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Abstract

This paper is a slightly modified, abridged version of a previous work “Parametric Gevrey asymptotics
in two complex time variables through truncated Laplace transforms” motivated by our contribution in
the conference “Formal and Analytic Solutions of Diff. (differential, partial differential, difference, g-
difference, g-difference-differential) Equations on the Internet” (FASnet20). It aims to clarify and give
further detail at some crucial points concerning the asymptotic behavior of the solutions of the problems
studied in that work.
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1 Introduction

The main aim of this revision is to clarify some points and give answer to some questions
on a recent work on truncated Laplace transform [I] which was presented at the conference
“Formal and Analytic Solutions of Diff. (differential, partial differential, difference, q-difference,
g-difference-differential,. ..) Equations on the Internet” (FASnet20), held virtually during the
last week of June, 2020. Moreover, we motivate future problems in this direction.

All technical difficulties have been simplified, whose proof can be found in detail in our
work [1], in order to focus on the mentioned details. In this revision we highlight two aspects
that have not been detailed in that paper. Namely, we utterly explain the necessity to use a
truncated Laplace transform instead of a complete one in order to extract asymptotic information
from our constructed solutions. Furthermore, we provide a more geometric description (with
the help of enlightening drawings) of a technical part needed for the study of the difference of
consecutive solutions in the framework of the Ramis-Sibuya approach.

The motivation on the use of truncated Laplace transform leans on previous recent works in
which truncated Laplace transform has been applied in different settings, namely in the study
of sharp lower estimates [2] and its numerical properties [3] and [4].
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Truncated Laplace transform appears in the classical theory of asymptotic expansions of
complex functions at the time of constructing a function with prescribed Gevrey asymptotic
behavior at the origin [5], [6] and also in the study of singularities of canard solutions to singularly
perturbed equations [7]. Further applications can be found in many other recent publications [1].

In the next section, Section [2] we recall the main problem under study, and the main steps
to provide analytic solutions to the problem, as well as formal solutions which are related by
means of certain asymptotic expansions. Further remarks on some steps are also shown. In
Section 3] we give further detail on the geometric aspects on the difference of two consecutive
solutions, and describe further properties and future research.

2 Review of the main results

This section is devoted to review the main results in the work “Parametric Gevrey asymptotics
in two complex time variables through truncated Laplace transforms” [1], stated without proof.
We have also decided not to enter into many details and refer to the precise expression or result
in the original text.

We focus our attention on the next initial value problem which involves two complex time
variables t1,to and a small complex parameter ¢,

(1) Q(:)ulty,ta, 2, €) = 0102 (th1719, Yoou (that19, Vo2 Ry 1 (9. )ulty, ta, 2, €)

dey 0
+ Z eDeiey (tlf1+16t1)6£1t2£23t2€20@1g2 (z,€) Ry 0, (02)u(ty, to, z,€) + f(t1,t2, 2, €),

1<6,<Dy—1
1<0,<Dy—1

under given initial conditions u(0, t2, z,€) = u(t1,0, z,¢€) = 0.

Here, we assume that Q, Rp, p,, ¢, ¢, are polynomials, k1, k2 > 1 are integers, the coefficients
¢4, (2, €) are bounded holomorphic functions on some horizontal strip

Hz ={z € C:|Im(2)| < B},

for some 8 > 0, with respect to z, and holomorphic with respect to € on a disc D(0, ¢), €g > 0.
The forcing term f(t1,t2, 2, €) is a holomorphic function in t1,t on C* x D(0, '), for some

radius A’ > 0, bounded holomorphic with respect to z on Hg and on any given open sector £

centered at 0, £ C D(0, ¢y) for some €y > 0, with respect to the perturbation parameter e.

Our goal is the construction of holomorphic solutions u(ty, te, z, €) of where 21,19, € are
located on sectors in C, together with the analysis of their asymptotic expansions with respect
to e,

u(ty,t2, 2, €) ~eo U(t1, ta, 2,€) = Zun(tl, to, z)€
n>0

We search for solutions as a double Laplace and Fourier transform

kik
(2) u(t1,t2,2,¢€) - 12/2/ / / w(u1, ug, m, €)
271' Ldl Ld2
< <U,1>k1 (UQ)k2> dUQ du1
xexp|—|— — e —=——dm,
€ty eto U2 U1

along half-lines Ly, = [0, c0)eY 14 for suitable directions d;eR,j=1,2.
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This approach has been successfully applied in two previous works [8, 9] for other singularly
perturbed families of PDEs with two complex time variables that can be expressed (in the linear
setting) in the form

