MRHPRH{R (‘Tayvz)} :nR (',vaya’z)7 (116)
n! n!
MSHpSH{SHT(LS)(x7y7Z>} =n SH1(18)<I7?/7Z)7 (117)
(s)
the differential equations satisfied by RH”TW and gH.” (x,y, z) are [30]:
(9 s+1 a
( ay—’_szaxays +( n)ax)R n (I’,y,Z) ( )
and 82 as+1 82 B!
2 —n— | gH® =0 1.19
( ay2+szax8ys+y8xay nax>s n (.Tf,y,Z) ) ( )
respectively.
(s)
Also, RH”TW and 5H7(f)(:v, y,z) can be explicitly constructed as:
Hff) T,Y, 2 ~ R
WY E) 1), e (e =1 (1.20)
and X
SHE (z,y,2) = Mig{1},  sH (z,y,2) =1, (1.21)
respectively.

(s)
Identities (1.21) and (1.20) imply that the exponential functions of RH”TW and gH" (x,y, 2)
can be given in the forms:

o > R HS (2, 2) t
R&In ) Iy
exp(tMpy){1} = Z %ﬁ’ |t] < o0 (1.22)
ot ! !
and .
. #n
exp(tMsy){1} = ZSHT(LS)(x,y,z)E, |t] < o0, (1.23)
n=0 ’
respectively.

(s) s
For suitable values of the indices and variables, the LeGHP RH"T(,WZ) and er(L )(x, Y, 2)
give a number of other known special polynomials as special cases. We mention these special
cases in Table 1.


https://doi.org/10.20944/preprints202010.0204.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2020 d0i:10.20944/preprints202010.0204.v1

Table 1. List of special cases of LeGHP ¢H\(z,y, z) and pH (2, y, 2)

Values of Relation between LeGHP Name of Series definition
No.| the indices SHy(L )(l‘, Yy, z),RHy(L )(:v, Y, 2) known of known polynomials
and variables and its special case polynomials
(s) (s) (s) \ k Ln—sk
1. z =0 sHy’(0,y,2) = Hy /' (y, 2) Gould-Hopper [22] H, ' (z,y) =n! Ek 0 m
II. 2-Variable Legendre
=0 S 0) = oL type [17 =n! oyt 2
z = sHp ' (z,y,0) = 2Ln(z,y) ype [17] n(z,y) = "ZT om
L | i. s=m; @ =0, <H(™ (0, -D;Yy) = () Ln(=, v) 2-Variable
- -—D;' 2 Generalized Ly(z,y) =n! Z ml gk aynomh
Y x Y [m] v = k=0 kI[(n—mk)!2
ii.s=m;y=0,z >y RHgbm)(a:,O, y) = [m]Ln(m, y) Laguerre Type [14]
—1 . L k)l ykgn—mEk
V. s=m—1; =0, SH,(Lm )(O,z,y) = U,(Lm) (z,y) Generalized U,im)(z, y) = Zk (/nk')(’niik)‘
y—xz,z—y Chebyshev [13]
P — _ -1 (1) —1y _ . (—z) g "
V. iis=1a2=0,z— —Dg sHy ' (0,y,—D; ") = Ln(z,y) 2-Variable Lp(z,y) =n!3> g m
iis=1,y=0,2z >y RHLl)(z, 0,y) = Ln(x,y) Laguerre [20]
VI. | z=0 RH,E'S) (z,y,0) = Ryp(z,y) 2-Variable
Legendre [19] Ry (z,y) = (n)2 3" I Gt i
& m Y 7 ) 2r=0 ()2 [(n =2
VIL.| =0, y — =, 2-Variable
() ) n) n—skk
z = yDyy sHy ' (0,x,yDyy) = en (z,y) truncated order of en (ac y) = n! Ek 0 =R
s [14]
VIII] s=2;z=0 2-Variable
(2) ) . k Ln—2k
sHy’(0,y,2z) = Hn(y, 2) Hermite-Kampé Hy(z,y) =n! Ek 0 m
de Fériet [2]
IX. | i. s=2;2 =0, SH,,(L2> (o, D;l, y) = Gn(z,y) Hermite
k Ln—2k
-1
y—=> Dy z—y G(zvy)*’ﬂzk om
.t 2
ii.s =2; @ =0, rRHSP(0,3,y) = G (2, y) Type [15]
Yy = x,z >y
7
X. sHE (2571 2,0) = Pa(a)
(2] (22_1)kyn—2k
y—x,z2=0 Legendre [26] Pp(z) =n!32 2, Py arnermscyst
.. — 1 _
s = Lz — (152), rHSY (A5, 152,0) = Pu(e)
y— (%), 2=0
2)
) ) ny yha® (22
XI. | s=3;,z— 2D, z, SHy(LS)(zDz z,z,y) = H,(fﬂ) (z,y,2) Bell-Type [21] Hﬁf'z) (z,y, z) =n! ZE;"‘:]O k'?n;—gglc)'
[3] ’“] R o7 g —3k—2r
y—ozz—=y n!> s E k!r!(n73k72r)!

Next, we recall that the polynomial sequence {s,(z)}%°, (s,(z) being a polynomial of
degree n) is called Sheffer A-type zero [26, p.222 (Theorem 72)], (which we shall hereafter
call Sheffer-type), if s, (z) possesses the exponential generating function of the form

oo

A(t)exp(zH(t) Z sn(z (1.24)
n=0 '
where A(t) and H(t) have (at least the formal) expansions:
o0 tn
= ZA,L—', Ay #£0 (1.25)
—~ nl
and
oo tn
n!
n=1
respectively.

Properties of Appell and Sheffer sequences are naturally handled within the framework of
modern classical umbral calculus by Roman [27]. In view of the following result [27, p.17],
the Sheffer sequences can be alternatively defined as:

4
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Let f(t) be a delta series and g(t) be an invertible series of the following form:

0 4
n=0 )
and
o0 m
S (1.25)
0 n:

Then there exists a unique sequence s,(x) of polynomials satisfying the orthogonality
conditions

<g(t)f(t)k|sn(x)> =n!0pg, foralln,k>0. (1.29)

Also, in view of Roman [27, p.18 (Theorem 2.3.4)], the polynomial sequence s,(x) is
uniquely determined by two (formal) power series given by equations (1.27) and (1.28). The
exponential generating function of s,(x) is then given by

1
PR ZS” " 1

for all x € C, where f~!(¢) is the compositional inverse of f(¢). In view of equations (1.24)
and (1.30), we have

1
A(t) = m (1.31)
and
H(t) = f(1) (1.32)

The sequence s, (z) in equation (1.29) is the Sheffer sequence for the pair (g(t), f(¢)). The
Sheffer sequence for (1, f(t)) is called the associated Sheffer sequence for f(¢) and the Sheffer
sequence for (g(t),t) becomes the Appell sequence for ¢(t) [27, p.17].

The Sheffer class contains very important sequences such as the Hermite, Laguerre,
Bernoulli, Poisson-Charlier polynomials etc. These polynomials are important from the
view point of applications in physics, number theory and in many other branches of mathe-
matics. We present the lists of some known Sheffer and associated Sheffer families in Tables
2 and 3 respectively.

