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Abstract
This paper aims to investigate the global asymptotic stability of following system of
higher order difference equations with quadratic terms:

Y. x
Tn+l = A+327n7yn+1 = A+Bm2n
n—m n—m

where A and B are positive numbers and the initial values are positive numbers. We also
study the rate of convergence and oscillation behaviour of the solutions of related system.
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1 Introduction

Nowadays, investigation of dynamic behaviour of recursive sequences (also called
difference equations) have attracted significant interest. This attention concern with
applications to different fields of sciences. Applied sciences need many mathematical
models. Mathematical models easily can be create from difference equations or their
systems. Although the appearance of the difference equations is simple, the solutions of
these equations are difficult to understand and are different from each other. Particularly
since the solutions of the higher order difference equations differ in every order, it becomes
difficult to understand the behavior of their solutions. Especially researchers have studied
the global asymptotic stability, boundedness and oscillatory behavior of system of difference
equations. There are many examples related to difference equations or systems. Therefore,
studies on difference equations are increasing day by day and will continue to increase.
There are many articles and books in the literature on the theory of difference equations and
systems, see [1]-[26]. Additionally, there are many papers related to our study as follows:

In [6], Camouzis et al investigated the dynamics of solutions of following system of

difference equations

Yn
yYn+1 = 1 + .
Yn—m Tpn—m

They especially studied the global asymptotic behavior of solutions of the related system.
In [19], Papaschinopoulos et al dealt with the oscillation, the bounded solutions, and the

Tn

Tntl1 = 1+
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global asymptotic stability of the system of difference equations

xT
Yn Yo = A+ In

n—q Yn—q

Tnt1 = A+

In [26], Zhang et al handled the boundedness, persistence and global asymptotic stability
of solutions of system of difference equations
Tn+l = A+ %J,yn+l =A+ xn7m~
T Yn
In [25], Zhang et al studied the dynamics of the following symmetrical system of rational

difference equation

—k Ly —
Tp4+1 = A+ Mv?-/n-&-l = A+ Lk

n x’ﬂ
Additionally, in [10], Gumis dealt with the global asymptotic stability and rate of
convergence of related system.
In [3], Beso et al investigated the boundedness and global asymptotic stability of
solutions of following difference equation
Tpt1=7+0 fn :

n—1

In [23], Tagdemir investigated the oscillation, global asymptotic stability and rate of
convergence of solutions of following system of second order difference equations with
quadratic terms

X
Tnt1 = A+By2y7n,yn+1 = A+B$2n .

n—1 n—1
In this paper, we study the system of higher order difference equations with quadratic

terms y .
$n+1=A+327n7yn+1=A+Bx2n 1)

where A and B are positive humbers an% tﬁe initial values arenpoglitive numbers and
m € {2,3,---}. We especially investigate the stability, global behaviour and rate of
convergence of solutions of system (1). We also study the oscillation behaviour of solutions
of related system.

Now, we give three theorems which are used during this study.

Theorem 1 (Linearized Stability Theorem [16], p.11) Assume that
Xn+1 :F(Xn)?nzoylv )
is a system of difference equations such that X is a fixed point of F.
(i) Ifall eigenvalues of the Jacobian matrix B about X lie inside the open unit disk [A| < 1,
that is, if all of them have absolute value less than one, then X is locally asymptotically stable.

(ii) If at least one of them has a modulus greater than one, then X is unstable.

Theorem 2 ([4]) Letn € N.F and g (n,u,v) be a decreasing function in » and v for any

no
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fixed n. Suppose that for n > ng, the inqualities

Yn+1 S g (naynayn—l)
Un+1 2 g(naynaynfl)
hold. Then

Yno—1 < Ung—1;Yng < Ung
implies that
Yn S Up, T Z no.

Let us consider the following system of difference equations:

where E,, is a k—dimensional vector, A € C**¥ is a constant matrix, and B : ZT — C***
is a matrix function satisfying

1B(n)|| — 0, ®)
as n — oo, where ||-|| denotes any matrix norm that is associated with the vector norm

Iz, Yl = Va2 +y2.

Theorem 3 (Perron’s Theorem, [20]) Assume that condition (3) holds. If E,, is a solution
of (2), then either E£,, = 0 for all n — oo, or

lim /|| E,|,

E
o 1Bl

exists and is equal to modulus of one of the eigenvalues of matrix A.

or

2 Main Results

In this here, we firstly apply the following the change of the variables for system (1):

Tn Yn
hE AT
Hence we obtain the new system as:
Z t
tn+1:1+p27n,zn+1:1+p 27L (4)
Zn—m tn—m

where p = % > 0. From here on, we consider the system (4).
Now we examine the equilibrium point of system (4).

