Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

Feedback Control Methods for a Single Machine Infinite
Bus System

Pratik Vernekar, Zhongkui Wang, Andrea Serrani, and Kevin Passino

Department of Electrical and Computer Engineering, The Ohio State University
2015 Neil Avenue, Columbus, OH 43210

Email: pratik.vernekar@gmail.com,
wang.1231@osu.edu,
serrani.1@osu.edu,
passino.1@osu.edu

Abstract

In this manuscript, we present a high-fidelity physics-based truth model of a Single Machine Infinite
Bus (SMIB) system. We also present reduced-order control-oriented nonlinear and linear models of a
synchronous generator-turbine system connected to a power grid. The reduced-order control-oriented
models are next used to design various control strategies such as: proportional-integral-derivative (PID),
linear-quadratic regulator (LQR), pole placement-based state feedback, observer-based output feedback,
loop transfer recovery (LTR)-based linear-quadratic-Gaussian (LQG), and nonlinear feedback-linearizing
control for the SMIB system. The controllers developed are then validated on the high-fidelity physics-
based truth model of the SMIB system. Finally, a comparison is made of the performance of the controllers
at different operating points of the SMIB system. The material presented in this manuscript is part of
a course on “Control and Optimization for the Smart Grid” that was developed in the Electrical and
Computer Engineering Department at the Ohio State University in 2011-2012. This project was funded
by the U.S. Department of Energy.
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1 A Single Generation Unit

Fossil fuels such as coal, oil, and natural gas have been the main resources of electrical energy for many
years. However in recent years, there has been a gradual increase in the use of renewable energy resources
for electricity generation, such as hydro, biogas, solar, wind, and geothermal energy. Electricity generation
is basically the process of generating electric energy from other forms of energy. An electromechanical device
called synchronous generator driven by a prime mover, usually a turbine or a diesel engine, converts the
mechanical energy into alternating current (AC) electrical energy.
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Figure 1.1: Structure of a generation unit.

The system shown in Figure 1.1 is a general structure of a single generation unit [7]. The turbine extracts the
energy from the working fluid flowing into the turbine through valves. Typical working fluids are gas, steam,
and water. The shaft is the rotary part of the turbine on which the synchronous generator is mounted. The
opening and closing of the turbine valves or the frequency at which the turbine valves operate is regulated
to a reference frequency of fief, by a turbine governor. The frequency of the grid f which is measured by the
measuring element is directly related to the output power P. Thus, the output of the synchronous generator
P and the angular frequency of the shaft w are measured and fed back to the governor by the measuring
element. Meanwhile, the measuring element also provides information about the output terminal voltage V;
and output current I; of the synchronous generator to the automatic voltage regulator (AVR), which is able
to control the terminal voltage of the synchronous generator to a reference voltage Vi through the exciter.
The excitation current generated by the exciter produces the magnetic field inside the generator.

Thus, from the above figure we can see that in an interconnected power system, where a synchronous
generator is connected to a grid, load frequency control (LFC) and automatic voltage regulator (AVR)
equipment is installed for each generator. Figure 1.1 shows two control loops, namely the load frequency
control (LFC) loop and the automatic voltage regulator (AVR) loop. The controllers are set for a particular
operating condition and accommodate small changes in load demand to maintain the frequency and voltage
magnitude within the specified limits. Small changes in real power are mainly dependent on changes in rotor
angle 0, and thus the frequency w. The reactive power is mainly dependent on the voltage magnitude (i.e.,
on the generator excitation). The excitation system time constant which is an indication of how fast the
transients of the AVR loop decay exponential to zero, is much smaller than the prime mover time constant.
Thus the transients of the excitation system and thus the AVR loop decay much faster than the transients
of the LFC loop, hence it does not affect the LFC dynamics. Thus, the cross-coupling between the LFC loop
and the AVR loop is negligible. Hence, load frequency control and excitation voltage control are usually
analyzed independently [8].
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The operation objectives of the LFC are to maintain reasonably uniform frequency, and to divide the
load between generators [8]. The change in frequency is sensed, which is a measure of the change in rotor
angle ¢, i.e., the error AJ to be corrected. The error signal i.e., Af = fiof — f is amplified, mixed, and
transformed into a real power command signal APy = P, — P, which is sent to the prime mover to call
for an increment in the torque. The prime mover, therefore, brings about a change in the generator output
which will change the value of Af within the specified tolerance.

The generator excitation system maintains the generator terminal voltage and controls the reactive power
flow. The generator excitation of older systems may be provided through slip rings and brushes by means
of DC generators mounted on the same shaft as the rotor of the synchronous machine. However, modern
excitation systems also known as brush-less excitation systems, usually use AC generators with rotating
rectifiers. The sources of reactive power are generators, capacitors, and reactors. The generator reactive
power is controlled by field excitation using the AVR. The role of an AVR is to hold the terminal voltage
magnitude of a synchronous generator at a specified level. An increase in the reactive power load of the
generator is accompanied by a drop in the terminal voltage magnitude. The voltage magnitude is sensed
through a potential transformer on one phase. This voltage is rectified and compared to a DC set point
signal. The amplified error signal controls the exciter field and increases the exciter terminal voltage. Thus,
the generator field current is increased, which results in an increase in the generated electromotiveforce
(emf). The reactive power generation is increased to a new equilibrium, raising the terminal voltage to the
desired value.

2 Truth Model of the Synchronous Generator

In the previous section we saw the basic working of a single generation unit and the respective roles of
the load frequency control and the automatic voltage regulator. In this section we will derive the truth
model of a synchronous generator. Before we proceed to the derivation of the truth model, we present some
preliminaries about the synchronous generator.

The two main parts of a synchronous generator can be described in either electrical or mechanical terms:

e Electrical:

— Armature: The power-producing component of an electrical machine. In a synchronous generator,
the armature windings generate the electric current. The armature can be on either the rotor or
the stator.

— Field: The magnetic field component of an electrical machine. The magnetic field of the syn-
chronous generator can be provided by either electromagnets or permanent magnets mounted on
either the rotor or the stator.

e Mechanical:

— Rotor: The rotating part of the synchronous generator.

— Stator: The stationary part of the synchronous generator.

Because power transferred into the field circuit is much smaller than in the armature circuit, AC generators
always have the field winding on the rotor and the stator has the armature winding. Thus, a classical
synchronous generator has two main magnetic parts: the stator and the rotor, as shown in Figure 2.1. The
windings are represented by one-turn coils, specifically, the small circles “()” in the figure. The black dots
and the crosses inside the small circles indicate the directions of the currents flowing in the windings, i.e.,
“x” means the current flowing in the direction from the outside of the paper vertically into the paper and
“e” means the current flowing from the inside of the paper to the outside.
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Stator

Figure 2.1: Schematic structure of the synchronous generator.

The armature winding, which carries the load current I; and supplies power to the grid, is placed in equidis-
tant slots on the inner surface of the stator and consists of three identical phase windings, namely, ad’,
b/ and c¢c’. The rotor is mounted on the shaft through which the synchronous generator is driven by the
prime mover, for instance, a hydro turbine. The rotor consists of two poles, N pole and S pole, as seen in
Figure 2.1. The direct current (DC) excitation winding represented by FF’ is wrapped around the rotor.
From basic physics, we know that the DC flowing in the excitation winding generates a magnetic flux. Mag-
netic flux is a measure of the amount of magnetic field (also called magnetic fluz density) passing through
a given surface (such as a conducting coil). The SI unit of magnetic flux is the weber (in derived units:
volt-seconds). The strength of the magnetic flux generated is proportional to the excitation current and its
direction is known by using the right-hand rule. As the rotor rotates, the magnetic flux generated by the
excitation winding wrapped on the rotor changes spatially. Thus, there are magnetic flux changes in the
armature windings as a result of which an emf is induced in each phase of the three-phase stator armature
winding. By connecting armature windings to the grid, a closed-loop circuit is formed which allows the AC
to flow from the synchronous generator to the grid. The AC armature currents produce their own armature
reaction magnetic flux which is of constant magnitude but rotates at the same speed as the rotor. The
excitation flux and the armature reaction flux then produce a resultant flux that is stationary with respect
to the rotor. Two other windings represented by DD’ and QQ’ are the two short-circuit damper (or, amor-
tisseur) windings which help to damp the mechanical oscillations of the rotor [2]. Hence, two dynamics will
characterize the generator, i.e., electrical dynamics and mechanical dynamics.

2.1 Electrical Dynamics

In this section we present the equations governing the electrical dynamics of a synchronous generator which
are described in [2]. We first present the voltage equations of a synchronous generator in the static frame,
and then use Park’s transformation to convert these to the rotating frame.

2.1.1 Voltage Equation in the Static Frame

In this subsection we present the voltage equations in the static frame. The static frame contains three
reference axes a, b, and ¢ which correspond to the three armature windings on the stator. Before presenting
the details of the voltage equation of a synchronous generator, we start by considering the general case of a
set of coupled coils in which one or more of the coils is mounted on a shaft and can rotate. The situation is
shown schematically in Figure 2.2.
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Figure 2.2: Coupled coils.

Assume that for any fixed shaft angle 0 there is a linear relationship between the flux linkage A and current
i. Flux linkage is defined as the total flux passing through a surface (i.e. normal to that surface) formed by
a closed conducting loop. Thus we get the relationship A = L(#)i, where, in the case of Figure 2.2, i and
A are 4 x 1 vectors, and L is a 4 x 4 matrix. By applying Kirchhoff’s voltage law (KVL) to the circuit in

Figure 2.2, we have

dX
=Ri+ — 2.1
v i+ o (2.1)
where R is a 4 x 4 matrix. Equation (2.1) indicates that the terminal voltage of each coil equals the sum of

the voltage drop on the resistance and the derivative of the flux linkage.
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Figure 2.3: Machine schematic.

By applying Equation (2.1) and using the circuits convention on the associated reference directions in
Figure 2.3, we get the relationship between voltages, currents, and flux linkages [2].

[ Va'a i [ lq )‘aa’
Vyp r 0 ip Ably
Vele T ic d >‘Cc’
= A
VFF! TF 22 dt )\FF/ (2 2)
VDD 0 TD ip ADDr
| vQQ L rql Ligl L AQo
dA
=Ri+ —
dt
We simplify the equation above by using a single-subscript notation, i.e., vq £ Vgt = —Vg/a; Vb = Upy = —Vpp,
N

Ve & Vo, Up 2 vpp, vp = vppr, and vQ = vggr- Here, we define v [va,vb,vc,—vp,—vD,—vQ]T to
be the voltage vector consisting of the three phase terminal voltages (vq, v, v.), and the voltage of the
field winding (vrp) and two damper windings (vp, vg). The corresponding current vector is defined as
i 2 [iq,ip,ic,iF,ip,ig]T. Then Equation (2.2) can be written as follows:

dX
- _Ri- 22 2.3
i-— (2.3)

2.1.2 Voltage Equation in the Synchronously Rotating Frame

The electrical dynamics as given in Equation (2.2) are derived in the static abc frame. The flux linkage
in Equation (2.2) is dependent on the self and mutual inductances which are not constant, but are time
varying. In the voltage equation as given in Equation (2.3) the A term must be computed as A = Li + Li.
Thus, to simplify the equations we make a coordinate transformation which transforms variables from the
abe static frame to a synchronously rotating frame (which is also called dg frame, see Figure 2.3). As a result
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of this transformation we introduce two fictitious windings dd’ and qq’, as shown in Figure 2.3. Thus we get

v, 71 WA dAa
d = —T'lqg — q— T,
dt
d
Vg = —Tig + whg — cth
d\r
= rmi -/ 2.4
Vg = Trpip + a ( )
. d\p
vp =Tpip + .
d\g

vQ :TQZ'Q-FW

The details of the derivation of this transformation are given in the Appendix. The extra terms —w), and
wAq are introduced by the transformation.

We can rearrange Equation (2.4) to put the quantities on the direct axis together and the quantities on
the quadrature axis together. Hence, Equation (2.4) is rewritten as follows:

) Tl WA dAa
d — —T'ld — q T
dt

dA

Vp = Tpip + d7tF
) d\
vp =Trpip + ditD (2.5)
d\

Vg = —Tig + wWAg — d—tq

dXg

’UQ :T‘QZ'Q‘FW

As the damper windings are short-circuited, the terminal voltages are both zero. As shown in Figure 2.3
the direct axis is perpendicular to the windings dd’, FF’, and DD’; the quadrature axis is perpendicular
to the windings q¢’ and QQ’. Using the right hand thumb rule we can see that the flux linkage due to the
currents iq, i, and ip is along the direct axis and the flux linkage due to the currents i, and ig is along
the quadrature axis. Thus, the flux linkage \; along the dd’ winding depends on the currents 44, iz, and
ip and is given by Ay = Lgiq + kMpip + kMpip, where Ly is the self inductance of dd’ winding, M is
the mutual inductance between dd’ and F'F’ windings, and Mp is the mutual inductance between dd’ and
DD’ windings, respectively. We can derive equations for A\ and Ap in a similar fashion. Also, the flux
linkage A, along the g¢’ winding depends on the currents 4, and ig and is given by A\ = Lgiq + kMgig,
where L, is the self inductance of the ¢¢’ winding, and M is the mutual inductance between ¢¢’ and QQ’
windings, respectively. We can derive Ag using the same approach. Also note that in Equation (2.6) and
Equation (2.7) which gives a relationship between the flux and the current in each winding, the mutual
inductance between the windings F'F' and DD’ is denoted by Mg, and self-inductances of the windings are
denoted by Lg, Ly, Lp, Ly, and Lg, respectively. Thus, the connection between the flux and the current is

given by
Ad | Lqg kMp kMp] [ig
Me| = |kMrp Lp Mg | |ip (2.6)
/\D_ kMD MR LD iD
and _
N[ L, kMg [
_)‘Q] Bl [kMQ Lq ] [iQ 27

where k = 4/3/2. If we substitute Equation (2.6) and Equation (2.7) into Equation (2.5) and put it in
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vy —r 0 0 —wl, —wkMq] [ig —Lgy —kMgp —kMp 0 0 iq
(ya 0 rp 0 0 iF kMF LF MR 0 0 ZF
0] = 0 0 D 0 ip|+ | kMp Mg Lp 0 0 zD
o wLy wkMp wkMp —r iq 0 0 0 —L, —kMg| |i,
0 0 0 0 0 rQ 1Q 0 0 0 kMg Lg ’LQ
(2.8)
Moving the derivative of the current to the left-hand side, we obtain

Ly kMp kMp 0O 0 iq —r 0 0 —wL, —wkMg] [iq Vg
—kMp —Lp —Mgpg 0 0 ir 0 rE 0 0 0 ir vp
—kMp —Mp —Lp 0 0 ip|l =10 0 rD 0 0 ip| — 1|0
0 0 0 Ly  kMo| |1, wLy wkMp wkMp —r 0 iq Vg
0 0 0 —kMg —Lg lig 0 0 0 0 rQ i 0
(2.9)

2.1.3 Voltage Equation of the Synchronous Generator in Per Unit System

A normalization of variables called the per unit normalization is always desirable. The idea is to pick base
values for quantities such as voltages, currents, impedances, power, and so on, and to define the quantity in

per unit as
actual quantity

quantity in per unit = (2.10)

base value of quantity

By carefully choosing the base quantities for both stator and rotor variables, the electrical dynamics
expressed by Equation (2.9) can be expressed in the p.u. system as

Ly kMg kMp 0 0 i -0 0 —wl, —wkMg] [ia] [vd
—kMp —Lp —Mgp O 0 ip 0 re 0 0 0 iF vp
—kMp —Mpr —Lp 0 0 ipl=10 0 D 0 0 ip|—10]| pu
0 0 0 L, kMg i',] wLly wkMp wkMp —r 0 iq Vg
0 0 0 —kMg —-Lgl lig 0 0 0 0 rQ io 0
(2.11)

It is obvious that Equation (2.9) and Equation (2.11) are identical. This is always possible if base quantities
are carefully chosen. The derivation of Equation (2.11) can be found in [1].

2.2 A Synchronous Generator Connected to an Infinite Bus

A typical configuration of a generation system model is a synchronous generator connected to an infinite
bus as shown in Figure 2.4. The figure shows a synchronous generator connected to an infinite bus through
a transmission line having resistance R, and inductance L.. Only the voltages and currents for phase a are
shown, where v, is the phase voltage, i, is the phase current, and V., is the infinite bus voltage. An infinite
bus is an approximation of a large interconnected power system, where the action of a single generator will
not affect the operation of the power grid. In an infinite bus, the system frequency is constant, independent
of power flow, and the system voltage is constant, independent of reactive power consumed or supplied.

10
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C )

Figure 2.4: Synchronous generator loaded by an infinite bus.

The constraints of the infinite bus are given by

o = e ] e [ v [G065 e
By including Equation (2.12), we can rewrite Equation (2.11) as
Li+Le kMp kMp 0 0 iq —r — R, 0 0 —w(Ly+ L) —wkMg] [ia
~kMp —-Lp —-Mgr 0 0 | |ir 0 TR 0 0 0 ir
~kMp —Mpr —Lp 0 0 | |ip| = 0 0 D 0 0 iD
0 0 0 Lg+Le kMgl |i, w(Lg+ Le) wkMp wkMp — —r—R. 0 iq
0 0 0 kMg —Lq] lig 0 0 0 0 rQ iQ
0 —sin (0 — «)
vE 0
— 0| - V3V 0
0 cos (6 — «)
0 0
(2.13)
Thus, Equation (2.13) describes the electrical dynamics of a synchronous generator connected to an infinite
bus.

2.3 Mechanical Dynamics: Swing Equation

In this subsection, we present the mechanical dynamics of the synchronous generator. Under normal oper-
ating conditions, the relative position of the rotor axis and the resultant magnetic field axis is fixed. The
angle between the two is known as the power angle or torque angle. During any disturbance, the rotor will
decelerate or accelerate with respect to the synchronously rotating air gap magneto-motive force (mmf),
which is any physical driving (motive) force that produces magnetic flux, and a relative motion begins. In
this context, the expression ’driving force’ is used in a general sense of work potential, and is analogous, but
distinct, from force measured in Newton’s. In magnetic circuits the magneto-motive force (mmf) plays a role
analogous to the role emf (voltage) plays in electric circuits. The equation describing this relative motion
is known as the swing equation [1]. If, after this oscillatory period, the rotor locks back into synchronous
speed, the generator will maintain its stability. If the disturbance does not involve any net change in power,
the rotor returns to its original position. If the disturbance is created by a change in generation, load, or in
network conditions, the rotor comes to a new operating power angle relative to the synchronously revolving
field.

The swing equation thus governs the motion of the machine rotor relating the moment of inertia (also
referred to as the rotational inertia of the rotor) to the resultant of the mechanical and electrical torques
on the rotor, i.e., J 6=1T,N- m, where J is the moment of inertia of all rotating masses attached to the

11
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shaft, 6 is the mechanical angle of the shaft with respect to a fixed reference, and T, is the accelerating
torque acting on the shaft. The torque is given by T, = T,,, — T, — Ty, where T,,, T, and T, are mechanical,
electrical, and damping torques, respectively. The mechanical torque T, is the driving torque provided by
the prime mover. The electrical torque T, is generated by the load currents of the armature windings on the
stator. The damping torque T, is produced by the damper windings on the rotor. The angular reference
may be chosen relative to a synchronously rotating reference frame moving with constant angular velocity
wmp- The rotor angle in the static frame is given by 6(t) = (wmrt+ ) + m, where 3 is a constant and 0y, is
the rotor position also referred to as the mechanical torque angle, measured from the synchronously rotating
reference frame. Let us denote the shaft angular velocity in the static frame as wy, in rad/sec, thus we have
Wy = 0 = Wi + S . By taking the derivative of wy, and second derivative of § we obtain w,, = 6 = 5m, if
we substitute this in J8 = T}, we have

JO = J0p = Jbog =Ty =Ty — To — Ty [N -m] (2.14)
The product of torque and angular velocity is the shaft power in watts, thus we have
JOmwm = P — Po — Py [W] (2.15)

The quantity Jwy, is called the inertia constant and is denoted by M. It is related to the kinetic energy of
the rotating masses Wy, where Wy, = %wan. M is computed as

2W,
M = Jwy, = =L [J-4 (2.16)
Wm
Although M is called an inertia constant, it is not really constant when the rotor speed deviates from the
synchronous speed w,,g. However, since w,, does not change by a large amount before stability is lost, M
is evaluated at the synchronous speed w,,g and is considered to remain constant, i.e.,
2W,
M = Juwy, = 228 5.4 (2.17)

WmR

The swing equation in terms of the inertia constant becomes
M, = Moy, = P,, — P. — P, (2.18)

In relating the machine inertial performance to the network, it would be more useful to write Equation (2.18)
in terms of an electrical angle that can be conveniently related to the position of the rotor. Such an angle is
the torque angle 0, which is the angle between the magneto-motive force (mmf) and the resultant magneto-
motive force (mmf) in the air gap, both rotating at synchronous speed. It is also the electrical angle between
the generated emf and the resultant stator voltage phasors. The torque angle §, which is the same as the
electrical angle, is related to the rotor mechanical angle §,,, (measured from a synchronously rotating frame)
by

5="Ls (2.19)

2 m

where p is the number of poles of the synchronous generator. Figure 2.1 shows a schematic of a synchronous
generator with two poles. Also, the synchronous speed w,,r used in the previous equations is actually the
mechanical synchronous speed or the mechanical angular velocity at the synchronous reference value. It is
related to the electrical synchronous speed wg by

wp = gme (2.20)
By taking the derivative of Equation (2.19) on both sides, we get

b= 5bm (2.21)
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Adding Equation (2.20) and Equation (2.21) we get

§+wp = gém + gme (2.22)

Thus, the electrical angular velocity w is related to the mechanical angular velocity w,, by

w=6+wg= g(ém + winp) = gwm (2.23)

Combining Equation (2.18) and Equation (2.19) we get
2M . 2M
S =""%w=P,- P, - P, (2.24)
p p

Thus, we can rewrite Equation (2.24) as follows:

PR p p
d=w=—-——"-P;j+—(P,— P, 2.25
w=—gafet g m = Fe) (225)
Since power system analysis is done in p.u. system, the swing equation is usually expressed in per unit.
Dividing Equation (2.24) by the base power Sp, and substituting for M results in
2 2Wy 5o 2 2W, . P, P Py

= == p=-mo e Zd 2.26
P WmRrSB P wWmrSB Sg Sp S (2.26)

We now define an important quantity known as the p.u. inertia constant H|[8].

="k
SB

(2.27)

The unit of H is seconds. The value of H ranges from 1 to 10 seconds, depending on the size and type
of machine. The per unit accelerating power is related to the per unit accelerating torque by Py,
Ta(p_u_)i. Recognizing that the electrical angular speed w is nearly constant, and equal to wg, we have the
p-u. accelerating power I, to be numerically nearly equal to the p.u. accelerating torque Ty, i.e. Pypu) &

Ty(p.u.)- Substituting for H, and P, Ty in Equation (2.26), we get

(p-w) = Lapa)

22H .. 22H
ST =2 = Py
D WmR P WmR

pu) — Pm(p.u.) - Pe(p.u.) - Pd(p.u.) = Ta(p.u.) = Tm(p.u.) - Te(p.u.) - Td(p.u.) (228)

where P,y Pe(pau.)s and Py, are the per unit mechanical power, electrical power, and damping power
respectively. Substituting wgp = Swnpr in Equation (2.28) we get

—0=—w= Pm(p.u.) - Pe(p.u.) - Pd(p.u.) = Tm(p,u.) - Te(p.u.) - Td(p.u.) (229)

In Equation (2.29), while the torque is normalized, the angular speed w and the time ¢ are not in per unit.
Thus the equation is not completely in per unit. We know that the angular speed w and time ¢ in per unit
are given by

w _ v
P = R (2.30)
t(p.u.) = wrt

where the base angular velocity wp = wg. Substituting Equation (2.30) in Equation (2.29) the normalized
swing equation can be written as

Al (p )

Gty @)~ Tea) ~ Ldpa) (2.31)
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where 7; = 2Hwpg. The damping torque is calculated as Ty, ) = Dw, where D is the damping constant.
The electrical torque T¢y is calculated as

Tep = igAd — i\ 2.32
@ q q

Also T, = (3¢) VA base, and
Tty is the per umt electromagnetlc torque defined on a per phase VA base. Substituting Equation (2.6) and
Equation (2.7) into Equation (2.32) and writing 7T, in the p.u. system, we obtain

Te¢(p.u.) = 3Te(p'u') = Ldidiq =+ kMFiFiq + kMDiDiq — Lqidiq — kMQidiQ (2.33)

From Equation (2.23) we have w = § + wg. If we choose wp as the frequency base and divide both sides of
this equation by wgr we have

— = —+= (2.34)

Since, wpu) = i and 5(p ) = i we can write Equation (2.34) as 6( w) = Wpu)y — 1. Thus, from
Equation (2.29), Equation (2.33), and Equation (2.34) we can write the mechanical dynamics in the p.u.
system as
o= _i (Ldldlq + k‘MFZFZq + k‘MDZDZq - qudlq - k‘MQlde) B lDw " iTm
T 3 Tj T (2.35)

S=w-1

2.4 Truth Model of the Synchronous Generator

By combining the electrical dynamics and mechanical dynamics, we obtain the truth model of the syn-
chronous generator which is highly nonlinear. Let us define

Li+Le kMp kMp 0 0
—kMp —Lp —Mp 0O 0
L=|-kMp —-Mgp —Lp 0 0
0 0 0 Lg+Le kMg

0 0 0 —kMg —Lg

Also denote p = (Lg + Le)MI% — LpLp(Lg+ Le) + K*(LpM2 + LpM? — 2MpMpMpg) and v = —kQMé +
Lo(Le + Lg), we can derive the inverse matrix of L as

[ (MR- LpLr) E(MpMp — LpMp) E(MpMp — LrpMp) 0 0
—E(MpMp — LpMp) — —%(Mpk® = Lp(Lg+ Le))  —+((La+ Le)Mg — MpMpk?) 0 0
L™ = | -%(MpMg — LrMp) —l((Ld + Lo)Mp — MpMpk?)  —(MEk? — Lp(La + Le)) 0 0
0 0 Lq kMg
kMg Le+Lg