Table 2. Some known Sheffer polynomials
S.

No. g(t); A(t) f(t); H(t) Generating functions M(X, D) and P(D) Polynomials
I. e(%)r; E*t"‘ %; vt ezp(vzt —t ) M =vX — 7‘7‘—1 Dr—1 Generalized
v
Zio oHn,r u(z)% P = % Hermite

Polynomials
Hn,ro(z) [25]

m | a-¢—v1 = a—merteer () = N = —XD? + (2X— Generalized
(1—t)~v—1! >olo L;V) (z)t™ v — I)D X+v+1, Laguerre
P= ﬁ Polynomials

L) () 1, 26]

2 .t et —1 1+t t 1+tyx _ T — — i
L | 2414 P sin(1=%) = (£=)% = M = 2D 20D}’ Pidduck
N D
(1—t)—v—1! Ynzo Pn(x)t™ P = ﬁ Polynomials
e
Py (z) [8, 4]
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Iv. (lft)_ﬁ;eﬁt In(1 —t);1 — et ezp(Bt«l»z(lfe ) = M=XD— X + 8, Acturial
Dy (B) (z)t™ P =in(1 — D) Polynomials
] at? () [8]
V. exp(a(et —1)); a(et —1); €7t(1 + %) = M = LD -1, Poisson-Charlier
ae
et In(1+ %), oo en(x; a)% P=a(eP —1) Polynomials
cn(x;a) [5, 23]
At t A — P -D Ae(3-1)D
VI. (1+e )“; e’ —1; (1+(1+t) ) H+t)* = M = Xe 7W, Peters
e
1+ (1+t)>‘)7“ In(141t) Sl sn(x;)\,u)% P=eP -1 Polynomials
sn(x; A, 1) [8]
t .t t_ 1. t _ I — Xe—D 4 Dte D1 ;
VII. =1 Tn(FD et —1; m(l + )% = M = Xe + m, Bernoulli
In(14t) >lo bn(z)% P=cP 1 Polynomials of
the second kind
- bn(z) [23]
T . 2 [ : 2 — T — = T
VIII §(1+e)’ﬁ et —1; m(l-&-t)“b_ M = Xe ~@hiy Related
n .
In(14t) P Deadiry rn(x)t—, P=eP 1 Polynomials
rn(z) [23]
IX. | sect; 1 tant; arctan(t) L__cxp(zarctan(t)) = M = (X — tanD)cos’ D, Hahn
V1412 /1412
In(1+t) S0 o Rn(x) tn—n, P =tanD Polynomials
R (z) [7]
— 3
t 1 11+4t\2, - 2 —1 Y —X(1-D) .
X. a—na’ ) Ziz(l—t) ; (1—4t) 2 (71_*_\/1_74‘)“ M77(1+D) Shively
= 3 3
_ - 2 a—1 —4t —4xt (1-D) a(1—D) _
(1 — 4t) (1+\/m) Eo 1—4t)2 Xezp(7(1+ 1—4t)2) (1+D)2 + aFD) Pseudo-Laguerre
oo Rn(a, z)t™ pP=1_ i ( %i’D )2 Polynomials
Rn (a, =) [26]
Table 3. Some known associated Sheffer polynomials
SN'o f(t); H(t) Generating functions M(X, D) and P(D) Polynomials
t_, 1 1\ n -~ x(14eP)? .
1. Ztﬁ; ln(l—f:) (Z‘th )T =00 Mu(2) Ly M = (T)’ Mittag-Leffler
. D .
P = eD+1 polynomials My, (x) (3]
™ =
1I. In(1+t); et — 1 eacp(:t(et - 1)) =370 d)n(x)tn—, M = X(1+ D), Exponential
P =in(1+ D) polynomials ¢y, (x) [6]
1L | In(1+t);et —1 (1+t)* = %Ozo(z)n% M=Xe D, Lower factorial
P=eP 1 polynomials (z)yn [27]
V. | t— %t2; 1—V1—-2¢ exp(z(l — VI =2t)) =302, pn(z)% M = %, Bessel polynomials
P=-tiD*+D pn(x) [9, 24]

In the present paper, the Legendre-Gould Hopper based Sheffer polynomials are introduced
and framed within the context of monomiality principle. Some operational and integral
formulas for these polynomials are derived. Further, some results are obtained for some
members of the Legendre-Gould Hopper based Sheffer polynomial families. The paper is also
concluded with the determinantal definitions of the Legendre-Gould Hopper based Sheffer
polynomials(LeGHSP) .y s,(2,y,2) and _gesa(z,y, 2).

2. Legendre-Gould Hopper based Sheffer polynomials

To generate the Legendre-Gould Hopper based Sheffer polynomials (LeGHSP) denoted by
L Sa(T,Y,2) and (g sa(7,y, 2), we prove the following results:

Theorem 2.1. The Legendre-Gould Hopper based Sheffer polynomials (LeGHSP) denoted
by e Sn(7,y,2) and g sa(z,y,2) are defined by the following generating functions

e (U 0)) Coles () Col —us™ ) =3 e SLNCE
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or, equivalently

o0

AWeap((H W) Co(eH 1) Col = yH0) = Y porsalev )y (22
and -
S O+ O)) o= 0P) =X onen 9 (23
or, equivalently
Aoy (0)-+ HOY) Co( =) = 3 wosalorn Vg, (24)

respectively.

Proof. Replacing x in the Lh.s. and r.h.s. of equation (1.30) by the multiplicative operator
N (s)
Mgy of the LeGHP R'H"n—(,xyz), we have

Using the expression of Mgy given in equation (1.8) and then decoupling the exponential
operator in the L.h.s. of the resultant equation by using the Crofton-type identity [18, p.12]

dm-1 d
(o mags ) 100 = ean (s ) L7000, (2:6)
we get
s (o) ((0rt 4 0:2)70) = (- 02t oyt )
(2.7)
Now, using the Weyl identity [18]
eATB = cAgBeh/2, ([fl, Bl=k, ke C), (2.8)

we get
tn

0° 1,1 —1 -l 3 .
mefb}?(ZayS)exp(_D; f (t)>€$p(Dy f (t)) - an< D +D +528y )n"
(2.9)

Now, expanding the first exponential in the Lh.s. of equation (2.9) and using definition

(1.5), we find

cap(:( OP) ol O)Col i) = S D 4Dy s )

g(f~1(t)) o
(2.10)

d0i:10.20944/preprints202010.0204.v1
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Finally, denoting the resultant LeGHSP in the r.h.s. by g s.(z,y, 2), that is

R as—l
RH<s>sn(:v,y,z) = Sn(MRH) = Sn< — D;l + D;l + szays_1>, (2.11)

we get assertion (2.1). Also, in view of equations (1.31) and (1.32), generating function (2.1)
can be expressed equivalently as equation (2.2). Making use of (1.10) and using a similar
argument as in the above proof of (2.1), we can establish the assertions (2.3) and (2.4). O

