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Abstract: The purpose of this paper is threefold: (i) to introduce and study the Euler-Lagrange
prolongations of flatness PDEs solutions (best approximation of flatness) via associated least
squares Lagrangian densities and integral functionals on Riemannian manifolds; (ii) to analyze
some decomposable multivariate dynamics represented by Euler-Lagrange PDEs of least squares
Lagrangians generated by flatness PDEs and Riemannian metrics; (iii) to give examples of explicit
flat extremals and non-flat approximations.
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1. Introduction and contributions

Least squares Lagrangians on Riemannian manifolds and the problem of best approximation of
flatness have gained a lot of attention lately [2], especially when they come to optimization problems
whose objectives are integral functionals. Combining this theory with decomposable multivariate
dynamics [20], we get new results in differential geometry and global analysis.

Section 1 outlines the ground material regarding PDEs in differential geometry, least squares
Lagrangian densities, dual variational principle, Riemannian volume form, and positive definite
differential operators. Section 2 recalls the basic properties of V-flatness, introduces the crucial
notion of least squares Lagrangian density attached to V-flatness and underlines that the Euclidean
metrics extremals are stable with respect to conformal changing. In Section 3 comes the heart of the
paper. Detailing the Riemann-flatness, we introduce the least squares Lagrangian density attached
to Riemann-flatness and best approximations of Riemann-flatness solutions. Then the non-flatness
extremals are analysed in detail. Section 4 shows how Ricci-flatness implies a least squares Lagrangian
density and best approximations of Riemann-flatness solutions. Section 5 lists some analogues of least
squares Lagrangian density attached to scalar curvature - flatness and confirms again that Einstein
PDEs are extremals. Section 6 underlines that least squares technique is suitable for solving some
problems in differential geometry.
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All Lagrangians we use are written in a local version which is of special interest for geometers and
nonlinear analysts. Their explicit formulas reflect the properties usually needed for differential
geometric constructions. In order to make the techniques in this paper available for a broad
mathematical audience, we have tried to make the article as much self-contained as possible.

1.1. PDEs in Differential Geometry

The behavior of many different systems in nature and science are governed by a PDEs system.
Usually such a system is thought of in terms of coordinates in order to prove existence of solutions
or to find concrete ones. However, tensorial PDEs in differential geometry contain also information
which is independent of the choice of coordinates. This is actually the most important information as it
is independent of any external structure, artificially added to the PDE, and in this sense it is genuine.
That is why, the differential geometry is often considered as an "art of manipulating PDEs" [9], [12],
[14], [15], [17], [18], [24].

The most important geometric PDEs are those producing flatness (e.g. connection-flatness,
curvature-flatness, Ricci-flatness, scalar curvature-flatness) and those producing constant curvature
(—1,0,1). The connection-flatness PDEs system is non-tensorial, while curvature-flatness, Ricci-flatness,
scalar curvature-flatness PDEs systems are tensorial. Our ideas are coming also from the papers [3],
(4], 5], [61, [7], [8], [21], [22], [23].

The connection-flatness and the curvature-flatness are interconnected.

In this paper, we present some specific features: (i) introducing those differential geometric
structures needed to define and study geometric PDEs (some of them in a manifestly
coordinate-independent way); (ii) defining PDEs and their signification within Differential Geometry
and Global Analysis; (iii) developing techniques to find intrinsic properties of PDEs; (iv) discussing
explicit examples to illustrate the importance of the choice of an appropriate context and language.

1.2. Riemannian volume form

Suppose (M, g = (gij)) is a smooth oriented Riemannian manifold. Then there is a consistent way
to choose the sign of the square root |/det(g;;) and define a volume form dy = , /det(g;) dx A A

dx". We call it the Riemannian volume form of (M, g). Having a volume form allows us to integrate
functions on M. In particular vol (M) = [,,dp is an important invariant of (M, g). It also allows us
to define an inner product (¢, ) = [,,(¢(x), ¥(x))¢ du, on the space of differential forms and other
tensors or objects on M, using the metric ¢ and its inverse ¢! This inner product induces the square

of the norm ||¢[|? = [}, \¢(X)\§ dp.

