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Abstract. Motivation by the definition of the type 2 poly-Bernoulli polynomials
introduced by Kim-Kim [9], in the present paper, we consider a new class of new gen-
erating function for the Fubini polynomials, called the type 2 poly-Fubini polynomials
by means of the polyexponential function. Then, we derive some useful relations and
properties. We show that the type 2 poly-Fubini polynomials equal a linear com-
bination of the classical of the Fubini polynomials and Stirling numbers of the first
kind. In a special case, we give a relation between the type 2 poly-Fubini poly-
nomials and Bernoulli polynomials of order . Moreover, inspired by the definition
of the unipoly-Bernoulli polynomials introduced by Kim-Kim [9]. We introduce the
type 2 unipoly-Fubini polynomials by means of unipoly function and give multifarious
properties including derivative and integral properties. Furthermore, we provide a cor-
relation between the unipoly-Fubini polynomials and the classical Fubini polynomials.
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1. Introduction

Special polynomials have their origin in the solution of the differential equations
(or partial differential equations) under some conditions. Special polynomials can be
defined in a various ways such as by generating functions, by recurrence relations, by
p-adic integrals in the sense of fermionic and bosonic, by degenerate versions, etc.

Kim-Kim have introduced polyexponential function in [9] and its degenerate ver-
sion in [19-22]. By making use of aforementioned function, they have introduced a
new class of some numbers and polynomials. This idea provides a powerfool tool in
order to define special numbers and polynomials by making use of polyexponential
function. One may see that the notion of polyexponential function form a special
class of polynomials because of their great applicability. The importance of these
polynomials would be to find applications in analytic number theory, applications in
classical analysis and statistics.

The classical Bernoulli B,,(z), Euler E,,(x) and Genocchi G,,(z) polynomial are
defined by means of the following generating function as follows

t > t" 2 > t"
et_lelt:ZBn(x)ﬁaHK 2W,ﬁe$t:ZEn(x)ﬁ,|t|< T,
n=0 : n=0 ’

and
2t et EOO G (m)—tn | t|< m,(see [4, 11, 14]) (1.1)
= n ) T, ’ ) .
et +1 o n!
respectively.
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Kargin [19] defined the two-variable Fubini polynomials by the following gener-

ating function

ZF T y (see [3, 7, 16, 17, 18]).

1—y et—l

(1.2)

When z = 0 in (1.2), the two variable Fubini polynomials F,(x,y) reduce to the

usual Fubini polynomials given by

1 > i
T—ylet—1) ;Fn(y)a, (see [1, 2, 5]).

It is easy to see that

and

Fuly) = Sa(n, k)kly*
k=0

(1.3)

(1.4)

For y =1 in (1.3), we get the familiar Fubini numbers F,,(1) = F,, as follows

2—et ZF

(see [1, 2]).

(1.5)

For more information about the applications of the usual Fubini polynomials

and numbers (see [24, 25, 28, 29, 30]).

Kim-Kim [9] introduced the polyexponential function, as an inverse to the poly-

logarithm function to be

n

Eiy (2 Zm,(kez)

n:l

For k =1, (1.6) gives

o0 n

Eil(x)zz%:ex—l.

n=1

(1.6)

(1.7)

For k € Z, Kim-Kim considered the type 2 poly-Bernoulli polynomials are de-

fined by means of the following generating function

El 10 1+t xt = tn
%e = ;Bfﬁ)(x)m, (see [9]).

(1.8)

In the special case, z = 0, B,Sk) = BSL’C)(O) are called the type 2 poly-Bernoulli

numbers. Note that Bgll)(x) = B,,(z) are called the ordinary Bernoulli polynomials.

For k € Z, the polylogaritm function is defined by
Lig(z) = —, (| = |< 1), (see, [26]).