Next, to show that the LeGHSP _ s 5,(2, %, 2) and g sn(z,y, 2) satisfy the monomiality
property, we prove the following result:

Theorem 2.2. The Legendre-Gould Hopper based Sheffer polynomials g sn(z,y,2) and
<HSn(T,Y, 2) are quasi-monomial with respect to the following multiplicative and derivative

operators:
. ~ - B "(D,yD,) 1
Mpne = —Dm1+D1—|—szD51—g( y y) : , 2.12
i ( v Y g(DyyD,) ) f(DyyD,) (2.12)
~ — - gl(Dy) 1
Msps := (y +2D;'D, + 52D — - : (2.13)
Y v 9(Dy) ) f'(Dy)

or, equivalently

Mpys = (= D'+ D DsYH (H Y (D,yD 2.14
RH ( o T LDyt szl ) ( (Dyy y)) + A(H71<Dnyy))’ ( )
) , A (H7Y(D,))
Mgy == (y+2D;'D, + 52D H (HY(D,)) + Y (2.15)
( Yy Yy ) ( y) A(H71<Dy))
and
PRHs = f(Dnyy)7 (216)
Psys == f(D,), (2.17)
or, equivalently )
Prus == H ' (DyyD,), (2.18)
Psye = HY(D,), (2.19)

respectively.

Proof. Consider the following identity:

(DyyD){Co(—yf (1)} = f71(t) Co( —uf (1)) (2.20)

Since f~! denotes the compositional inverse of the function f and f(t) has an expansion
(1.27) in powers of ¢, therefore we have

F(DyyD ) Co( = yf (1)} =1t Co((—yf (1)) (2.21)

8
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Differentiating equation (2.5) partially with respect to ¢ and in view of relation (2.11), we

find

L g (f') 1 1 S .

((MRH - g(f_l(t>) ) f, (f_l(t)) ) g(f_l(t)) exp(MRHf (t)) — ; RH(S)Sn-‘rl(‘Ta Y, Z)ﬁa

(2.22)

which on using monomiality principle equation (1.22) and definition (1.1) with ¢ = f~1(¢)
gives

- _gl(f_l(t)) 1 1 | s ol
(<MRH g(fl(t))> f’(fl(t))>g(f1(t)) (1)) Colaf~(1)
tn

X C’O( — yf—l(t)) = Z H St 1 (2, Y, Z)ﬁ (2.23)

n=0
J (F1)
o(r)
m possess power series expansions of f~1(t). Thus, in view of relation (2.20), the
—(t
above equation becomes

. g (DyD,) 1 L YY) O (-
((MRH g(Dnyy)>f’(Dnyy)>{g(f‘1<t>) PETHON) Cole/(0)

X Co( — yf_l(t))} = ZRH(S)Sn—H(ma Y, Z>t ) (224)

o0

Since g(t) is an invertible series and f(¢) is a delta series of ¢ therefore and

n!
which on using generating function (2.1) becomes
. g/ (_Dnyy) 1 o0 tn oo tn
Mpy — - aosn(T,y,2)— p = oS (T,y,2)—.
<< g(Dnyy) f (Dnyy) nzzoR n! nzzoR n!
(2.25)

Adjusting the summation in the lLh.s. of the above equation and then equating the
coefficients of like powers of ¢, we find

. g (D,yD 1
<<MRH - ( . y)> ) {RH(S)Sn(xay7z)} = RH(S)Sn+1(xay7Z)7 (226)

Q(Dnyy) f (Dnyy)
which, in view of equation (1.12) shows that the multiplicative operator for .y s, (z,y, 2)
is given as:
. . g (D,yD 1
Mpgus = | Mru — (DyyDy) ; : (2.27)
Q(Dnyy) f (Dnyy)

Finally, using equation (1.8) in the r.h.s of above equation, we get assertion (2.12).
Next, consider the following identity

Dy{exp(yf (&) +2(f71(1))} = F7H () exp(yf () +2(f7'(1)"), (2.28)

9
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and by making use of (1.10) and using a similar argument as in the above proof of (2.12),
we establish the assertion (2.13).
Again, in view of identity (2.21), we have

1 -1 s -1 -1
f(DyyDy) {mel‘p(z(f (1)°) Co(zf~'(t)) Co( —uf (t))}
=t mew(df_l(t))s) Co(zf~(1)) Co(—yf'(1), (2:29)
which on using generating function (2.1) becomes
f(Dnyy) {Z rH(®) Sn(xv Y, Z):L_n'} = Z rH®) Sn—l(xv Y, Z)m%nl)' (230)

Adjusting the summation in the Lh.s. of the above equation and then equating the
coefficients of like powers of ¢, we get

f(DyyD,) {RH(S) sn(z,y, z)} =N g Sn-1(T,Y,2), n>1, (2.31)

which in view of equation (1.13) yields assertion (2.16). Similarly, we can obtain the assertion
(2.17). Also, in view of relations (1.31) and (1.32), assertions (2.12), (2.13), (2.16) and (2.17)
can be expressed equivalently as equations (2.14), (2.15), (2.18) and (2.19), respectively. [

In view of equation (1.20) and (1.21) and using equations (2.12), (2.13), (2.14) and (2.15),
we deduce the following consequence of Theorem 2.2.

Corollary 2.1. The Legendre-Gould Hopper based Sheffer polynomials , ysn(z,y,2) and
<H®Sn(T,y, 2) have the following explicit representations:

RH(S)Sn(xay7Z> = MRHS{l}? (232)

gH() Sn(l’, Y, Z) = MSHs{l} (233)
that s,

"(D,yD 1
RS (T, Y, 2) = (( - D'+ Dy—1 + szD;—l _9(Dyy y))

) 1}, (2.34)

9(DyyDy) ) f'(DyyD,)
_ —1 s2Ds L — g/(Dy) 1 !
HOSn(T, Yy, 2) = ((y +2D," D, + 52D, 4(Dy) ) f’(Dy)> {1}, (2.35)

or, equivalently

_ -1 -1 s=1\ 17’ ( 77—1 AI(Hil(Dnyy)) !
RHOS(T, Y, 2) = ((_Dw + D, + 52D, )H (H <Dnyy))+ A(H_I(Dnyy))> {1},

(2.36)

HOS(T,Y,2) = ((y + 2D;1Dy + szDZ*l)H/ (Hfl(Dy)) + Ij((g_—f((gj))))> {1}, (2.37)

respectively.

10
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Theorem 2.3. The Legendre-Gould Hopper based Sheffer polynomials _gsn(,y,2) and
<1 Sn(7,y, 2) are the solutions of the following differential equations:

"(D,yD D,yD
(( ~ D' D 452Dl - 9 (Dyy y)> J(DyyDy) —n> nesa(zy,z) =0, (2.38)

g(Dnyy) fl(Dnyy)

or, equivalently

((( - D'+ D, + szD;—l) H (H™(DyyD,))

)H_I(Dnyy) - n) rH®) Sn<m7y7 Z) =0 (239)

and

g'(Dy)) f(Dy)

g(D ) - n) SH(S)Sn(:Ca Y, Z) = 07 (240)
Y

((y +2D;'D, + szDZ’1 -

or, equivalently

(((y%—QD;lDy—i-szDZ_l)H, (H_l(Dy)) —i——)) H_l(Dy)—n> < Sa(1,y,2) =0,

(2.41)
respectively.