1.3. Least squares Lagrangian densities

Having in mind the so-called variational approach [1], [2], [16], in this Subsection we add typical
functionals that appear in the theory of geometric and physical fields [20].

Let M be an oriented manifold of dimension n. Any differential operator (of vectorial form,
tensorial or not) on the Riemannian manifold (M, ¢ = (g;;)) and the metric (geometric structure) g

generate a least squares Lagrangian density L. The extremals of the Lagrangian £ = L, /det(g;),
described by Euler-Lagrange PDEs, include the solutions of initial PDEs and other solutions which we
call "Euler-Lagrange prolongations" of that solutions (best approximation of initial PDEs solutions).

Generally, the Euler-Lagrange equation provides the equation of motion for the dynamical field
specified in the Lagrangian. If the Lagrangian attached to a PDE is that of the smallest squares, then
the extremals give the best approximation of the PDE solutions.

The Euler-Lagrange PDEs are indexed related to the chosen fibered chart (R, ¥), ¥ = (f!,x').
However, since the Euler-Lagrange expressions are components of a global differential form (the
Euler-Lagrange form), the solutions are independent of fibered charts [16].
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Example 1. (Compare with the paper [20]) Let (M, g = (gi;)) be an n-dimensional Riemannian manifold,
with local coordinates x = (xl, s X), and T C M be a compact subset. Let I, | be multiindices, each subindex
running in 1,n. Being given I x | Lagrangians L}(x, f(x), fx(x)), where f(x) has multi-components, then
the associated least squares Lagrangian with respect to the Riemannian metrics G{ (x)Gk(x), induced by the
Riemannian metric Sijs is

L =3 Glx)GK (x) Lf (x, f(x), fu(x)) Ly(x, f(x), fs(x))y/det(g;)-

The extremals are solutions of the Euler-Lagrange PDE system

N =

19(G1GE) (k1 . )y L

1 j~H{Ky1 9 JoH 1K oLy \ _
T3 C1CK Ly L/ det(sy) = Dr | GiCx Ly y/det(gij) 5 | = 0.

If the Lagrangian L} is associated to the PDEs system L}(x, f(x), fx(x)) = 0, then the extremals contain the
solutions of that system and the Euler-Lagrange dynamics is decomposable.

Remark 1. If we need to subject the Euler-Lagrange PDEs to boundary conditions, then instead of M we use ()
as a compact, n-dimensional submanifold of M with boundary (a piece of M).

1.4. Dual variational principle

Let (M, g) be a Riemannian manifold. Usually, the local components of the metric ¢ are denoted
by gij and the components of the inverse ¢~ ! are denoted by g%/. Due to the musical isomorphism
between the tangent bundle TM and the cotangent bundle T* M of a Riemannian manifold induced by
its metric tensor g, the arbitrary variations of g;; are equivalent to the arbitrary variations of g'l, and
any Lagrangian with respect to g;; can be regarded as a Lagrangian in relation to g, but the differential
orders are different.

When calculating the variation with respect to g'/, certain terms may appear whose integral
over any domain () can be reduced via Divergence Theorem (integration by parts) to an integral
over the boundary dQ), which vanish (variations vanish on boundary). Modulo this statement, the
Euler-Lagrange PDEs are reduced to % = 0 (the formal partial derivatives equal to zero).

1.5. Positive definite differential operator

For an n x n matrix of numbers or functions, positive definiteness is equivalent to the fact that its
leading principal minors are all positive (1 inequalities).

For an n X n matrix of partial derivatives operators, positive definiteness is equivalent to the fact
that its leading principal minors are all positive (n partial differential inequalities). For differential
inequalities, see also [19].