Note that

(1.9)

(1.10)
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n (2020), Lee et al. [27] introduced the type 2 poly-Euler polynomials are given
by

Eix(1+ 2 > n
ir(1+ t)em _ ZE(k)(x)L

D B ). (1.11)

n=0

In the case when x = 0, Ey(lk) = E,(zk) (0) are called the type 2 poly-Euler numbers.
The Daehee polynomials are defined by

log(1 +1) (1+1)* Z D, ( (see [6, 15]). (1.12)

When z =0, D,, = D, (0) are called the Dachee numbers.

For n > 0, the Stirling numbers of the first kind are defined by

ZSl n,l)z’, (see [4, 9]), (1.13)

where (z)o =1, and (2), =z(z —1)---(x —=n+1),(n > 1). From (1.13), it is
easily to see that

o (log 14+1)) Z Si(n, k (k >0), (see [4, 9]). (1.14)
In the inverse expression to (1.13), the Stirling numbers of the second kind are
defined by
= S (see [10, 12, 13]). (1.15)
1=0

From (1.15), it is easily to see that
1
(e! —1)* ZSQ n, l (see [1-30]). (1.16)

In this paper, we construct the poly-Fubini polynomials and numbers, called the
type 2 poly-Fubini polynomials and numbers by using the polyexponential function
and derive several properties on the poly-Fubini polynomials and numbers. In the
final section, we define type 2 unipoly-Fubini polynomials by means of unipoly func-
tion and derive explicit expressions.

2. Type 2 poly-Fubini polynomials and numbers

In this section, we define the type 2 poly-Fubini polynomials using the polyex-
ponential functions and represent the usual Fubini polynomials (more precisely, the
values of Fubini polynomials at 1) when & = 1. At the same time, we give explicit
expressions and identities involving those polynomials.

For k € Z, the type 2 poly-Fubini polynomials are defined via the following
exponential generating function (in a suitable neighborhood of ¢ = 0) including the
polyexponential function as given below:

Eiy, (log(1 +1)) . ()
" Ey . 2.1
t(l — y(et — 1 Z ‘T y ( )
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At the point z =0 and y = 1, F¥ = Fy(lk)(O; 1) are called the type 2 poly-Fubini

numbers.

For k = 1, by using (1.6) and (2.1), we see that

Bilogl40) oo 1 L 5o
t(1—y(e = 1)) 1—ylet —1) ;;Fn( ) (2.2)

where F),(z) are called the Fubini polynomials (see Eq. (1.3)).
By (2.1) and (2.2), we get
FD(2) = Fu(w), (n > 0).
Using (1.6), we see that

Eir (log(1 +1) = ) W

t))m+1
m!(m + 1)k

(log(1 + t))m+t

>, 1
=2 (m+ 1)F1 (m + 1)!

oo 1 0 l
=> Si(l,m+ 1)~ (2.3)
k—1 Z 15
o (m+1) I=m+1 g
From (2.3) and (2.1), we have
et , pat Sil+1,m+1)t
Bix (log(1 +4) = T — 775 mZ:: m+1klz I+1 0l

t(1—yle' = 1))
Sil+1,m+1)t

T
*ZF“/ 0m+1k IZ I+1 Il

l _ l n
Sil+1,m+1)(1—wu) Foi(2:) t

Lis =3 (3°(1) 32 e S )

(2.4)

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1. For k € Z and n > 0, we have
- 1 S1(l4+1,m—+1)(1—u)
i i ) Fui(z;y).