Proof. Using equations (2.12) and (2.16) in the corresponding equation (1.16) for the Legendre-
Gould Hopper based Sheffer polynomials 5 s, (7, y, 2), we get assertion (2.38). Also, using
equations (2.14) and (2.15) in the corresponding equation (1.17) for the Legendre-Gould
Hopper based Sheffer polynomials _zsn(7,y,2), we get assertion (2.40). Using similar
argument, we can get assertion (2.39) and assertion (2.41). ]

Remark 2.1. Since, for g(t) = 1 (or A(t) = 1), the Sheffer polynomials s, (z) reduce to
the associated Sheffer polynomials s,,(x). Therefore, taking ¢g(¢) = 1 (or A(t) = 1) in the
results obtained in Theorems 2.1-2.3 and denoting the resultant Legendre-Gould Hopper
based associated Sheffer polynomials (LeGHASP) by _ g 5,(2,y,2) and g sn(z,y, 2), we
deduce the following consequences of Theorems 2.1-2.3 :

Corollary 2.2. The Legendre-Gould Hopper based associated Sheffer polynomials (LeGHASP)
denoted by . 5.(7,Y,2) and g 5n(7,y,2) are defined by the following generating func-
tions

exp(z(f7'(1))°) Co(zf'(t)) Col — ZRH<S>5n Y, 2 f:', (2.42)
n=0 ’
or, equivalently
exp(z(H(t))*) Co(zH(t)) Co( — ZRH(S>5H (x,y,z %n' (2.43)
n=0 )

11
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and
eap(uf (1) + (7 0F) Co( — 27 (0)) = 3 mosale. o)y (244)
or, equivalently "
exp(yH(t) + 2(H(t))*) Co( —x(H(t))?) = Z <H® 5 (T, Y, Z)Z—n!, (2.45)

respectively.

Corollary 2.3. The Legendre-Gould Hopper based associated Sheffer polynomials ) 5n(,y, 2)
and g $n(,y, 2) are quasi-monomial with respect to the following multiplicative and deriva-
tive operators:

R 1
Mpys == | — D'+ D! DSl ————— 2.46
i (= D21+ D o2 ) s (240
. 1
Mgy, = <y+2Dx1D +52D31) , , 2.47
. v ) FDy) 240
or, equivalently
Mpps = (= D;' + D' + szDs" Y H (H(DyyD,)), (2.48)
Msys = (y+ 2D, ' Dy, + szD3 ') H (H (D)) (2.49)
and R
PRHs = f(Dnyy)a (250)
pSHs = f(Dy)a (251)
or, equivalently )
Prys := HY(DyyD,), (2.52)
Psys == H™Y(D,), (2.53)

respectively.

Corollary 2.4. The Legendre-Gould Hopper based associated Sheffer polynomials ) 5n(,y, 2)
and g $n(,y, 2) are the solutions of the following differential equations:

f(Dnyy>

— D'+ D, 452D
<( Y Y )f (Dnyy>

— n) i S (T,Y,2) =0, (2.54)
or, equivalently
((( — D'+ D, + szD;*)H’ (H’I(Dnyy))>H’1(Dnyy) - n) 81,7, 2) = 0 (2.55)

and

f(Dy)
f'(Dy)

((y +2D,'D, + szD;71) — n) 5.(2,Y,2) =0, (2.56)

or, equivalently
(((v+20;' Dy + 52Dy ) H (HHD,) ) HHD,) = 0) ol 2) =0, (2.57)

respectively.
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(s)
We have mentioned special cases of the LeGHP SH,(LS) (x,y,z) and &l (£4:2) i) Taple

n!
1. Now, for the same choice of the variables and indices the LeGHSP sn(z,y,2) and

<HSn(7,y, 2) reduce to the corresponding special cases. We mention these known and new

special polynomials related to the Sheffer sequences in Table 4.

Table 4. Special cases of LeGHSP s sn(2,y, 2) and _gesa(2,y, 2)

yangl,zay
ii.s=m;y=0,2z >y

[m]

) #n(@.0.9) = | en (@)

S. Values of the indices Relation between LeGHSP (s) sn(z,v, 2), Name of the
No. and variables (s sn(z,y, z) and its speciR;l case special polynomials
1. =0 SH(S)S"<O’y’Z> = H(S)sn(y,z) Gould-Hopper based
Sheffer polynomials (GHSP)
II. z2=0 SH(S) sp(z,y,0) = 2Lsn(ac7 y) 2-Variable Legendre based
Sheffer polynomials (2VLeSP)
III. i. s=m;z =0, SH(m) sn(_T"T, 0,y) = Lsn(z,y) 2-Variable Generalized

Laguerre Type based Sheffer
polynomials (2VGLTSP)

IV. s=m—1; =0,

Yy =T,z Y

SH(mfl) sn(0,z,y) = u(m) sn(z,y)

Generalized Chebyshev based
Sheffer polynomials (GCSP)

V. is=1lx=0,2=0
is=1;y=0,2z >y

I ECE -D. 1) = Lsn(z, )
RH(l)Sn(w,O, y) = Lsn(z,y)

2-Variable Laguerre based
Sheffer polynomials (2VLSP)

GH®® sn (0,2, yDyy) = (s)sn(@y)

VI. z2=0 () sn(z,v,0) = gpsn(z,v) 2-Variable Legendre based
R
Sheffer polynomials (2VLeSP)
VII. 2-Variable truncated

based Sheffer polynomials of

y—x,z2=0

=
52),

y o> (%), 2=0

ii.s = Liz — (

z2-1

a8 (52, 2,0) = pan(e)

1—a 1
s L2 0) = psn(z)

z = yDyy order s (2VTSP)
VIII. 2-Variable Hermite-Kamp
s=2;z=0 SH(2) sn(0,v, z) = gsn(y, z) de Fériet é based Sheffer
polynomials (2VHKFSP)
IX. i. s =22 =0, SH(2)S”(O’D;1’y) = gsn(z,y)
Yy — D;l,z -y Hermite Type based Sheffer
ii.s =2; 2 =0, RH(Q) sn(0,z,y) = gsn(z,y) polynomials (HTSP)
Yy — T,z >y
. 221
X. ie = (FF—),

Legendre based Sheffer

polynomials (LeSP)

XI. s=3;,z = zD, z,

Yy —> T,z =Y

SH(s)sn(zDz z,,Y) = (3,2)5n(, Y, 2)

Bell-Type based Sheffer
polynomials (BTSP)

Remark 2.2. In view of the special cases mentioned in Table 4, the results for the special
polynomials related to the Sheffer sequences can be obtained.