Lemma4 Letp > 0. The system (4) has a unique positive equilibrium point such as

_ (1 +VI+4p 14+ T +4p>
2 ’ 2 '

(t) 2) =
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2.1 Boundedness of system (4)

This section, we determine the boundedness character of system (4).

Lemmab5 Assume that {(¢,,z,)} be a positive solution of system (4) and p > 0. Then
t, >1and z, > 1forn > 1.

Proof. Let {(¢,, z,)} be a positive solution of system (4). Hence we obtain from system

4:
2
tho= ldpo>1,
Zlm
to
tfm

Thus, we have the followings by induction

zZ
1 = 1+p Qn >1,
n—m
tn
Zny1 = 1+ps > 1.
Lem

Therefore, the system (4) has a bound from below as desired. B

Theorem 6 Suppose that 0 < p < 1. Therefore every solutions of system (4) have a bound
from above.

Proof. Now we know from Lemma 5 that¢,, > 1and z, > 1forn > 1and p > 0.
Otherwise, every solutions of system (4) satisfies

tnpr <14+p+p°tp_1,n>1. (5)
We consider Theorem 2. According to this, ¢, < u,,n = 0,1, ..., where {u,,} satisfy
U1 =1+ p+p°up_1,m > 1, (6)

such that
Us = tg, Ust1 = ts41,8 € {—1,0,1,..} ,n > s.

Therefore the solution u,, of the difference equation (6) is

1 n

Uy = E +p"C1 + (=p)" Ca. (7
Moreover, we obtain the relations (5) and (7) imply that
tpt1 — Upt1 < p2 (tn—l - Un—l) ,M>8,p&E (0, 1) .

Thus we get

tn < Up,n > 5. (8)
Hence, we obtain from (7), (8) and Lemma 5,

1
1<t, < s +p"C1 + (—p)" Cy = M;,
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where
1 1+p
c, = t tg — ——
1 2p(p0+1 1_ )
Cy, = 1(t t1+1)
2 = 2pp0 1 .

Likewise we have that

1 n
1<z, < 7p+p"03+(—p) Cy = Mo,

1 _
where
Cs = 21p (pzo + 21— 1—|—p)
1
Cy = %(pzo—zl—l—l).
|

2.2 Stability of System

Now, we firstly consider a transformation such as:
(tnatnfl"" tn,m,Zn,Zn 1" s ”n— m) (faflv"' 7fmvgvgla"' agm)

Wheref_1+p2 afl—tny ’ fm—tn myg_1+pt2 y91 = Zns s 9m = Zn—m-
Hence we obtain the foIIowmg the jacobian matrix about equmbrlum point (¢, z):

O 0 --- 0 0 Zg% 0O --- 0 ;2217

10 -0 0 00 .- 0 0

o 0 0 1 0 0 0 0 0
B2 =1 5 0 =2 0 0 0 0
0 0 0 0 1 0 0 0

0 0 0 0 0 0 10

(2m+2) x (2m+2)

Theorem 7  The positive equilibrium point (¢, z) of system (4) is locally asymptotically sta-
ble.

Proof. The linearized system of system (4) about the positive equilibrium point is given by
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Xni1 = B(t,2z) Xy, where

128
th—m
XN - Zn )
Zn—m
0 0 0 0 ¢ O 0 —2c

1 0 0O 0 00 0 0
o 0 1 0 00 0 O
o c 0 0 —2¢ 0 0 0 O
0 0 0O 0 1 0 0 O
0 0 0 0 00 1 0

(2m+2)x (2m+2)
andc =4 = L.
Let A1, Ag, -+, Aomm4o denote the 2m + 2 eigenvalues of Matrix E. Let
D = diag (d1, da, , dam+2) be adiagonal matrix suchthat dy = dy0 = 1,di = dppy14k =

1—ke, 1 <k<mand
{ 1 130}
0 < e < min .