!
Frgk)(w;y)zz<l> Zo(mle)kfl I+1

=0 m=
Corollary 2.1. For n > 0, we have

! Sil+1,m+1)

Fo(z;y) i( > > H—’an—l(i’?;y)-

=0

Moreover,

"L () <= Si m !
Z( ) > S (l+51;1+1)2 Fo (@) = 0.(n > 1)

=1 m=

It is well-known from ([8, 11]) that
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—t ' n—r+1
<log(1+t)> L+ ZB R (reC) (2.5)

where B,(LT) (x) are called the higher-order Bernoulli polynomials which are given
by the generating function

3 " Tt _ - (r) "
<et—1> et = ZBn (z)m
n=0
Using (1.6), we have

%Eik(log(l +x)) = 4 Z (log(1 + z))"

1 i n(log(l + z))"~*

(n—1)Ink

1 i (log(1 + z))"
(1+x) log(1 + z) (n —1)lnk-1
_ 1
~ (1+2)log(l+ )
From (2.6), k > 1, we have

Ei,—1(log(1 + x). (2.6)

* 1
Eiy (log(1 + & :/ v
k(log(1 +2)) o (I+t)log(l+1)
t 1 t ¢
X e dtdt...dt. 2.7
/0 (1+t)log(l+1) /0 (1+t)log(1l+1) 27)
k—2—times
N mooyBmY_Bm  BRRDan
B my, - ,Mg_1) mi+1mg+mo+1 my+---+mg_1+1m!

m=0myi+-+mgr_1=m

From (2.7), we observe that

oo 1;"
F(k) B — )
nz:% n () n!  x(l-— -1

8

=2yl —1))
SIS mo\BaY B Bt am
my, - ,mg_1/mi+1my+mo+1  mp+---+me_1+1m!

m=0mi+--+mg_1=m
oo n n o0
> ()X

n=0m=0 m=0
y 5 m B plm2) B Fon() "
v N My S+ Lmy A me L my e g + 1 e
(2.8)

Therefore, by (2.7) and (2.8), we get the following theorem.
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Theorem 2.2. For n > 0, we have

w=3 (1%

m=0 m=0
D I R B
my,- - ,mg—1/mi+1my+mo+1  mg+--+me1+1 nem i)

mi+--F+mE_1=m

Corollary 2.2. For n > 0, we have

" /n\ B™
=Y (1) 2
0

m=
Let s € C and k € Z with k > 1. We consider the function 7 by the represen-
tation of improper integral as follows

1 e o] ts—l )
Ne(s) = ) /0 {0 =gl = 1))Elk(log(l +t))dt, (2.9)

We observe that 7;(s) is holomorphic function for $(s) > 0 because of the
comparison test as Eiy(log(1 + 2t)) < Eij(log(1 + 2¢)) with the assumption 2¢ > 0.
By (2.9), we have

1 1 ts—1 1 00 ts—1
ne(s) = / Eig (log(1+t))dt+ / Ei (log(1+t))dt.
O =16 Jy gty I T sy et )
(2.10)
The second integral in (2.10) converges absolutely for any s € C and thus, the
second term on the right hand side vanishes at non positive integers. Hence, we get

, e ot . 1 B
gEJF@LAtu_ma_nfm@gﬂ+ﬂwﬂgfﬁaﬂl_o (2.11)

since
T

T(s)I'(1—s) = Sin(rs)’

Moreover, for £(s) > 0, the first integral in (2.10) can be written as

1 1 t571 1 oo F,r(lk) 1
) / i Ei,(log(1 +t))dt = — Z () / grts—1 gy
0 0

(s 1—y(et = 1)) I(s) = n!
1 S AP 1
- I'(s) Z nl n+s’ (2.12)

n=0
which defines an entire function of s. Hence, we arrive that n(s) can be continued
to an entire function of s. From (2.10) and (2.11), we obtain

ng(—m) = lim 1)/0 T a Ei, (log(1 +t))dt

AT Jy T e — 1))
1 0o r(Lk)
= lim Z Fa(y)
s——m F(S) =0 n'(n + 5)
1 B
404 Lm0+ 0

s—=—m F(S) m'(m —|— 8)
) 1 T(1-s)sin(ws) joll) (y)
= lim
s——mm+ s ™ m!

Fi(y)
m!

=T'(1 + m)cos(mm)
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= (=)™ FP ().