Next, we derive certain operational representations for the LeGHSP g sn(,y, z) and

SH(S)Sn(xv Y, Z)'

3. Operational and integral representations

To establish the operational representation for the LeGHSP _ ys,(2,y, 2) and (g sa(2,y, 2),
we prove the following results:

Theorem 3.1. The following operational representation between the LeGHSP s, (2, Y, 2),
HSn(T,Y, 2) and the Sheffer polynomials s, (x) hold true:

and

98n(T,1y,2) = exp| 2=—
Rl S0 (T, Y, 2) P50

SH(S)Sn(xv Y, Z) = exp (Dm_l

13
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respectively.

Proof. In view of equation (2.11), the proof of (3.1) is direct use of identity (2.6) and similarly
the proof of (3.2) can be obtained. O

Theorem 3.2. The following operational representation between the LeGHSP | gesysn(,y, 2)
and the 2VLeSP gs,(x,y) holds true:

as
rH() Sn(‘ra Y, Z) - €Ip((—1>SZaD_S)RSn($, y>7 (33)
or, equivalently
RH(S)Sn(xaya 2) = exp('zagys)}%sn(xvy)' (34)
Proof. From equation (2.2), we have
s 0° 0
(_1) W RH(S)Sn(x7yaz) = & RH(S)An(xaya 2) (35)
Since, in view of Table 1(VI), we have
rRH® (2,9,0) = R, (z,7). (3.6)
Consequently, from Table 4(VI), we have
RH(S)Sn(x>y>O) = Rsn<x7y)' (37)

Now, solving equation (3.5) subject to initial condition (3.7), we get assertion (3.3). Again
using a similar argument as in the proof of (3.3), we establish the assertion (3.4). O

Theorem 3.3. The following operational representation between the LeGHSP _gsysn(,y, 2)
and the 2VLeSP ,1s,(x,y) holds true:

88
HOSn(T,y, 2) = e:vp(za—ys>2,;sn(x,y). (3.8)

Proof. Using a similar argument as in the proof of Theorem 3.2, we establish the assertion
(3.8) of Theorem 3.3. O

Theorem 3.4. The following operational representation between the LeGHSP _ gyessn(2,y, 2)
and the 2VGLTSP [m]Lsn(:U,y) hold true:

4 0
RH(m)Sn(xazvy) = €$p(_ DZIW>[m]LSn(x7y)' (39)
Proof. From equations (1.5) and (2.2), we have
0 0
W RH(m)Sn(m’Zay) = _W RH(m)Sn(I’Zay)‘ (3‘10)

14
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Since, in view of Table 1(III), we have

Consequently, from Table 4(I1I), we have

amSa(2,0,y) = | rsa(2, ). (3.12)
Solving equation (3.10) subject to initial condition (3.12), we get assertion (3.9). O

Theorem 3.5. The following operational representation between the LeGHSP _gsysn(,y, 2)
and the GHSP g sn(y, z) hold true:

L, 0
<H®Sn(T,y,2) = exp (Dm 18_3;2) e sn(y, 2) (3.13)

Proof. From equations (1.5) and (2.4), we have

0? 0
o — HOSA(T,2,Y) = 9D~ T <H®S(T,2,Y). (3.14)

Since, in view of Table 1(I), we have
sH(0,y,2) = H(y, 2). (3.15)
Consequently, from Table 4(I), we have

®5n(0,Y,2) = geosa(y, 2). (3.16)
Solving equation (3.14) subject to initial condition (3.16), we get assertion (3.13). O

Next, we prove the integral for the LeGHSP _ sn(2,y, 2) and g sn(7,y, 2) in the form
of following theorem:

Theorem 3.6. The following integral representations for the LeGHSP RH(s>Sn($,y,Z) and
<HSn(T,y, 2) hold true:

LHESn(T,Y,2) :/ e_”RH(s)sn(x,y,sz_l) dv (3.17)
0

and -
HSH(T,Y, 2) :/ e_”SH(s)sn(x,y,sz_l) dv, (3.18)
0
respectively.

Proof. Using equation (1.1) in the Lh.s. of relation (2.1), we get

TL o0 tn
ZRH(S)Sn x,y, )ﬁ (319)

iRstya )(7

15
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(s)
Next, on using the integral representation of LeGHP RH"n—(,”’z) (30]:

RH1(18)(x7y72) = / eivRHr(LS) (xayangl) dv (320)
0

in the Lh.s of equation (3.19) and interchanging the sides, we have

tr 1 = o “1)"
RH(S)Sn(LC,y,Z)a = — Z (/0 e rH® (z,y,vD;") dv) M, (3.21)

g(f~1(t)) o n!n!

NE

3
Il
=)

or, equivalently

Y SRR 1 RHff)(a:,y,vD;l) (f_l(t))n
RS0 (T, Y, 2 o —/0 e % (g(fl(t)) dv. (3.22)

NE

| |
o n: n:

Again, using equation (3.19) in the r.h.s of the above equation, we find

S (T,Y, 2 / *vz <RH(S Sn x,y,vD; ) ) dv, (3.23)

[M]8

n=0

or, equivalently

o] m o] 00 N B m
%RH (= 8n(, Y, )n! = % (/o e RH(S)Sn(x,y,szl) dv)m. (3.24)

Finally, equating the coefficient of like powers of ¢ in both sides of the above equation, we
get assertion (3.17). Similarly, we can get assertion (3.18) ]

Corollary 3.1. The following operational representation between the LeGHASP ) 5,(T,y, 2),
<H5.(7,Y, 2) and the associated Sheffer polynomials s,(x) hold true:

as
e 5n(x,y,2) = exp (Z8y3>5n( - D'+ D,") (3.25)
and
50 (T,Y,2) = exp D’la—2 + z o 5,(y) (3.26)
sH n\+y x ayQ ays n ) .
respectively.

Corollary 3.2. The following operational representation between the LeGHASP ()80 (2,y, 2)
and the 2VLeASP gs,(z,y) holds true:

88
H»5n(T,Y, 2) = exp| (=1)" 22— | rSn(7, ), (3.27)
oD,
or, equivalently
RH S0 (2, Y, 2) = exp <ZaTys) RSn(T,Y). (3.28)

16
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Corollary 3.3. The following operational representation between the LeGHASP )80 (7,y, 2)
and the 2VLeTASP 15, (x,y) holds true:

as
sH® 5 (T, Y, 2) = exp (za_ys>2L5n(I7y)' (3.29)

Corollary 3.4. The following operational representation between the LeGHASP ()80 (2,y, 2)
and the 2VGLTASP | r5,(x,y) hold true:

4 0
LS (T, 2,Y) = exp( — D 1%) oy L5 (T, Y).- (3.30)

Corollary 3.5. The following operational representation between the LeGHASP _p5n(,y, 2)
and the GHASP p55,(y, 2) hold true:

L, 0
SH(S)5n<$7y7z) = exp(D;cla_yQ) H(S)sn(ya Z) (331)

Corollary 3.6. The following integral representations for the LeGHASP g 5,(2,y, 2) and
H©5(2,y, 2) hold true:

RH(S)sn(x7 Y, Z) = / eivRH(S)sn (xa Y, UD,;l) dv (332)
0

and -
H®5(T, Y, 2) :/ e_“SH(S)ﬁn(x,y,sz_l) dv, (3.33)
0

respectively.