La EMp1  kMpy 0

0 v 14

0 0 0 -
0

—kMp1 —Lp1 —Mp 0 0

— | “kMp, —Mp —Lpi 0 0
0 0 0 qu kMQl
0 0 0  —kMg —Lo

(2.36)
where Lgy = (Mg — LpLp), Lr1 = ,(Mpk* — Lp(Lg + Le)), Lp1 = ;(Mgk® — Lp(Lg + Le)), Mp1 =

i(MDMR — LpMp), Mp; = i(MFMR — LpMp), Mg, = %((Ld + Le)Mp — MpMpk?), Lyt = LTQ, Lo =
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@, and Mg, = AI/{Q. Using Equation (2.36) and Equation (2.13) we can write

tqg =—Lag1(r+ Re)iq + kMpirpip + kMpirpip — (Lg + Le) Laiiqw — kMg Lgiiqw
+ V3V La1 sin(6 — a) — kMpyvp

ip = kMp1(r+ Re)ig — Lpirpip — Mpirpip + kMpi(Lg + Le)igw + k* Mg Mgigw
— V3VokMpysin(6 — a) + Lpyvp

ip = kMp1(r+ Re)ig — Mrirpip — Lpirpip + kMpi(Ly + Le)igw + k> Mpy Mgigw

2.37
— V3V kMpy sin(d — o) + Mpgvp ( )
iq = qu (Ld + Le)idw + kMFquiFw + ]CMDquti — qu (7” + Re)iq + kMQﬂ“QiQ
— V/3Vio L1 cos(d — )
g = —kMqg (Lg + Le)igw — k2MQ1MFiFw — k2MQ1MDti + kMQl(T + R@)iq — Lo1rgiq
+ V3V kMg cos(6 — a)
Dividing both LHS and RHS of Equation (2.37) by v/3 we get
i ip
— = —Ly(r+ R, + kMpir + kMpyr Ly+ L)L w—kMoL —w
/3 a1 )\/§ FlF\/g D1D\/§( )dl\/g le\/§
+ Voo Lgy sin(d — ) — kMFlv—\/%
L. EMpi(r + Re)zi — Lpirp—7= i MRITD +kMpi(Lg+ L ) w+ k‘2MF1MQ
V3 V3 V3 \/3 V3 V3°
. (3
VookMpysin(d — o) + L1 ——
1 sin( ) F1 /3
22kMp1(T+Re)Zi—M31TF 24 LD17'D +I€MD1(L +L ) w+k2MD1MQ
V3 V3 V3 V3 V3 V3"
. VR
— VookMpysin(é — o) + Mp1 ——
p1 sin( ) R1 \/§
iq
— =L,(Lg+ L, + kMpL +kMpL — La(r+ Re + kMoqr
e q1(La )\/gw Fql\/gw Dql\/g g1 ( )\/3 QlQ\[
— Voo Lg1 cos(d — a)
iQ 2 2
— = —kMp1(Lg+ L. w—k*Mo1M w—k*M, M—w—i—kM r+ R, Loir
3 Q1(La )ﬁ QlF\/g aMp 7 Q1 )\/g QlQ\[
+ Vook Mg cos(d — )
(2.38)

Converting the state variables iq, i, ip, ig, zQ, and control mput vF to thelr correspondlng RMS quantities
I4, I, Ip, 1y, Ig, and Vg by substituting - f =1, 2 \f =Ip, * \f =1Ip, = \f = I, 7 = Ig, and * f = Vp in
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Equation (2.38) we get

jd = —Ldl(T’ + Re)Id +kMpirplp + kMpirplp — (Lq + Le)LdIIqUJ — k:MQLdlwi + Vooln sin(6 — a)

— kMp Vp

Ir = kMpi(r + Re)Iq — Lpyrelp — Mpirplp + kMpy(Ly + Le)Iyw + k2 Mpi MgIgw — VaokMpy sin( — a)
+ L VE

Ip = kMpy(r + Re)Iqg — Mpyrplp — LpirplIp + kMpy(Lg + Le)I,w + k*Mpy MgIgw — VaokMpy sin(d — a)
+ Mp1Vp

I, = Lg(Lg+ L) Igw + kEMp Ly Irw + kMp Ly Ipw — Lyt (7 + Re)I, + kMgirglg — VeoLgi cos(8 — )
Ig = —kMgi(Lq+ Le)Iqw — k* Mgy MpIpw — k> Mgy MpIpw 4+ kMg (r + R)I, — Loirolg
+ Vook Mg cos(d — )

(2.39)
Equation (2.35) can be written as
. id g iF iq iD iq id iq id iQ 1 1
w=-——|L +kMp——F4+kMp—— — Ly—=— — kM, )—Dw+Tm
(dff "BV TP BVE T TBVE OBV 7" (2.40)
5:w—1
Substituting \de = ng =Ip, i—% =1Ip, % =1, 2'7% = I in Equation (2.40)
‘ Y ((Ly = L)L, + kMpIpD, + kMpIpl, — kMol Lo+ L1
= — — — — —Dw — 1
w - d q)1ldiq FiFlq D1iD1q QLdLQ T T (241)

Equation (2.39) and Equation (2.41) can be combined to get the truth model of the synchronous generator

jd = —Ldl(T‘ + Re)Id + kMpirplp + kMpirplp — (Lq + Le)Ldllqw — kMQLdlwi + Voo L1 sin(5 — Oé)

— kMmVE

Ip = EMp(r+ Re)lg — Lpirplp — MrirpIp + kMpi(Lg + Le)Iqw + kQMleQIQw — VookMpy sin(é — «)
+ L Ve

Ip = EMp1(r+ Re)lg — Mpirplp — LpirpIp + kMpi(Lg + Le)Iqw + k:QMleQIQw — VookMpy sin(d — «)
+ Mpr1Vp

jq = qu (Ld + Le)Idw + kMFqufpw + kMDL(ﬂIDw — qu (7“ + Re)Iq + kMQﬂ"QIQ — Vooqu COS((5 — Ot)
Ig = —kMgi(Lg+ Le)Iqw — k*Mg1 MpIrpw — k* Mgy MpIpw + kMg (r + Re)I, — Loirolg

+ VookMg1 cos(d — )

1 1 1

w=-—-—— ((Ld — Lq)Iqu + k:MFIFIq + k?MDIDIq — k:MQIdIQ> — —Dw+ —T,,

Tj Tj Tj
b=w-—1

(2.42)
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For simplification of the above expression let us denote:

Fi1 =—Ly(r+ Re), Fia =kMpirp, Fi3=FkMpirp, Fia=—(Lg+ Le)Lar, Fis = —kMgLqi,

Fi6 = VeoLar, Gi1=—kMp1, Fo1 =kMpi(r+ Re), Feo=—Lpirp, Faz3=—Mpirp,

Foy = kMp1(Ly + L), Fos = k*Mpi1 Mg, Fas = —VockMp1, Goi = Ly, Fi1=kMpi(r+ R.),

Fyo = —Mpirp, Fs3=—Lpirp, Fs=kMpi(Ly+ Le), Fs5 = k*MpiMg, Fss = —VekMpy,

G31 = Mg, Fu=Lya(Lqg+ Le), Fio=kMpLgy, Fi3=kMpLgyi, Fiy=—Lga(r+ Re),

Fus = kMqurq, Fis = —VeoLq, Fs1 = —kMqi(La+ Le), Fs2 = —k*MqiMp, Fs3 = —k*Mg1Mp,
1

Fsq = kMgi(r+ Re), Fss = —Lgirg, Fse = VookMq1, Fe1 = —;(Ld — L),
J

1 1 1 1
Feg = ——kMp, Fe3=——kMp, Fey=—kMq, Fg=——D.
Tj Tj Tj Tj
(2.43)

Thus, the 7" order truth model of the synchronous generator connected to an infinite bus in per unit can
be written in the nonlinear state-space form

Iy = Fiily+ Fiolp + Fi3Ip + Fiulw + Fislgw + Figsin(6 — a) + GV

Ir = Fy Iy + Faolp + Foslp + Foglyw + Faslgw + Fagsin(§ — a) + Ga1 Vi

Ip = F31lq+ Fyolp + Fa3lp + Faylw + Fslgw + Faesin(6 — o) 4+ Ga1 Vp

I, = Fylgw + Fyolpw + FisIpw + Fuul, + FysIg + Figcos(d — a) (2.44)
Ig = Fsilyw + Fsolpw + FyzIpw + Fsgly + Fsslg + Fsgcos(d — )

w=Fe1lqly + Feolply + Fe3lply + Fealglg + Fesw + FeeTm

S=w-—1

2.5 Model of the Turbine-Governor System

In this section, we present the dynamics of the turbine-governor system. For the sake of simplicity we assume
a linear model of the turbine-governor system [9)].

e Turbine dynamics: The dynamics of the turbine are modeled by

. 1 K
Pp=——P,+—-LGy (2.45)

Tr Tr
where P, is the mechanical power output of the turbine, Gy is the gate opening of the turbine, 7 is the
time constant of the turbine, and Kr is the gain of the turbine. As done in Equation (2.28) we have the

per unit mechanical power numerically equal to the per unit mechanical torque, i.e. Pppu) = Tnpau.)-
Therefore, the per unit turbine dynamics are
. 1 Kr
e Governor dynamics: The dynamics of the governor in per unit are
: 1 Kg Yip.u.)
Gvpu) = _%GV(p.u.) + e (UT TRy (2.47)

where ur is the turbine valve control, 7¢ is the time constant of the speed governor, K¢ is the gain of the
speed governor, and Rp is the regulation constant in per unit.
Parameters of the turbine-governor system are

Kr=1 Kg=1, 77 =05 7¢=0.2, Ryr=20 (2.48)

17


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

2.6 Truth model of the combined Synchronous Generator and Turbine-Governor Sys-
tem connected to an infinite bus

In this section, we present the truth model of the combined synchronous generator and turbine-governor sys-
tem connected to an infinite bus. This model consists of 7 nonlinear differential equations of the synchronous
generator and 2 linear differential equations of the turbine-governor system. Thus, the combined system
consists of 9 differential equations. Combining Equation (2.44), Equation (2.46), and Equation (2.47) the
truth model of the combined synchronous generator and turbine-governor system connected to an infinite
bus, can be written as

Iy = Fi1Ig+ Fialp + Fi3lp + Fiulw + Fislgw + Figsin(d — o) + G Ve
jF = Fo1ly + Foolp + Fo3lp + Foylqw + Foslgw + Fog sin(5 — Ot) + GV
Ip = F3114+ Feolp + F3lp + Fyylw + Faslow + Fagsin(d — ) + G31 Vi

Iq = Fpljw+ Folpw+ Fyslpw + F44Iq + F45IQ + Fyg COS((5 — Oé)

jQ = F51lqw + Fsolpw + Fs3lpw + F54Iq + F55IQ + Fxg COS((s — a) (2.49)
w= Fe1lgly + Feolply + Fs3lply + Fealglg + Fesw + FeeTm
S=w-—1

T = Fs1Ty, + FoGy
Gy = Fo1w + FoaGy + Goour

where Fy = —--, Fyg = 52, Fyy = — B8 Fop = —=, Goy = 29 Let w = [Iy, Ir, Ip, Iy, Ig, w, 6, Trn, Gv]"

be the vector of state variables, u = [Vg, ur]T the vector of control inputs, and y = [V;,w]’ the vector of
outputs, then Equation (2.49) can be written in the usual state-space form

F(z) +G(z)u

hz) (2.50)

T
Yy
where
Fiiz1 + Fraxs + Fizxz + Fuuryxe + Fisosze + Figsin(zr — a)
o111 + Fooxa + Foszxs + Faywgxe + Fosxsae + Fagsin(zy — a)
Fs12q0 + Fiomo + Fi313 + Fy4w406 + Fasasx6 + Fig sin(a:7 — Oz)
Fprixg + Fyoxoxe + Fusrsxg + Fygxy + Fusxs + Fug COS(1}7 — O()
F(x) = | Fsiz1x6 + Fsoroxe + Fs3x3x6 + Fsaxy + Frsx5 + 6 COS(.CC7 — Oé)
Fs11124 + Foowomy + Foswsry + Feax125 + Feswe + Foers
Te — 1
Fg1wg + Fgomg
Fy126 + Foag

(2.51)

Q

—

8

S—

I

es}
SO O O OO

Go2

2.7 Derivation of the Output Generator Terminal Voltage for the Truth Model

The synchronous generator and turbine-governor system connected to an infinite bus is a MIMO system
with two inputs: excitation field voltage Vi and turbine valve control ur, i.e. u = [ur, us]* = [V, ur]T, and
two regulated outputs: generator terminal voltage V; and rotor angle 8, i.e. y = [y1,92]" = [V, 6]T. Since
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the rotor angle is difficult to measure in a practical system, we use the angular frequency w instead of the
rotor angle as the second output in all our work, as the frequency w can be easily measured. In this section
we derive an expression for the generator terminal voltage V;. From Equation (2.12) we have

vg = Reig + Leig + wheiqg — V3V sin(d — «)

. (2.52)
Vg = Reig + Leiq — wLeig + V3V cos(d — )

Dividing Equation (2.52) by v/3 and substituting % =V, % =V % = Iy, and % = I, where Vy, V,

14, and I, are the corresponding RMS values, we get

Vi=Rely+ Lol +wLel, — Vaosin(é — a)

. (2.53)
Vy = Rl + Lely — wLoIy+ Vio cos(s — a)
Substituting Iy and I, from Equation (2.49) in Equation (2.53)
Va=Rclg+ Le(FMId + Fiolp + Fislp + F14Iqw + F15IQw + Fig Sin((s — a) + GllvF) + wLCIq
— Voo sin(d — )
V;] = Rqu + Le(F4lfdw + Fyolpw + Fyslpw + F44Iq + F45IQ + Fye COS((s — a)) —wlLelg+ Vs COS(5 — a)
(2.54)

Simplifying and rearranging Equation (2.54) we get

Vi = (Re+ LeF11)Ig+ LeFiodp + LeFi3lp + (LeFig + Le)lgw + Lo Fislgw + (LeFig — Voo) sin(d — )
+ LeG11 VR
Vq = (L6F41 — Le)IdOJ + LeFyolrw + Lo Fyslpw + (Re + L6F44)Iq + L6F45IQ + (L5F46 + Voo) COS((S — a)
2.55
For simpliﬁcation of Equation (255) let us denote Re + Lan = Y11, LeFlg = Y12, L8F13 = Y13, Le(F114—3
Le = y1a, LeF1s = 415, LeF16 — Voo = Y16, LeG11 = i11, LeFu1 — Le = y21, LeFao = y22, LeFy3 = yo3,
Re + LeFyy = you, LeFys = yo5, and LeFug + Voo = yog. Thus, Equation (255) can be simplified to

Vi = yuda + yi2dr + y13lp + yialqw + yislgw + yi6sin(6 — a) +i11 Ve (2.56)
Vg = yo1law + yoolpw + ya3Ipw + youly + y251g + yo26 cos(6 — ) .

The generator terminal voltage V; is computed as

Vi =/V2+V2 (2.57)

where V; and V; are as given in Equation (2.55). The output generator terminal voltage, y1 = V;, as a
function of the states x, and control inputs u, is

Vi = ynz1 + yi2x2 + Y1323 + Y1246 + y152526 + Y16 sin(zy — ) + innw
Vi = Y212126 + Y2202%6 + Y23T376 + Y2424 + Y255 + Y26 cOS(T7 — ) (2.58)

y1 =V, =V + V2

Therefore, the output equation is given by

y = hiz) = [Vt] (2.59)

where V; is as given in Equation (2.57).
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3 The Reduced Order Simplified Model

A detailed derivation of the reduced order simplified model of a synchronous generator connected to an
infinite bus is given in the Appendix.

3.1 Reduced order model of the combined Synchronous Generator and Turbine-Governor
system connected to an infinite bus

The final system equations for the reduced order simplified model of the synchronous generator are summa-
rized below

. 1
E, = %(EFD — By + (Lq — Ly)1q)
o1 / / (3.1)
&= [T = Do = (Byl, — (Ly — Lilaly)
J
b=w-—1
where E!; is the d axis voltage behind the transient reactance Lf], and Eé is the ¢ axis voltage behind the
transient reactance L/, where L/, = Lq — (kJ‘L/I; 2 7)o is the d axis transient open circuit time constant and
is given by the relation 7, = % Erp is the excitation field emf, and 7; = 2Hwg. Also I; and I, are the

direct axis and quadrature axis currents respectively. E/, is given by an algebraic constraint
Ey= —(Lq — Li;)Iq (3:2)

Note that all the variables in the third axis model of Equation (3.1) are RMS quantities.
By applying Kirchhoff’s voltage law (KVL) to the d axis and ¢ axis stator circuits, the d axis and ¢ axis
stator voltage equations of a synchronous generator in per unit are

Vg=—rl;— L;Iq + E:i

, , (3.3)
Vy = —rly+ Lyl + E,
On substituting E/, as given in Equation (3.2) in Equation (3.3) we get
Vo= —rlg— L4l
g @t (3.4)

Vy = —rl,+ LIy + E|

By applying KVL to a synchronous generator connected to an infinite bus the stator voltage equations can
be written as

Vood = Va — Relg — Ll
= —(r+ Re)lg — (Lg + Le)I,
Voog = Vg — Relq + Lelg
= —(r+Re)Iy+ (Ly+ Le)Iy + E,
where V4 and V4 are direct axis and quadrature axis infinite bus voltages respectively, R, is the resis-

tance and L. is the inductance of the infinite bus. We now solve the two simultaneous equations given in
Equation (3.5) to determine the two unknowns I; and I,. On dividing V4 in Equation (3.5) by —(Lq + L)

(3.5)

Vied —(r +R,)
= I 1, .
Lyt L) (Lt L.t (3.6)

Similarly dividing Voo, in Equation (3.5) by r + R,

Viog (L + Le) Ey

(r + Re) =l 1R ‘TR
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Now we add Equation (3.6) and Equation (3.7) and compute I

(B~ Veeg)(Lg + Le) = Vialr + Re)

I, = 3.8
CT T R (L By + L) &%)
I, is determined in a similar fashion. Dividing Vo4 in Equation (3.5) by (r + Re)
Vood (Lq + Le)
B U - I 3.9
(r+ Re) T+ R (3:9)
Also dividing Vaq in Equation (3.5) by L!, + L
Vioq (r+ Re) Eq
=— I+ 1+ —F——— 3.10
(Ly+Lo)  (Ty+Lo T (L + Lo 310
Now we add Equation (3.9) and Equation (3.10) and compute I,
E' — Vi) (r + Ro) — Vioa(L, + Lo
B Ve 04 T~ V(L + L) o

(r+ Re)? + (L, + Le)(Lg + Le)

We substitute I; and I, as given in Equation (3.8) and Equation (3.11) in the reduced order simplified model
of the synchronous generator as given in Equation (3.1) to get

. 1 —(E! = Voog)(Lg + Le) — Vood(r + R
E[]—/<EFD—E(’1+(Ld—L:i)( (E °°"2)( 1 e)  Vocu )>> (3.12)
T0 (r+R.)*+ (Ld + Le)(Lq + L)
For simplification of the above equation we make the following substitutions:
Lq + Le=11,7r4+ Re = Ry, Lq — Lii = Ly and (7’ + Re)2 + (LZl + Le)(Lq + Le) =M
Thus, Equation (3.12) can be rewritten as
. 1 L2L1 L2L1 L2R1

Substituting Voeg = — Voo sin(d — a) and Voy = Vi cos(d — ) in Equation (3.13) and rearranging it we get

L (1L Lo Ly V. LRV, 1
E, = ( - M )E</1+ 2 1/00 08(5—04)—1—271/003111(5—@)—1—#1?1:1) (3.14)
Tdo Mg Mg, Tdo
_ L2L1)
Let us denote TMl = fu1, % = fi9, % = f13 and % = g11. Thus, Equation (3.14) can be
rewritten as '
E, = fuE, + fizcos(d — @) + fizsin(d — o) + g11Erp (3.15)

Substituting Iy and I, in the equation for w in the reduced order simplified model of the synchronous
generator as given in Equation (3.1) we get

L1 s (Bl = Vieg)(r + Re) — Voa(Ll; + Le)
Y= [Tm — e <E< (- Re)2+ (& Lo)(Lg + L) )

, —(EC/I — Voog)(Lgq + Le) = Vioa(r + Re) (E(/] — Voog) (1 + Re) — Veod(Ly + Le)
Bl Ld)( (r+ Re)? + (L + Le)(Lg + Le) ) ( (r+ Re)? + (L + Le)(Lg + Le) ))]

(3.16)
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Let us denote L), + L, = L3 and Ly — L/, = L4. Substituting Vieg = =V sin(d —a) and Vg = Vo cos(0 — )
in Equation (3.16) and on simplifying we get

L4L 2L4L
w:_< iz 4 1R1>E’2 ( L + 4 1R1>VOOEZICOS(5—04)

MlTj M2Tj M17'] M127'j
LyLiLy  LyR? ;.
Voo E 0 —
<M17'] M?27; Mfrj ool sin(0 — a) 517
LyR? L4LyL3 , LyL1R V2 '
(MQT; - M2, V2 sin(d — a) cos(6 — ) — ng cos?(0 — )
LyL3R1V2 D 1
—i—( i ) sin?(0 —a) — —w + —Tpn
M1 j Tj j
Let us denote
Ry Lyl Ry Ry 2L401 Ry
— = V =
<M17j JE > far <M17j T ) o=t
Ls LyLyLs L4R% L4R2 LalqL3
_ _ = fo3, — , 3.18
(a1 + 5~ e v = (S~ 5 V= (315)
Lyl R V2 L4L3R V2 D 1
— - == — —_— frnd —_—_— = d _—=
< M2, fos5, M2, fo6, . for, an . fos
Thus, Equation (3.17) can be rewritten as
w :f21E(/12 + fQQE:Z cos(d — a) + f23E(’1 sin(d — a) + faasin(d — a) cos(d — «) (3.19)

+ fas cos*(0 — a) + fagsin?(0 — a) + forw + fosgTom

We can express the reduced order nonlinear model of the synchronous generator connected to an infinite bus
in the usual state space form

= fllE; —+ f12 COS((S — a) + f13 Sil’l((s — Oé) +gu1Erp
w= f21E('12 + fazEy cos(d — ) 4 faz By sin(d — @) 4 foasin(d — @) cos(d — )
~+ fos C082(5 —a)+ fs Sin2(5 —a) + forw + fosT,
S=w-—1

(3.20)

For the reduced order generator-turbine system we use the same turbine-governor model that we used for
the truth model. The model of the turbine-governor system as given in Equation (2.46) and Equation (2.47)
in per unit is

. 1 K
T = —fT + 7TGV
i (3.21)
. K 1 K )
Gy=——2w— =Gy +=Cur
edivy TG TG

The reduced order model of the generator-turbine system connected to an infinite bus consists of 3 nonlinear
differential equations of the synchronous generator and 2 linear differential equations of the turbine-governor
system. Thus, the combined system consists of 5 differential equations. Combining Equation (3.20) and
Equation (3.21) the reduced order model of the synchronous generator and turbine connected to an infinite
bus can be written as

E; = fu1E; + fizcos(d — a) + fizsin(6 — a) + g11Erp

W= fglE(/IQ + fao By cos(d — ) + foz By sin(d — ) 4 fogsin(d — ) cos(d — )
+ fos c052(5 —a)+ fp sin2(5 —a) + forw + fosTh,

b=w-—1

T = furTm + f12Gv

Gy = faiw + f52Gv + gssur

(3.22)
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K _ KG _ 1 KG —
?TT = fa2, TTGRr f51, e = [52, and o = 955

Let us define the state variables as x = [Ej,w, d, Tin, Gy]T, and the two control inputs as u = [uy,us]’ =

1
Where7 T = f417

[Erp,ur]t. We can then express the simplified fifth order nonlinear model of the synchronous generator
and turbine connected to an infinite bus as

1 = fur1 + fizcos(rz — o) + fizsin(rz — a) + griug

By = fo127 4 foowy cos(x3 — a) + fozxysin(zz — o) + fogsin(zz — a) cos(zz — @)
+ fas cos* (x5 — @) + fagsin®(z3 — ) + forza + fosTa (3.23)

T3 =x9— 1

Ty = fa1m4 + faows

T5 = fs122 + fr225 + g55U2

Thus, we can put the simplified fifth order nonlinear model of the synchronous generator and turbine
connected to an infinite bus in the usual state-space form

&= f(x) +g(@)u

) = hiz) (3.24)

where

fiiw1 + fiacos(xz — o) + figsin(xs — )
f2172 + fooxy cos(x3 — @) + fozwy sin(zz — ) + fagsin(zz — a) cos(zg — a) - -
s+ foscos?(z3 — @) + fogsin®(z3 — a) + forma + foszs
o — 1
fu17q + fa2s
f5122 + frox5 (3.25)

Ne
—
—

g(z) =

o O O O

o O O O

gs5

In Equation (3.24) and Equation (3.25), the state variables are x = [E],w,d,Tn, Gy]", the two control
inputs are u = [Epp, ur]T, and the two regulated outputs are y = [V;,w|’. The expression for the generator
terminal voltage V; will be derived in the next subsection.

3.2 Derivation of the Output Generator Terminal Voltage for the Reduced Order Model

The reduced order model of the synchronous generator and turbine connected to an infinite bus is a MIMO
system with two inputs: excitation field EMF Erp, and turbine valve control up, and two outputs: generator
terminal voltage V; and rotor angle §. In this section we derive an expression for the generator terminal
voltage V; which is the first output of the MIMO system. From Equation (3.4) the direct axis and quadrature
axis stator voltage equations of a synchronous generator are given by

Vy=—rly— Ly,

V,=—rl,+ L,I;+ FE' (3.26)
q = —rlg+ Lglqg + by

Since the stator resistance r ~ 0 we can write

Va = —Lql,

3.27
V, = Lhiy+ E! (3.27)

23


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

Substituting Iq and I, as given in Equation (3.8) and Equation (3.11) in Equation (3.27) we get

Va=—Lyl,

- _ L‘Z(T + Re) E/
(r+ Re)? + (L4 Le)(Lg + Le) 1
Voo Lg(r + Re)

(r+ Re)* + (Ly + Le)(Lg + Le)
VooLq(Lly+ Le)

TR (L L) (Bg L) SO )

. (3.28)

cos(d — a)

Let us denote
Ly(r+ R.)