m+1"m+1
Clearly, D is invertible matrix. In computing matrix DED~1, we get that
DED™' =
0 0 .- 0 0 edidy'y 0 - 0 —2cddy,;
dod7' 0 0 0 0 0 0 0
0 0 dpmi1d;! 0 0 0 0 0
cdmyodit 0 0 —2¢di2d;t 0 0 0 0
0 0 0 0 dmy3dylyy 0 0 0
0 0 .- 0 0 0 0 -+ domsadony 0
From the following two inequalities
1 = di>dyo>-->dp, >dpy1 >0,
1 = dpyo>dpgz > > dopmyr > dopy2 >0
it implies that
dody' < l,dsdyt < 1,--+ dmyid;} < 1,
dm+3d:nl+2 < 1 dm4r4d:rzl+3 <l vd2m+2d27n11+1 <1
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Moreover we have that

2
1 1
ot +2eititis = o1+ gl ) <1

C<”1<m2+1>s><1

It is a well-known fact that E has the same eigenvalues as DED~!. Thus we get
Xel = ||[DED7

cdmiadi " + 2cdmiad;)

max
1<k<2m+2

dady - - 7dm+1d;11’1
dm+3d7_n{|.127 to 7d2m+21d2_m+1’
Cdld;@i_% + 20d1d2m+_21’
Cdm+2d1 + QCdm+2dm+1

= max

< 1
So, the positive equilibrium point (¢, z) of system (4) is locally asymptotically stable. l

Theorem 8 Suppose that 0 < p < % Then the positive equilibrium point of system (4) is
globally asymptotically stable.

Proof. From Theorem 6, we know that

1 < 1= nh_{got" < My,
1 < b= nlirr;ozn < Ms,
1 < L= nlirréotn < My,
1 < Ly= nlingozn < Ms.

Thus we have the followings for system (4)

L
L, < 1+pl72,l1 >1+p
3

L, <

Therefore we obtain

Ly
1+pl7,l2 >1+p
1

ly
f%a
L
f%.

l L
Ly +p*1 < Lila <y +pia
Ly ls
l L
Lo+p= < Lol <l +p=.
L2 ll
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Hence we get that

l l L L
L1+pL—11+L2+pL—22 < 12+pl—22+ll+pl—11,
I Iy L L,
Li4pr+Lotpt—l—p2—lh—p= < 0
1+pL1+ 2+pL2 2 Pl2 1 ph s U

(L1 — 1) (1_p<l11+1311>)+(L2_l2) (l—p<112+£2>) < 0.

Now if p € (0, 1) then

Therefore, we obtain that

Li—1;=0,Ly — 1y =0.
So,Li=liand L, =1,. A
2.3 Rate of convergence of system (4)

This section, we investigate the rate of convergence of system (4).

Theorem 9 Assumethat0 < p < % and {(¢,, z,) } be a solution of the system (4) such that
lim ¢, = tand lim 2, = z. Then the error vector

n—oo n—oo
1 _
€, t, —1
1 _
B —| €n-m tpem —
n = 2 = =
er Zn —Z
2 —
€n_m Zn-m —Z

of every solution of system (4) satisfies both of the following asymptotic relations:
Jim YTE = WS 2),

E,
o 1Basal

n—oo By
where \F; (¢, z) are the characteristic roots of the Jacobian matrix F; (%, z).

IAF;(E, 2)]
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Proof. We firstly set to find the error terms,

k k
tpt1 —t = ZAi (tn—i — 1) +ZBi (2n—i — 2) ,
1=0 1=0

k k
Zny1— 2 = Zci (tn—i —t) +2Di (Zn—i — 2) ,
1=0 1=0

and e} =t, —t,e2 = z, — z. Hence we obtain

n
k

k
1 _ Z 1 Z 2
€nt1 = Aien—i + Blen—iv
=0

=0

k k
2 _ E 1 § 2
€n+1 - Cienfi + Dienfﬂ
=0 =0

where A; =0and D; =0fori =0,1,--- ,m,

. - 2+Zn—m
By = QLaBiIOaZG{]ﬂQa"'7m_1}aBm:%a
—p(t+t,_
Co = %,C’iZO,iG{l,Z,~--,m—l},C’mZ%
Taking the limits, we have lim A; = lim D; = 0 for¢ € {0,1,--- ,m} and
n—oo n—oo
lim B; = lim C; =0foré € {1,--- ,m — 1}. Moreover we obtain that
hm BO - %, hm Bm = ___22pa
n—oo z n—oo z
. . —2
Jm Co = g lim = 5"
Hence
—2
BO = %+aanm:__2p+bn,
4 z
D —2p
Co = E—2+Cmcm=t——2+dm
where a,, — 0,b,, — 0,¢, — 0,d,, — 0as n — oo. Hence, we get the system of the form
(2
Eni1=(A+B(n))E,
where
()()...()02%0...0—2221)
1 0 0 O o 0 --- 0 O
A 0 0 1 0 0 O 0 O
Tl & oo =2 0 0 0 ’
0 0 0 O 1 0 0 O
0 0 0 0 0 O 1 0