4. Examples

The Sheffer polynomials have been studied because of their remarkable applications not
only in different branches of mathematics but also in physics. The Sheffer and associated
Sheffer class contains a number of important special polynomials. In this section, some results
for the corresponding members of the Legendre-Gould Hopper based Sheffer polynomial
families are obtained. We consider the following examples:

Example 4.1: Since, for A(t) = e " and H(t) = vt, the Sheffer polynomial s,(z) be-
comes the generalized Hermite polynomial (GHP) H,, . ,(z) (Table 2(I)). Therefore, for the

same choice of A(t) and H(t), the LeGHSP reduce to the Legendre-Gould Hopper based
generalized Hermite polynomials (LeGHGHP) o Hyro(2, 9, 2) and gy Hypo(2,y, 2).

Thus, In view of equations (2.2), (2.14), (2.18), (2.39), (3.1),(3.3), (3.4), (3.9) and (3.17),
we get the following results for the LeGHGHP |y Hy o (2,9, 2):

17
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Table 5. Results for the LeGHGHP _ y Hp po (7, 4, 2)

. . —t x n
I. | Generating functions ezp( (vt)®) Co(xvt)) Co( — yvt) = nzo RH(S> Hy ro(z,y, z)%

I1.| Multiplicative and Mi=v(—D T+ D, +52D5~1) —r(2DyyDy) "1, P:=1DyyD,
derivative operators

r
III} Differential equations ((( D, 1 + D 1 + szDS 1) (Dnyy) - r(%) ) - n) RH(S) Hp ro(z,y,2) =0

IV| Operational H(s) Hy ro(z,y,2) = exp 255 Hy r U( D;l + D;l),
RH( o Hnroo (2, 2) = eap( (— 1)9 0% ) R (e, w),
representations (s )Hn ro(z,y,2) = ezp(z @S_S )RHnﬁr’v(z,y),
R BDy
—1 a
RH( )Hnrv(z y,z)fezp( D7 W>["L]LHn,r,u<Iyy),

RH( )Hn ro(Z,y,2) = fO e Y H(S)Hn,ryu(z,y,szfl) dv.

Also, In view of equations (2.4), (2.15), (2.19), (2.41), (3.2),(3.8), (3.13) and (3.18), we
get the following results for the LeGHGHP _ ) Hy o (2, 9, 2):

Table 6. Results for the LeGHGHP ) Hyy (2,9, 2)

oo
1. Generating functions eitTeacp(yvt + z(vt)s) CO( - ac(vt) ) > H(S) Hy rov(z, 9, z) n'
n=0S5S
PR ~— =T =T T =~
II.| Multiplicative and M := 'u(y + 2D, "Dy + szDZ ) — 7‘( D, )T , P ;Dy
derivative operators
III} Differential equations <<(y+2D Dy, +szDg 1)Dy 7T(Dy) ) 7">SH(S)H71YT1U<Z!'U»Z) =0

2 E
IV| Operational representations o) Hy ro(z,y, z) = exp Dgl%ﬁ + zé?—y: Hyro(y),
s
SH(S}Hn rov(T,y,2) = exp ziaay ) LHn,rov(z,y),

SH( )Hn TU(:E7 Y, 2) = exp D 8 2)H(S)Hn,7‘,v(ywz)a

SH(S)Hn,T,U(IvyaZ) =JfoTe ™" H(\)Hn,r,v(zyy,szfl) dv.

Example 4.2: Since, for A(t) = (1 —¢)"*"! and H(t) = %, the Sheffer polynomial s, ()

becomes the generalized Laguerre polynomial (GHP) nILY )( ) (Table 2(II)). Therefore, for
the same choice of A(t) and H(t), the LeGHSP reduce to the Legendre-Gould Hopper based
generalized Laguerre polynomials (LeGHGLP) n! RH<S>L§LV)(:U,y, z) and n! g LY (7,9, 2).

Thus, In view of equations (2.2), (2.14), (2.18), (2.39), (3.1),(3.3), (3.4), (3.9) and (3.17),
we get the following results for the LeGHGLP n! RH(S)L%") (x,y, 2):

Table 7. Results for the LeGHGLP n! RH(s)L,({/)(:v, Y, 2)

- - — 3 = n
I. | Generating functions (1—¢)~ " lezp(z(ﬁ) ) CO(%) C0< - %) = ngo RH ) L;V)(z,y, Z)iTl
DyyDy

II.| Multiplicative and M= (= D7 4+ Dyt +52D57 1) (DyyDy — 2 + (v + 1)(1 — DyyDy), Pi= DyyDy—1

derivative operators

III} Differential equations ((( — D;l + D,;l + szDZfl) ((Dnyy)2 — Dnyy) — (v + 1)(Dnyy)> — n) H(S>L%V)(x,y, z)=0
R

IV| Operational R () Lﬁ:')(x,y,z) :exp(za n (—D;1+D;1), RH<S)L£1V)(:C,y,z) :emp((—l)szagis)RL%V)(x,y),
z
. s _
representations RH() LY (z,y,2) = e:z:p(z 8375 )RL%U)(% y), RH () LY (x,y,2) = e:cp( - D 1 3D6‘;1 >[m]LL£1V)(x, Y),

Y

o) LY (@, y,2) = [§° 5_”RH(5)L5L")(I,y,vD;1) dv.

Also, In view of equations (2.4), (2.15), (2.19), (2.41), (3.2),(3.8), (3.13) and (3.18), we
get the following results for the LeGHGLP H<5>L7({/) (x,y, 2):
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Table 8. Results for the LeGHGLP ) LY (x,y,2)

. . —v—1 yt t \*® t \2) _ R (v) "
I. | Generating functions (1—-¢t)~ " exp(ﬁ-&-z(ﬁ) ) Co(—w(ﬁ) ) _nZ::OSH(S)Ln (z,y,2) 57
11.| Multiplicative and N o= 7(y +2D;1D, + szD;—l)(Dy — 124 (w+1)(1— Dy), Pi= %
derivative operators
111} Differential equations <<<y + 2D:1Dy + szD;jfl) (Dg — Dy) —(v+ I)Dy> — n) () L,(,,_V) (z,y,2) =0
z 2 z s

2
IV| Operational representations SH(S) Lgl'/) (z,y,2) = exp D;l (,;’)? + =z 5?;5 Lﬁ{’) (¥),

2 ) o8 o,

SH(S)Lgf’)(r,y, z) = exp( z
L(u)(x 2) = exp( D! 52 L(u)( z)
SH(S} n s Y z py2 JH(s)Fn Y, 2),

H(S>L5f)(x,y,z) =JoTe ™" H(S)Lgf)(x,y,vD;l) dv.

Example 4.3: Since, for A(t) = 755 and H(t) = In(1%), the Sheffer polynomial s, ()
becomes the Pidduck polynomial (PP) P,(x) (Table 2(III)). Therefore, for the same choice
of A(t) and H(t), the LeGHSP reduce to the Legendre-Gould Hopper based Pidduck poly-

nomials (LeGHPP) e Py(2,y,2) and g Pa(2,y, 2).