_ =V
(r+R)?+ (I, + L)Ly + L) @
Voo Lg(r + Re)
(r+ Re)? + (L, + Le)(Lq + Le)
B Voo Lg(L!, + Le)
(r+ Re)? + (L) 4+ Le)(Lg + Le)

Thus, Equation (3.28) can be rewritten as

=V (3.29)

= Vi3

V= leE(’J + Vg cos(6 — a) + Vyzsin(d — «) (3.30)
Now let us derive the expression for V

Vo=Lyls+ E,
— _ L&(Lq + Le) EI
(r+ Re)? + (L) + Le)(Lg + Le) 1
Voo L!)(Ly + Le) (3.31)
5 _
(r + Re)2 + (L + Le)(Ly + Le) cos(d — a)
Voo Ll)(1 + Re)
(r+ Re)? + (L) + Le)(Lg + Le)

_l’_

_l’_

sin(d — a) + E

Let us denote .
(r+Re)?+ (L)) + Le)(Lqg + Le) 1
Voo Ly(Lg + Le)
(r+ Re)? + (L)) 4+ Le)(Lg + Le)
Voo Ll)(1 4+ Re)
- 3
(r+ Re)?+ (L) + Le)(Lg + Le) 1

Thus, Equation (3.31) can be rewritten as

= ‘/:]2 (3.32)

Vo= Vg Ey+ Vg cos(d — a) + Vyzsin(é — a) + E, (3.33)
The generator terminal voltage V; is given by

Vi=/Vi+V2 (3.34)

The output generator terminal voltage, y; = V4, as a function of the states x, is

Va= Va1 + Vg COS($3 — Oz) + Vs Sin(:Cg — a)
Vg = Vg1 + Vg cos(az — o) + Vg sin(xz — o) + 21 (3.35)

V} — /Vd2+v:12
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Thus, the output equation consists of a nonlinear equation for V; as given in Equation (3.34) and Equa-
tion (3.35), and a simple linear equation for w

y = h(z) = sz] (3.36)

3.3 Linearization of the Reduced Order Model by Taylor series approximation

In this section we linearize the fifth-order nonlinear model of the synchronous generator and turbine con-
nected to an infinite bus by using the Taylor series approximation about a nominal operating point (xq, ug).
The operating condition is a steady state equilibrium of the system. The steady state equilibrium condition
is attained by the system after all the transients die out or decay to zero. The equilibrium point (xg, ug) is
computed by solving the differential equation, @ = f(zo) + g(xo)up = 0. From Equation (3.25) we can write

fi (:C) = fl1x1 + fio COS(xg — Oé) + fi3 Sin(l‘g — a) (3.37)
Therefore,
oft|
i . = fnn
on| _,
(9332 Zo
of| .
9o = T2 sin(zzo — «) + fi3 cos(wz0 — a) (3.38)
T3 0
on| _,
04 2
onl _,
8.%'5 0
fa(x) = f21$% + foowq cos(zg — a) + fosxy sin(zs — a) + fog sin(zs — «) cos(zs — ) (3.30)
+ fo5 cos? (1‘3 — a) + fog sin? (373 — a) + forxo + fosxy ’
Therefore,
on| |
prel i farz10 + faz cos(z30 — ) + faz sin(xzg — o)
o
of2|
s L for
0 ) ) .
83{2 = — foox10sin(zgg — @) + faszx1o cos(xzg — ) + fag cos2(x39 — ) — fos8in2(x30 — ) + fogsin2(z3p — )
o
of2 |
on| _,
81‘5 zo
(3.40)
fg(l') =T — 1 (3.41)
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Therefore,
os| _,
al’l z0
ofs| _ 4
81‘2 zo
ol _,
a.’I}3 0
os| _,
0x4 -
ol _,
81‘5 0
Ja(x) = farm4 + faows
Therefore,
on| _,
8{[)1 Zo
ofs| _,
8x2 0
ofl _,
Oxs 0
ofs|
8_354 . = fu
ofs|
Ds . = fa2
f5(x) = fs1w2 + fsoms
Therefore,
95| _,
6x1 0
ofs|
D Lo f51
ofs| _,
8.’1:3 0
o _,
8%4 0
ofs|
e Lo f52
91(33) = g11u1
Therefore,
| _
ouy e g1
9911 _,
8’&2 uo

d0i:10.20944/preprints202009.0311.v1

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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g2(z) =0 (3.49)
Therefore,
992\ _,
0ttty (3.50)
992 '
—| =0
Bug w0
g3(x) =0 (3.51)
Therefore,
9931 _
8u1 w
0 (3.52)
993|  _
8’&2 uo
ga(z) =0 (3.53)
Therefore,
994 _,
Oty (3.54)
9a| _, '
8u2 w0
95(2) = gssu2 (3.55)
Therefore,
995|  _,
Ot |y (3.56)
% = 955 |
8u2 uo

Therefore, the linear reduced order model of the synchronous generator and turbine-governor system con-
nected to an infinite bus is

x = Ax + Bu (3.57)
where
xI = [AE; Aw Ad AT, AGV}
_ [AErp (3.58)
u= AUT

In the above equation A is the deviation from the nominal operating condition, i.e. FEj — Ejq = AEp,
w—wp = Aw, 6—069 = AS, Ty, —Tino = ATy, Gy —Gyo = AGy, Epp—Erpo = AErp, and ur—urg = Aur,
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and _ )
ofi 9fi 8 OfL Of1
o1 Ors Oxz Oxg Oxs
Ofs 9fr Ofe Ofa Of2
o0x1 Oxo o3 0xa Oxs
Ofs Ofs Ofs Ofs Ofs
A — | 0= Oxo ox3 Oz Oxs
Ofs Ofs Ofs Ofs Ofs
o1 Ors Oxz Oxg Oxs
ofs 9fs Ofs Ofs Ofs
ox1 Oxo o3 0xa Oxs
L J 20 (3.59)
_ P -
fu 0§80 0
] 0
Lofy G2 fs 0
=10 1 0 0 0
0 0 0 Jfu fa
L0 fao O 0 faf,,
[ 991 9g1 7]
Bul 8’ug
992 9g2
Ou1  Ous
993 Og3
B — ou1 Ouso
094 Oga
8u1 8u2
(3.60)
995 9gs
ouq Ouo
L 4 ug
[ g1 O
0 0
= 0 0
0 0
L 0 955 1,

In order to design a linear controller for the linearized model obtained by using Taylor series approximation,
we need to find an expression for the first output AV;. By using Taylor series approximation, we have

dV;
Vi(z) = Vi(wo) +

(x —x) + ..... (3.61)

o
Where, = = [E},w,d, T, G|, are the states of the reduced order nonlinear model. Let us denote Vi(x) —
Vi(zg) = AV, and Vi(zg) = Vip. By neglecting the second and higher order derivatives in Equation (3.61)
we have

v
o dx

From Equation (3.34) and Equation (3.35) the generator terminal voltage V; is given by

Vi=/Vi+V2 (3.63)
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where

Vg =Var B, + Vi cos(0 — ) + Vg sin(d — )

_ / . s y (3.64)
Vo =VaE,;+Vgpcos(6 — a) + Vzsin(d — a) + E,
We can write
_ X\ WV, v,
Differentiating Equation (3.63) with respect to Vg and V respectively
M Ve Ve
Wiy v/ Vo + Vao Yo 3.66
oVi _ Vio _ Vo (3.66)
W,y 04/ Vs + Vi Vio
Also
avy 1 oV oV, oV, oV
Zrd _ = (E, - E| —w)—2| +(6-=96 T — Too)=—| +(G G
dz xo(x IEO) ( q O)aE; 2 + (Q} UJO) Ow 2 ( 0) EH +( 0) aTm ( V= VO)aG
dv, , av, av, avq av, avq
Sl (@—w) = (B, —E ) 2 P Al Ty — Tono) 8 e
1 xo(ﬂc zo) = ( qO)(?E{J x0+(w wo) o |, + (6 — do) % x0+( 0)8Tm . + (Gv VO)aGV .
(3.67)

Let us recall that the deviations of the state variables form their nominal operating condition are given
by: Eé - E:]O = AE&, W —wy = Aw, 6 — 50 = A(S, Tm - TmO = ATm, GV - GVO = AGV Simplifying
Equation (3.67) we get

d
d—‘f (x — o) = leAE('] — Vg sin(do — ) Ad + Vys cos(do — a) Ad
v o (3.68)
diacq (z — x0) = Vp AE, — Vg sin(do — a)Ad + Vg3 cos(do — @) A + AE,
Zo
Substituting Equation (3.66) and Equation (3.68) in Equation (3.65) and rearranging we get
Vo
AV, = (‘é’ovdl + “i Var+ 3 >AE’
t0 t0 (3.69)

Vo
+ ( - %Vdg sin(do — a) + V—Vdg cos(do — @) — —Vg sin(do — a) +
0

Vio Vip 1

%‘/}13 cos(do — a)) Ad
t0

Let us denote

V. Vo Vo
( dOVd1+ V1+)—T1

Vi Vio Vi
tov t0 y y y (3.70)
( — 2By, sin(s — @) + ~L Vg cos(do — a) — ~L Vg sin(6o — @) + ~L Vg3 cos(do — a)) =Ty
Vio Vio Vio Vio
Thus, Equation (3.69) can be simplified to get

AV, = TIAE, + ToAS (3.71)

Thus, the linearized output equation of the reduced order model is given by
y=0Cx (3.72)
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where

_ [AVt] (3.73)

and the output matrix C is

(3.74)

3.4 Example

In this section we calculate the (A, B, C) system matrices of the truth model and the reduced order model
linearized about a given nominal operating point. The power, voltage, and current ratings as well as
the parameters of the synchronous generator are given in Table 3.1, which contains values for an actual
synchronous generator with some quantities, denoted by an asterisk, being estimated for our study [1]. The
power rating of a synchronous generator is equal to the product of the voltage per phase, the current per
phase, and the number of phases. It is normally stated in megavolt-amperes (MVA) for large generators.
The parameters given in Table 3.1 are not in the per unit system. The quantities in Table 3.1 are converted
to the per unit system, which are given in Table 3.2 [1]. Table 3.3 gives the parameters of the reduced order
nonlinear model in the per unit system.

Before we proceed to the calculation of the system matrices, we briefly explain a basic power system
terminology, that is used in determining a suitable operating condition. Real power (also known as active
power) (P), measured in watts (W); apparent power (S), measured in volt-amperes (VA); and reactive power
(Q), measured in reactive volt-amperes (var) are related by the expression, S = P + jQ in vector form. If
¢ is the phase angle between the current and voltage, then the power factor (PF) is equal to the cosine of
the angle, |cos¢| , and |P| = |S|cos ¢ and |Q] = |S|sin ¢. Power factors are usually stated as "leading” or
"lagging” to show the sign of the phase angle ¢. If a purely resistive load is connected to a power supply,
current and voltage will change polarity in step, the power factor will be unity, and the electrical energy
flows in a single direction across the network in each cycle. Inductive loads such as transformers and motors
(any type of wound coil) consume reactive power with current waveform lagging the voltage. Capacitive
loads such as capacitor banks or buried cable generate reactive power with current phase leading the voltage.
Both types of loads will absorb energy during part of the AC cycle, which is stored in the device’s magnetic
or electric field, only to return this energy back to the source during the rest of the cycle. Since a majority
of the loads in a power grid are inductive, we assume power factor lagging conditions, where the generator
armature current lags the generator terminal voltage. Also a high power factor is generally desirable in
a transmission system to reduce transmission losses and improve voltage regulation at the load. A power
factor of 0.85 is assumed, which is within the stable operating limits of a synchronous generator.

The synchronous generator is connected to an infinite bus through a transmission line having R, = 0.02
p-u., and L. = 0.4 p.u. The infinite bus voltage is 1.0 p.u. The machine loading is given by, real power
P = 1.0 p.u. at 0.85 PF lagging conditions. The steady state operating conditions of a synchronous
generator turbine system connected to an infinite bus depend on the synchronous generator turbine system
parameters, transmission line parameters, and the machine loading. For the synchronous generator with
parameters and loading conditions given in Table 3.1 and Table 3.2, a steady state operating point for the
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truth model is evaluated which is as given in [1]:

Iy = —0.9185

Iro = 1.6315

Ipg = —4.6204 x 107°
I0 = 0.4047

Igo = 5.9539 x 107°
wo=1

5 =1 (3.75)
Trmo = 1.0012

Gyo = 1.0012

V0 = 0.9670

Vi = —0.6628

Vio = 1.172

dp — a = 53.736°

Table 3.1: Ratings and Parameters of the Synchronous Generator

Variables Rated MVA Rated voltage Excitation voltage Stator current
Values 160 MVA 15 kV, Y connected 375V 6158.40 A
Variables Field current Power factor Ly Lp
Values 926 A 0.85 6.341 x 1072 H 2.189 H
Variables Lp L, Lg kMp
Values || 5.989 x 1073 H* | 6.118 x 103 H 1.423 x 1073 H* | 109.01 x 10~3 H*
Variables kMp Mg kMg r(125°C)
Values || 5.782 x 1073 H* | 109.01 x 1073 H* | 2.779 x 1073 H* 1.542 x 1073 Q
Variables rp(125°C) D rQ Inertia constant H
Values 0.371 Q2 18.421 x 1073 Q* | 18.969 x 1073 Q* 1.765 ’thp
Variables R, L. D wo (in rads)
Values 0.02 p.u. 0.4 p.u. 0 376.99

Table 3.2: Parameters of the Truth model of the Synchronous Generator-Turbine System in p.u.

Variables (in p.u.) Ly Lp Lp L, Lg kMp
Values 1.70 1.65 1.605 1.64 1.526 1.55
Variables (in p.u.) || kMp Mg kMg r TR D
Values 1.55 1.55 1.49 | 0.001096 | 0.000742 0.0131
Variables (in p.u.) rQ H (ins) | Re L. D wp (in rads)
Values 0.0540 2.37 0.02 0.4 0 376.99
Variables (in p.u.) Kr Ka T re Rt k
Values 1 1 0.5 0.2 20 3/2
Variables (in p.u.) L Tho T; Voo e
Values 0.245 5.9 4.74 1.00 3.5598°
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Table 3.3: Parameters of the Reduced Order Nonlinear Model of the SMIB in p.u.

Variables (in p.u.) Vi Vo Vi3 Va1 Vg2 Vi3
Values -0.0249 | 0.0249 | -0.8037 | -0.3797 | 0.3797 | 0.0037
Variables (in p.u.) fi1 fi2 f13 fa1 f22 f23
Values -0.5517 | 0.3822 | 0.0037 | -0.0101 | 0.0171 | -0.3269
Variables (in p.u.) fou fos f26 for fos8 fa
Values 0.2235 | -0.0069 | 0.0022 0 0.2110 -2
Variables (in p.u.) Ja2 f51 52 g1 955 | EFDmas
Values 2 -0.2500 -5 0.1695 5 5
Variables (in p.u.) EFDmin GVmax vam
Values -5 1.2 0

The A matrix of the truth model linearized about the operating point is

[ —0.0361  0.000437 0.0142 —3.4883 —2.5478 —1.4119 1.0115 0 0
0.0124 —0.0050 0.0772 1.2022 0.8781 0.4866 —0.3486 0 0
0.0228 0.0044 —0.0964  2.2077 1.6125 0.8936 —0.6401 0 0
3.5888 2.6489 2.6489  —0.0361  0.0901 1.0254  1.3779 0 0
A= —3.5042 —2.5864 —2.5864 0.0352 —0.1234 —1.0012 —1.3454 0 0
—0.000013 —0.00035 —0.00035 —0.0014 —0.00076 0 0 0.00056 0
0 0 0 0 0 1.0000 0 0 0
0 0 0 0 0 0 0 —2.0000 2.0000
| 0 0 0 0 0 —0.2500 0 0 —5.0000_
(3.76)
The B matrix of the truth model linearized about the operating point is
[—0.5893 0 T
6.6918 0
—5.8933 0
0 0
B = 0 0 (3.77)
0 0
0 0
0 0
| 0 5.0000 |
the C matrix of the truth model linearized about the operating point is
Cc— 0.8510 0.8739 0.8708 0.5673 0.6059 0.8691 —0.1048 0 O (3.78)
0 0 0 0 0 1.0000 0 0 0 '
and the D matrix of the truth model linearized about the operating point is
0.1333 0
D= [ 0 0} (3.79)
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The open loop eigenvalues of the A matrix of the truth model are

— 5.0000
— 0.0359 + 0.9983:
— 0.0359 — 0.9983:
—2.0000
— 0.0016 + 0.0289: (3.80)
— 0.0016 — 0.0289:
— 0.0007
—0.0995
—0.1217
Also a steady state operating point for the reduced order nonlinear model is
x10 = Ejy = 1.1925
Tog =wop =1
T30 =00 =1 (3.81)
x40 = Tino = 1.0012
250 = Gyo = 1.0012
The A matrix of the reduced order model linearized about the operating point is

—0.5517 0 —0.3060 0 0

—0.2776 0 —0.3054 0.2110 0
A= 0 1 0 0 0 (3.82)
0 0 0 -2 2
0 —0.25 0 0 -5
The B matrix of the reduced order model linearized about the operating point is
0.1695 0
0 0
B = 0 0 (3.83)
0 0
0 5

the C matrix of the reduced order model linearized about the operating point is

O— [0.5258 0 0.0294 0 0}

0 1 0 0 0 (3.84)

and the D matrix of the reduced order model linearized about the operating point is

D {8 8] (3.85)

The open loop eigenvalues of the A matrix of the reduced order model are

— 5.0069
—0.1048 4 0.4778i

—0.1048 — 0.4778i (3.86)
—0.3514

— 1.9839

From Equation (3.80) and Equation (3.86) we can see that the eigenvalues of the open loop system lie on
the left half plane.
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Figure 4.1: Plot of I'; (Test Signal 1) vs time
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Figure 4.2: Plot of I'y (Test Signal 2) vs time

4 Open Loop Input-Output Behavior of the Synchronous Generator and
Turbine-Governor System

In this section we observe the open loop input-output behavior of the truth model and the reduced order
nonlinear model of the SMIB for test signals given in Figure 4.1 and Figure 4.2. The first control input Vg
of the truth model and the first control input EFrp of the reduced order model are different. As given in
Equation (10.41) the field voltage, Vp, is related to excitation field emf, Frp, by the following expression

rF
Vi=(—L _)E
F <kaMF> FD

=e15Erp

(4.1)

In the above expression, wg = 1 p.u., and e;5 = (WR%/[F).

We first test the truth model and the reduced order nonlinear model of the SMIB for I'y (Test signal 1)
given in Figure 4.1. In this case the two inputs for the truth model are, u = [V, ur]t = [e15I'1,T1]T, and
the two inputs for the reduced order nonlinear model are, u = [Erp,ur]* = [I'1,T4]".
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Figure 4.3, Figure 4.4, and Figure 4.5 show generator terminal voltage V;, rotor angle 4, and frequency
w vs time plots for I'y (Test Signal 1) applied to the reduced order nonlinear model. From Figure 4.3 we can
see that after the addition of the fourth step of I'; (Test Signal 1) at 600 seconds, the generator terminal
voltage V; settles to a new steady state value of 0.83 p.u.. From Figure 4.4 we can see that the rotor angle §
first undergoes a large undershoot, followed by oscillations about 0.1 p.u. after the application of the second
incremental step of I'; at 200 seconds, which is further followed by reduced oscillations about 0.3 p.u. after
the application of the third step of I'y at 400 seconds, and finally after the application of the fourth and
final step at 600 seconds the oscillations almost die out and the rotor angle J settles to a value of 0.725 p.u..
Figure 4.5 shows that the frequency w settles to its steady state value of 1 p.u. after the application of the
fourth step at 600 seconds. Like the rotor angle §, the oscillations of the frequency w also decrease with the
application of each incremental step.

Figure 4.6, Figure 4.7, and Figure 4.8 show generator terminal voltage V;, rotor angle 4, and frequency w
vs time plots for I'; (Test Signal 1) applied to the truth model. From Figure 4.6 we can see that the generator
terminal voltage V; converges very slowly to the new steady state value of 0.83 p.u.. From Figure 4.7 we can
see that the rotor angle § first undergoes a large undershoot after which it oscillates about 0.1 p.u., where
the oscillations decay with time. Figure 4.8 shows that the frequency w oscillates about its steady state
value of 1 p.u.. We observe a peculiar difference between the performance of the reduced order nonlinear
model and the truth model, for I'; (Test Signal 1). The addition of each incremental step of I'; after a
fixed interval has a distinct effect on the amplitude and damping of the output oscillations for the reduced
order nonlinear model, where a rapid decrease in the output oscillations is observed with the application
of each step. Thus, we observe transitions in the output response at time instants when incremental steps
of I'y are applied to the reduced order nonlinear model. However, for the truth model, the effect of adding
incremental steps at regular intervals is negligible on the output response, compared to the reduced order
nonlinear model. We do not see transitions in the output behavior at time instants when incremental steps
of I'1 are applied to the truth model, and the oscillations decay more uniformly in this case.
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Figure 4.3: Plot of the generator terminal voltage V; vs time for I'; (Test Signal 1) applied to the reduced
order nonlinear model
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Figure 4.4: Plot of the rotor angle ¢ vs time for I'y (Test Signal 1) applied to the reduced order nonlinear
model
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Figure 4.5: Plot of the frequency w vs time for I'y (Test Signal 1) applied to the reduced order nonlinear
model
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Figure 4.6: Plot of the generator terminal voltage V; vs time for I'y (Test Signal 1) applied to the truth
model
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Figure 4.7: Plot of the rotor angle § vs time for I'; (Test Signal 1) applied to the truth model
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Figure 4.8: Plot of the angular velocity w vs time for I'; (Test Signal 1) applied to the truth model
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We now test the truth model and the reduced order nonlinear model of the SMIB for I'y (Test signal 2)
given in Figure 4.2. In this case the two inputs for the truth model are, u = [V, ur]t = [e15T2, I'2]T, and
the two inputs for the reduced order nonlinear model are, u = [Epp,ur]®t = [['2,[2]T.

Figure 4.9, Figure 4.10, and Figure 4.11 show generator terminal voltage V;, rotor angle §, and frequency
w vs time plots for I'y (Test Signal 2) applied to the reduced order nonlinear model. From Figure 4.9 we
can see that the generator terminal voltage V; settles to a new steady value of 0.82 p.u.. From Figure 4.10
we can see that the rotor angle ¢ first undergoes a large undershoot after which it oscillates about 0.1 p.u..
Figure 4.11 shows that the frequency w oscillates about its steady state value of 1 p.u.. The oscillations
decay with time. For I'y (Test Signal 2) where the magnitudes of the incremental steps are reduced to half
of I'y (Test Signal 1), the effect of adding incremental steps of I'y after regular intervals to the reduced
order nonlinear model, is not as significant as compared to the effect of I'y (Test Signal 1). The oscillations
decay uniformly with time, and we do not see the sharp transitions that we saw when I'; was applied to the
reduced order nonlinear model.

Figure 4.12, Figure 4.13, and Figure 4.14 show generator terminal voltage V;, rotor angle §, and frequency
w vs time plots for 'y (Test Signal 2) applied to the truth model. These results are similar to the results
obtained when I'; (Test Signal 1) is applied to the truth model.
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Figure 4.9: Plot of the generator terminal voltage V; vs time for I'y (Test Signal 2) applied to the reduced
order nonlinear model
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Figure 4.10: Plot of the rotor angle ¢ vs time for I'y (Test Signal 2) applied to the reduced order nonlinear
model
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Figure 4.11: Plot of the frequency w vs time for I'y (Test Signal 2) applied to the reduced order nonlinear
model
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Figure 4.12: Plot of the generator terminal voltage V; vs time for I'y (Test Signal 2) applied to the truth
model
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Figure 4.13: Plot of the rotor angle § vs time for I'y (Test Signal 2) applied to the truth model
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Figure 4.14: Plot of the angular velocity w vs time for I'y (Test Signal 2) applied to the truth model

40


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

5 The Decoupled Reduced Order Model

Let us recall from the first section that small changes in real power are mainly dependent on changes in rotor
angle ¢, and thus the frequency (i.e. on the prime mover valve control), whereas the reactive power is mainly
dependent on the voltage magnitude (i.e. on the generator excitation). The excitation system time constant
is much smaller than the prime mover time constant and its transient decay much faster and does not
affect the load frequency control (LFC) dynamics. Thus, the cross-coupling between the LFC loop and the
automatic voltage regulator (AVR) loop is negligible. Hence, load frequency control and excitation voltage
control can be analyzed independently. Therefore, we decouple the two-input two-output (MIMO) reduced
order system into two single input single output (SISO) subsystems. The first SISO subsystem consists
of the LFC loop, where the turbine valve control up controls the rotor angle § and thus the frequency w
of the synchronous generator. The second SISO subsystem consists of the AVR loop, where the generator
excitation Frp controls the terminal voltage V; of the synchronous generator. From Equation (3.59) and
Equation (3.60) the linear model of the synchronous generator and turbine connected to an infinite bus is

) 0
AEL = By + L A5 4 guAERp
8:1:3 z0
o 0
Aw = 8—f2 AE(/] + forAw + 87]02 A + fos AT,
‘ 1 o T3 0 (51)
Ad = Aw

AT‘m = f41ATm + f42AGV
AGy = fs1Aw + f52AGy + gssAur

Note that all the coefficients in the above expression are evaluated at the nominal operating point given in
the previous section. Let us denote

0
Tfl = A3
T3 |4y
af2
| =4 5.2
o (5.2)
0fs
21 =4
B3 ., 23

The MIMO system with control inputs AErp and Aup can be decoupled into the LFC loop with control
input Aur as
Aw = AglAE(; + forAw + A3 A6 + fos AT,

A = Aw

i (5.3)
AT‘m = f4lATm + f42AGv
AGy = f518w + f52AGy + gssAur
and the AVR loop with control input AEgrp as
AE(/] = fllAE(II + A13Ad + gllAEFD (54)

The weak coupling A2 AE, between the LFC and the AVR loop can be neglected in the LFC loop in
Equation (5.3), and the weak coupling A;3Ad between the LFC and the AVR loop can be neglected in the
AVR loop in Equation (5.4). Neglecting theses terms, the LFC loop with control input Awuyp is approximated

as
Aw = forAw + A3 Ad + fog AT,

Ad = Aw
ATy, = fa1 AT + f12AG,
AGy = f51Aw + f52AGy + gssAur

(5.5)
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and the AVR loop with control input AFErp is approximated as

AE) = fuAE) + guAEpp (5.6)

5.1 LFC Dynamics

In this section we present the dynamics of the (LFC) SISO system with control input Aup. We then perform
root locus analysis of the uncompensated (LFC) SISO system. A PID controller is designed next to stabilize
the (LFC) SISO system which is originally unstable. From Equation (5.5) the LFC dynamics are

Aw = forAw + A3 A0 + fog AT,
Ad = Aw

] (5.7)
ATy = fun ATy + f12AG,
AGy = f518w + f52AGy + gssAur
Differentiating Aw and substituting Ad = Aw we have
A = f27Ao:J + AogAw + fQBATm (58)
Taking the Laplace transform of Equation (5.8) with zero initial conditions we get
S2Aw(s) = forsAw(s) + Az Aw(s) + fagSATp(s) (5.9)
On rearranging Equation (5.9) and taking the Laplace transform of A = Aw
Aw(s) foss
AT, (s)  s2— —A
m(s) 8% — fors — Aos (5.10)
Ad(s) 1
Aw(s) s
Equation (5.10) evaluated at the nominal operating point gives
Aw(s)  0.211s
AT, (s)  s?+0.3054
m(s)  s?+0.305 (5.11)
Ad(s) 1
Aw(s) s
The dynamics of the turbine from Equation (5.7) can be written as
ATy, = fin ATy + f12AG, (5.12)
Taking the Laplace transform of Equation (5.12) with zero initial conditions
SATm(S) = f41ATm(S) + f4QAGv(8) (513)
Rearranging and expressing Equation (5.13) as a transfer function
AT,
mls) __fu (5.14)
AGy(s) s— fu
Equation (5.14) evaluated at the nominal operating point gives
AT, 2
m(s) _ (5.15)

AGy(s) s+2
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Figure 5.1: Simulink model of the (LFC) SISO system for a step input
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Figure 5.2: Simulink model of the (LFC) SISO system for a step input

From Equation (5.7) the governor dynamics can be written as
AGy = fs1Aw + f52AGy + gssAur (5.16)
Taking the Laplace transform of Equation (5.16) with zero initial conditions
sAGy (s) = fs1Aw(s) + fs2AGy (s) + gssAur(s) (5.17)

Rearranging and expressing Equation (5.17) as a transfer function

[51 955
AGy(s) = Aw(s) + Aur(s 5.18
V(o) = LAl + L ur(s) (5.13)
Equation (5.18) evaluated at the nominal operating point gives
—0.25 )
A = A A 1
Gy (s) = w(s) + P up(s) (5.19)

Figure 5.1 shows the simulink block diagram of the LFC loop for a step input. In all simulink models the
subscript A is omitted for convenience. By moving the summing point ahead of the block - 35}5 =) the simulink
model in Figure 5.1 can be simplified to get the simulink model shown in Figure 5.2. In Figure 5.2 let

(95 fa2 fogs
G(S) B <3 - f52> (S - f41> <32 — f273 — A23>

_ 955 fa2 f2s85 (5.20)
(5= f52)(s — fa1) (82 — fors — Aag)
and
H(s) = — 3 (5.21)
955