2. Least squares Lagrangian density attached to V-flatness
Let (M, g) be a smooth oriented Riemannian manifold. The Riemannian metric g of components

gij and its inverse ¢! of components g’/ determine (locally) the Christoffel symbols of the second kind

ag rs

oxt’

i1 (981 | 9gi 98k
2 oxk  9x/  ox!

1 4
R T ) = 28" (¢80 + 58361 — 5j618)
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i,j,k = 1,n (overdetermined elliptic partial differential operator). The V-flatness PDEs system I";k =0
is a (non-tensorial) PDEs system

=0

1 98 98
(1) 58" (01550 +8]60] — 6}0]5) = =0 & =7

nz(n+1)

on the space of Riemannian metrics S3T*M, ie., distinct first order non-linear

nonhomogeneous PDEs whose unknowns are Q functlons gij (positive definite tensor); forn > 1,
overdetermined system of PDEs; forn =1, determmed system. This PDEs system is symmetric in j, k.
Imposing the initial condition g;;(0) = 4;;, we find the solution g;;(x) = J;; (Euclidean manifold).

The square of the norm L = | V|2 = Sip g/ gk’F’ Fp is a Lagrangian density of first order with

respect to g;; and of order zero with respect to ¢'l. That is why, we have two kinds of writing the
functional describing V-flatness deviation, either I(g) = [, [|V|[*duor I(g™') = [, | V||*du. Though
the second is more simple, from variational point of view, let us begin the study with I(g) whose

associated Lagrangian £ = || V|2, /det(g;;) is of first order in g;;.

Theorem 1. The extremals of 1(g), i.e., the solutions of PDEs
. , ‘ , 1 .
T Tl {g”gk’f%"% — 3ip(8"g 18" + g1 g™ + Zgipg’”’gk’g’”"} det(g;;)

D1 (3G (8}1678L + 611618] — 5,815 )Ti [ det(gyp)| =0
split in two categories: g;j(x) = &;; (global minimum points, i.e., solutions of V-flatness) and local minimum
points of 1(g).
Proof. The extremals of the Lagrangian £ are solutions of Euler-Lagrange PDEs

oL oL

— D, ——— =0.
agmn 2 a<axlgmn>

This critical points are global (when £=0) or local (when £ # 0).
Suppose L # 0. Based on obvious formulas

ik e 08"

—5~5, T8 M nk[
9gmn j "k O mn 8§78
a(a fgrs) !
—7— det(g;j) = det(gi))g"™", ol = slamsT,
agm det(gii) ($)8™ Saagm) = 0107
we obtain -
Ogmn [£7185 T, — gy T Th (87188 + glig™g™)| | [det(gyy)
1 .
+58ip8" 18" TjLyr /det(giy) g™,
ar'

L ;
7" 90 oM TP [det(e;) — 15
g~ 28818 Tyry/det(gy) 550

a(a tg )
79 okr iu(sr g5 st 7 g5 st st g7 ¢S . xtors
_glpg 8 qug (§u§]5k+5u5k5] 5u5]5k) det(glj) a(axlgmn)

= gHGHTY (57638} + 5,030! — 5L8763)0168" [ det(g;y)
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— g1 (671070, + 61, 616; — 5,676} )T\ /det(gyy)-
The explicit Euler-Lagrange PDEs are those in Theorem.
Now let us compute the Hessian matrix of components

o’L
axlgmn)a(ax“gbc)

ar,

a(ax“gbc)

H1mn) (abe) = a0 = §/1¢M (51875} + 51, 66} — 5,057

_ L gk ! 1l t t_ st 9(9y:&rs)
= 878" (61818} + 51010} — BL5]IO)" (55850, + 030 — 01oen) S xS
1jqkr1w m sn gl m sn sl 1 sm sny ( sb sc sa b sc sa a sb sc
= 581187 g" (01070, + 671616 — 5,07 ) (356507 + 556505 — 556455).