Thus, In view of equations (2.2), (2.14), (2.18), (2.39), (3.1),(3.3), (3.4), (3.9) and (3.17),
we get the following results for the LeGHPP g Py (2, vy, 2):

Table 9. Results for the LeGHPP _ ) Py(2, ¥, 2)

B oo
I. Generating functions ﬁerp(z <ln(}—t:)) ) Co (gc ln(%)) Co ( —y ln( e +t )) = Z RH(S) Py (z, vy, Z)tnl'

=0
(Pv¥Py 41)2 . (e Dnyy+1)2 P eDyyDy _,
2.PyvDy 2(ePyyPy 1)’ '

.| Multiplicative and N o= (7 D'+ Dy + sszfl)< DDy
. . : P T1

derivative operators

2D, yD
] ] ) 1 1 1 y¥Dy 1(.DyyD —
111} Differential equations <<< -D; +D," + szDS ) <7e Dy Dy, ) +3 (ePv¥Py + 1)) n) (s) Pn(z, v, z)=0

. _ _ s
IV| Operational H( )Pn(z y,2z) = exp (z P,(—-Dg 14 D, 1)7 RH) Pp(z,y,2) = 511’((*1)8283;5)313"(1’ Y),
. _ el — _p-1
representations RH(S)Pn(z,y,z) 7ezp( 6D;S)RPn(z,y), RH(S)P"(z’y’Z) = ezp( D aDgl [m]LPn(z,y),

H(s) P (z,y,2) = [§° eivRH(S)P"(z’y’UD;I) dv.

Also, In view of equations (2.4), (2.15), (2.19), (2.41), (3.2),(3.8), (3.13) and (3.18), we
get the following results for the LeGHPP ) Py (7,y, 2):

Table 10. Results for the LeGHPP _y ) P, (7, y, 2)

I. | Generating functions ﬁerp(y in( 1th) + z(ln(%))g) CO< - 1 ) ) 0 SH( sy Pn(z,y, z) i
~ Dy 1 Y 2 ~ D
IL.| Multiplicative and M= —(y+2D;'Dy + 52057 ") ( (e ;’y) ) + (‘E D:’ 3 P et
3 ¢ 2e 1 e Y41
derivative operators
2D
III} Differential equations <<<y + 2D;1Dy + szD271> (82 g;1> + %(eD’y + 1)) - n) SH(S)Pn(z, y,2) =0
e

2
IV| Operational representations s) P, (z,y,z) = exp D;l (,;97 + Z%>Pn<y)»

sH(
SH(S)Pn(w,y,Z) = exp Z%)QLPn(z,y),
_ 2
i2(s) Paleiy2) = eap(D; 1%)11(5) Pa(y, %),
H(s) Pp(z,y,2) = foco e () Pn (ac, y,vD;l) dv.

Example 4.4: Since, for H(t) = ln(Ht) the associated Sheffer polynomial s,,(x) becomes
the Mittag-Leffler polynomial (MLP) M, (z) (Table 3(I)). Therefore, for the same choice of
H(t), the LeGHASP reduce to the Legendre-Gould Hopper based Mittag-Leffler polynomials
(LeGHMLP) o My (2, y, 2) and g My (z,y, 2).
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Thus, in view of equations (2.43), (2.48), (2.52), (2.55), (3.25),(3.27), (3.28), (3.30) and
(3.32), we get the following results for the LeGHMLP _ ) My, (2, y, 2):

Table 11. Results for the LeGHMLP _ ) M, (2,9, 2)
I. | Generating functions ezp(z (m(%))j Co (z ln(ﬁ)> (71, In % )
5

N DyvDy )
IL| Multiplicative and B N ((e +

n
ORH(S)Mn(z,yYZ)iT!
n=

ePyyDy 4

2eDnyy ePyvDy 44

derivative operators

() Mn(z,y,2) =0

2Dy yD
. . . -1 —1 s—1 Y Y — 1
111} Differential equations (( — D, + Dy + ssz ) ( 2cDyvDy >

: — 9 — — Iokd
IV| Operational RH(S) My (z,y, 2) 7ezp<zays)Mn( D:(: +Dy ), RH(S)Mn(z,y,z) 761P<(*1>SZBD;S)RM7L(I»CU)7

representations RH(S) My (z,y,2) = 511’(2 5

9% _ -1
D, )RMn(zyy)a RH(S)Mn(Iyyyz) = ezp( -Dbr 55

) Mn(@y2) = [%e™" () Mn(2,y,vD7T) dv.

%1 [m]LMn(Iq Y),
x

Also, in view of equations (2.45), (2.49), (2.53), (2.57), (3.26),(3.29), (3.31) and (3.33), we
get the following results for the LeGHMLP o M, (2, y, 2):

Table 12. Results for the LeGHMLP _ g M, (,y, 2)

3 =
1. | Generating functions exp(y l'n(%) + z(ln(%))s) C()(f z (ln(%)) ) = E H(S)Mn(x’y’ z)%
oS T
Dy 1)
e N _ _ +1) yv_1
II.| Multiplicat d N o= — 2D;'D Dt (67,1977
ultiplicative an (y + = y +szDy )( 5.0y Dy 11
derivative operators
. . . -1 —1)( 2Py 1
111} Differential equations y+2D, "Dy + szDS . —n (,)Mn(z, y,z) =0
27y sH

52
IV| Operational representations GH() My (x,y,2) =exp| D 1 6y2 + zayg My (y),

(o M9 2) = cop (e ) 2 M (ovw),

192
sH() Mnl(@,y, 2) = exp( Dy l%yz)H(s)Mn(y,Z),

sH(s>Mn(z,y,Z) = [gCe " H(S)Mn(z,y,vD;I) dv.

Example 4.5: Since, for H(t) = e' —1, the associated Sheffer polynomial s,,(z) becomes the
Exponential polynomial (EP) ¢, (z) (Table 3(II)). Therefore, for the same choice of H(t), the
LeGHASP reduce to the Legendre-Gould Hopper based Exponential polynomials (LeGHEP)

(T, Y, 2) and e on(T, Y, 2).
Thus, in view of equations (2.43), (2.48), (2.52), (2.55), (3.25),(3.27), (3.28), (3.30) and
(3.32), we get the following results for the LeGHEP ) on(z,y, 2):

Table 13. Results for the LeGHEP 5 on(z,y, 2)

I. Generating functions ezp(z(et - 1)5) Co (z (et - 1)) Co( —y (et - 1)) §

n
gy en(@y,2) 4y

1+ Dnyy)

0R
11| Multiplicative and M= (= D7 4Dy 4520571 (14 DyyDy), Pi=in(

derivative operators

III} Differential equations (( — D;l + D;l + szD§71> (1 + Dnyy) ln(l + Dny,’,) - n) F(s) on(z,y,2) =0
1 L 1 R

. s _ _ s
IV} Operational RH(S)wn(z,y, z) = EZP(Zé??)wn( - D'+ DY), RH(S)wn(z,y, z) = ezp((*1)52637_5>1awn(w,y)7
@
. _ a8 _ _ -1 o
representations RH(S) on(z,y,2) = ezp(ziaDy_s )Rapn(z,y), RH(SMD"(z’ Yy, z) = ezp( D} op-T [m]Lapn(z,y),

@ Pn@ v 2) =[5 e en(@y,vDIT) dv.