Using Equation (5.20) and Equation (5.21), the simulink model in Figure 5.2 can be simplified to the simulink
model shown in Figure 5.3. The open loop transfer function of the SISO system shown in Figure 5.3 with
output w(s) and step input up(s) is

fa2fos f515

Glo)H(s) = - (s — f52)(s — far)(s? — fars — Az3) (5:22)
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Figure 5.3: Simulink model of the (LFC) SISO system for a step input

The closed loop transfer function of the SISO system between the output Ad(s) and control input Aur(s)
is

faa f:
Ad(s) G(s) <1> _ (S—f52)(Sf;jlf(2822ff278—1423)
B B faz fosfs18
Aur(s) 1+ G(s)H(s) \'s 1 — e s (5.23)
955 fa2.f2s

(s = f52)(s — far)(s? — fars — Aaz) — fs1fa2foss

For a step input, Aup(s) = % From the final value theorem, the steady state value of Ad(s) is

Adgs = lim sAH(s)
s—0

= lim sAup(s) 955 f42.f28

s—0 (S - f52)(8 - f41)(82 - f278 — A23) — f51f42f283 (524)
__9sfafas
 fsafuAss

Substituting numerical values for the constant parameters in Equation (5.24) we get

Adss = 0.6909 (5.25)
Also fuad
g55J42 /288
Aw(s) _ G(s) _ (s—f52)(s—fa1)(s2—fars—Az3)
- T fazfosfs1s
Aur(s) 1+ GOH() 1 - e s (5.26)
955 f42 f285

(s — f52)(s — far)(s? — fars — Ag) — fs1fa2foss

From the final value theorem, the steady state value of Aw(s) for a step input is

Awgs = lim sAw(s)
S—r

0
= lim sAup(s) 955 f12 fogs
50 (s — fs2)(s — fa1)(s% — fors — Aaz) — f51f12f28$ (5.27)
L gy Is5fa2fos
s=0 f52f11A23

=0

Figure 5.4 and Figure 5.5 show the plots of Ad(s) and Aw(s) vs time for the uncompensated (LFC) SISO
system for a step input, respectively. From these plots we can see that Ad(s) settles to a steady state value
of 0.6909 and Aw(s) settles to a steady state value of 0 which are in agreement with the respective steady
state values calculated in Equation (5.25) and Equation (5.27). Also the root locus plot in Figure 5.6 clearly
shows that the uncompensated (LFC) SISO system with step input up(s) is unstable.
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Figure 5.4: Plot of Ad(s) vs time for the uncompensated (LFC) SISO system for a step input
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Figure 5.5: Plot of Aw(s) vs time for the uncompensated (LFC) SISO system for a step input
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Figure 5.6: Root locus plot for the uncompensated (LFC) SISO system
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Figure 5.7: Simulink model of the PID compensated (LFC) SISO system

5.1.1 PID controller design for the LFC loop

In order to stabilize this system we design a proportional-integral-derivative (PID) controller. The simulink
model of the PID compensated (LFC) SISO system is given in Figure 5.7. The output of the PID controller
Aup(s) in the frequency domain is given by

K;
Aug(s) = Ky Aep(s) + Sl Aer(s) + KgisAer(s) (5.28)

where K is the proportional gain, Kj; is the integral gain, Ky is the derivative gain, and Aep(s) is the
error signal. Expressing Equation (5.28) as a transfer function

A K;
ur(s) _ Ky + =2 + Kgs
Aer(s) s (5.29)
. Kd182 + Kpls + Kﬂ
s

From Figure 5.7 the open loop transfer function of the PID compensated (LFC) SISO system can be written

as
o Kd182 + K18+ K G(S)
Gri(s) = ( . ) 1+ G(s)H(s)
— <Kd152 + Kp1s + Kil) ( 55 f12 foss )
s (5 — fs2)(s — fa1)(s% — fars — As3) — fs1fazfoss
Hprpi(s) =1
. _ (Kus® +Kp18+Ki1)< 955 f12 fogs )
© Grm()Hpots) = ( s (5 — f2)(s — fa1)(s — fors — Az) — f51f42f288( |
5.30

The PID gains are tuned to Kj,; = 200, K;; = 150, and K4 = 100. Substituting these PID gains and
numerical values for the constant coefficients in Equation (5.30) we get

52.74s3 + 105.5s% + 79.11s

= 5.31
559 + 3554 + 51.53s3 + 10.69s2 + 15.27s ( )

Gprpi(s)Hprpi(s)

Figure 5.8 and Figure 5.9 show the plots for Ad(s) and Aw(s) vs time for the PID compensated (LFC) SISO
system, respectively. Also, Figure 5.10 shows the root locus plot for the PID compensated (LFC) SISO
system. From this plot it is evident that the PID compensated (LFC) SISO system is stable since the root
locus lies entirely in the left half s-plane.
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Figure 5.8: Plot of Ad(s) vs time for the PID compensated (LFC) SISO system
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Figure 5.9: Plot of Aw(s) vs time for the PID compensated (LFC) SISO system
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Figure 5.10: Root locus plot for the PID compensated (LFC) SISO system
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5.2 AVR Dynamics

In this section we present the dynamics of the (AVR) SISO system with control input AEgrp. In addition we
also design a PID controller for the (AVR) SISO system. From Equation (5.6) the dynamics of the (AVR)
SISO system are

AE; = fllAE(; + g11AErp (5.32)

Taking the Laplace transform of Equation (5.32) assuming zero initial conditions we get
sAEy(s) = flAEy(s) + g11AEFrD(s) (5.33)

Rearranging and expressing Equation (5.33) as a transfer function

AFE! (s
AErp(s) s—fu
From Equation (3.71) the output terminal voltage AV} is
AV, = IAE, + ToAd (5.35)

For the decoupled (AVR) SISO system with AEpp as the input and AV} as the output the coupling THoAd
between the (LFC) SISO system and the (AVR) SISO system is neglected. Therefore,

AV, = T\AE, (5.36)
Taking the Laplace transform of Equation (5.36)
AVi(s) = TIAE(s) (5.37)
Combining Equation (5.34) and Equation (5.37) we get

AVy(s) _ Tgn
AEpp(s) s— fu

Substituting numerical values for the coefficients in Equation (5.38) evaluated at the nominal operating
point we get

(5.38)

AVi(s)  0.08913
AErp(s) s+ 0.5517

Figure 5.11 shows the simulink model of the uncompensated (AVR) SISO system for a step input. In
Figure 5.11 let

(5.39)

T1g11
s— fi

Gi(s) = (5.40)

and
Hyi(s) =1 (5.41)

Therefore, the open loop transfer function of the uncompensated (AVR) SISO system shown in Figure 5.11
is

T
Gi(s)Hi(s) = —19U (5.42)
s—fn
The closed loop transfer function of the uncompensated (AVR) SISO system shown in Figure 5.11 is
T
AVis) _  Gi(s) _ e
= = T
ABpes(s)  1+Gi(s)Ha(s) 14 o0 (5.43)
Thgn

s — fu+Tign
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Figure 5.11: Simulink model of the uncompensated (AVR) SISO system for a step input

For a step input, AE,.f(s) = . From the final value theorem, the steady state value of AV;(s) is

Av%(ss) = ll_I}(l) SAV%(S)

. Tig11
=1 AFE _—

lig sAEres(s) (s —Ju+ T1911> (5:44)
_ Tign

Tig11 — fu1

Substituting numerical values for the coefficients in Equation (5.44)
AVy(ss) = 0.1391 (5.45)

Figure 5.12 shows the terminal voltage AV,(s) vs time plot for the uncompensated (AVR) SISO system for
a step input. From this plot we can see that AV(s) settles to a steady state value of 0.1391 which is in
agreement with the steady state value calculated in Equation (5.45). Figure 5.13 shows the root locus plot
for the uncompensated (AVR) SISO system. From this plot it is evident that the uncompensated (AVR)
SISO system is stable.
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Figure 5.12: Plot of the terminal voltage AV;(s) vs time for the uncompensated (AVR) SISO system for a
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Figure 5.13: Root locus plot for the uncompensated (AVR) SISO system

5.2.1 PID controller design for the AVR loop

We design a PID controller to improve the transient and steady state response of the (AVR) SISO system.
The output of this PID controller AErp(s) in the frequency domain is given by

K;
AEFD(S) = KPQAQFD(S) + T2A6FD(3) -+ Kd2SAeFD(S) (546)

where K5 is the proportional gain, Kjs is the integral gain, Ko is the derivative gain, and Aepp(s) is the
error signal. Expressing Equation (5.46) as a transfer function

AFErp(s K;
AFD() = Kps + 24 Kaas
ern(s) s (5.47)
B Kd282 + Kpos + Ko
s

50


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

0o —P+ T1*gl1 ]
- o oo »| PPO) o P 11 vie T
PID Controller V_T(s)

Figure 5.14: Simulink model of the PID compensated (AVR) SISO system
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Figure 5.16: Root locus plot for the PID compensated (AVR) SISO system

From Figure 5.14 the open loop transfer function of the PID compensated (AVR) SISO system can be

written as 9
K K K; T
Gpipa(s) = < d2s” + Kpas + 2> < 1911 )
S s — f11
Hprpa(s) =1 (5.48)
K08 + Kpos + K; T
ot (£ 2K o

The PID gains K2 = 10, K;» = 10, and Ky = 4 are tuned so as to get the best system response. Substituting
these PID gains and numerical values for the constant coefficients in Equation (5.48) we get

0.356552 + 0.8913s + 0.8913
s2 4+ 0.5517s

Gpip2(s)Hprpa(s) = (5.49)
Figure 5.15 shows the generator terminal voltage AV;(s) vs time plot for the PID compensated (AVR) SISO
system. From this plot we can see that AV;(s) attains its steady state value of 0 in approximately 10 seconds.
Figure 5.16 shows the root locus plot for the PID compensated (AVR) SISO system. The PID compensated
(AVR) SISO system is stable since the root locus lies in the left half s-plane.
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5.3 LFC and AVR including coupling

As there is weak coupling between the LFC and AVR subsystems, the rotor angle § and thus the frequency
w, and the terminal voltage V; were controlled separately. In this section we study the effect of coupling
between the LFC and the AVR system. In the previous section we saw that the weak coupling AglAEé
between the LFC and the AVR loop which appeared in the coupled system in Equation (5.1) was neglected
in the LFC loop in Equation (5.5). Also, the weak coupling A13A0 between the LFC and the AVR loop
which appeared in the coupled system in Equation (5.1) was neglected in the AVR loop in Equation (5.6).
In the coupled system including the LFC and AVR dynamics we do not neglect these terms. Thus, from
Equation (5.1) we can write

AE; = fMAE, + A13A6 + guAEpp
Aw = AglAE:I + f27Aw + A3 Ad + f28ATm (550)
AS = Aw

Taking the Laplace transform of the expression for AEC/I in Equation (5.50)
SAE(/I(S) = fllAE(II(S) + A13A(5(8) + gllAEFD(s) (551)

Rearranging Equation (5.51) we get

ro o Ais g11
AZy(s) = 8- nd(s) + A (o) (5.52)

Also from Equation (3.71) the first output which is the terminal voltage V; of the synchronous generator for
the coupled system including LFC and AVR dynamics is

AV, = TVAE, + ThAS (5.53)
The Laplace transform of Equation (5.53) gives
AVi(s) = TIAE,(s) + ToAd(s) (5.54)
Next, taking the derivative of Aw we get
A = ApAEL + forAi + AszAw + fos AT, (5.55)
Taking the Laplace transform of Equation (5.55)
s2Aw(s) = AgsAE(s) + farsAw(s) + Az Aw(s) + fagsAT(s) (5.56)

Rearranging Equation (5.56) we get

o Agys /
Aw(s) = P —T. AE(s) +

fogs
AT, (s 5.57
$2 — fors — Agg (s) (5:57)

Also the Laplace transform of Ad = Aw is sAd(s) = Aw(s). Thus, the second output which is the rotor
angle Ad(s) of the synchronous generator for the coupled system including the LFC and AVR dynamics can

be written as F
28
AT, (s 5.58
52 — fars — Aas (s) (5:58)

o A21 !
Ad(s) = P — T AE(s) +
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Figure 5.17: Simulink model of the PID compensated (LFC+AVR) MIMO system including coupling

6 PID Controller Design

6.1 PID Controller Design based on linear model

The two PID controllers that were designed for the LFC and the AVR SISO systems in the previous section,
are now tested on the combined LFC and AVR system including coupling which is the same as the linear
model. A simulink block diagram which consists of the two PID controllers and the combined LFC and
AVR system including coupling is constructed in Figure 5.17. Figure 6.1 to Figure 6.5 show Ad(s), Aw(s),
AVi(s), AEq(s), and Aur(s) vs time plots for the PID compensated combined (LFC+AVR) MIMO system
including coupling. The plots obtained when the coupling coefficients were set to zero i.e. in the decoupled
LFC and AVR SISO systems, are identical to the plots obtained for the combined (LFC+AVR) MIMO
system including coupling. Thus, separate frequency and voltage control of the synchronous generator and
turbine-governor system connected to an infinite bus is justified.
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Figure 6.1: Plot of Ad(s) vs time for the PID compensated (LFC+AVR) MIMO system including coupling
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Figure 6.2: Plot of Aw(s) vs time for the PID compensated (LFC+AVR) MIMO system including coupling
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Figure 6.3: Plot of AV,(s) vs time for the PID compensated (LFC+AVR) MIMO system including coupling
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6.2 Simulation results for the PID Controllers applied to the Reduced Order Nonlinear
Model

The two PID controllers that were designed for the decoupled LFC and AVR, SISO systems and then tested
on the (LFC+AVR) MIMO system including coupling are now tested on the reduced order nonlinear model.
Figure 6.6 to Figure 6.11 show simulation results for the two PID controllers that are tested on the reduced
order nonlinear model. From these results we can see that all the state variables, outputs, and the control
inputs attain their respective steady state values in approximately 10 seconds.
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Figure 6.6: Plot of the state variables Eé, w, 9, Ty, and Gy vs time for the PID controller applied to the
reduced order nonlinear model
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Figure 6.7: Plot of the generator terminal voltage V; vs time for the PID controller applied to the reduced
order nonlinear model

1.01

o

©

©
i

delta (radians)
o
0
(e
T
i

0.97 .
0.96 [ . : .
0.95 i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50
time (sec)

Figure 6.8: Plot of the rotor angle ¢ vs time for the PID controller applied to the reduced order nonlinear
model

o7


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

1.03

1.02 N

1.01F : : : 1

omega (radians/sec)
o
©
©
L

0.98 | B
0.97 : . : b
0.96 B
0.95 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
time (sec)

Figure 6.9: Plot of the frequency w vs time for the PID controller applied to the reduced order nonlinear
model
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Figure 6.10: Plot of the generator excitation field control Frp vs time for the PID controller applied to the
reduced order nonlinear model
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Figure 6.11: Plot of the turbine valve control ur vs time for the PID controller applied to the reduced order
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6.3 Simulation results for the PID Controllers applied to the Truth Model

The two PID controllers that were designed for the decoupled reduced order LFC and AVR SISO systems,
and then tested on the (LFC+AVR) MIMO system including coupling and the reduced order nonlinear
model, are now tested on the truth model. The PID controller which controls the LFC loop is re-tuned to
Ky = 2000, K;; = 1500, and Kg; = 1000. Whereas, the PID controller which controls the AVR loop is
re-tuned to Kpz = 2000, K;2 = 15000, and Kgo = 4. Figure 6.12 to Figure 6.16 show simulation results for
the two PID controllers that are tested on the truth model. From these simulation results we can see that
the generator terminal voltage V;, angular velocity w, rotor angle §, and the two control inputs Vg and ur,
settle to their respective steady state values.

99


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

1.1725

1.1725

u.)

5 1.1724
1.1723
1.1723
1.1723
1.1722
1.1721

1.1721H

Generator terminal voltage vt (p

11721

1.172 ; ; ; ;
0 10 20 30 40 50

time (sec)

Figure 6.12: Plot of the generator terminal voltage V; vs time for the PID controllers applied to the truth
model
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1.0001

1.0001 | b

1

1

0.9999

0.9999

delta (radians)

0.9998

0.9998

0.9997

0.9997 : ' ' ;
0 10 20 30 40 50

time (sec)

Figure 6.14: Plot of the rotor angle ¢ vs time for the PID controllers applied to the truth model
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Figure 6.15: Plot of the control input Vg vs time for the PID controllers applied to the truth model
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Figure 6.16: Plot of the control input ur vs time for the PID controllers applied to the truth model
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7 Linear State-Space Controller Design

In this section we design linear state-space controllers for the synchronous generator and turbine connected
to an infinite bus.

7.1 State Feedback Controller design using LQR methodology
7.1.1 LQR Design based on linear model

We first design a linear-quadratic regulator (LQR) for the linearized model of the synchronous generator
and turbine connected to an infinite bus. Let us assume that we have sensors to measure all the states and
we use a full-state feedback controller (regulator) of the form

u=-—-Kx (7.1)

that seeks to drive the states to zero. Since, the system is MIMO with 2 inputs and 5 states, LQR controller
design entails finding the 2 x 5 gain vector K. This can be done by directly using the lgr command in
MATLAB. For this, letting

J = / OO(XTQX +u’ Ru) dt (7.2)
0

we seek to find the gain vector K to minimize the cost function J. Minimization of J results in driving
x(t) to zero with as little control energy and state deviations as possible, with the balance between control
energy and state deviations specified via the () and R matrices. Here, assume the 5 x 5 () matrix is diagonal
with diagonal elements ¢; > 0 (each providing a weight for a different element of the deviation of the state)
and the 2 x 2 R matrix is diagonal with diagonal elements r; > 0 (each providing a weight for the deviation
of the two control inputs. The values for ) and R are used as design parameters.

A methodology to tune the @ and R matrices is given as follows: If all the ¢; = 0, then the excursions of
the states are high while the control input tries to force the state to zero. High values of ¢; relative to r;
mean that you are willing to use lots of control energy to keep state excursions small while driving it to
zero. Clearly, you cannot pick r; = 0 as this results in allowing infinite control energy to force the state
to zero, typically then very fast. Finding the gain K to minimize J involves solving the Riccati equation
ATP4+PA—PBR'BTP+Q =0, where K = R~'BT P. We use the Matlab lgr command to directly solve
for the gain vector K given A, B, @, and R. Thus, by using the weighting matrices

300 0 0 0 0
0 250 O 0 0
Q=10 0 200 O 0 (7.3)
0 0 0 200 O
0 0 0 0 250
and
05 0
R- [ - 0‘5} (7.4)

and the state space matrices (A, B) as given in Equation (3.76) and Equation (3.77) the control gain K is

found to be
~123.7240 —36.3457 —5.5938 —2.5612 —0.0454

©|—1.3381  21.0340 1.5703  9.0242  21.5437

Figure 7.1 shows time history of the state variables (AE;, Aw, A4, AT,,, and AGy) for the full-state
feedback LQR controller applied to the reduced order linear model. From this plot we can see that the LQR
drives all the states to 0 in approximately 20 to 25 seconds. Similarly, from Figure 7.2 to Figure 7.6 we can
see that AV;, Aw, Ad, AEyq, and Aup converge to zero in approximately 25 seconds.

K (7.5)
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Figure 7.1: Plot of the state variables AE(’], Aw, Ad, AT,,, and AGy vs time for the full-state feedback
LQR applied to the reduced order linear model
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Figure 7.2: Plot of the generator terminal voltage AV, vs time for the full-state feedback LQR applied to
the reduced order linear model
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Figure 7.3: Plot of Aw vs time for the full-state feedback LQR applied to the reduced order linear model
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Figure 7.4: Plot of Ad vs time for the full-state feedback LQR applied to the reduced order linear model
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Figure 7.5: Plot of the control input AEq vs time for the full-state feedback LQR applied to the reduced
order linear model
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Figure 7.6: Plot of the control input Aur vs time for the full-state feedback LQR applied to the reduced
order linear model
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7.1.2 Simulation results for the Full-State Feedback LQR applied to the Reduced Order
Nonlinear Model

The LQR based full-state feedback controller that was earlier designed for the reduced order linear model
is now tested on the reduced order nonlinear model. Figure 7.7 and Figure 7.8 show plots for the generator
terminal voltage V4, and rotor angle §, respectively. The generator terminal voltage V; settles to a new steady
state value of 1.13 p.u. which deviates from the desired steady state value of 1.1723 p.u. by an amount of
0.0423 p.u. Similarly, the rotor angle ¢ settles to a new steady state value of 1.056 p.u. which deviates from
the desired steady state value of 1 p.u. by an amount of 0.056 p.u. We observe a steady state error when
the LQR with original gains of subsection 7.1.1 is applied to the reduced order nonlinear model. Therefore,
the gains of the controller are tuned once again so that the controller works efficiently on the reduced order
nonlinear model. We use the Matlab lgr command to directly solve for the gain vector K given A, B, @), and
R. The system matrices (A, B) are evaluated at the nominal operating point, and @ and R matrices are
appropriately tuned as per the procedure explained in the LQR design section. Thus, by using the feedback

law,
u=—-Kx (7.6)
the weighting matrices
40000 0 0 0 0
0 10000 0 0 0
Q= 0 0 250000 0O 0 (7.7)
0 0 0 500 0
0 0 0 0 500
and
0.07 0
k= [ 0 0.07] (7:8)

and the state space matrices (A, B) as given in Equation (3.76) and Equation (3.77) the control gain K is

found to be
~|753.9172 —575.5829 —610.0649 —27.6436 —0.1301

K= —3.8375 1782567  1474.307  128.4938 84.1272

(7.9)
Figure 7.9 to Figure 7.14 show simulation results for the LQR-based full-state feedback controller applied to
the reduced order nonlinear model with the gains re-tuned. From these results we can see that all the state
variables, and outputs, attain their respective steady state values in approximately 8-10 seconds. Figure 7.13
and Figure 7.14 show plots of the two control inputs, E¢qy and ur, respectively.
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Figure 7.7: Plot of the generator terminal voltage V; vs time for the LQR-based full-state feedback controller
with the original gains of subsection 7.1.1 applied to the reduced order nonlinear model
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Figure 7.9: Plot of the state variables E(’I7 w, 6, Ty, and Gy vs time for the re-tuned LQR-based full-state
feedback controller applied to the reduced order nonlinear model
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Figure 7.10: Plot of the generator terminal voltage V; vs time for the re-tuned LQR-based full-state feedback
controller applied to the reduced order nonlinear model
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Figure 7.11: Plot of the rotor angle § vs time for the re-tuned LQR-based full-state feedback controller
applied to the reduced order nonlinear model
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Figure 7.12: Plot of the frequency w vs time for the re-tuned LQR-based full-state feedback controller applied
to the reduced order nonlinear model

67


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

Excitation field voltage EFD (p.u.)
=
i

-3

(0] 5 10 15 20
time (sec)

Figure 7.13: Plot of the control input Efq vs time for the full-state feedback LQR applied to the reduced
order nonlinear model
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Figure 7.14: Plot of the control input ur vs time for the full-state feedback LQR applied to the reduced
order nonlinear model
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7.1.3 Simulation results for the Full-State Feedback LQR applied to the Truth Model

The LQR-based full-state feedback controller that was designed for the reduced order linear model and then
re-tuned and tested on the reduced order nonlinear model, is now tested on the truth model. There is a non
physical state Eé in the reduced order model that needs to be reconstructed from the states of the truth
model. The LQR-based full-state feedback controller can be implemented on the truth model by using either
Equation (7.10) or Equation (7.11) to express Ej as a function of state variables of the truth model. The
gains of this controller are the same as the LQR controller that was re-tuned and tested on the reduced order
nonlinear model. Figure 7.15 to Figure 7.19 show simulation results for the LQR based full state feedback
controller applied to the truth model. From these simulation results we can see that the generator terminal
voltage V; oscillates about a steady state value of 1.1705 p.u. which deviates from the desired steady state
value of 1.1723 p.u. by an amount of 0.0018 p.u. Angular velocity w, oscillates about its desired steady state
value of 1 p.u., and the rotor angle §, oscillates about its desired state value of 1 p.u. These oscillations
decay with time. Also, the generator excitation voltage V settles to its steady state value of 0.00121 p.u.
and the turbine valve control settles to its steady state value of 1.0512 p.u.

E, = %IF +42 cos(d — a) + 13 sin(d — «) (7.10)
e11 €11 €11
E:I =eulp + Loly (7.11)
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Figure 7.15: Plot of the generator terminal voltage V; vs time for the LQR-based full-state feedback controller
applied to the truth model
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Figure 7.17: Plot of the rotor angle § vs time for the LQR-based full-state feedback controller applied to the
truth model
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Figure 7.18: Plot of the control input Vg vs time for the full-state feedback LQR applied to the truth model
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Figure 7.19: Plot of the control input ur vs time for the full-state feedback LQR applied to the truth model
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7.2 State Feedback Controller design using Pole Placement Technique
7.2.1 Pole Placement Design based on linear model

The characteristic equation of a compensated linear system with controller u = —Kx is [sI — A +BK| = 0.
If the system is in the phase-variable canonical form then the characteristic equation of the compensated
linear system is

|sI — A+ BK|=s"+ (an—1+kp) +----+(a1 + k2)s+ (ap + k1) =0 (7.12)
where a,_1, an—2 - -+ a1, and ag are the coefficients of the characteristic equation [sI — A| = 0 and k;, - - -
k1, are gains of the control matrix K. For the specified closed-loop pole locations —Aq, - - - —A, the desired

characteristic equation is

ac(s) = (s+AM)(58+A) - (s+ ) =8"+ay_ 18" 1+ Fais+ag=0 (7.13)

The design objective is to find the gain matrix K such that the characteristic equation for the controlled
system is identical to the desired characteristic equation. Thus, the gain vector K is obtained by equating
coefficients of Equation (7.12) and Equation (7.13) and for the i** coefficient we get

kii = QG — Q4 (714)

If the state model is not in the phase-variable canonical form, we can use the transformation technique to
transform the given state model to the phase-variable canonical form which results in the following formula,
known as Ackermann’s formula [8].