Thus, we get the following theorem.

Theorem 2.3. Let k € N. The function 7,(s) has an analytic continuation to an
function of s € C, and the special values at non positive integers are given by

Mk (=m) = (=)™ E9(y), (m € No).
From (2.1), we have

o (k) . Eij(log(1 +¢)) latat
> re sy = (et )

n=0
o m o0 mtm
- (B (£5)

tn

L.HS= Z (Z( )F(k) (x;y)zm> - (2.13)

By comparing the coeflicients of t"™, we obtain the following theorem.

Theorem 2.4. For n > 0, we have

F¥ (2 + 2y) = <n>F£@m(w;y)zm
m

m=0
From (2.1), we note that
Eix(log(1 +t)) _ Cy S g
PloER ) — (1 (e —1>>§F w5

—ZF(k) yZZ(Z)F +yZF

n=0m=0

fj (F"“’ —y Z (Z)F () + yFP )) fl,
_Z<1+yp(k) yzn:< )F(k )) % (2.14)

On the other hand,

1 > log 1+t))
*1§M4§ (log(1 + 1))+
t = (m+ 1)k tmzo(m+1)k—1 (m+1)!
Iy LS sma s
= - — 1(n,m —
¢ m=0 (m + 1)k_1 n=m-+1 '
= - 1 1 1)t
:ZZ SilntlmE ) (2.15)
(m+ 1)k- n+1 n!
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Theorem 2.5. For n > 0, we have

” Sl(n+1,m+1)
S 13 ()R + X e

m=0

FEM(y) =

1+y
By (2.1), we observe that

ad _ t" _ Eig(log(1+1)) .4, 4
_ Eig(log(1 +1)) et ¢
= ; 1—y(et—1)(e_1)
BN
t y|1—ylet —1)
1 [Eik(log(l +1)) i Bir(log(l +t>)em}
y [t(1—y(e' = 1)) ¢
© Sl(l—i-l,m—i—l) n— t"
gF}lk)(my ;;()m+lkl ) x l]n!. (2.16)

On comparing the coefficients of ¢™ on both sides, we get the following theorem.

Theorem 2.6. For n > 0, we have

n 1

Sil+1,m+1) ,_

yF,(Lk)(:rJrl;y) (1+yF(k)xy E g <>m+1 1 1 )x L
1=0 m=0

From (2.1), we note that

Z Z F{M) (w15 90) B (223 y2) — Tl

n=0m=0
_ Fixllog(1+0) ,, Eixlog(1+1) .,
M-y — 1) HL—yaler —1)
 [Bin(og(1+ )2 [ ent st
B 2 1—yi(et —1) 1 —ya(et — 1)
_ [Eik(log(lth))]Q ( Vs e(@1tz2)t n elmitmwa)t )
t2 ye—y1 l—ya(el —=1) yo—y1 1 —yi(ef —1)
— (k) (k)
> [yan (1 +x2592) —y1 o' (21 + xz;yl)] i
n=0

On the other hand,

Z Z FEM (w1;51) FY) (w23 92) — Tl

n=0m=0

= i (Zn: (Z)F,ﬁ’“)m(fvl;yl)Fﬁf)(xz;yz)) g (2.18)
n=0 \m=0 !

Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.7. For n > 0, we have

i n
Z <m>F£’?m(I1;y1)F$)(wz;y2)
m=0
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_ yo B (21 + w5 90) — 1 B (a1 + 05 91)
Y2 — 1 .

Using (2.1), we have

k) o b Eij(log(1 4 t))
;::OF" W) = M=yl —1))

_ Eix(log(1 +1)) 1+t i imS lm%
m=0 l=m
o n S( +1 +1 co 1 l
_<Z CEn ”n+’1” )(ZZ rlSQZT'>
n=0m=0 1=0 r=

=0 m=0r=0

n n-—l
Sl(n—l+1,m+1) |
= "y . 2.1
z(zzz()mﬂ LD ). 2as)
Therefore, by (2.19), we obtain the following theorem.