Q(05)0 Oryy(t1,t2, 2, €) = Pi(e€, t1,t2, 0py, Ory, 02)y(t1, t2, 2, €) + f(t1,t2, 2, €),
where the differential operators with polynomial coefficients
Pa(e, t1,ta, O, Oy, 02) := Q(05)0, O, — Li(€,t1,t2,04,, 04y, 02)
for Ly being an operator which comprises the leading terms of Py:

e can be factorized in a special manner as
Py = Pa.1(€,t1,04,0:) - Paa(e, ta, Oy, 02)

with factors that only depend on one time variable. In this case, the “Borel map”
w(u1,ug, m,€) is defined w.r.t. its first two variables on domains of the form (Sg4 U
D(0,p1)) x (Say, U D(0, p2)), where Sy, stands for an infinite sector with vertex at the
origin and bisecting direction d; for j = 1,2, and p; > 0 is small enough [8].

e can not be factorized in the previous manner, and are of a special shape. The related
domains for the “Borel map” (u1,u2) — w(ui, uz, m, €) are of the form Sy, x (Sq,UD(0, p2))
or (Sg, UD(0,p1)) x Sq,, together with a polydisc at the origin [9].

In the study of (1), none of the solutions provided for the two previous problems hold and
w(ug,uz, m,€) in can only be defined on products of unbounded sectors Sg, x Sg, with respect
to (u1,uz2). Therefore, the actual solution u(t1,t2, 2z, €) can be built up, whereas no asymptotic
features with respect to € can be obtained.

Indeed, u(ty,to, 2, €) solves (1) provided that w(ui,u2, m,€) solves a convolution equation of
the form

(3)  Pu(ur,u2)w(ui,ug, m,e) = convolution terms in w(ui, uz, m,€) + entire forcing term,
where

, 6py 10Dy kidp, kab .
(4) P (u1,uz) = Q(im) — ky ™ ko™ uy " uy™™ R, py (im),

whose precise shape is detailed in our work [1].

Under the assumption that the quotient Q(im)/Rp, p,(im) remains inside certain sectorial
annulus, then, for every fixed py > 0, the map u; + Pp,(u1,u2) has k1dp, complex roots in
D(0, po), provided that ug € Sy, with large enough |ug|.

The observation above on w follows from the fact that in solving , one needs to invert
Pm(ul, UQ) .

As aresult, we need to follow another approach in order to analyze the asymptotic expansions
with respect to e. Our idea consists on the next construction: instead of a solution expressed as
a double Laplace transform, we search for a genuine solution in the form of a Fourier, truncated
Laplace and Laplace transform, namely

1 oo
(5) ulti,te, z,€) = / / / w(u1,uz, m,€)
2m)12 ) Li,e JLa,

k1 ko
U U . dug du
xexp | — - (=2 e”m—g—ldm,
€ty eto U2 U1
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where Lg, = [O,oo)e*ﬁd2 is such that da € R is a suitable direction, and L; . stands for a
segment of the form [0, (C’l/e)‘k”s%) e‘/jwl}, for some C1, A > 0 with A\ < (k16p,)~!, and an
appropriate angle 6; € R.

The first important feature is that the solution remains close, as ¢ — 0, to a double

Laplace transform in both time variables as mentioned earlier, since C;/ 2002 5 50 as € — 0.
The second important property is that the asymptotic expansions relatively to € can be reached
out for this solution. Accordingly, we impose that the forcing term shares the same shape as
the solution, namely

(6) f(ti,t2,2,¢€) 1/2/ / P (w1, ug, m, €)
Li,e /L,

Ul k1 u9 k2 dUQ dU1
Xexp| —| — — 6 m_—=——dm
ety €ty U2 U1

where 1) is a polynomial in w1, entire in uo with at most exponential growth of order ks, con-
tinuous with respect to m with exponential decay on R and holomorphic with respect to ¢ on
D(0, €p). The resulting function f(t1,12,2,€) is holomorphic on C* x D(0, k') x Hg x &, for any
sector & C D(0,€p) centered at the origin. From the fact that f approaches a double Laplace
transform in ¢y, to as € — 0, observe that f remains close to a polynomial in ¢; (on some sector)
ase—>0,eef.

It is worth noticing that the approach proposed in this situation differs from that previously
worked out [10] which concerns a subclass of (1) where the differential operators in ¢t belong
to a less general class of operators of the form (té”“@tz)‘;@, and the solutions are built up as
Fourier and single Laplace transform along appropriate half-lines, and with a special kernel.

The precise set of conditions we impose to (1) are the following:

(7) Ap,p, = k10p, + k20p,, and forall 1 <¢; < D; — 1, j=1,2,

k? SDQ 551

5D s de > 542(192 + 1), 8D2(551 > 5D1 (5@2 -+ 1/]€2).
1

Agng > k15g1 +

The quotient Q(im)/Rp, p,(im) remains inside a fixed unbounded sector S g, ,, with positive
distance to the origin. The first main result concerns the construction of actual holomorphic
solutions to (1).