10
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0 0 0 0 a, 0 0 b,
1 0 0 0 0 0 0 0
00 -1 0 00 -+ 00
B(n) = n 0 -~ 0 d, 0 0 --- 0 0 |°
00 -0 0 1 0 -- 00
00 - 00 00 -- 10

and ||B(n)|| — 0as n — oo. Therefore, we can write the limiting system of error terms
about the equilibrium point (¢, z) as follows:

el 00 -~ 0 0 %0 0 =2 el
el 10 -0 0 0 0 0 0 el
et i || 0 0 1 0 0 0 0 0 et
€t | &0 0 52 0 0 0 0 e2 ’
e 0 0 0 0 1 0 0 0 e2_,

€2 o0 -~ 0 0 0 0 -- 1 0 ez
which is same as linearized system of system (4) about equilibrium point (¢,z). W

m

2.4 Oscillatory of solutions of system (4)

We now study the oscillatory of solutions of system(4).

Theorem 10 Suppose that {(¢,,, z,,)} be a positive solution of system (4) and p > 0. Then,
either {(¢,,, z,,) } solution of system (4) has a single semicycle or {(t,, z,,) } solution of system
(4) has semicycles with at most m terms.

Proof. Let {(¢,, z,)} solution of system (4) has at least two semicycles. Hence there exists
N > 0 such that either

In,zN+1 < t=z< tN+1, 2N
or

INy1, 2N < t=z< IN, ZN+1-
Firstly we assume that ¢y, zy+1 <t = Z < tn41, 2n. Moreover, we suppose that positive
semicycle have m terms and it begins with the term (¢ny41,2n+1). Thus we obtain the
followings

tn < f:2<tN+m,
ZN+m < t=2z<
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From this we get

ya —
INtmy1 = 1+p Z;m<t=5,
N
t _
ZN+m+1 = 1+P]\£2+m>t:5
N

3 Numerical examles

In this here, we provide two examples to verify our theoretical results.

Example 1 We handle system (4) with m = 3 and p = 0.49. Therefore we obtain the
following fourth order system of difference equations

n tn
bppr =1+ 0.49=" 2,0y = 1+ 0.49 5" ©)
Zn—3 tn73
Now we consider this system with the initial values t_3 = 6,t_o = 1,t_; = 0.8,y =
4,2 3 = 04,2_9 = 5,21 = 3and zp = 10. Thus positive equilibrium point (¢,z) =
(1.36, 1.36) of system (9) is globally asymptotically stable. Figure 1 verifies to our theoretical
results.

25 H

—_— 1y

—_— 2,

1. Plot of system (4) with m = 3 and p = 0.49.

Example 2 We take system (4) with m = 2 and p = 1.5. Hence we have the following third
order system of difference equations

n tn
lnt1 = 1+1'5§772n+1 = 1+1~5t27' (10)
z

n—2 n—2

12
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We also consider this system with the initial values ¢t_o = 3,t_1 = 4,tg = 0.6,z_5 =
2,2_1 = 0.4 and zg = 3. Thus the solutions of system (10) oscillate about positive equilib-
rium point (¢, z) = (1.82,1.82). Figure 2 verifies our theoretical results.

—_ 2,

100 230 300 400 =00

2. Plot of system (4) with m = 2 and p = 1.5.

4 Conclusions and an Open Problem

In this study, we analysis the dynamics of system (4) of higher order difference equations
with quadratic terms. We first examine the equilibrium point of related system. Then we
investigate the existence of bounded solutions of system (4). We also study the stability
analysis of solutions of system (4). As a result of this, we obtain that positive equilibrium
point of system (4) is globally asymptotically stable when 0 < p < . Additionally we
investigate the rate of convergence of system (4). Moreover we have an oscillatory result
such that the solution of system (4) has a single semicycle or the solution of system (4) has
semicycles with at most m terms. In addition we give two numerical examles to verify our
theoretical results.

Open Problem: Investigate the dynamics of following non-symmetric system of
difference equations

x
Tnt1 = A+32yin7yn+1 =C+D—5"—,n=0,1,..,

n—m n—m

where the initial values are real numbers and both A # B and C' # D are real numbers.
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