Theorem 2.8. For n > 0, we have

n n—lI
1 Sin—1+1,m+1)
() (y 1 ’ r
R0 =3 53 (1) e 2 A

From (2.1), we observe that

’ﬂ

Eij(log(1+1t)) i
—_—— F
n=0

t(1—y(et — 1))
Replacing t by ef — 1, we get
i F® ()= ,1)m = Bl)
o m! (et —1)(1 —y(ec'~1 =1))
1 ¢t Eigt)

1—ylee' 1 =1)et—1 ¢

E
=0 p! = — nl(n+1)
ad e t? i 14 0 tn
:ZFp(y)ZSI(va) a k
p=0 p=i ! 4=0 ¢! —~ nl(n+1)
i : i X t4 > IAd
=Y S BWSEP) > Bey >
=0 p=0 ! q=0 Q' n—O (TL —+ 1)
S(RE(0snn )5
= . ( )Sl(z p)Bq z) T
a=0 \i=0p=0 \' i nl(n+1)
oo no g i .
_ q) (n) F (1)1 (i _ 1 t
- Z ZZ ; P y)Sl(Zap)quzik —. (220)
n0<q 0 =0 pmo \t/ \4 (n—q+1)* ) nl
On the other hand,
oo t m
k() = D™
> FP) —

m=0

d0i:10.20944/preprints202009.0581.v1
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=3 R0 Y S

o0 n

- t
Z Z E®) (y)S)(n m)) — (2.21)

Therefore, by (2.20) and (2 2 ) we get the following theorem.

Theorem 2.9. For n > 0, we have

pr \Su(n,m =ZZZ( ) () Fsi608, - e

q=0 i=0 p=0

3. The type 2 unipoly-Fubini polynomials and numbers

In this section, we consider the type 2 unipoly-Fubini polynomials and numbers
and investigate some properties of those polynomials.

Let p be any arithmetic function which is a real or complex valued function
defined on the set of positive integers N. Kim-Kim [9] defined the unipoly function
attached to polynomials p(x) by

(xlp) = Z (k€ 2). (3.1)

Moreover,
0 "

up(z|1) = Z — = Lix(2), (see [26]), (3.2)
is the ordinary polylogaritm functlon.

Now, we define the type 2 unipoly-Fubini polynomials attached to polynomials

p(x) by
1 i n
Ay (s + Dlp e = 3 Ay (33)

When 2 =0 and y =1, FT(LI}? = Fé’fg(o; 1) are called the unipoly-Fubini numbers

attached to p.

If we take p(n) = ﬁ Then, we have

- tn 1 1
FR (pry)— = —— ey, (log(1 4+ t)|=
> E iy = gy (o801 + i
oo
2« N~ (og(l+1)™
= —_— 3.4
t1—ylet —1)° mz::l mk(m — 1)! (34)
In particular, for kK = 1, we obtain
oo (o)
" 1 (log(1+t))™ 1
JRCN vt - . (3.5
nZ:;) n,%(x,y) n! (1 —ylet — 1))6 'rnZZI m)! 1—y(et — 1)6 (3:5)

Therefore by (3.3) and (3.5), we have

Fflki (z39) = Fu(x;y). (3.6)
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From (3.3), we have

T A
ZF,py 1 —ylet —

11

e uy (log(1 +t)[p)

1)
- me” :1 pﬁ;? (log(1 + )™
- e ,fz oz s+ 0
:Fxtzpmal+T+l l§:+151lm+ 7
- =T actipm;1+q;+l)!l_zynsl(l—|;iql+l)tl

[

(m+ 1)k l+1

m

L.H.S = Z(ZZ

( )p m+1LDm+1)!S1((+1,m+1)
=0 m=0

(m+ 1)k I+1

t
Fn—l(x; y)) E

&S] e l
t” p(m+1) m+1)'Sl(l+1 m+ 1)
ey (3

n

(3.7)

Therefore, by comparing the coefficients on both sides of (3.7), we obtain the

following theorem.