Also, in view of equations (2.45), (2.49), (2.53), (2.57), (3.26),(3.29), (3.31) and (3.33), we
get the following results for the LeGHEP ) ¢n(, ¥y, 2):
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Table 14. Results for the LeGHEP _ o ¢n(7,y, 2)

I. | Generating functions exp(y (et —1) + z(et —-1)%) Co( —x (e” — 1)2) = § H(S)Apn(z,y, z)%
n=0S )

IL.| Multiplicative and M= —(y+2D;'Dy +52D57 ) (14 D), Pi=In(l+Dy)

derivative operators

11| Differential equations <(y +2D7'Dy + szD;”) (14 Dy) In(1 + Dy) — n) () Pn(@y,2) =0
) S

. _1 82 s s
IV} Operational SH(s)san(r, y,2) = ETPng 68? + Z%)wn(y% SH(S)wn(z, Y, 2) = ezp<zaa?)2upn(zy Y),

: _ -1 092 _ oo —v —1
representations SH(S) en(z,y,z) =exp| Dy ByQ)H(S)(Pn(y,z)7 SH(S)w"L(I‘y’Z) = [5Ce SH(S)AP” (z,y,vD; ") do.

Similarly, for the other members of the Sheffer and associated families (see Tables 2 and
3), there exist new special polynomials belonging to the LeGHSP and LeGHASP families
respectively. The generating functions and other properties of these special polynomials can
be obtained from the results derived in the second and third sections.

5. Concluding Remarks

A determinantal definition for the classical Bernoulli polynomials introduced by Costabile
et.al. [10] has given a new approach to Bernoulli polynomials which was further extended
to provide the determinantal definition of the Appell polynomials [11]. Recently, the deter-
minantal definition of Appell sequences is extended to Sheffer sequences by using the theory
of Riordan arrays [29].

The determinantal approach considered in [10, 11, 29] provides motivation to consider
the determinantal form of the new families of special polynomials. In this section, we
give the determinantal definitions for the Legendre-Gould Hopper based Sheffer polynomials
i (T, Y, 2) and g se(T,y, 2) as:

Definition 5.1. The Legendre-Gould Hopper based Sheffer polynomials g s, (z,y, ) of
degree n are defined by

1

sH®50(T,Y,2) = 200’ (5.1)
(@ 9.2) =
1 sﬂfs) (z,y,2) sﬂés) (r,y,2) .. SHésjl(x, Y, 2) SHS) (z,y,2)
0,0 1,0 20 Q-1 Q0
0 a1 a1 Qp—1,1 Qi1 7
0 0 92 Op—1,2 01
0 0 0 Op—1,n—1 -1

_ BT (HnH(x’ v ’Z)>, (5.2)

Qp0071,1.--Opn Snx(nJrl)
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where Hy41(z,y,2) = (1, SHl(s) (z,9,2), SHQ(S)(x, Y, 2), s GH (z,y,2)) and SH,SS)(x, y,2)(n =
0,1,2,...,) are the Legendre-Gould Hopper polynomials defined by equation (1.2), S,x(nt1) =
(aj—1,-1)1 <1 <mn,1<j<n+1and ay,y is the (n, k) entry of the Riordan array (g(t), f(t)).

Definition 5.1. The Legendre-Gould Hopper based Sheffer polynomials s, (2, ¥, 2) of
degree n are defined by

1
RH(S)SO(xay’Z) = a’oa (53)

(="

H(s) Sn(IE, Y, Z) =
R 0p,0001,1---Oln.py

1 RH{S)(‘T;?J’Z) RHés)(I:y’Z) RHfﬂl(:t,y,z) RH,(LS)(z,y,z)
1! 2! (n—1)! n!
Q0,0 Q1,0 2.0 On—1,0 Qn,0
0 11 91 On—1,1 Qn 1 ,
0 0 01272 Oén,172 Oln71
0 0 0 cee Ap—1.n—1 Qn n—1

N el (H”“("E’ 4 2)), (5.4)

Qo 001,1.--Op Snx(nJrl)
() (s) (s) (s)
_ RH ($7yvz) RH (x,y,z) RH'n (x,y,z) RHTL (:t,y,z) —
where H,,1(z,y,2) = | 1, 7 , s - and #2280 = 0,1,2,...,)

are the Legendre-Gould Hopper polynomials defined by equation (1.1), Spx(nt1) = (@j-1,1-1)1 <
i<mn,1<j<n+1and a,y is the (n, k) entry of the Riordan array (g(¢), f(t)).

Further, we consider an example of mixed families of special polynomials belonging to
Legendre-Gould Hopper based Sheffer polynomials.

In [29], it has been shown that for a,,; = (—1)*% ("""} the determinantal definition of the
Sheffer polynomials reduces to the determinantal definition of the Laguerre polynomials of
order v, L (x). Therefore, on taking s, (z) = LY (z) and ke = (—1)F2 (") in equations
(5.3) and (5.4), the determinantal definition of Legendre-Gould Hopper based generalized

Laguerre polynomials n! H<5)L§Z/) (x,y, z) is given as:

Definition 5.1. The Legendre-Gould Hopper based generalized Laguerre polynomials
RH(@L,({/) (x,y, z) of degree n are defined by

RH(S)L(()V)(%%Z) = 17 (55)
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(=n"

G I ey )= —
rHG) n ( 'Yy ) 0,001 1Oy,

| efVews) e ) rH (@y,2) RE (2y.2)
il 2! (n—1)! nl
1 v+1 (v+2) .. (v+n—1),-1 (v+n)y
0 -1 —2w+2) ... —(n=Dw+n—-1)p—2 —n¥+n)p_1 7
0 0 1 W(y +n—1),_3 n(n;l) (Vv +n)n—2
0 0 0 (—1)nt (=) n(v +n)
nnrl) Hn IR
— ()" det( (2, Z>>, (5.6)
nXx(n+1)
(S) x z <5) T z (S) X z (S) x z
where H,,1(z,y,2) = [ 1, rHy 1(! L ), uLih! 2(! v2) e n(! 2) ) and B‘H”T(,y)(n =0,1,2,...,)

are the Legendre-Gould Hopper polynomials defined by equation (1.1), Spx(nt1) = (@j-1,1-1)1 <
i<mn,1<j<n+1and a,y is the (n, k) entry of the Riordan array (g(¢), f(t)).

Also, by giving suitable values to the variables and indices we can find the determinantal
definitions of the other members belonging to the Legendre-Gould Hopper based Sheffer
family. We conclude this paper with a further remark concerning the possibility of extending
the method to other generalized special polynomials.
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