Theorem 1 (First statement of Theorem 1 [1]) There exist:

(a) a finite set of bounded sectors covering a puntured disc at the origin, {Ep}o<p<i—1, with
&y € D(0,€),

(b) a set of directions dap € R, with 0 <p <1 —1,
(¢) A pair of bounded sectors T1, T2,

such that a holomorphic solution

(8) up(tl,tg,z € 1/2/ / / u17u27m 6)
Llpe L

do,p

k1 ko
U U . dus du
xexp | — -1 e ezzm—Q—ldm,
€t eto U2 U1

of (1) is defined on Ty x Ta x Hg x &y, for all0 <p <. —1.
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For all 0 < p < ¢ — 1, the paths of integration Lq,. depend on € € &,, and represent the
segment [0, (C}/e2902)eV=1010] for some b1p € R, and Ly, , = [0,00)eV"142». The Borel
function wy(u1,u2, m,€) turns out to be continuous with respect to m on R with exponential
decay at infinity, and holomorphic with exponential growth with respect to (u1,u2) on domains
which depend on € given by:

e The polydisc D(0,71(€)) x D(0,r2(€)), where r1(e) = C’l/]e]/\kzg% and ra(€) = ]e[M1op1,

e aproduct Sy, ()X (Sa,,UD(0,72(€))), where Sy, . () is a sector centered at 0 with small

aperture, bisecting direction 6y, — Ak2dp,arg(e), and radius 1 (e); Sy, is an unbounded
sector centered at 0, with small opening and bisecting direction da .

The presence of a small divisor phenomenon occurs since the radius r2(e) tends to 0 as € — 0,
which determines an impact on the asymptotic behavior of u, with respect to the perturbation
parameter. The previous domains appear in the resolution of the related convolution problem
for wy, since Pp,(u1,us) is invertible on these domains with appropriate lower bounds.

Our second main result deals with the asymptotic expansions of u,, relatively to e.

Theorem 2 (Theorem 3 [1]) Let
(9) o = min{kg(l — )\kléDl), kl(l + /\k‘QSDQ)}.

There exists a formal power series

N e
u(tl,tQ,Z,E) - ZHm(t17t2aZ)ﬁ7
m>0 )

where Hy,(t1,t2,2) are bounded holomorphic functions on Ti x T x Hg for all m > 0, which
solves (1) and is the common asymptotic expansion of Gevrey order 1/« with respect to € on &,
of up(ty,t2, z,€) for all0 <p <.:—1, ie.

N-1
€m

sup up(t,t2, 2, €) — Z Hy,(t,z)—

N
| <cMMr (1 + > e[V,
(t1,t2,2)ETiXx T2 x Hg m! o

m=0

forallec &,, N>1and 0 <p <1 —1, for well chosen constants C, M > 0.

This result leans on the application of the cohomological approach given by Ramis-Sibuya
theorem and appropriate bounds on the difference of two consecutive solutions of (1) stated in
the second statement of Theorem 1 [1], and described in the next section.

3 Further comments and open problems

The action of the small divisor phenomenon on the order 1/« (see @D) of the Gevrey asymptotic
expansion appearing in Theorem [2| is explained in terms of the difference of two consecutive
solutions (in the sense that the solutions are related to consecutive sectors in (£,)o<p<,—1) of (1)
on the intersection of their domains. More precisely for all 0 < p < — 1, identifying the indices
¢ and 0, we have shown the existence of two constants K, M > 0 with

M
sup [upt1(t1,t2, 2, €) — up(t, t2, 2,€)| < Kexp <—a> ,
(tl,tQ,Z)GﬂXEXHB ‘6‘
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for all e € £, N Epy1, and 0 < p < ¢ — 1. In order to provide these bounds, we use deformations
of the integration paths involved in the solution (5). More precisely, the following three cases
occur:

Case 1: One can choose L1y = L1 py1., i.e. 01, = 01,41 and Ly, , differs from Ly, py1.
Then, the path

Lipe X Laypt1 — Lipe X Layp = Lipe X (Lay pt1 — Ly p),

represented in Figure [I] is deformed into the path displayed in Figure

Ld27p+1
L Lp.e

Lanp

Uy U2

Figure 1: Integration path. Case 1

We notice that this deformation can be performed since the function (w1, u2) — w;(u1, uz, m, ),
j = p,p + 1 is holomorphic on D(0,r;(€)) x D(0,r2(€)). The integration along this new con-
figuration gives rise to bounds of exponential decay at the origin of order k2(1 — Ak1dp,) with
respect to the perturbation parameter, in the intersection of the corresponding sectors of the
difference of the solutions, uniformly with respect to the other variables.