K=[00 ---- 0 1S a.(A) (7.15)
where the matrix S is given by
S=[B AB A*B .... A"1p] (7.16)
and a.(A) is given by
ao(A) = A" + o 1AV 4 g A apl (7.17)

The MATLAB function K=place(A, B,p) can be used to design the controller gain matrix K, where p is
a row vector containing the desired closed-loop poles. The closed-loop poles are selected such that all the
state variables remain within a specific limit and converge to zero in minimum time. The closed-loop poles
cannot be placed too close to the imaginary axis as the relative stability of the system decreases and the
system oscillations increase. Also if they are placed far away from the imaginary axis the settling time of
the state variables and hence the output decreases, but there is no guarantee that the state variables and
the control inputs will remain within a reasonable physical limit. After some trial and error the desired
closed-loop poles of the generator-turbine system were selected as

p=[-0.8,-0.9,-0.7, —1.1, —1] (7.18)
The controller gain matrix K corresponding to these closed loop poles is

~12.6444 —44.1610 0.9926 —3.1472 —8.9082

K= 0.0535 —0.3867 —0.0861 0.0788 —1.0390

(7.19)

Figure 7.20 to Figure 7.23 show that the state variables AE(’J, Aw, Ad, AT,,, AGy, and the outputs AV;, Aw
and Ad settle to their steady state value of zero in approximately 10 seconds. Figure 7.24 and Figure 7.25
show plots for the two control inputs AE;4, and Augr respectively.
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Figure 7.20: Plot of the state variables AE&, Aw, A§, AT,,, and AGy vs time for the pole placement based
full-state feedback controller applied to the reduced order linear model
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Figure 7.21: Plot of the generator terminal voltage AV, vs time for the pole placement based full-state
feedback controller applied to the reduced order linear model

10 T

A w (radians/sec)

1 1 1 1 1 1
20 25 30 35 40 45 50
time (sec)

Figure 7.22: Plot of Aw vs time for the pole placement based full-state feedback controller applied to the
reduced order linear model

73


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

= - = =
® o N ~ o
T T

A & (radians)
(2]

_2 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
time (sec)

Figure 7.23: Plot of Ad vs time for the pole placement based full-state feedback controller applied to the
reduced order linear model
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Figure 7.24: Plot of the control input AEq vs time for the pole placement based full-state feedback controller
applied to the reduced order linear model
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Figure 7.25: Plot of the control input Aup vs time for the pole placement based full-state feedback controller
applied to the reduced order linear model
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7.2.2 Simulation Results for the Full-State Feedback Pole Placement controller applied to the
Reduced Order Nonlinear Model

We now test the pole placement based full-state feedback controller that was designed earlier for the reduced
order linear model, on the reduced order nonlinear model. Figure 7.26 and Figure 7.27 show plots for the
generator terminal voltage V;, and rotor angle §, respectively. The generator terminal voltage V; settles to
a new steady state value of 0.8116 p.u. which deviates from the desired steady state value of 1.1723 p.u. by
an amount of 0.3607 p.u. Similarly the rotor angle § settles to a new steady state value of 1.324 p.u. which
deviates from the desired steady state value of 1 p.u. by an amount of 0.324 p.u. We observe a large steady
state error when the pole placement controller with original gains of subsection 7.2.1 is applied to the reduced
order nonlinear model. Therefore, the gains of the controller are once again tuned by appropriately choosing
the desired pole locations, to get satisfactory performance. The MATLAB function K=place(A, B,p) can
be used to design the controller gain matrix K, where p is a row vector containing the desired closed-loop
poles. After some trial and error the desired closed-loop poles of the generator-turbine system were selected
as

p = [—300,—-0.9, —280, —5, —70] (7.20)

We see here that poles p(1), p(3), and p(5) are placed far away from the imaginary axis so that the state
variables E"J, 6, and Gy attain their desired steady state values in less time. At the same time care is taken
that these state variables stay within a safe physical limit. The controller gain matrix K corresponding to
these closed loop poles is

2020 —376860 —304950 —18250 —130
K= -10 4840 3770 330 60 (7.21)

Figure 7.28-Figure 7.31 show that the state variables E(’J, w, 0, Trn, Gy, and the outputs V; and § settle to
their respective steady state values in approximately 5 to 8 seconds.
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Figure 7.26: Plot of the generator terminal voltage V; vs time for the pole placement based full-state feedback
controller with the original gains of subsection 7.2.1 applied to the reduced order nonlinear model
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Figure 7.27: Plot of the rotor angle § vs time for the pole placement based full-state feedback controller
with the original gains of subsection 7.2.1 applied to the reduced order nonlinear model
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Figure 7.28: Plot of the state variables E(’], w, d, Ty, and Gy vs time for the pole placement based full-state
feedback controller applied to the reduced order nonlinear model, with the gains re-tuned
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Figure 7.29: Plot of the generator terminal voltage V; vs time for the pole placement based full-state feedback
controller applied to the reduced order nonlinear model, with the gains re-tuned
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Figure 7.30: Plot of the rotor angle § vs time for the pole placement based full-state feedback controller
applied to the reduced order nonlinear model, with the gains re-tuned
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Figure 7.31: Plot of the frequency w vs time for the pole placement based full-state feedback controller
applied to the reduced order nonlinear model, with the gains re-tuned
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7.2.3 Simulation Results for the Full-State Feedback Pole Placement controller applied to the
Truth Model

We now test the pole placement based full-state feedback controller on the truth model. The gains of the
controller are re-tuned by appropriately choosing the desired pole locations, to get satisfactory performance.
The MATLAB function K=place(A, B, p) is used to design the controller gain matrix K, where p is a row
vector containing the desired closed-loop poles. After some trial and error the desired closed-loop poles of
the generator-turbine system were selected as

p = [—8.00 + j0.05, —8.00 — 50.05, —200, —250, —0.1] (7.22)
The controller gain matrix K corresponding to these closed loop poles is

[ 1526.38 —48186.24 —3062.64 —1166.75 —32.7

K= —0.9566  1321.51 49.346 103.52  39.965

(7.23)

Figure 7.32 to Figure 7.36 show simulation results for the pole placement based full-state feedback controller
applied to the truth model. From these results we can see that V; oscillates about a steady state value of
1.17 p.u. which deviates from the desired steady state value of 1.1723 p.u. by an amount of 0.0023 p.u.,
w oscillates about its desired steady state value of 1 p.u., and J oscillates about a steady state value of
1.0005 p.u. which deviates from the desired steady state value of 1 p.u. by an amount of 0.0005 p.u.. Small
oscillations which decay with time are seen for w, and §. Figure 7.35 and Figure 7.36 show plots for the two
control inputs Vr and ur respectively. As seen from these plots, the generator excitation voltage Vi settles
to its steady state value of 0.00121 p.u. and the turbine valve control settles to its steady state value of
1.0512 p.u.
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Figure 7.32: Plot of the generator terminal voltage V; vs time for the pole placement based full-state feedback
controller applied to the truth model
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Figure 7.33: Plot of w vs time for the pole placement based full-state feedback controller applied to the
truth model
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Figure 7.34: Plot of § vs time for the pole placement based full-state feedback controller applied to the truth
model
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Figure 7.35: Plot of the control input Vg vs time for the pole placement based full-state feedback controller
applied to the truth model
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Figure 7.36: Plot of the control input ur vs time for the pole placement based full-state feedback controller
applied to the truth model
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7.3 Output Feedback Controller Design
7.3.1 Observer-based LQR Design based on linear model

In a practical generator-turbine system connected to an infinite bus not all the states are available for
measurement. For example the second output of the system which is the rotor angle cannot be measured
using a sensor. Thus, we need to design an observer to estimate the rotor angle and the remaining unmeasured
states. Once the estimator is designed, using the separation principle state estimates are used as the input
to the state feedback controller to obtain a regulator for the system. We first use only one sensor to measure
only the first output AV;. Later we use two sensors to measure both the outputs AV;, and Aw. Using the
A and B matrices as found earlier and

y=Cix=[T1 0 T, 0 0]x

. (7.24)
ie. AV;=[0.5258 0 0.0294 0 0]x

where we use only the first output i.e. the generator terminal voltage AV; measurement for the observer
design. Using MATLAB we can verify that the system is observable using the generator terminal voltage
AV, i.e. C; as given in Equation (7.24). The observer that produces an estimate of the state, Z, is of the
form .

:L: = Aa:A+ Bu+ L(y — 9) (7.25)

y=Cz
The observer gain matrix L in the above equation is designed such that the error dynamics of the estimator
decay faster than the remaining dynamics. Let us denote e = x — & as the estimation error. Then, the error
dynamics of the estimator are given by

ée=(A—-LCy)e (7.26)

The procedure to design the observer gain matrix L is as follows: We first calculate the eigenvalues of the
closed loop system, i.e. eigenvalues of the closed loop Acp matrix where Acp = A — BK. The real parts of
the estimator poles are selected 10-15 times to the left of the closed loop poles of the system Acp matrix,
so that the error dynamics of the estimator decay to zero faster. This can be achieved by appropriately
selecting the scaling factor p which places the estimator poles to the left of the closed loop poles of the
system. The following MATLAB command can be used to design the observer gain matrix

poles = eig(Acp);

p = rho x [poles(1), poles(2), poles(3), poles(4), poles(5)];
Ltilde = place(A’, C1,p);

L = Ltilde':

The estimator gain matrix L for p =12 is

1510.4
—65508.0
L= —24107.6 (7.27)
—1004232.6
276190.3
Next, the estimated states are fed back to the feedback controller to obtain a regulator for the system
u=—-Kz (7.28)
Choosing the weighting matrices
10 0 0O
01000
Q=10 0100 (7.29)
00010
0 00 01
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and

R= [200 200] (7.30)

and the state space matrices (A, B) as given in Equation (3.76) and Equation (3.77) the control gain K for
the observer-based LQR with the output V; measured is found to be

_ 1 0.0384 —0.0635 0.0126 —0.0070 —0.0027

K= —-0.0811 0.1973 —0.0236 0.0382  0.0395

(7.31)

The Q and R matrices are designed such that all the estimated state variables and the control signals
stay within a specific limit. From the choice of the ) and R matrices for the estimator-based LQR with
output AV, measured, we can see that the weights of the ) matrix are reduced and weights of the R matrix
are increased compared to the full state feedback LQR. In other words the amount of control energy that
can be provided such that all the state variables and control inputs remain within a limit is significantly
reduced. This is allowed by the separation principle where the controller and the observer gains are designed
independently. Thus, the time taken by the estimated states and hence the outputs to reach the steady state
value of 0 is larger than the state feedback case. This is evident from Figure 7.37 to Figure 7.40 where the
estimated states AE”q, AW, As, AT, AGy, and the outputs AV;, Aw, and Ad take more time to converge
to zero as compared to the LQR with full state feedback. Figure 7.41 and Figure 7.42 show plots for the
two control inputs AFy4, and Aur respectively.

A better estimate of the states can be obtained by also using the angular velocity or frequency Aw of the
synchronous generator which can be measured using a sensor, in addition to the generator terminal voltage

AV;. In this case we have
~ Cox — 7 0 1, 0 0 x
Y=22%= 10 1.0 0 0

L [AW] _[os238 0 00204 0 0]
e dAl T 0 1 0 000

Using MATLAB we can verify that the system is observable using the generator terminal voltage AV; and
the frequency Aw i.e. Cy as given in Equation (7.32). The estimator gain matrix L for the output matrix
(5 as given in Equation (7.32) and p = 12 is

(7.32)

256.459  71.2024
20.6146  34.7633

L=|-1846.26 —922.386 (7.33)
—5032.595  —1309.90
—531.7120 —135.4256

Choosing the weighting matrices

1 00 00
01 000
Q=10 0 1 00 (7.34)
00 010
00 0 01
and
10
R = [0 1] (7.35)

and the state space matrices (A, B) as given in Equation (3.76) and Equation (3.77) the control gain K for
the observer-based LQR with the outputs AV; and Aw measured is found to be

| 04722 —-0.8024 0.0599 —0.0726 —0.0195

K= —0.5758 1.6563 —0.0271 0.3948  0.5217

(7.36)
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Figure 7.37: Plot of the estimated state variables AE"q, Aw, A , AT),, and AGy vs time for the observer-
based LQR applied to the reduced order linear model with output AV, measured
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Figure 7.38: Plot of the generator terminal voltage AV; vs time for the observer-based LQR applied to the
reduced order linear model with output AV; measured
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Figure 7.39: Plot of Aw vs time for the observer-based LQR applied to the reduced order linear model with
output AV; measured
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Figure 7.40: Plot of the rotor angle A¢d vs time for the observer-based LQR applied to the reduced order
linear model with output AV; measured
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Figure 7.41: Plot of the control input AFE; vs time for the observer-based LQR applied to the reduced
order linear model with output AV; measured
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Figure 7.42: Plot of the control input Aur vs time for the observer-based LQR applied to the reduced order
linear model with output AV; measured
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Figure 7.43: Plot of the estimated state variables AE g A, Ab , AT}, and AGy vs time for the observer-
based LQR applied to the reduced order linear model with outputs AV; and Aw measured
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Figure 7.44: Plot of the generator terminal voltage AV; vs time for the observer-based LQR. applied to the
reduced order linear model with outputs AV, and Aw measured
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Figure 7.45: Plot of Aw vs time for the observer-based LQR applied to the reduced order linear model with
outputs AV; and Aw measured
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Figure 7.46: Plot of Ad vs time for the observer-based LQR applied to the reduced order linear model with
outputs AV; and Aw measured
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Figure 7.47: Plot of the control input AFE; vs time for the observer-based LQR applied to the reduced
order linear model with outputs AV; and Aw measured
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Figure 7.48: Plot of the control input Aup vs time for the observer-based LQR applied to the reduced order
linear model with outputs AV; and Aw measured

86


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

From the choice of the () and R matrices for the second observer when the frequency Aw is measured in
addition to the output AV, we can see that the weights of the R matrix are reduced compared to the case
when only AV; is measured. Thus, the amount of control effort that can be applied to the system such that
all the states and the control inputs remain within a specific bound is more, and hence the state variables
and the outputs converge to zero faster compared to the first observer with only AV; measured, but not as
fast as the full state feedback LQR controller. This is evident from Figure 7.43 to Figure 7.46 where the
estimated states AE”q, Aw, AS, AT, AGy, and the outputs AV;, Aw, and Ad of the observer based LQR
with AV} and Aw measured take less time to converge to zero as compared to the observer-based LQR with
only AV; measured. However, the time taken is larger compared to the LQR with full state feedback, which
gives the best results. Figure 7.47 and Figure 7.48 show plots for the two control inputs AEfq, and Aur
respectively.

87


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

7.3.2 Observer-Based Pole Placement Controller Design based on linear model

In this section we design an observer-based pole placement controller for the reduced order linear model of
the generator-turbine system connected to an infinite bus. The procedure used to design an observer for the
pole placement controller is similar to the one used earlier for the observer-based LQR. The two outputs,
generator terminal voltage AV; and frequency Aw, that can be measured using sensors are used for the
observer design. Thus we have

g [0 T 0 0]
y==5 01 0 00

. {AV}] [0.5258 0 0.0294 0 0}
ie. = X

Avl =] 0o 1 0 00

(7.37)

The estimator gain matrix L for the output matrix Cy as given in Equation (7.32) and p = 12 is

68.7022  —2.8308
0.2306 18.6252

L = |—-608.8626 34.4711 (7.38)
—661.5803 387.1455
—61.4420  58.6700

The desired closed-loop poles of the generator-turbine system for the observer-based pole placement controller
were selected as
p=1[-0.7,—-0.8,—-0.5,—-0.9, —0.8] (7.39)

The controller gain matrix K corresponding to these closed loop poles is

_19.7459  —26.9495 4.8337 —0.8674 —9.0425

K= 0.0299 —-0.2030 —0.0207 0.1337 —1.1007

(7.40)

From Figure 7.49 to Figure 7.52 we can see that for the observer-based pole placement controller the
estimated state variables AE’q, AL, AS, AT,,, AGy, and the outputs AV;, Aw, and Ad converge to zero
in approximately 12 seconds. Figure 7.53 and Figure 7.54 show plots for the two control inputs AEq, and
Aur respectively. The performance of the observer-based pole placement controller is comparable to the
performance of the full-state feedback pole-placement controller.

88


https://doi.org/10.20944/preprints202009.0311.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2020 d0i:10.20944/preprints202009.0311.v1

0.04

0.02 y

o
T

-0.02 y

-0.04 .

-0.06

AE‘q hat 7

~0.08 — Awhat

—— Ad hat

-0.1 ——AT_ hat 1
m

Estimated state variables xhat (p.u.)

012 ——AG, hat

-0.14 4

~0.16 i i i i
0 5 10 15 20 25

time (sec)

Figure 7.49: Plot of the estimated state variables AE g A, Ab , AT}, and AGy vs time for the observer-
based pole placement controller applied to the reduced order linear model with outputs AV; and Aw measured
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Figure 7.50: Plot of the generator terminal voltage AV, vs time for the observer-based pole placement
controller applied to the reduced order linear model with outputs AV; and Aw measured
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Figure 7.51: Plot of Aw vs time for the observer-based pole placement controller applied to the reduced
order linear model with outputs AV; and Aw measured
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Figure 7.52: Plot of Aéd vs time for the observer-based pole placement controller applied to the reduced
order linear model with outputs AV; and Aw measured
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Figure 7.53: Plot of the control input AEq vs time for the observer-based pole placement controller applied
to the reduced order linear model with outputs AV, and Aw measured
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Figure 7.54: Plot of the control input Aup vs time for the observer-based pole placement controller applied
to the reduced order linear model with outputs AV; and Aw measured
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7.3.3 Simulation Results for the Observer-based LQR applied to the Reduced Order Nonlin-
ear Model

We now test the observer-based LQR on the reduced order nonlinear model. The generator terminal voltage
V; and the angular velocity w are measured using sensors. The results obtained by directly applying the
observer-based LQR that was designed for the reduced order linear model in subsection 7.3.1 are poor.
Therefore, the gains of the controller and observer poles are adjusted so that the controller works efficiently
on the reduced order nonlinear model. Using the angular velocity or frequency w of the synchronous generator
which can be measured using a sensor, in addition to the generator terminal voltage V; the output equation
can be written as

o [0 oo 0]
y =2 01 0 00

. [AV}] [0.5258 0 0.0294 0 0}
ie. = X

Av|l | 0 1 0 00

(7.41)

The estimator gain matrix L for the output matrix Co as given in Equation (7.41) and p =12 is

145.5739 29.0262
—9.1126 22.2527
L = |—-528.9546 —442.3042 (7.42)
—2676.907 —678.8487
834.9962  219.7840

Choosing the weighting matrices

50 0 0 0
05 0 0 0
Q=10005 0 o0 (7.43)
00 0 005 0
00 0 0 5
and
1000 0
r= [ 0 1000] (7:44)

and the state space matrices (A, B) as given in Equation (3.76) and Equation (3.77) the control gain K for
the observer-based LQR with the outputs V; and w measured is found to be

0.0021  —0.0027 0.0005 —0.0003 —0.0001

K= —0.0036 0.0079 —0.0014 0.0009  0.0028

(7.45)

Figure 7.55, Figure 7.56, and Figure 7.57 show simulation results for the re-tuned observer-based LQR
applied to the reduced order nonlinear model. From these simulation results we can see that the generator
terminal voltage V; oscillates between 0.8 and 0.82 p.u. which is different from the desired steady state
value of 1.172 p.u. by an amount of 0.372 p.u., the rotor angle ¢ oscillates between 0 and 0.4 p.u. with the
amplitude of oscillations decreasing with time, which is also different from the desired steady state value of
1 p.u., and the frequency w oscillates about the desired steady state value of 1 p.u. Even after re-tuning the
gains of the controller and the observer poles it is not possible to improve the results too much. A significant
amount of steady state error is observed. The linear observer is not able to accurately estimate the states
of the reduced order nonlinear model, i.e. it is not robust to uncertainties or state deviations between the
reduced order nonlinear and the reduced order linear model. To overcome this difficulty i.e. to increase the
robustness of the observer we design a linear quadratic gaussian (LQG) controller, in which the gains of the
Kalman filter are tuned using loop transfer recover (LTR) procedure, in the next subsection.
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Figure 7.55: Plot of the generator terminal voltage V; vs time for the observer-based LQR. applied to the
reduced order nonlinear model
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Figure 7.56: Plot of the rotor angle § vs time for the observer-based LQR applied to the reduced order
nonlinear model
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Figure 7.57: Plot of the frequency w vs time for the observer-based LQR applied to the reduced order
nonlinear model
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7.3.4 LTR-based LQG Controller applied to the Reduced Order Nonlinear Model

In this section we present the design of a linear quadratic Gaussian (LQG) controller, where a design or
gain adjustment procedure in the time domain is used which is analogous to loop shaping in the frequency
domain, to adjust the gains of the Kalman filter. This gain adjustment procedure not only improves the
robustness of the observer but also asymptotically achieves the same loop transfer function as a full-state
feedback controller [3]. A basic requirement for every point of an adjustment trajectory is stability of the
observer error dynamics. If this requirement is not satisfied then closed-loop stability of the system is also
lost. One way to assure stable error dynamics is to restrict the observer to be a Kalman filter for some set
of noise parameters or covariance matrices V; and Vs, where Vj is a 5 x 5 matrix of intensities related to the
plant disturbances or process noise, and V5 is a 2 x 2 matrix of intensities related to the measurement or
sensor noise. Thus let the observer gain H(q) be given by the Kalman filter expression

H(g) = S()CTV; ! (7.46)
with X(¢q) defined by the Riccati equation
AZ(g) + B(@) AT + Vi(g) ~ B(q)CTVy 1CB(q) =0 (7.47)
We select V7 = VI >0 and V5 = Vil > 0 with (4, VI%) and (C, A) stabilizable and observable, respectively.
Vi(gq) which is a function of ¢ is designed as

Vl(q) =Vig+ QQBVBT
Va(q) = Vao

where Vig and Vo are noise intensities appropriate for the nominal plant, and V is any positive definite
symmetric matrix, which are chosen as

(7.48)

1 0 0 00

01 0 00
Vio=10 0 1 0 O

00 010

00 0 01 (7.49)
-

N

With these selections, the observer gain for ¢ = 0 corresponds to the nominal Kalman filter gain. However
as q approaches infinity, the gains are seen from Equation (7.47) to satisfy

HV,HT

e BV BT (7.50)
By substituting Equation (7.48) in Equation (7.47) and dividing Equation (7.47) by ¢* we get
b b Vi b b
A<(§)> + <(§)>AT + -2 4 BVBT - ¢ <(§)>CTV2—1C<(§)) —0 (7.51)
q q q q q
From [3] it can be seen that
%(q)
—-—0 asq— o0 (7.52)
q
whenever the transfer function C(sI — A)~!B has no right half plane zeros. Consequently,
b b
¢ (;3))0Tv2—1c<q<§>> — BVBT (7.53)
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and thus Equation (7.50) is established. Solutions of Equation (7.50) must necessarily be of the form

H;q) L BV (V) ! (7.54)

where V2 denotes some square root of V, i.e. (V%)TV% =V, and similarly ‘/2% is some square root of Va.
The design adjustment procedure defined by Equation (7.46) to Equation (7.48) will achieve the desired
robustness improvement objective. We can see that higher the value of g, higher will be the observer gain
H and thus higher will be the robustness of the system which is maximum at ¢ = co. Our objective is to
apply the LTR-based LQG controller on the reduced order nonlinear model. From simulations it is verified
that for very large values of g the system goes unstable. Thus the choice of ¢ is very important and it
cannot be arbitrarily selected to a large value, when we are applying this design adjustment procedure on a
nonlinear model. The design parameter ¢ is suitable selected to be equal to 9.0005 to get satisfactory closed
loop performance of the system. From the separation principle we know that the gains of the Kalman filter
H(q) and the controller gains K can be deigned independently. We use the LQR algorithm to design the
controller gains. Thus by using the feedback law,

u=-—K% (7.55)

where X are the states estimated by the Kalman filter with loop shaping, the weighting matrices

1254.75 0 0 0 0

0 1500 0 0 0
Q= 0 0 5445 0 0 (7.56)

0 0 0 1425 0

0 0 0 0 1500
and
10

R = [0 1] (7.57)

and the state space matrices (A, B) as given in Equation (3.82) and Equation (3.83) the control gain K is

found to be
| 34.5065 —49.5197 —5.6995 —4.1955 —0.0432

- |—1.2745  28.0922 —0.0281 4.3245  37.7873

Figure 7.58 to Figure 7.63 show simulation results for the LTR-based LQG controller applied to the reduced
order nonlinear model. From these results we can see that all the state variables, outputs, and control inputs,
attain their desired steady state values respectively. Thus a significant improvement in the robustness
is observed when the Kalman filter gains are tuned using the loop-shaping design adjustment procedure
explained above. The performance of the LTR-based LQG controller is comparable to that of the LQR-
based full-state feedback controller.

K (7.58)
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Figure 7.58: Plot of the state variables E(’I, w, 0, Try, and Gy vs time for the LTR-based LQG controller
applied to the reduced order nonlinear model
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Figure 7.59: Plot of the generator terminal voltage V; vs time for the LTR-based LQG controller applied to
the reduced order nonlinear model
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Figure 7.60: Plot of the rotor angle ¢ vs time for the LTR-based LQG controller applied to the reduced
order nonlinear model
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Figure 7.61: Plot of the frequency w vs time for the LTR-based LQG controller applied to the reduced order
nonlinear model
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Figure 7.62: Plot of the generator excitation field control Erp vs time for the LTR-based LQG controller
applied to the reduced order nonlinear model
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Figure 7.63: Plot of the turbine valve control ur vs time for the LTR-based LQG controller applied to the
reduced order nonlinear model
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7.3.5 LTR-based LQG Controller applied to the Truth Model

It is not always possible to measure the rotor angle J of the synchronous generator. Thus in cases where
the rotor angle cannot be measured, state feedback based control techniques are not applicable to the truth
model. Hence it is necessary to design an observer-based output feedback controller which can be applied
to the truth model.

The loop transfer recovery (LTR)-based linear quadratic gaussian (LQG) controller that was tested on
the reduced order nonlinear model, is now tested on the truth model. The covariance matrices Vi, Vs, that
are used in the design of the Kalman filter, the loop shaping parameter ¢, and the controller gains are
tuned once again so that the LTR-based LQG controller works efficiently on the truth model. We select

1
Vi=VI >0and V5 = V4 > 0 with (4,V;?) and (C, A) stabilizable and observable, respectively. V;(q)
which is a function of ¢ is designed as
Vi(q) = Vio + ¢*BV BT

Va(g) = Van (7.59)

V1o and Vg are noise intensities appropriate for the nominal plant, and V' is any positive definite symmetric
matrix, which are chosen as

10000
01000
Vip=10 0 1 0 0
00010
0.65 0
V2O_[o 065]
10
v=]o ]

The loop shaping parameter ¢ is tuned to 5.25. We use the LQR algorithm to design the controller gains.
Thus by using the feedback law,
u=-Kx (7.61)

where X are the states estimated by the Kalman filter with loop shaping, the weighting matrices

7500 0 0 0 0

0 15000 0 0 0
Q= 0 0 16500 0 0 (7.62)

0 0 0 7500 0

0 0 0 0 7500
and
1 0

R = {0 1] (7.63)

and the state space matrices (A, B) as given in Equation (3.82) and Equation (3.83) the control gain K is

found to be
87.3944 —216.7677 —60.7947 —13.4353 —0.0618

T |—1.8244  98.0650 17.7303  42.1399  85.8027

Figure 7.64 to Figure 7.68 show simulation results for the LTR-based LQG controller applied to the truth
model. From Figure 7.64, Figure 7.65, and Figure 7.66 we can see that V;, w, and § settle to their respective
steady state values. Small oscillations which decay with time are seen for w, and 4. Figure 7.67 and
Figure 7.68 show the plots for the two control inputs Vg and wur respectively. The generator excitation
voltage Vi settles to its steady state value of 0.00121 p.u. and the turbine valve control settles to its steady
state value of 1.0512 p.u.