Theorem 3.1. For n > 0 and k € Z, we have

p(m+1)(m+ 1) SiA(l+1,m+1)

n 1
Fien =30 3 (3) P e
Moreover,
n 1
(k Sl(l—l—l,m—l—l)
e =3 () e

From (3.3), we have

Foi(z;y).

“i(@s5y).

3 1 xt
nz::OFv(Lﬁg (r5y)— = muk (log(1+t)|p)e
t(1 - (16t )y (log(1 +t)[p) (e" =1+ 1)
_ - (et —1)™
= t" o ! tl
= Z Fr(z E Z Z mS2(l,m)
n=0 =0 m=0

LHS - Z(;;mzo(’;)

o(Lm)EM, (y >> =

(3.8)

By comparing the coefficients on both sides of (3.8), we get the following theorem.
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Theorem 3.2. For n > 0 and k € Z, we have

Fk) _ 1 o
2 F 05 = ey Geelt + 0lp)
_ 1 — p(m)
H1—y(et — 1)) mZ::l " (log(1 +1))
. 1 o0 p(m+1) o mal
t(1—yle' — 1)) mz::(, (m + r st + 1)
log(1+1¢) 1 2L pim +1)m! & /
ST T n 2 mryr =0
°© r X n O l m m .
-y nt F”(wt,Z(Zp((mi?)k _— >2’>’;
r=0 n=0 =0 \m=0
oo n n tn 00 l m+1 ! tl
=> > (T>Danr(y) > (Z p((m+ 1)k Sl(l,m)> -
n=0r=0 =0 \m=0

(3.9)

Therefore, by comparing the coefficients on both sides of (3.9), we obtain the following

theorem.

Theorem 3.3. For n > 0 and k € Z, we have

Fi = ZZ()()DFn” ipm“ -$1(1,m).

r=0 =0 =0
‘We observe that

F®)(a t"

1 d
- - 1 14+ ot
d o = Ty (et + ) e

k
-3 R
=0
Therefore, we give the following theorem.
Theorem 3.4. For n > 0 and k € Z, we have
d
T ES @) =nE D, ().
By theorem 3.4, we consider that

/ﬁF(k)(.)d 1 /ﬁd FO) (25 )da
o np YT = 0T o dr p\BY

k
_ER L Biy) — B (i)
n+1 )

(3.10)

d0i:10.20944/preprints202009.0581.v1
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Thus, we provide the following theorem.

Theorem 3.5. For n > 0 and k € Z, we have

B F(k) (/3 ) _ F(k) (a. )
k . _ Tn+lp Y n+1,p Y
| E e = . .

and
Flhp (i 8) = Bl (5:0)

B
k) (. _ T n+lp n+1,p
: EF) (s y)dy = i}

5. Conclusion

Motivated by the definition of the type 2 poly-Bernoulli introduced by Kim-Kim [9],
in the present paper, we have considered a class of new generating function for the
poly-Fubini polynomials, called the type 2 poly-Fubini polynomials, by means of the
polyexponential function. Then, we have derived some useful relations and properties.
We have showed that the type 2 poly-Fubini polynomials equal a linear combination
of the classical Fubini polynomials and Stirlings numbers of the first kind. In a
special case, we have given a relation between the type 2 poly-Fubini polynomials
and Bernoulli polynomials of order r. Moreover, by inspired by definition of the
unipoly-Bernoulli polynomials introduced by Kim-Kim [9], we have introduced the
unipoly-Fubini polynomials by means of unipoly function and have given multifarious
properties including derivative and integral properties. Moreover, we have provided
a correlation between the unipoly-Fubini polynomials and the classical Fubini poly-
nomials.
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