T Ly
Lda,p+1,r2(6) 2
L 1,p,e
:,‘ TQI(E}:
Uul Soul

Figure 2: Deformation of the integration path. Case 1
Case 2: One can choose Lg, , = Ly, py1, but Ly, differs from L; 541 .. Then, the path

Lipt1e X Ly p — Lipe X Las,p

is split into three pieces, and deformed to the concatenation of the following paths:

Piece 2.1: Ly pi1,e X Ly, pry(e) (see Figure |3)

Piece 2.2: — L1 X Lg, pry(c) (see Figure {)

Piece 2.3: (L1 pt1,c—Lipe) X Lyy(e) dap (see Figure 5. Notice that the deformation involved
in this piece can be performed since (ug,u2) — w;j(u1,u2, m,€), j = p,p+ 1 is holomorphic on
D(0,71(€)) x D(0,72(€)). The deformation path is displayed in Figure [6]
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Ld27p7r2(6

m

Ly

3
.
.
.
.
.

T ’)"‘2(6) T
Uq Ug

Figure 3: Integration path. Case 2. Piece 2.1

Ld27paT2(E
Ll,p,e .
r 7"-2(6) r
U1 Uz

Figure 4: Integration path. Case 2. Piece 2.2

As in the first case, the integration along this new configuration in the pieces 2.1 and 2.2
gives rise to bounds of exponential decay at the origin of order k2(1—Ak10p, ) with respect to the
perturbation parameter, in the intersection of the corresponding sectors of the difference of the
solutions, uniformly with respect to the other variables. On the other hand, the integration along
the arrangement in the piece 2.3 provides exponential decay at the origin of order k; (14 k20 p,).

Case 3: Assume that Ly, , does not coincide with Lg, 41, and Ly, . differs from Ly pq1 .
In this case, the path

Lipti,e X Lagpt1 — Lipe X Ly p

is split into four pieces, and deformed as follows:

Piece 3.1: L pi1.e X Lyy(e)dypt1 (see Figure |7)

Piece 3.2: Ly pi1,e X Ly pi1,ry(e) (see Figure|)

Piece 3.3: —L1pe X Lyy(e) d,,p (se€ Figure|9)

Piece 3.4: — L1y X Lg, pry(e) (see Figure [10)

The piece 3.3 is deformed into two further block, namely —Ljpe X Cp,) and —Lj e X
Ly, (6),ds,p+1, Say Piece 3.3 (1) and piece 3.3 (2), represented in Figure 11| and Figure respec-
tively.

Finally, the piece 3.1 together with the piece 3.3 (2) can be deformed into Cy., () X Ly (c).dy 41
shown in Figure

Notice that the deformation from the path related to the piece 3.3, into piece 3.3 (1) and
piece 3.3 (2); and the piece 3.1 together with the piece 3.3 (2) can be performed since the map
(u1,u2) = wj(ur,uz, m,€), j = p,p+1is holomorphic on the polydisc D(0,ri(€)) x D(0,rz(e)).
As a result, the integration along the concatenation of the pieces 3.2, 3.4 and 3.3 (1) leads to
bounds of exponential decay at 0 with respect to the perturbation parameter in the intersection
of the corresponding sectors, uniformly with respect to the other variables, of order ko(1 —
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Ly L
D€ ro(€),do,
Lp+le 2( ) 2P

3
.
.
.
.
.

e
U1 U2

Figure 5: Integration path. Case 2. Piece 2.3

/‘—N Lr 0.
url(é) B 2(€),a2,p

. 1 Q 1 .
. 0 .
- B .
.
.
. . .

ro(€)
U1 Uz

Figure 6: Deformation of the integration path. Case 2. Piece 2.3

Ak16p,), and the integration along the deformed piece drawn in Figure 13 gives rise to bounds
of exponential decay of order k1 (1 + koo Dy)-

Since the truncated Laplace transform does not behave properly under products (unlike the
complete one), one major challenging problem would be to generalize our statement to the case
of nonlinear equations. Of course, the construction of solutions by means of double complete
Laplace transforms remains possible in that extended situation. But the extraction of asymptotic
information out of the solutions, which is the core of our study, remains an unsolved question
left for future research.
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Lre).dop
L1>p76 “‘
T 7”'2(6) T
U1 Uz
Figure 9: Integration path. Case 3. Piece 3.3
Ld2»p7T2(€
Ll,p,e “'_
T T‘Q(E) T
U2

U1

Figure 10: Integration path. Case 3. Piece 3.4

U2

U1

Figure 11: Deformation of the integration path. Case 3. Piece 3.3 (1)

er(e),dg,o—i—l

»
Q

Lype o
' 7€) ' u
2

Uy

Figure 12: Deformation of the integration path. Case 3. Piece 3.3 (2)
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Figure 13: Deformation of the integration path. Case 3. Piece 3.1 together with Piece 3.3 (2)