K (7.64)
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Figure 7.64: Plot of the generator terminal voltage V; vs time for the LTR-based LQG controller applied to
the truth model
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Figure 7.65: Plot of the angular velocity w vs time for the LTR-based LQG controller applied to the truth
model
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Figure 7.66: Plot of the rotor angle d vs time for the LTR-based LQG controller applied to the truth model
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Figure 7.67: Plot of the generator excitation voltage Vr vs time for the LTR-based LQG controller applied
to the truth model
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8 Nonlinear Feedback Linearizing Controller Design

We present the design of a nonlinear input-state feedback linearizing controller for the nonlinear model of
the synchronous generator and turbine connected to an infinite bus. Before we proceed to the nonlinear
controller design, we give the fundamentals of full-state feedback linearization for single-input, single-output
(SISO) nonlinear control systems [5, 6], which are affine in the control input, that is, systems of the form

&= f(x) +g(x)u

y = h(z) (8.1)

where x € R", u € R, y € R. We assume that the vector fields f : D — R", g : D — R" and the readout
map h : D — R are smooth in the domain D C R"”, that is their partial derivatives with respect to = of any
order exist and are continuous in D. Our objective is to find a smooth full state feedback control law of the
form

u=a(z)+ p(x)v (8.2)
and a change of variables z = T'(z) that transform the nonlinear system into an equivalent linear system,
i.e. the closed loop system

&= f(z) + g(z)o(z) + g(z)B(z)v
y = h(z)
is completely linearized. The ability to use state feedback control to convert a nonlinear state equation into

a controllable linear state equation by canceling nonlinearities requires the nonlinear state equation to have
the structure

(8.3)

& = Az + By(z)[u — a(x)] (8.4)

where A is n xn, B is n X p, the pair (4, B) is controllable, the functions o : R” — R and 7 : R” — RP*P are
defined in a domain D C R™ that contains the origin, and the matrix y(z) is nonsingular for every = € D.
If the state equation takes the form Equation (8.4), then we can linearize it via the state feedback

u=a(z)+ p(x)v (8.5)

where B(z) = v~ (), to obtain the linear state equation

&= Az + Bv (8.6)

For stabilization, we design v = —Kx such that A — BK is Hurwitz. The overall nonlinear stabilizing state
feedback control is

u=oa(r)— p(z)Kzx (8.7)

Example 1 [6]

To introduce the idea of exact feedback linearization, let us consider the pendulum stabilization problem.
Inspection of the state equation

i‘1:x2

8.8
&9 = —alsin(x; + §) — sind] — bxa + cu (88)
shows that we can choose u as
u= <a> [sin(zy + J) — sind] + ? (8.9)
c c
to cancel the nonlinear term afsin(x; + ) — sin §]. This cancellation results in the linear system
T1 =2
e (8.10)
To = —bxg + v
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Thus, the stabilization problem for the nonlinear system has been reduced to a stabilization problem for a
controllable linear system. We can proceed to design a stabilizing linear state feedback control

v = kix1 + koxo (8.11)

to locate the eigenvalues of the closed-loop system

1"1 = T2
8.12
To = k121 + (k’z — b)l’g ( )
in the open left-half plane. The overall state feedback control law is given by
a\. . . 1
u= (c) [sin(z1 + 0) —sind] + E(kzlazl + koxo) (8.13)

However, if the nonlinear state equation does not have the structure of Equation (8.4) for one choice of
state variables, it does not mean that we cannot linearize the system via feedback. A co-ordinate transfor-
mation which transforms the old states into new state variables, can be used to convert the nonlinear state
equation in the original states into a structure of Equation (8.4) in the new state variables.

Example 2 [6]

Consider the system
T1 = asinxy
] 9 (8.14)
To=—T]+u
We cannot simply choose u to cancel the nonlinear term asinxzs. However, if we first change the variables
by the transformation
z1 =11

- (8.15)
Z9 = aSINTy9 = T1
then z; and zo satisfy
Z21 = 29
. 9 (8.16)
Z9 = acoswo(—x] + u)
and the nonlinearities can be canceled by the control
u =23+ ! v (8.17)
LT g cos g '

which is well defined for —5 < z2 < 5. The state equation in the new coordinates (21, z2) can be found by
inverting the transformation to express (z1, x2) in terms of (21, 22); that is,

1 = 21

2y = sin~! <z2) (8.18)

a

which is well defined for —a < 29 < a. The transformed state equation is given by

21 = 22
8.19
%9 = acos (sin_1 (f)) (=22 + u) (8.19)

When a change of variables z = T'(x) is used to transform the state equation from the z-coordinates
to the z-coordinates, the map T' must be invertible; that is it must have an inverse map 7~!(-) such that
x =T 1(2) for all z € T(D), where D is the domain of 7. Moreover, because the derivatives of z and x
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should be continuous, we require both 7'(-) and T~!(-) to be continuously differentiable. A continuously
differentiable map with a continuously differentiable inverse is known as diffeomorphism [5, 6]. Thus, we
can define a feedback linearizable system as

Definition [6]: A nonlinear system
&= f(z)+g(z)u
y = h(z)

where f: D — R"™ and g : D — R™*P are sufficiently smooth on a domain D C R", is said to be feedback

linearizable (or input-state linearizable) if there exists a diffeomorphism 7" : D — R"™ such that D, = T'(D)
contains the origin and the change of variables z = T'(x) transforms the system into the form

(8.20)

2= Az + By(z)[u — a(z)] (8.21)

with (A, B) controllable and 7(z) nonsingular for all z € D

8.1 Nonlinear Feedback Linearizing Controller Design for the Reduced Order Model

We now present the design of an input-state feedback linearizing controller for the reduced order model
of the synchronous generator and turbine-governor system connected to an infinite bus. The fifth order
nonlinear model of the system in the original coordinates is

E; = fHE; + fiz2cos(d — ) + fizsin(d — «) + g11 Erp

w= fglE(/f + far By cos(d — ) 4 foz By sin(d — ) 4 fogsin(d — ) cos(d — «)
+ fa5 cos*(§ — @) + fos sin*(6 — @) + forw + fosTm

b=w-—1

T = f1 T + f12Gv

Gy = fsiw + fs2Gv + gssur

(8.22)

where = = [E,w, 0, Tm, Gy|T are the original state variables and u = [uy,us]’ = [Erp,ur|’ are the two
control inputs. We now define a transformation z = T'(z) that transforms the nonlinear state equations into
a structure of Equation (8.4). The new state variables are chosen as

z21=20
29 =21 = S=w-—1
m=d=0=w= fglE('f + faoEy cos(d — o) + faz oy sin(d — ) + fag sin(d — ) cos(d — )
+ fo5 cos?(8 — @) + fogsin®(§ — ) + forw + fosT, (8.23)

zZ4 = Tm
25 =24 =Ty = fu1Tm + f12Gy

Thus, we have ]
21 =d=w-—-1= Z9
,ég =w= (5 = Z3
23 =w= 5 = Ul(l‘) +7 (x)EpD (8.24)

734:Tm:2’5

z5 = Ty, = 02(x) + y2(z)ur
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The state transformations given above are invertible and exist throughout the domain of stable operation
0 < § < 180°. From Equation (8.22) and Equation (8.24), i.e. by taking the derivative of w we have

3=w= 2f21E('1Eé + fggE; cos(d — a) — fggE; sin(d — a)S + fggE(/I sin(d — «)
+ faz By cos(d — Q)8 + fogcos2(8 — )0 — fagsin®(d — a)d — 2fo5 cos(d — a)sin(d — a)d (8.25)
+ 2 fo6 cos(d — o) sin(d — a)5 + forw + fosTim
Substituting 4, Eé,, w, and T}, from Equation (8.22) in Equation (8.25) we get

23 = 2fn Ey(fuE;, + fi2cos(d — ) + fi3sin(d — &) + g11 Epp)
+ f22(f11E; + fizcos(d — ) + fizsin(d — &) + g11 Erp) cos(d — )
— f2Eysin(d — a)(w — 1) + foz(fi1 By + fiz cos(d — @) + fizsin(d — @) 4+ g1 Epp) sin(d — )
+ fazEy cos(d — a)(w — 1) + foq cos?(0 — a)(w — 1) — fagsin®(6 — a)(w — 1)
— 2fa5 cos(0 — ) sin(d — a)(w — 1) 4+ 2 fa6 cos(d — a) sin(d — a)(w — 1)
+ f27(f21E;2 + faoEy cos(d — o) + fazEy sin(d — ) 4 fag sin(d — ) cos(d — )
+ fa5c05% (8 — @) + fagsin®(8 — a) + forw + f28Trm)
+ fos(far T + fa2Gv)

On rearranging and simplifying Equation (8.26) we get

z3 = (2f11f1 + f27f21)E¢/12

(8.26)

+ (2fa1 frz + faaf11 — foz + forfoz) Eycos(d — a)
+ (2f21f13 + foz + fazfi1 + forfa3) Eysin(d — «)
+ (fa2f12 — foa + for fos) cos®(6 — @)
+ (fosf13 + foa + for foe) sin®(6 — )

+ (f22f13 + fosfrz + 2fa5 — 2fa6 + forf24) 8in(6 — @) cos(0 — @)

+ forw + (for fos + fosfa1)Ton + fos f12Go (8.27)
+ (fo3) Ejw cos(6 — )

— f22) Eqw sin(d — «v)

foa)wcos? (5 — a)

fos)wsin?(d — «)

2fa5 + 2 fog)wsin(d — a) cos(d — )

2f21911E; + fozg11 cos(6 — a) + fazgrisin(d — a))Epp

+
+
+
+
+

For simplification let us denote

2f11f21 + farfor = p31,

2fa1fr2 + faaf11 — faz + farfa2 = p32,
2fa1f13 + fo2 + fasf11 + forfo3 = pss,

Ja2f12 — faa + forfos = D34,

fazf13 + faa + for fo6 = pss,

Joaf13 + fasfiz + 225 — 2f26 + for foa = p3s,
f3r =npsr, forfos + fosfu = pss,

Josfa2 = p3o,  fa3 = q31, —fo2 = g3z,

Joa = q33, —foa = @34, —2f25 + 2f26 = g3,
2f21911 = 731, fo2911 =732, fosg11 = 733

(8.28)
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On substituting Equation (8.28) in Equation (8.27) we get

23 = p31E{12 —|—p32E(’1 cos(d — ) —|—p33E; sin(d — a) + p3y4 cos? (6 — a) + p35 sin’(d — @)

+ p36 sin(d — ) cos(d — ) + pgrw + p3sTm + p3oGy

+ g31Eyw cos(0 — a) + gz Ejwsin(d — a) + g3zw cos?(6 — a) (8.29)

+ gzawsin?(6 — ) + gzswsin(d — a) cos(6 — )

+ (r31Ey + r32c08(6 — a) + 733500 — @) Epp
From Equation (8.24) we have

23 =o1(x) + 11(z)Erpp = 11 (8.30)

Thus, equating Equation (8.29) and Equation (8.30) we get

o1(r) = 1031E(']2 + p32 By cos(6 — @) + pa3 By sin(6 — @) + pag cos*(6 — @) + pss sin®(6 — )
+ p3gsin(d — a) cos(0 — ) + p3rw + p3sTm + P3Gy
+ g31Eqw cos(0 — @) + gza Eywsin(d — a) + gz3w cos?(6 — a)
+ gzqwsin®(6 — a) + gzswsin(d — @) cos(d — «)
ie oi(x)= p3121° + psaxt cos(r3 — a) + p3szy sin(xs — a) + p34 COSZ(1‘3 — @) + p3ssin’(z3 — a)
+ p3e sin(zs — a) cos(z3 — ) + p37Ta + p3sTa + P39Ts (8.31)
+ gz17129 cos(23 — a) + g3ar1To sin(z3 — @) + g3z cos>(x3 — a)

+ 342 sin®(z3 — @) + gzsw2 sin(xz — a) cos(xz — a)

Y1(z) = r31E, + 132 cos(6 — a) + r335in(0 — )

ie vi(z)=rs1w1 + ragcos(xs — a) + razsin(zrs — «)
Thus, using Equation (8.30) and Equation (8.31) we can compute the excitation field EMF Epp as

Erp =71 '(z)(v1 — o1(2))

Epp = ai(z) + Bi(z)v1 (8.32)

where a4 (z) = —'Xfl(x)al (z) and By (z) = »; (). From Equation (8.22) and Equation (8.24), i.e. by taking
the derivative of T}, we have
5 =T = f1 T + f12Go
= far(farTom + f12Go) + fa2(fs1w + f52Go + gs5uT) (8.33)
= ffsw+ faTm + (funfiz + fa2f52)Go + frogssur

Let us denote fi2fs1 = ps1, f21 = P52, fa1fiz + faafs2 = pss, and fiogss = rs;. Thus, Equation (8.33) can
be simplified as

25 = T = ps1w + ps2Th + p53Goy + 51T (8.34)

From Equation (8.24) we have
Z5 = o9(x) + Y2 (x)ur = vy (8.35)

Thus, equating Equation (8.34) and Equation (8.35) we get
02(z) = ps1w + ps2Tm + p53Go
Le o02(x) = ps5172 + P52x4 + P53 T
2(7) = ps172 + 5274 + P53T5 (8.36)

Y2(T) = 751
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Thus, using Equation (8.35) and Equation (8.36) we can compute the turbine valve control ur as

ur = ")/2_1(1')(’02 — 0’2(1'))
up = ag(x) + Po(x)vy (8.37)

where ag(x) = —y5 H(z)o2(z) and Ba(x) = 5 ().

We next design the linear controllers v; and vs. The purpose of the linear controllers v; and vy is to
regulate the state variables 6 and T}, to their set points. The set points for the remaining state variables are
found through the equilibrium condition 6(¢) = 1 radian, and T},,(t) = 1.0012 p.u.. Application of the state
feedback control u; = Erp = ai(x) + fi(x)v1, ug = ur = aa(x) + P2(z)ve, and the state transformation
z = T'(x) to the nonlinear model of the system, results in a linear model of the system in the new coordinates

as
z=Az+ Bv (8.38)
where
ZT: [Zl Z92 23 24 25]
_|u (8.39)
[
01 0 00
0 01 00
A=10 0 0 0 O (8.40)
0 0 0 01
00 0 0O
0 0
0 0
B=|1 0 (8.41)
0 0
01

The linear controller v = — Kz can be designed either by pole placement or LQR technique such that A— BK
is Hurwitz. We use the LQR technique to design the controller gain matrix K. Thus, by using the feedback

law,
v=—-Kz (8.42)
the weighting matrices
300 O 0 0 0
0 250 O 0 0
Q=10 0 20 0 o0 (8.43)
0 0 0 200 O
0 0 0 0 250
and
0.07 0
k= [ 0 0.07] (844)
and the state space matrices (A, B) as given in Equation (8.40) and Equation (8.41) the control gain K is
found to be
65.4654 104.0206 55.3641 0 0
K= 0 0 0 53.4522  60.6493 (8.45)
Thus, we have
v1 = —Ku1(21 — 214) — K12(22 — 220) — Ki13(23 — 234)

- N (8.46)
= —K11(6 — 0q) — K12(0 — 0q) — K13(0 — 0q)
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and
vy = —Kog(z4 — 24q) — Kos(25 — 254)

- _K24(Tm - de) - K25(Tm - de)

where z14, 224, 23d, Z24d, 254 are the desired values of the new state variables. Since we want the set point
to be an equilibrium, all the derivatives of z; and z4 have to be zero. Thus 294 = 23g = 2z5¢ = 0. Also
z14 = 1 radian, and z4q = 1.0012 p.u. are appropriately chosen within a reasonable physical limit of the
system. The limits of the excitation field voltage of the generator are given by Erp(ne) = 5 p-u. and
Erp(min) = -5 p-u. The limits of the turbine gate opening are given by Gy (nez) = 1.5 p.u. and Gy (in) =
0 p.u. The operating conditions of the system are as given in example 3.4 with Irg = 1.6315, I,0 = 0.4047,
Iy = —0.9185, Vo = 0.9670, Vg0 = —0.6628, Vo = 1.00, Vio = 1.172, §p — o = 53.736°, E;O = 1.1925, and
Tho = 5.90

From Figure 8.1 we can see that the state variables E(’]7 w, 0, Ty, and Gy attain their respective
steady state values in approximately 5 to 7 seconds. Figure 8.2 shows that the generator terminal voltage
V; reaches a steady state value of 1.172 p.u. which is equal to the desired steady state operating point
Vio = 1.172, in approximately 5 seconds. Figure 8.3 shows that the rotor angle § settles to a steady state
value of approximately 1 radians, which is equal to the steady state operating condition g = 1 radian, in
approximately 7 seconds. The angular velocity or the frequency w of the synchronous generator settles to a
steady state value of 1 rad/sec which is equal to the desired operating condition wy= 1 rad/sec which can be
verified from Figure 8.4. Also, from Figure 8.5 and Figure 8.6 we can see that the control inputs, Erp and
ur, settle to their steady state values of 2.529 p.u. and 1.0512 p.u. respectively. To verify our simulation
results we analytically compute the steady state equilibrium values of the original state variables and the
control inputs. The steady state equilibrium in the original co-ordinates can be computed by solving the
differential equation, © = f(z) + g(x)u = 0. Thus using Equation (8.22) we can write

(8.47)

E(’Z = fu1Ey + fizcos(d — a) + fizsin(d — a) + g11Epp =0

& = fa1 B + f2Bqcos(8 — @) + fasEysin(8 — ) + faasin(é — o) cos(d — a)
+ fa5c08” (8 — ) + fog 5in* (8 — @) + fagw + fogTrm = 0

d=w-1=0

Ty = f1Tom + f12Gy =0

Gy = fsiw + f52Gv + gssur = 0

The steady state equilibrium in the original co-ordinates E(’J7 w, 0, T, and Gy can be found by using
z14 = 0 = 1 radian, and z4q = T;, = 1.0012 p.u., and solving the differential equation

W= fglE,'I2 + fQQE; cos(d —a) + f23E; sin(d — «) + faasin(d — a) cos(d — «)
+ fas cos”(8 — @) + fagsin®(8 — @) + forw + fosTrm =0

b=w—-1=0

T = fu1Tm + f12Gyv =0

(8.48)

(8.49)

Also the steady state equilibrium of the control inputs Erp and ur can be found by using E':I = 0, and

Gy = 0, from Equation (8.48), and the steady state equilibrium values of the original state variables E; (s5)?

W(ss)s O(ss)s Tim(ss), and Gy () obtained by solving Equation (8.49) i.e.
0= fi1Eq + fiacos(do — @) + fizsin(do — ) + g1 Eppss)
— —0.5517 x 1.1925 + 0.3822 x 0.5915 + 0.0037 x 0.8063 + 0.1695 X Epp(ss)

0 = fsiwo + f52Gvo + gs5Ur(ss)
= 20.25 % 1= 5 x 1.0012 + 5 X tig(ss)

(8.50)

Solving Equation (8.50) we get Eppss) = 2.529 and up(ss) = 1.0512, which are in agreement with our
simulation results.
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Figure 8.1: Plot of the state variables Eé,, w, 6, Trm, and Gy vs time for the input-state nonlinear feedback
linearizing controller applied to the reduced order model
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Figure 8.2: Plot of the generator terminal voltage V; vs time for the input-state nonlinear feedback linearizing
controller applied to the reduced order model
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Figure 8.3: Plot of § vs time for the input-state nonlinear feedback linearizing controller applied to the
reduced order model
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Figure 8.4: Plot of w vs time for the input-state nonlinear feedback linearizing controller applied to the
reduced order model
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Figure 8.5: Plot of the generator excitation field control Erp vs time for the input-state nonlinear feedback
linearizing controller applied to the reduced order model
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Figure 8.6: Plot of the turbine valve control ur vs time for the input-state nonlinear feedback linearizing
controller applied to the reduced order model
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8.2 Simulation Results for the Nonlinear Feedback Linearizing Controller applied to
the Truth Model

For the reduced order nonlinear model the state variables are z = [E(’I,w,cs, T, Gy]t, the two control
inputs are u = [Erp,ur|t, and the two regulated outputs are y = [V;,w]t. Whereas, for the truth model
x=[Ig,Ip,Ip, 1y, Ig,w,08 T, Gy]T is the vector of state variables, u = [V, ur]T is vector of control inputs,
and y = [V;,w|T is the vector of outputs. Thus we can see that the first control input Vz of the truth model
and the first control input Erp of the reduced order model are different. As given in Equation (10.41) the
excitation field emf, Erp, which is the first control input for the reduced order nonlinear model is related

to field voltage, Vr, which is the first control input for the truth model by the following expression

<VF>ka‘MF = FErp (8.51)
Tr

Equation (8.51) can be rearranged to get the following expression

TR
Vi = <> Erp
kaM F (8.52)
=e15EFD
In the above expression, wrg = 1 p.u., and ez = (wR?CiFMF) Also there is a non physical state E; in the
reduced order model that needs to be reconstructed from the states of the truth model.

The nonlinear feedback linearizing controller that was designed for the reduced order nonlinear model is
now tested on the truth model. From Equation (8.32) the excitation field EMF, Erp, is computed as

Epp =71 '(z)(v1 — 01(2))

(8.53)
Epp = ai(z) + Bi(z)v
where a;(x) = —’yfl(x)al(x); Bi(x) = 'yl_l(ac) and
o1(z) = pglE(/IQ + pggE(’] cos(d — ) + p33E(/1 sin(6 — a) + pag cos(6 — a) 4 p3ssin?(6 — a)
+ p36sin(0 — a) cos(d — &) + psrw + p3sTim + P39Gy
+ Q31E(’1w cos(d — ) + q32E('1w sin(6 — ) + gzzw cos? (6 — a)
+ gzawsin?(6 — @) + gzswsin(d — a) cos(6 — a)
e o1(z) = p3121% + p3azy cos(x3 — ) + P33y sin(xs — @) + p3g cos®(x3 — ) + p3s sin’(x3 — a) (8.54)
+ p3g sin(z3 — a) cos(w3 — @) + p3rx2 + P3grs + P39Ts
+ g317172 cos(w3 — @) + gzar129 sin(T3 — @) + g33x2 cos? (23 — @)
+ q34mo sin®(z3 — @) + g3szasin(zs — ) cos(xz — a)
m(z) = r31E(’1 + 732 cos(d — ) + r33sin(d — «)
ie vi(z) =rs1m1 + rgcos(xs — a) + rassin(zs — «)
From Equation (8.52) the field voltage Vr can be written as
rr Tr -1
Vi = (S )Een = (5 )@ - o) = enfen(a) + fula) (859

In Equation (8.55), V depends on o1(z) and 1 (x) which depend on the fictitious state variable £y, which
is not a physical quantity that can be measured or a state variable of the truth model. Since E(’] cannot be
measured using sensors, we cannot apply the field voltage Vg directly on the truth model without eliminating
the state variable E(’I in the above expression. This problem can be solved by expressing E(’] as a function of
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any of the measurable states of the truth model. From Equation (10.136) as given in the derivation of the
reduced order model in the appendix we have

E=E,—(La— Ly (8.56)

Substituting I; from Equation (3.8) in the above equation

— (B = Vaog) (Lg + Le) = Vaoalr + Re>> (8.57)

E=F;—(Lq— L/d)( (r+ Re)? + (L)) + Le)(Lg + Le)

For simplification of the above expression let us denote Ly — L), = Lo, Ly + Le = L1, 7 + Re = Ry,
(r+ Re)®>+ (L), + Le)(Lg + Le) = M. Thus Equation (8.57) can be written as

_(E, - Vooq)Ll - Voode
E=F —-L ! 8.58
q 2 < ]\41 ( )
The above expression can be simplified to get
L\L Ly L,V Ry LV,
E= <1 + ZtJf)E‘; - (1]\42100> cos(d — ) — (1]\421%) sin(d — «) (8.59)
Let us denote I
112
1 —
< + M, ) €11
L1 LoV
—= | = 8.60
( My ) o (860
RiLoVio\ .
M, = €13
Substituting Equation (8.60) in Equation (8.59) and rearranging, E; can be written as
1 €12 €13 .
E, = G—E + —=cos(0 — a) + —sin(d — ) (8.61)
11 €11 €11
From Equation (10.39) the excitation field emf, E, is related to the field current I as
E= kaMFIF = 614]}7 (862)
Substituting Equation (8.62) in Equation (8.61)
E, = ?IF 4o cos(d — o) + 1 sin(d — «) (8.63)
11 €11 et

E[I is now expressed as a function of the field current Iz, and rotor angle §, which are state variables of the
truth model. While the field current Ir can be measured using a sensor, it is not always possible to measure
the rotor angle 0, using a sensor. In this case we assume that § can be measured. Using Equation (8.56)
and Equation (8.62), Ej, can also be written as

E(,] =euulp + Loly, (864)

where I and I; are both state variables of the truth model which can be measured using senors. Thus the
first control input for the truth model which is the field voltage, Vp, as given in Equation (8.55) can be
implemented on the truth model by using either Equation (8.63) or Equation (8.64) to eliminate Ej in the
expression for Vy. We prefer Equation (8.63) instead of Equation (8.64) since the rotor angle ¢, is a state
variable in both the reduced order and the truth model, whereas the direct axis current I;, is not a state
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variable in the reduced order model. From Equation (8.37) the second control input for the truth model
which is the turbine valve control ur, is given by

ur =5 (x)(v2 — oa(2))

8.65
ur = as(e) + Ba(@)ea (8.65)
where az(z) = —75 ' (z)02(2), f2(z) =75 '(z) and
o9(x) = ps1w + psaTim + P53Go
ie o2(z) = ps122 + psaa + P53xs (3.66)

Yo () = 751

As seen earlier, in the section for nonlinear feedback linearizing controller design for the reduced order model,
application of the state feedback control, uy = Erp = ai(x) + f1(x)v1, ue = ur = ag(x) + [2(x)ve, and the
state transformation z = T'(z) to the reduced order nonlinear model of the system, results in a linear model
of the system in the new coordinates. However, this is true only for the reduced order model, but not true
for the truth model. The resulting closed loop system in the case of the truth model is not linear at all.
The linear controllers v; and vy were designed by using the LQR technique for the reduced order nonlinear
model. The gains of this linear LQR controller are tuned once again so that the nonlinear controller works
efficiently on the truth model. Thus, by using the feedback law,

v=-Kz (8.67)
the weighting matrices
250 0 0 0 0
0 250 O 0 0
Q=10 0 250 0 0 (8.68)
0 0 0 250 O
0 0 0 0 250
and
30000 0
h= [ 0 30000] (8:69)
and the state space matrices (4, B) as given in Equation (8.40)and Equation (8.41) the control gain K is
found to be
0.0913 0.4201 0.9212 0 0
K= [ 0 0 0 0.0913 0.4369] (8:70)
Thus, we have
v1 = —Ku1(21 — 210) — K12(22 — 224) — Ki3(23 — 234) (8.71)
= —K11(6 — 6a) — K12(6 — 04) — K13(0 — da) '
and
v2 = —Koa(z4 — 244) — K25(25 — 254) (8.72)

= _K24(Tm - de) - K25(Tm - de)

where 214, 224, 23d, Z4d, 254 are the desired values of the new state variables. Figure 8.7 to Figure 8.11
show simulation results for the nonlinear feedback linearizing controller applied to the truth model. From
Figure 8.7, Figure 8.8, and Figure 8.9, we can see that V;, w, and § oscillate about their respective steady
state values, where the oscillations slowly decay with time. Figure 8.10 and Figure 8.11 show the plots for
the two control inputs, Vr and up, respectively. The generator excitation voltage Vg oscillates about its
steady state value of 0.00121 p.u. and the turbine valve control settles to its steady state value of 1.0512

p-u.
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Figure 8.7: Plot of the generator terminal voltage V; vs time for the nonlinear feedback linearizing controller
applied to the truth model
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Figure 8.8: Plot of the angular velocity w vs time for the nonlinear feedback linearizing controller applied
to the truth model

1.15

11f J

delta (radians)
=
o
[ (9]

o
©
a

0.85 i i i i i i i i i
0 100 200 300 400 500 600 700 800 900 1000

time (sec)

Figure 8.9: Plot of the rotor angle ¢ vs time for the nonlinear feedback linearizing controller applied to the
truth model
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Figure 8.10: Plot of the generator excitation voltage Vr vs time for the nonlinear feedback linearizing
controller applied to the truth model
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Figure 8.11: Plot of the turbine valve control ur vs time for the nonlinear feedback linearizing controller
applied to the truth model
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9 Simulation results for the Controllers at different Operating Points

In this section we test the LTR-based LQG, nonlinear feedback linearizing controller, and the LQR-based
full-state feedback controllers, which were tested on the truth model in the previous section, at new operating
points. The operating points at which the controllers are tested are given in Table 9.1. Operating point
I, is the original desired operating point about which the reduced order model was linearized, and all the
controllers were designed and tested in the previous sections. In this section we will test the controllers
that we tested on the truth model, in the previous section at Operating Point I, at new operating points
II and III respectively, without making any change to the controller gains, i.e. the controller gains that
were computed for Operating Point I, are unchanged. Only parameters in the controllers that change with
a change in the operating condition are the desired reference values of the state variables and the outputs.
In all three operating conditions the desired steady state operating value of the frequency w is 1 p.u., which
is evident from the differential equation, § = w — 1. Also the infinite bus voltage Vi is 1 p.u. at all three
operating conditions. At Operating Condition I, machine loading or the real power P generated by the
synchronous generator is 1 p.u. at 0.85 lagging power factor conditions. At Operating Point II, the real
power P generated by the synchronous generator is 0.6368 p.u. at 0.9892 lagging power factor conditions. At
Operating Point III, the real power P generated by the synchronous generator is 1.3466 p.u. at 0.652 lagging
power factor conditions. Thus, from Operating Point II we can see that as the power factor is increased
from 0.85 to 0.9892 the real power generated by the synchronous generator decreases from 1 p.u. to 0.6368
p-u. Similarly, from Operating Condition III we can see that as the power factor is reduced to 0.652 the
real power generated by the synchronous generator or the machine loading increases to 1.3466 p.u. Also
the stator current I, of the synchronous generator which is equal to 1.0037 p.u. at operating condition I, is
reduced to 0.6323 p.u., when the machine loading is reduced at Operating Point II, and the stator current
increases to 1.4764 p.u., when the load on the synchronous generator is increased at Operating Condition
III. Thus, by varying the machine loading i.e. by increasing or decreasing the load on the generator, the
operating conditions are varied.

Table 9.1: Operating Points of the SMIB

Operating Point I | Operating Point II | Operating Point 111
Variables (in p.u.)
Tio ~0.9185 ~0.4818 ~1.4281
Iro 1.6315 1.0228 2.37786
Ipo —4.6204 x 10~° 0 0
I 0.4047 0.4094 0.37472
Ioo 5.9539 x 1077 0 0
wo 1 1 1
9o 1 1.0325 0.88676
Tmo 1.0012 0.6373 1.34899
Gvyo 1.0012 0.6373 1.34899
Vo 0.9670 0.7659 1.2575
Vio -0.6628 -0.6710 -0.6130
Vio 1.172 1.0182 1.3990
Stator current I, 1.0037 0.6323 1.4764
Vo 1.00 1.00 1.00
o 3.5598° 3.5598° 3.5598°
EC’]O 1.1925 0.8844 1.6078
Tho 5.90 5.90 5.90
Real power (P = V;1, cos ¢) 1.00 0.6368 1.3466
power factor (PF = cos ¢) 0.85 0.9892 0.652
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9.1 Simulation results for the Controllers at Operating Point 11

Figure 9.1, Figure 9.2, and Figure 9.3 show the simulation results for the LTR-based LQG controller applied
to the truth model at Operating Point II. From these results we can see that the generator terminal voltage
V, settles to a steady state value of 0.9923 p.u. which is different from the desired steady state value of
1.0182 p.u., with a steady state error of 0.0259 p.u. The angular velocity w oscillates about the desired
steady state value of 1 p.u., where the oscillations decay with time. Also the rotor angle § oscillates about a
new steady state value of 1.09 p.u., which deviates from the desired steady state value of 1.0325 p.u., with
a steady state error of 0.0575 p.u. Thus, we observe a small steady state error, when the LTR-based LQG
controller is applied to the truth model at Operating Point II.

Figure 9.4, Figure 9.5, and Figure 9.6 show the simulation results for the nonlinear feedback linearizing
controller applied to the truth model at Operating Point II. The generator terminal voltage V; oscillates
about the desired steady state value of 1.0182 p.u., the angular velocity w oscillates about the desired steady
state value of 1 p.u., and the rotor angle § oscillates about the desired steady state value of 1.0325 p.u. The
magnitude of these oscillations are more than that seen for the LTR-~based LQG controller. The transient
response of the nonlinear feedback linearizing controller is not as good as the LTR-based LQG controller,
but the steady state error seen in the linear controller is significantly reduced in the nonlinear controller at
Operating Point II.

Figure 9.7, Figure 9.8, and Figure 9.9 show the simulation results for the LQR-based full-state feedback
controller applied to the truth model at Operating Point II. The generator terminal voltage V; settles to the
desired steady state value of 1.0182 p.u. The angular velocity w oscillates about the desired steady state
value of 1 p.u., where the oscillations decay with time. Also the rotor angle 9, oscillates about the desired
steady state value of 1.0325 p.u. The steady state response of the LQR-based full-state feedback controller
is much better than the LTR-based LQG controller at Operating Point II. Also, the transient response of
the LQR-based full-state feedback controller is better than the transient response of the nonlinear feedback
linearizing controller at operating condition II.
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Figure 9.1: Plot of the generator terminal voltage V; vs time for the LTR-based LQG controller applied to
the truth model (Operating Point II)
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Figure 9.2: Plot of the angular velocity w vs time for the LTR-based LQG controller applied to the truth
model (Operating Point II)
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Figure 9.3: Plot of the rotor angle § vs time for the LTR-based LQG controller applied to the truth model
(Operating Point IT)
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Figure 9.4: Plot of the generator terminal voltage V; vs time for the nonlinear feedback linearizing controller
applied to the truth model (Operating Point II)
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Figure 9.5: Plot of the angular velocity w vs time for the nonlinear feedback linearizing controller applied
to the truth model (Operating Point 1)
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Figure 9.7: Plot of the generator terminal voltage V; vs time for the LQR-based full-state feedback controller
applied to the truth model (Operating Point II)
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Figure 9.8: Plot of the angular velocity w vs time for the LQR-based full-state feedback controller applied
to the truth model (Operating Point 1)
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Figure 9.9: Plot of the rotor angle § vs time for the LQR-based full-state feedback controller applied to the
truth model (Operating Point II)
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9.2 Simulation results for the Controllers at Operating Point 111

Figure 9.10, Figure 9.11, and Figure 9.12 show the simulation results for the LTR-based LQG controller
applied to the truth model at Operating Point III. From these results we can see that the generator terminal
voltage V; settles to a steady state value of 1.403 p.u. which is different from the desired steady state value
of 1.3990 p.u., with a steady state error of 0.004 p.u. The angular velocity w oscillates about the desired
steady state value of 1 p.u., where the oscillations decay with time. Also the rotor angle d, oscillates about
a new steady state value of 0.896 p.u. which deviates from the desired steady state value of 0.88676 p.u.,
with a steady state error of 0.00924 p.u. Thus, we observe a small steady state error, when the LTR-based
LQG controller is applied to the truth model at Operating Point III.

Figure 9.13, Figure 9.14, and Figure 9.15 show the simulation results for the nonlinear feedback linearizing
controller applied to the truth model at Operating Point III. The generator terminal voltage V; oscillates
about the desired steady state value of 1.3990 p.u., the angular velocity w oscillates about the desired steady
state value of 1 p.u., and the rotor angle § oscillates about the desired steady state value of 0.88676 p.u. The
magnitude of these oscillations are more than that seen for the LTR-~based LQG controller. The transient
response of the LTR-based LQG controller is better than that of the nonlinear feedback linearizing controller,
but the steady state error seen in the linear controller is significantly reduced in the nonlinear controller at
operating point ITI.

Figure 9.16, Figure 9.17, and Figure 9.18 show the simulation results for the LQR-based full-state
feedback controller applied to the truth model at Operating Point III. The generator terminal voltage V;
settles to a steady state value of 1.3964 p.u. which is different from the desired steady state value of 1.3990
p-u., with a steady state error of 0.0026 p.u. The angular velocity w oscillates about the desired steady state
value of 1 p.u., where the oscillations decay with time. Also the rotor angle § oscillates about a steady state
value of 0.885 p.u. which deviates from the desired steady state value of 0.88676 p.u., with a steady state
error of 0.00176 p.u. A negligible steady state error is observed, when the LQR-based full-state feedback
controller is applied to the truth model at Operating Point III. The steady state error is slightly less than
that of the LTR-based LQG controller. Also the transient response of the LQR-based full-state feedback
controller is better than that of the nonlinear feedback linearizing controller at operating condition III.

From these simulation results we can conclude that for small variations in the operating conditions, i.e.
when the rotor angle §, is varied by a small amount from dy = 1 at operating point I, to o = 1.0325
at operating point II, and 69 = 0.88676 at operating point III, the transient response of the two linear
controllers is better than that of the nonlinear controller, but the steady state error is the least for the
nonlinear controller, followed by the LQR-based full-state feedback controller which also has a negligible
steady state error compared to the LTR-based LQG controller. The controllers were also tested for large
variations in the operating conditions, especially when the rotor angle is varied by a large amount from
0o = 1 at operating point I. It is observed that as the new operating point is moved further away from
operating point I, the LTR-based LQG controller applied to the truth model goes unstable, whereas the
nonlinear feedback linearizing controller and the LQR-based full-state feedback controller applied to the
truth model remain stable. The LQR-based full-state feedback controller shows a small steady state error,
whereas the performance of the nonlinear feedback linearizing controller is independent of the operating
condition.
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Figure 9.10: Plot of the generator terminal voltage V; vs time for the LTR-based LQG controller applied to
the truth model (Operating Point III)
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Figure 9.11: Plot of the angular velocity w vs time for the LTR-based LQG controller applied to the truth
model (Operating Point III)
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Figure 9.12: Plot of the rotor angle ¢ vs time for the LTR-based LQG controller applied to the truth model
(Operating Point III)
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Figure 9.13: Plot of the generator terminal voltage V; vs time for the nonlinear feedback linearizing controller
applied to the truth model (Operating Point 1)

1.005

1.004 J

1.003

omega (radians/sec)
[y =
o o
o o
= [= R

[

© ©

© ©

o ©
T

0.997

0.996 .

0.995 I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000

time (sec)

Figure 9.14: Plot of the angular velocity w vs time for the nonlinear feedback linearizing controller applied
to the truth model (Operating Point III)
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Figure 9.15: Plot of the rotor angle § vs time for the nonlinear feedback linearizing controller applied to the
truth model (Operating Point III)
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Figure 9.16: Plot of the generator terminal voltage V; vs time for the LQR-based full-state feedback controller
applied to the truth model (Operating Point 1)
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Figure 9.17: Plot of the angular velocity w vs time for the LQR-based full-state feedback controller applied
to the truth model (Operating Point III)
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Figure 9.18: Plot of the rotor angle § vs time for the LQR-based full-state feedback controller applied to the
truth model (Operating Point III)
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10 Appendix

10.1 Derivation of Park’s Transformation

In this section we first present the stator and rotor inductances of a synchronous generator and then derive
the voltage equation of the synchronous generator in the static frame of reference [2]. Park’s transformation
is then used to transform the quantities in the static frame to the rotating frame of reference. Next, we
derive the voltage equation of the synchronous generator in the rotating frame of reference.

10.1.1 Stator and Rotor Inductances

Here, we present expressions for the self and mutual inductances of the stator and the rotor of a synchronous

generator. We relate the flux linkage A to the current i through A = L(0)i assuming a linear relationship,

where L(f) is a 6 x 6 inductance matrix relating six flux linkages to the six currents. The element L;; is

calculated by finding the flux linkages of the ith coil after setting all currents equal to zero except the current

in the jth coil. To simplify the analysis, we only consider the DC and the fundamental harmonic term.
The self-inductance of the stator coils are given by [2]

Aaa!
Loy = me =Lg+ Lycos20, Lg>L,, >0
a
Aol 2
Lbb_‘bb_Ls—f—meos2<9—7r> (10.1)
(2} 3
Aee! 2
Lo = 2 :LS+LmCOS2(0+7T>
ic 3

where Ly,, Ly, and L. denote the self-inductances of the a, b, and ¢ axes stator coils respectively.

A
1 Reference
0 : axis

,"Quadrature
axis

. x
Direct ~
axis

Figure 10.1: Machine schematic.

Referring to Figure 10.1, the magnetomotive force (mmf), (physical driving motive force that produces
magnetic flux) due to the current in coil aa’ is effective in the vertical direction. The resulting flux, with
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centerline in the vertical direction, is maximum when # = 0 or 7, and minimum when 6 = 7/2 or 37w/2.
The variation of L,,(0) is m-periodic. In Equation (10.1), Ls is the DC term and L, is the magnitude of
the fundamental harmonic term. Similar analysis is applied for Ly, and L., but phase shifts of 27 /3 and
—27/3 need to be included for Ly, and L., respectively. Likewise, mutual inductances between the stator
coils are given as follows,

Ao/
Ly = 222 :—[MS+me082(9+g)], Ms > Ly, >0
[2)
Aph/
Lpe = Zf’b _—[Ms—i—meosZ(Q—g)] (10.2)
)\cc’ 5
Lew = - :—[MS+LmCOSQ<0+g>]

where L, is the mutual inductance between the a axis and the b axis stator coils, L. is the mutual inductance
between the b axis and the ¢ axis stator coils, L., is the mutual inductance between the ¢ axis and the a
axis stator coils, and M is the DC term of the mutual inductances. Self-inductances of the rotor coils are

given by
g
Lpp =2 = Lp, Lp >0
3
ADpr
Lpp = fD =Lp, Lp>0 (10.3)
D
AOO!
LQQ = iQQQ = LQ, LQ >0

where Lrp, Lpp, and Lgg are self-inductances of the field axis, the direct axis, and the quadrature axis
rotor coils respectively. Also, mutual inductances between the stator coils and the rotor coils are given as

Aot
Lo = ;j = Mpcosf, Mp >0
Aot
Lop =" = Mpcosh, Mp >0
1D
A/
Lag = 22 = Mgsin6, Mg >0
1
)\?F/ (10.4)
Lpp=—"—-= Mg
D
Aprr
Lrog=" —0
iQ
ApDy
Lpg =22 -0
iQ

where Lqp, Lqp, and Lgg are mutual inductances between the a axis stator coil and the field I axis, the direct
D axis, and the quadrature ) axis rotor coils respectively. Also Lrp, Lrqg, and Lpg are mutual inductances
between the rotor coils. Like the mutual inductances between stator coils, the mutual inductances between
the stator coils and the rotor coils for phase b and ¢ are similar to the ones for phase a which are expressed in
Equation (10.4). Thus, because of symmetry the 6 x 6 inductance matrix is partitioned into 4 submatrices,
i.e.,
_ (Ln(0)  Liz(0)
L®)= [Lzl(é’) L22(9)] (105)
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where each submatrix is expressed as

Ly + L,, cos 20 —M, — me052<9+ g) — M, — me082<0+ E’g)
L = —MS—meos2<9+g> L5+me032< -2 —MS—meos2<9—g)
—MS—meos2<9—|—5ér> —MS—Lm0032<9—g LS+Lm0082<9+2§r>

Mp cos 6 Mp cosf Mg sin0 (10.6)
27 2T : 2
L12:L51: Mpcos | 6 — = Mpcos (0 — Mgsin | 6 — =
M cos ¢9—|—%7r Mp cos 0—1—%” Mg sin 94—%”
Lr Mgr O
Loo=|Mgr Lp O
0 0 Lo
From Equation (2.3), using A = L(0)i, we get
dL(6) di
=-Ri———i—-L(0)— 10.7
o 0) (10.7)

Equation (10.7) gives the voltage equation of the synchronous generator in the static frame.

10.1.2 Park’s Transformation

To simplify the equations and in some important cases obtain linear time-invariant equations, we introduce
the zero-direct-quadrature transformation (also called Park’s transformation [2], shown in Figure 10.2). By
using Park’s transformation, three AC quantities in the static abc frame are converted into two DC quantities
in the rotating Odg frame. The rotating frame which is represented by the direct and the quadrature axis in
Figure 10.2 is rotating in the same direction and has the same frequency as that of the rotor.

a
A

AN
Direct®
axis

7

—_—

7/
,7Quadrature
axis

Figure 10.2: Park’s Transformation
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We use the current variables to show Park’s Transformation. As shown in Figure 10.2, we define the current
on the direct axis as 74 and the current on the quadrature axis as i,. The Park’s transformation is given by

; _f<1@- L +1¢)
0 — 3 \/ia \/gb \/EC
2 2 2
ig = \/;<iacos«9+ibcos(9— ?ﬂ) +i.cos(f + ;))

2 2 2
i = \/;<za sin 6 + iy sin(0 — g) +iesin(0 + ;)>

where the coefficient \/g is introduced to satisfy the power conservation between the abc frame and the Odg

(10.8)

frame. The zero-sequence component ig, indicated by the subscript 0, is also included.

The zero sequence component is required to yield a unique transformation of the three stator-phase
quantities; it corresponds to components of armature current which produce no net air-gap flux and hence
no net flux linking the rotor circuits [4]. Under balanced-three-phase conditions, there are no zero-sequence
components (zero-sequence components equal 0). The Park’s transformation is usually expressed in matrix

form
: 1 1 1 ,
Z‘O ) NG B) B) Z‘a
| =\/3 cosf cos(0 — Z) cos(0+ 2F)| |ib (10.9)
iq sind sin(@ — &) sin(@+ F) | [ic
We denote
1 1 1
2| V2 V2 2
P=4/2 |cos® cos(f—2F) cos(f+ 2F)
sinf sin(@ — 2F)  sin( + )

It is easy to show that P is nonsingular and P~ = PT.

10.1.3 Voltage Equation in the Rotating Frame

We first presented expressions for the self and mutual inductances of the synchronous generator and then
derived the voltage equation of the synchronous generator in the static frame of reference. Then we used
Park’s transformation to convert the AC quantities in the static frame to the rotating frame of reference.
Now we present the voltage equations of the synchronous generator in the rotating frame of reference.

If we express Equation (10.8) in matrix form, we have

iOdq = Piabc (1010)

Similarly, for voltages and flux linkages, we get

Vodqg = Pvabc

(10.11)
>‘0dq = P)\abc

where the Odg terms are the ones in the rotating frame and abc terms are the ones in the static abc frame.
We need to consider all six components of each current, voltage, or flux linkage vector; and we want to
transform the stator-based (abc) variables into rotor-based (0Odgq) variables while keeping the original rotor
quantities unaffected. So, we define

n iq
ia Plo|| 4
g2 || = e | = Bi (10.12)
1R iF
in 0 in
Lig 1 L 1 Liq
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where I is the 3 x 3 identity matrix and O is the 3 x 3 zero matrix. Similarly, we define

vp = Bv
b (10.13)
Ap = BA
Substituting Equation (10.12) and Equation (10.13) into A = Li we obtain
B~ 'Ap =LB'i
b b (10.14)

AB = BLB_liB = Lpgip

where L £ BLB~!. Using the rule for finding the transpose of a product of matrices, we find that LT, =
(BLBT)T = BLTBT = BLBT = Lg. Thus Lp is symmetric because L is symmetric. By premultiplying
by B™! and postmultiplying by B we also find the relationship L = B7'LgB. It is easy to check that

T
B '=BT= F)O (I)] . Thus we can easily calculate Lp as follows:
P 0] [Li; L] [PT 0O
L=
0 1| |Loy Loof | 0 1 (10.15)
_ [PLPT PLy, '
T | LaPT Ly

Consider now the terms in Equation (10.15). As expected, Los is unchanged. By a tedious but straightfor-
ward calculation, we can show that

Ly 0 0
PL,PT=|0 Lg; 0 (10.16)
0 0 L,
where
Lo & L, — 2M,
A 3
LOéLSJrMS—;Lm

With a knowledge of linear algebra we can show that this simplification occurs because the columns of PT
are orthonormal eigenvectors of Lii, and hence the similarity transformation yields a diagonal matrix of
eigenvalues.

Consider next the off-diagonal submatrix Lo; PT = (PLy2)". Using Equation (10.6),

Mpcosd  Mpcos(6 — %’r) Mpcos(6 + %ﬂ) B) % cost ) ‘ sinf )
Loy PT = | Mpcost Mpcos(0 — %”) Mpcos(6 + 2{) 3|2 cos(0 — ) sin(0 — ) (10.18)
Mgsind Mgsin(6 — 2F)  Mgsin(0 + %) % cos(H + %TF) sin(6 + %ﬂ)

Here we recognize that the first two rows of Lo are proportional to the second column of PT, which we pre-
viously indicated was orthogonal to the remaining two columns of PT. The third row of Ly, is proportional
to the third column of PT. Thus, multiplying rows into columns, it is easy to evaluate the product of the

two matrices. We get
0 \iMr 0

LaP" = |0 \f3Mp 0 (10.19)
00 i
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To simplify the notation, let k £ |/3; then, from Equation (10.6), Equation (10.16), Equation (10.17), and
Equation (10.19), we get

Ly 0 0 0 0 0

0 L; 0 |[kMp kMp O

o 0 L, | 0 0 kMg
Lo =% 0 [ Lr Mmp 0 (10.20)

0 kMp 0 | Mz Lp O

L0 0 kMg| 0 0 Lg

Note that the matrix Lp is simple, sparse, symmetric, and constant.
We next derive the voltage-current relations using Park’s variables. Starting with Equation (2.3), which is
repeated here,

dX
=—-Ri— — 10.21
v i-— (10.21)
and using Equation (10.12) and Equation (10.13), we find that
—1 —1. d -1
B vp = —RB 1B — a(B AB) (1022)

Premultiplying on the left by B, we get

d
v = -BRB iz — B—

y7 (B~'Xp) (10.23)

Using the identity

BRB ' = =R (10.24)
rr

0|1 0 D 0 |I
L 4L rQ 1L i

We can simplify Equation (10.23) by replacing BRB~! by R. Continuing, and using the rule for differen-
tiating a product, we get

dB~! dAp
=—-Rip—-B——Ap— — 10.25
vE 1B it "t (1025)
Next, we wish to obtain a more explicit expression for the matrix Bd]?lt_l in Equation (10.25). We first
T
calculate B%. Using Equation (10.12) and B~! = BT = [I; (I)] ; we get
dB~! [P 0] [®Z o] [P®_ ¢
B —_ do — do 10.26
db [0 I 0 o0 0 0 ( )
where
0 0 0 0 0 O
) S
P —50032001 (10.27)
0 -3 0 0 -1 0
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Then using Equation (10.27) in Equation (10.26), we get

B = 1

10.2
70 (10.28)
0 0

0 0 0
aB—! 0 0 110
0 0

a 6 x 6 matrix with only two nonzero elements. Finally noting that Bd]?lt_l = B%fl—(z and substituting

Equation (10.28) in Equation (10.25), we get

(10.29)

[ 0
)‘11
o dX
VB:—RiB—9 (/]\d —TtB
0
| 0

Note 1: If the shaft position is uniform (i.e. § = % = w = constant) Equation (10.29) is linear and time
invariant. Very often as a good approximation we can assume that 6 = constant.

Note 2: Although, superficially Equation (10.29) looks very much like Equation (2.3), it is important to note
that Equation (10.29) is basically much simpler. In Equation (10.29),

Ap =Lgip (10.30)
where Lp is the constant matrix as given in Equation (10.20), while in Equation (2.3),
A=Li (10.31)

where L = L(6) is a very complicated matrix as given in Equation (10.5) and Equation (10.6).

10.2 Per Unit Conversion

A per-unit system is the expression of system quantities as fractions of a defined base unit quantity. The
stator voltages of a synchronous generator are in the kilovolt range and the field voltage is at a much lower
level [1]. This problem can be solved by using the per unit conversion i.e. normalizing the equations to a
convenient base value and expressing all voltages in p.u. (or percent) of base. Calculations are simplified
because quantities expressed as per-unit are the same regardless of the voltage level. Generally base values
of power and voltage are chosen. The base power may be the rating of a single piece of apparatus such as
a motor or generator. If a system is being studied, the base power is usually chosen as a convenient round
number such as 10 MVA or 100 MVA. The base voltage is chosen as the nominal rated voltage of the system.
All other base quantities are derived from these two base quantities.

Let us consider an example. For a single phase system, suppose we select the base quantities of voltage
[V] and apparent power [VA] as Vi and Sp respectively, then we can find the base quantities of current Ip
and impedance Zp as follows.

Ip = ij
B
10.32
s Vs _V3 o-32)
B~ 15 Sp

All other base quantities can be derived in a similar manner using simple laws of physics. Note: Apparent
power |S| is the absolute value of complex power S, where S = P + jQ, P = real power in watt [W], and @
= reactive power in volt-ampere reactive [Var].
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10.2.1 Choosing a base for stator quantities

The variables vg, vg, i4, 14, Ad, and ), are stator quantities because they relate directly to the abc phase
quantities through Park’s transformation. Using the subscript B to indicate base and R to indicate rated,
we choose the following stator base quantities [1].

o Sp = Sp = stator rated apparent power VA /phase, VA rms
e Vp = Vg = stator rated line-to-neutral voltage, V rms
e wp = wp = generator rated speed, elec rad/s

Note: The RMS value of a set of values (or a continuous-time waveform) is the square root of the arithmetic
mean (average) of the squares of the original values (or the square of the function that defines the continuous
waveform). We now develop the relations for the various base quantities. From the stator base quantities
we compute the following:

_ Sp _ Sgr

. IB—VB—VR A rms
1 _ 1

° tB_wB_wR 8

e \g=Vptg =& = Lglg Wb turn

wRr
« Rp=1 =Y Q
_ Velg _ V,
« Lp= ]IBBB - IRSR
Thus by choosing the three base quantities Sg, Vg, and tp, we can compute base values for all quantities of
interest.

To normalize any quantity or to find its per unit value, it is divided by the base quantity of the same
dimension. For example, for currents we write

Ty = p.-u.

where we use the subscript u to indicate p.u. Later, when there is no danger of ambiguity in the notation,
this subscript is omitted.

10.2.2 Choosing a base for rotor quantities

While choosing a base for rotor quantities, the choice of equal time base throughout all parts of a circuit
with mutual coupling is the important constraint [1] . It can be shown that the choice of a common time
base t, forces the VA base to be equal in all circuit parts and also forces the base mutual inductance to be the
geometric mean of the base self-inductances if equal p.u. mutuals are to result; i.e., Miap = (Li1pLo B)l/ 2,

For the synchronous machine the choice of Sg is based on the rating of the stator, and the time base is
fixed by the rated radian frequency. These base quantities must be the same for the rotor circuits as well.
It should be remembered, however, that the stator VA base is much larger than the VA rating of the rotor
(field) circuits [1]. Hence some rotor base quantities are bound to be very large, making the corresponding
p.u. rotor quantities appear numerically small. Therefore, care should be exercised in the choice of the
remaining free rotor base term, since all other rotor base quantities will then be automatically determined.
There is a choice of quantities, but the question is, Which is more convenient?

To illustrate the above, consider a machine having a stator rating of 100 x 10° VA / phase. Assume that
its exciter has a rating of 250 V and 1,000 A. If, for example, we choose Irg = 1000 A, Vrp will then be
100,000 V; and if we choose Vrp = 250 V, then Igrp will be 4,00,000 A.

Is one choice more convenient than the other? Are there other more desirable choices? The answer lies
in the nature of the coupling between the rotor and the stator circuits. It would seem desirable to choose
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some base quantity in the rotor to give the correct base quantity in the stator. For example, we can choose
the base rotor current to give, through the magnetic coupling, the correct base stator flux linkage or open
circuit voltage. Even then there is some latitude in the choice of the base rotor current, depending on the
condition of the magnetic circuit.

The choice made here for the free rotor base quantity is based on the concept of equal mutual flux
linkages. This means that base field current or base d axis amortisseur current will produce the same space
fundamental of air gap flux as produced by base stator current acting in the fictitious d winding. Referring
to the flux linkage equations derived in the previous section let iy = Ip, ir = Irp, and ip = Ipp be
applied one by one with other currents set to zero. If we denote the magnetizing inductances ( [ = leakage

inductances) as
Lma=Lg—1qgH

Ling=Ls— 1, H
Lprp2Lp—IpH (10.33)
Lmg 2 Lg—IlgH
Lup=Lp—IpH

and equate the mutual flux linkages in each winding,

Amd = Lmalp = kMplpp = kMpIpg Wh
Amg = LimgIp = kMoIgp Wh

Amp = kMplg = Lyplrg = MrIpg Wb (10.34)
Amg = kMolp = Linglop Wh

Amp = kMplg = Mrlpp = LynpIps Wb

Then we can show that,

Lialy = LnpIpg = Lnplpg = kMpIglpp = kMplgIpg = Mplrplps

5 ) (10.35)

and this is the fundamental constraint among base currents. From the previous equation and the requirement
for equal Sp, we compute

VrB Ip _ Lo\ ? _ kMp _ Lnr _ Mg 5
Vs Irp Lma  kMy kMp  ©

Vo _ s _ (Lwp\"* _kMp _ Lwp _ Mn a (10.36)
VB Ipp d Lypa kEMp  EMp

Vo _ Ip _ <LmQ>1/2: kMg _ Limg 4

Ve Ios Ling Lmg kMg

These basic constraints permit us to compute

Rrp = k%Rp
Rpp = k% Rp
Rgop = kHRp

(10.37)
Lpp =k%Lp

Lpp =kbLp

Lop = kjLp

= DT T 0D 2 2
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and since the base mutuals must be the geometric mean of the base self-inductances
Mpp=krpLp H
Mpp=kpLp H
Mo = koL H
Mgrp = krkpLp H

(10.38)

10.2.3 The correspondence of per unit stator EMF to rotor quantities

The particular choice of base quantities used here gives p.u. values of d and ¢ axis stator currents and
voltages that are v/3 times the rms values [1]. We also note that the coupling between the d axis rotor and

stator involves the factor & = and similarly for the q axis. For example, the contribution to the d axis

25
stator flux linkage Ay due to the field current ir is kMpir and so on. In synchronous machine equations
it is often desirable to convert a rotor current, flux linkage, or voltage to an equivalent stator EMF. These
expressions are developed in this section.

The basis for converting a field quantity to an equivalent stator EMF is that at open circuit a field
current i A corresponds to an EMF of ipwrMp V peak. If the rms value of this EMF is E, then in MKS

units we have

7 FOJRM F = \@E

7 FkaM F = \/gE
Since Mg, and wgr are known constants for a given machine, the field current corresponds to a given EMF
by a simple scaling factor. Thus, F is the stator air gap rms voltage in pu corresponding to the field current
i in pu. We can also convert a field flux linkage Ap, to a corresponding stator EMF. At steady-state
open circuit conditions Ap = Lpip, and this value of field current iz, when multiplied by wrpMp, gives a
peak stator voltage the rms value of which is denoted by E;. We can show that the d axis stator EMF
corresponding to the field flux linkage Ag, is given by

(10.39)

kM
AP /3R (10.40)
Lp
By the same reasoning a field voltage vp, corresponds (at steady state) to a field current 2£. This in turn

corresponds to a peak stator EMF (”F JwrMp. If the rms value of this EMF is denoted by Ep D, the d axis
stator EMF corresponds to a field Voltage U, OT

<:fF>ka;MF = V3Erp (10.41)
F

10.3 Sub-transient and Transient Inductances and Time Constants

Before proceeding to the derivation of the simplified model of a synchronous generator we present and
define some important terms. In this section we define sub-transient and transient inductances and the
corresponding time constants [1] which are used in the derivation of a simplified model of a synchronous
generator.

10.3.1 Sub-transient and Transient Inductances

If all the rotor circuits are short circuited and balanced three-phase voltages are suddenly impressed upon
the stator terminals, the flux linking the d axis circuit will depend initially on the sub-transient inductances,
and after a few cycles on the transient inductances [1].

Let the phase voltages suddenly applied to the stator be given by

Vg cost
vy | = V2V |cos( —120) | u(t) (10.42)
Ve cos(6 + 120)
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where u(t) is a unit step function and V' is the rms phase voltage. Then using Park’s transformation we can

show that
Vo 0
va| = [ V3Vu(t) (10.43)
Vg 0

Immediately after the voltage is applied, the flux linkages Ar and Ap are still zero, since they cannot change
instantly. Thus at ¢ = 0% from Equation (2.6) we have

A =0=kMpiq+ Lrir + Mgip

atbet . (10.44)
Ap =0=kMpiq+ Lpip + Mgip
Therefore
) kMpLp — kMpMpg .
1= — (3
' LeLp—Mp 10.45
 kMpLg — kMpMg, (10.45)
ip=— i
b LpLp—M%
Substituting in Equation (2.6) for Ay , we get (at ¢ = 07)
K2MZLp + Lpk®*M? — 2kMpkMpMp
M= Lq— E D j 10.46
d ( d LoLp — M}QDL )Zd ( )

The sub-transient inductance is defined as the initial stator flux linkage per unit of stator current, with all
the rotor circuits shorted and previously unenergized. Thus by definition

a2 Lljig (10.47)
where L is the d axis sub-transient inductance. From Equation (10.46) and Equation (10.47)

k*M2Lp + Lpk*M3, — 2kMpkMpMp

L// — L o
a7 LpLp — M2
d = Hd ™ LrLp 1

WhereLAD:LD—ZD:LF—Lf:Ld—Ld:k‘MF:kMD:MR.

Ip, lg, and lg are the leakage inductances of the d, F', and D circuits respectively.

If the balanced voltages described by Equation (10.42) are suddenly applied to a machine with no damper
winding, the same procedure will yield (at t = 0T)

. kMFp .
1p = — 14
Lp
(kMp)? (10.49)
)\ :|:L — LF :|Z _L&Zd
where L/, is the d axis transient inductance; i.e.,
kMp)? L?
Lg:[Ld—( L;’)}:Ld—ﬁf (10.50)

In a machine with damper windings, after a few cycles from the start of the transient described in this
section, the damper winding current decays rapidly to zero and the effective stator inductance is the transient
inductance.

For a salient pole machine with amortisseur windings a ¢ axis damper circuit exists, but there is no
other ¢ axis rotor winding. For such a machine the stator flux linkage after the initial sub-transient dies
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out is determined by essentially the same circuit as that of the steady-state ¢ axis flux linkage. Thus for a
salient pole machine it is customary to consider the ¢ axis transient inductance to be the same as the ¢ axis
synchronous inductance. Repeating the previous procedure for the ¢ axis circuits of a salient pole machine,

Ao =0 =kMgiq+ Lgig (10.51)
o kM,
i = ——2i, (10.52)
Lq
Substituting in the equation for Ay,
Ay = Lyiq + kMgiq (10.53)
or )
kM,
Ay = [Lq - (Q)} ig = Lijig (10.54)
Lq

where L;’ is the ¢ axis sub-transient inductance

2
(kMg)? Lag
L;’:Lq—T: g — (10.55)
Q
Also, for a salient pole machine the ¢ axis transient inductance Lg is approximately equal to the ¢ axis
synchronous inductance which is the same as ¢ axis sub-transient inductance L;’.

(kMq)* _

L//:L _
q q LQ

/
L, (10.56)

We can also see that when ig decays to zero after a few cycles, the g axis effective inductance in the transient
period is the same as L,. Thus for this type of machine

L, =L, (10.57)

Since the reactance is the product of the rated angular speed and the inductance, and since in p.u. wg =1,
the sub-transient and transient reactances are numerically equal to the corresponding values of inductances
in (p.u.). It is important to note that for a round rotor machine Ly < Lj < L.

10.3.2 Time constants

We start with the stator circuits open circuited [1]. Consider a step change in the field voltage; i.e.,
vr = Vpu(t). From Equation (2.5) the voltage equations can be written as

reip + /\F = Vpu(t)

. (10.58)
rpip +Ap =0
and from Equation (2.6) the flux linkages are given by (note that iy = 0)
Ap = Lpip + MRgi
D DD RUF (10.59)

A = Lpip + Mgip

Again at t = 07, A\p = 0, which gives for that instant

L
ip=— <MZ>ZD (10.60)
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Substituting for the flux linkages using Equation (10.59) in Equation (10.58) we get,

VF_ TF\. - MR B
Ir (LF> F+ZF+<LF D

. (10.61)
— (D), ; =D\
0= (MR>ZD +i1p + (MR>7,D
Subtracting and substituting for i using Equation (10.60),
. rpLp +rpLp . Mp
_ =-Vp| ——m— 10.62
o < LipLp — M3 >ZD F(LFLD —ME (10.62)

Usually in pu rp > rp, while Lp and L are of similar magnitude. Therefore we can write, approximately,

Mg
it (—2Vip=—Vp —Lr (10.63)
Lp— & Lp— &
I ~ I

Equation (10.63) shows that ip decays with a time constant

M2
Lp— 7t
= — " Lr (10.64)

This is the d axis open circuit subtransient time constant. It is denoted open circuit because by definition
the stator circuits are open. When the damper winding is not available or after the decay of the subtransient
current, we can show that the field current is affected only by the parameters of the field circuit; i.e.,

rrir + Lpip = Veu(t) (10.65)
The time constant of this transient is the d axis transient open circuit time constant 7, where

L
Tho = i (10.66)

When the stator is short circuited, the corresponding d axis time constants are given by

"

=T
d (10.67)

/ / Lii

Ta = Tdofd

A similar analysis of the transient in the ¢ axis circuits of a salient pole machine shows that the time
constants are given by

L
o=
? L (10.68)
/|
q g

q

10.4 Simplified Model of the Synchronous Generator

The truth model of the synchronous generator, takes into account the various effects introduced by different
rotor circuits, i.e., both field effects and damper-winding effects. This model includes seven nonlinear
differential equations for a single synchronous generator. In addition to these, other equations describing
the load constraints, the excitation system, and the mechanical torque of the turbine-speed governor system
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must be included in the mathematical model. Thus the complete mathematical description of a large power
system is exceedingly complex, and simplifications are often used in modeling the system [1].

In a stability study the response of a large number of synchronous machines to a given disturbance is
investigated. The complete mathematical description of the system will therefore be very complicated unless
some simplifications are used. Often only a few machines are modeled in detail, usually those nearest the
disturbance, while others are described by simpler models.

In this section we first derive a two-axis simplified model of the synchronous generator and then proceed to
the third order simplified model sometimes referred to in literature as the one-axis model of the synchronous
generator.

10.4.1 The two-axis model

In the two-axis model the following assumptions are made [1]:

o Transient effects are accounted for, while the sub-transient effects are neglected. The transient effects
are dominated by the rotor circuits, which are the field circuit in the d axis and an equivalent circuit
in the g axis formed by the solid rotor.

e In the stator voltage equations the terms Mg and /'\q are negligible compared to the speed voltage terms
and that w 2 wr = 1 p.u.

o Amortisseur or damper winding effects are neglected

The machine will thus have two stator circuits and two rotor circuits. However, the number of differential
equations describing these circuits is reduced by two since Mg and }\q are neglected in the stator voltage
equations (the stator voltage equations are now algebraic equations).

The stator transient flux linkages are defined by

N; & Ay — Lhig

. (10.69)
)\; = Ag — L;zq
and the corresponding transient stator voltages are defined by
N r /
€q = —WAg = —WRA, (10.70)
AN ! / '
€ = WAg = WRA¢

From Equation (2.5) the stator voltages vq and vy for the truth model of the synchronous generator are

given by
. dg
Vg = —Tlg — WAg — o
(10.71)
) d\g
’Uq = —TZq +W)\d — H
In the two-axis model we assume that in the stator voltage equations, the terms Mg and }\q are negligible

compared to the speed voltage terms w),; and w4, and that w = wr = 1 p.u. Thus, neglecting % and %

in Equation (10.71) and substituting w = wr we get

Vg = —Tlg — WRAg

. (10.72)
Vg = —Tig + WRAG
Substituting Ay and A\, from Equation (10.69) in Equation (10.72) we get
Vd = —Tid — wR(A; + L;iq)
= —rig — wWrA, —wgrLli
S A (10.73)

Vg = —Tig + OJR(A;I + L:jid)

= —Tig + wR)\Zl + WRLzlid
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Also substituting €/, = —wA, = —wrA;, and e £ w), = wgr), as given in Equation (10.70) into Equa-
tion (10.73) we get
vy = —rig —wrLli, + €
. g (10.74)
vg = —Tig + wrLgiq + €

substituting wr = 1 p.u. in Equation (10.74) and rearranging we get

6{1 =vq +rig+ L;iq
=g+ rig+ L:iiq + (L; — Lil)iq (10.75)

;o . /-
€q = Vg +1ig — Lyiq

The above equation is in the per unit system. Since the term (L; — L!))iq is usually small, it can be neglected
in Equation (10.75). Thus we can write, approximately,

ey = vg + rig + Lijig (10.76)

The voltages e; and €/, are the ¢ and d components of a voltage e’ behind the transient reactance. It
is interesting to note that since e/, and efl are d and ¢ axis stator voltages, they represent v/3 times the
equivalent stator rms voltages. For example, e/, = v/3E/, and ey = \/§EC’1 Also, in this model the voltage
€/, which corresponds to the transient flux linkages in the machine, is not a constant. Rather it will change
due to the changes in the flux linkage of the d and ¢ axis rotor circuits.

We now develop the differential equations for the voltages e/, and efI for the two axis model. Note, all the
equations given below are in per unit. The d axis flux linkage equations for the truth model of a synchronous
generator as given in Equation (2.6) are

)‘d Ld k?MF kJMD id
Ap| = |kMp Ly Mg | |ip (10.77)
)\D kMD MR LD iD

i.e.
A = Lgiq + kMpip + kMpip

. . . (10.78)
Ar =kMpiqg+ Lrpip + Mgip

In the two axis model the damper winding effects are neglected. Thus, the expression for A\p and the terms
kMpip, and Mgip in Equation (10.77) and Equation (10.78), which are related to the direct axis damper
winding are neglected. Neglecting the above terms, the d axis flux linkage equations for the two-axis model
of a synchronous generator are

Ag = Lgiqg+ kEMpip

, : (10.79)
Ar = EkMpiqg+ Lrip
The previous two equations can be solved simultaneously to compute ip
AFr kMg .
A S 10.80
R Lp Lp ld ( )
Substituting iy from Equation (10.80) in the Ay expression of Equation (10.79) we have
: Ar kMp .
Ag=1L kMp| — —
d dld + KMp ( Tr Ir Zd)
kMp)? A
= Lgiq — Qid + kMpZE (10.81)
Lp Lp
(kMp)?\ . Ap
=|Lg— —— kMp—
( d Ir tg + kMp Ir
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From Equation (10.50) and Equation (10.39) we have

M 2
L, = <Ld — (kLF)> (10.82)
F
kM
AP /3R (10.83)

Lp

Since all the equations are in per unit we substitute wp = 1 p.u. in the above expression. i.e.
A
kMpZE = \/3E! (10.84)
Lp a
Substituting Equation (10.82) and Equation (10.84) in Equation (10.81) we get

Aa = Lijiq + V3E], (10.85)

i.e.
Aa — Lijia = V3E], (10.86)

Using Equation (10.69) and Equation (10.70) we can verify that
Xy & Xg — Lijig = wp\y = €, = V3E, (10.87)

The ¢ axis flux linkage equations of the synchronous generator as given in Equation (2.7) are

[izz] - [kf\;/—?cg %Q] [ij (10.88)

i.e.
Ag = Lgiqg + kMgt
¢ el RO (10.89)
)\Q = k‘MQZq + LQZQ
The previous two equations can be solved simultaneously to compute ig
)Xo kMg,
=— - — 10.90
Q LQ LQ q ( )
Substituting ig from Equation (10.90) in the A, expression of Equation (10.89) we have
, o kMg
Ay = Lyi —i—kMQ(—z)
q q°q LQ LQ q
kMg)? A
= Lyiq— @iq + kM2 (10.91)
Lo Lq
(kMqg)* . Ao
= (L, kMo 22
( T L )L,
From Equation (10.56) we have
(kMq)?
Ly=Ly— (10.92)
Q
Substituting Equation (10.92) in Equation (10.91) we get
/s AQ
N = Lijq + kMg 72 (10.93)
Q
ie. )
A — Lig = kMQL—Q (10.94)
Q
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Substituting = Aq— Lyiq as given in Equation (10.69) and e, = —\, = —wrA as given in Equation (10.70)
in Equation (10.94) we can verify that

A
N2 N — Lhig = k;MQi = wpA, = ¢} (10.95)
Therefore,
kM,
) 2 V3E, = —L—QAQ (10.96)
Q
We define
V3E = ¢, 2 kMpir
K (10.97)
\/gEd =eq = —kMgig
From Equation (10.95) we have
A
Ao — Lhig = kMQL—Q = ¢, (10.98)
Q
Substituting Ay = Lgiq + kMqig from Equation (10.89) in Equation (10.98) we get
Lyiq + kMgig — Liig = —¢, (10.99)
Substituting V3E,; = eq & —kMgig from Equation (10.97) in Equation (10.99) we get
Lyiq — V3Eq — Lyjig = —€ (10.100)
Dividing Equation (10.100) by v/3 we get
. . I
i i e
Lt -FE;—L,-L=-—-+% 10.101
Vi BT T Ho-100

Converting all quantities to rms values, i.e. by substituting % = 1,, and % = E!, where I; and E/, are the

rms quantities, Equation (10.101) can be written as

Lyl, — Eq— L;Iq = —E) (10.102)
i.e.
E,=E;— (L, — L:])Iq (10.103)
Since the damper windings are short circuited, from the @) circuit voltage equation as given in Equation (2.5)
we have
vQ = rQiQ + dc)l\TQ =0 (10.104)

Substituting Ao = kMqiq + Lgig from Equation (10.89) in Equation (10.104)
vg = rgig + kMgi, + Loig =0 (10.105)

Dividing Equation (10.105) by v/3 we have
iQ lq iQ
vQ :TQﬁ—i—k'MQ%—FLQﬁ =0 (10.106)
Writing Ig = %, where Ig is the rms value of ig

v = TQIQ + kMqu -+ LQjQ =0 (10.107)
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Rearranging Equation (10.107) we get

From Equation (10.97) we have V3E; =€ 2 —kMgig. Expressing all terms as rms quantities we write
E;=—kMglg (10.109)

Differentiating Equation (10.109) we get ‘ '
E;=—kMglg (10.110)

Substituting —fQ from Equation (10.108) in Equation (10.109)

. kMo)? .
Fa = kMo @ 1, + M) (10.111)
Lq Lq
Differentiating Equation (10.103) we get
Ey=Ey— (Ly— L)), (10.112)

Substituting F; from Equation (10.111) in Equation (10.112)

(kMg)?* . :
e A

(kMg)?
Lq

B = k;MQ%QIQ +
Q

(10.113)

= 29 kMgl + < — Ly + L;> i,
Lo

(kMgq)*

Substituting %9 = 7,0, kMqlg = —E4 from Equation (10.97), and To

in Equation (10.113) we get

Ly = —Lj, from Equation (10.56)

. 1
Ey=——Eq (10.114)
o0
From Equation (10.103) we have E); = Eq — (Lq — Ly)I,. Thus, substituting —Eq = —E; — (Lg — Lg)1, in
Equation (10.114)
. 1
E, = f[—E& —(Lg — L;)Iq] (10.115)

The field voltage equation for the truth model of the synchronous generator as given in Equation (2.5) is

X
vp = rpip + o (10.116)

Substituting Ap = kMpig + Lpip from Equation (10.79) in Equation (10.116)

vp = rpip + kMpiq+ Lpip (10.117)
From Equation (10.39), Equation (10.40), and Equation (10.41) we have

irpwrkMp = V3E

kM
/\FWRL E = \/gE;
F

<UF> wrkMp = V3Epp
T

(10.118)

Since all equations are in per unit, wg = 1. Substituting A\p = kMpig+ Lpip from Equation (10.79) in the
V3E], expression of Equation (10.118)
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kM
(/{Mpid + LFiF)WRL F_ \/§E(’1
) F (10.119)
wr(kMp)

ig +ipwrkMp = \/gE;
Lp

Substituting ipwrkMp = /3E from Equation (10.118) and % = L4 — L}, from Equation (10.50) in
Equation (10.119) we get
Lg—LY)ig+V3E = V3E/ 10.120
d q

i.e.
V3E + Lygig = V3E! + Ly 10.121
q d

Multiplying Equation (10.117) by = kMF we get

M 2
VE My = ipk M+ M)

. L .
ig+ =EkMpip (10.122)
Tr rr Tr

Now substituting ﬁ—?kMF = V3Epp, irkMp = 3E, and kMpip = V3E from Equation (10.118) in
Equation (10.122) we get

EMp)?. L .
VBEpp = V3E+ FME) L Lr (10.123)
rr rr
On differentiating Equation (10.121)
VBE + Lyiq = V3E, + Lyig (10.124)

Substituting v/3E from Equation (10.124) in Equation (10.123) we get

kM . . .
\/§EFD:\/§E+ ( F) d—l-f(\/»E/ Ldzd_‘_Liﬂd)
(10.125)
kM L .
= fE+ fE’ <( r)? +—F(L’ Ld)>z'd
o TF
Substituting 37" = I, — I, from Equation (10.50) in Equation (10.125)
/ LF / LF / 3
\[EFD—\[E‘i‘ \fE —(La — Lg) + —(Lq — La) )i
" e (10.126)
=V3 E+ \f E+0
Dividing Equation (10.126) by v/3 and rearranging we get
. 1
E, = 7_f(EFD - E) (10.127)
do
where 7, = L—F and V3E + Lgig = \fE’ + Llig ie
E=E, —(Lq— L)l (10.128)

here I; is the rms quantity which is given by I; = %.
To complete the description of the system, the electrical torque is given by T4 = Agiq — Agiq. Substituting
Ad = Ny + Lijiq, and Ay = A, + Ljiq from Equation (10.69) we compute

Tep = Ngiq + Lyiaiq — Njia — Lyiqia (10.129)
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Substituting ej; = —wgrAy, and e; = wrA} from Equation (10.70) in Equation (10.129)
Tep = €yia + eyiq + Lyiqiq — Lyiqia (10.130)

Converting all terms to rms quantities by dividing Equation (10.130) by 3

Te¢ ezl iq e; ) , i iq , iq i
S I M AL 7 10.131
3 VavE  VBvE TEVE U Va (10.131)
By using I, = %, I; = %, E, = %, E = 87;3, and T, = 22 where Iy, 14, B}, Ej are the rms quantities,

Tey is the per unit generator electromagnetic torque defined on a per phase VA base, and T is the per unit
generator electromagnetic torque defined on a three-phase (3¢) VA base. Thus, the electromagnetic torque
equation of the synchronous generator is

T. = Eylq + Eg 1, — (L, — Ly)Ial, (10.132)

From Equation (2.29), Equation (2.33), and Equation (2.34) we can write the mechanical dynamics for the
two-axis model of the synchronous generator in the p.u. system as

7jtr = Typ — Dw — (Ehly + EyT, — (L — L) Ialy)

10.133
d=w-—1 ( )

where 7; is the time constant in per unit and is given by 7; = 2Hwr = 2Hwp, where wp = wgr = rated or
base angular velocity of the synchronous generator. Thus, the system equations for the two-axis model of
the synchronous generator consist of four differential equations which are summarized below,

: 1
Ez/i = f[_Eél - (Lq - LIq)Iq]
T40
E = L(E —E)
T TP (10.134)
1
G = E[Tm — Dw — (E}lq + EjI, — (L, — L))14l,)]
S=w-—1

10.4.2 The one-axis or the third-order simplified model

To obtain the third order simplified model which is also referred to in literature as the one-axis model
the following assumptions are made:

e Amortisseur or damper winding effects are neglected.

e The \; and }\q terms in the stator and load voltage equations are neglected compared to the speed
voltage terms w),; and w,.

e The terms wA in the stator and load voltage equations are assumed to be approximately equal to wgrA.

o The effect of the @ circuit i.e. the differential equation for E/, or €/, which is a function of the current
i@ is neglected.

It is similar to the two-axis model presented in the previous section except that the absence of the () circuit
eliminates the differential equation for £, or e/, which is a function of the current . The voltage behind the
transient reactance €’ has only the component e’q changing by the field effects according to Equation (10.127).
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The component €, is completely determined from the currents and vg. Thus, the system equations in per

unit are 1
E; = f(EFD —F) (10.135)
Tdo
where
E = E; — (Lqg — Lg)[d (10.136)

as given in Equation (10.128). Since the damper winding effects are neglected substituting A = 0 in
Equation (10.71), and using Equation (10.69) and Equation (10.70) we obtain the equation for E/, as

B} =Va+ LLI, +rly (10.137)

From Equation (10.134) the E/, expression for the two-axis model is

. 1
By = 5 [~Ey— (Ly — Ly, (10.138)
q0

However, in the one-axis or the third order model an additional assumption is thgt the differential equation
for E; or €/, which is a function of the current i¢ is neglected. Thus, substituting E/, = 0 in Equation (10.138)
we get,

E,=—(L,— L;)Iq (10.139)

Equation (10.139) gives the expression for E/, for the one-axis model, and it is treated as an algebraic
constraint. Thus, the basic difference between the two-axis and the one-axis model is that in the two-axis
model we have a differential equation for E/, whereas in the one-axis model we have an algebraic expression
for E. The electromagnetic torque equation for the two-axis model as given in Equation (10.132) is

T. = Eylq+ E; 1, — (L, — Ly)Ial, (10.140)

Now substituting the algebraic constraint Ej; = —(L, — L;)I, from Equation (10.139) in Equation (10.140)
we obtain the electromagnetic torque equation for the one-axis model
Te = —(Lg — Ly)Idq + E 1, — (L, — Ly)Ial,
= E I, + (—Lg+ L, — L, + Ly) 14, (10.141)
- E;Iq — (Lq — Ly)lal,

The mechanical dynamics for the one-axis model of the synchronous generator in the per unit system are

7jt» = Ty, — Dw — T,
7jw = Ty — Dw — [EgIq — (Lg — Ly) Il (10.142)
S=w-—1

The system equations for the one-axis or the third order simplified model of the synchronous generator are
summarized below,

L1
E,=—(Erp — E)
Tdo
!
@ = —[Tn = Dw = (Eyly = (L = Ly)Laly)] (10.143)
J
d=w-—1
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