This matrix is invariant if one interchange ! with a and the (un-ordered) pair m, n with the (un-ordered)
pair b, c, what must happen with a mixed derivative. Since the matrix H is positive definite, all
extremals are minimum points (Legendre-Jacobi criterium). O

2.1. Homothetic flat extremals

The extremals ¢ of I(g) are Euler-Lagrange prolongations (the best approximations) of the flat
solutions g;j(x) = d;;. Let us show that the Euclidean metrics extremals are stable with respect to
conformal changing.

To simplify the problem, we consider a 2-dimensional manifold with the Riemannian metric
11 = f,822 = h,g12 = 0. Then the least squares Lagrangian is

L(g) = 8ipgl 18N T Th | [det(gij) = Ly /det(gy),
and the Euler-Lagrange PDEs are

oL oL

2= Dy, =0

agmn 4 a(axlgmn>
We find or - .

_ . - nm

T ,/det(g,]) (agmn + 2Lg ) .
The Lagrangian density
L =2¢11g" g% (T1)” + g11(g")* (1) + g11(87)*(T3)?
+82(8") (T ) + 28228"' 87 (Th)? + 822(8%2)*(T,)?
becomes 3 3 , ,
_ 2 2 2 2
L= m&m + WgZZ,l + 473811,1 t gasny
We get
oL 3fF 3hr  3f2 oL 3ff  3h 3k}

og1  2f3h  4f2h2  4f* 9gm  4f2K2 2fW3  4h*

oL f oL 3f
- V h ~N 7 - V h N1
98111 / 2f3" 9g11, f 2f2h
oL 3h L hy
= /fh =L, 2= = /fh %
8g22,1 f 2fh2 ag22,2 f 2h3


https://doi.org/10.20944/preprints202009.0234.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 September 2020 doi:10.20944/preprints202009.0234.v1

6 of 17

It follows the Euler-Lagrange PDEs system
Remark 2. If f = f(x!),h = h(x?), then the previous PDEs system is reduced to

2 2
W(—;%Jrézg)—w <\/f71f1> = 0.

A/ fh _% + L% —D /fh hiz =0
Ph\ ~gni g 13 e (Vg ) =0
Remark 3. If f = h (conformal case), then one gets the PDEs system

2f(ff+ f3) + (ffu — 2f1) +3(ff2 — 2f3) =0,
2f(ff + f3) +3(ffir — 2f1) + (ffz —2f3) =0

equivalent to

FOUR+ ) +2(ff2=2f3) = 0, f(ff + f2) +2(ffu = 2ff) = 0.

Since f must be positive throughout, this system of PDEs has only solutions of the form f(x) = ¢ >
0 (see Maple (pde, pdsolve(pde)). The metrics with ¢ > 0, ¢ # 1 are homothetic to d;j. Consequently,
the Euclidean metrics extremals are stable with respect to conformal changing.

For comparison we use £(g™!) = g8/ gkfr;ikr;’, det(g;;), the general form of Euler-Lagrange
PDEs BZ'% = 0 and we formulate the following

Theorem 2. The extremals § = (g;j) of L(g™") are solutions of PDEs system
k(o ia ia Sst Lo g ir
g —28mp&ni& " + Smignp&" — Zgip mOon + Egipg Smn r]‘qur =0.

agmj
agab

kr
For calculus of the matrix H,p);(un) we need agﬂb = 57,1‘52 and

2 .
; — agaabagm"’ 5 = —&mag&pj- We find
H(ab);(mn) = Zgiprfnurﬁb
+gkr [zgapgbirinkrﬁr + (4gmpgm’ — &ip8mn — ngignp)FZkTZr

1 .
+§g]‘7 (gipgmugnb — g,ngmngib)r;'krgf} )
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This matrix is not (neither positive nor negative) definite since it vanishes in the center of normal
coordinates. This is why this matrix is of no help in determining that extremals could be extremum
points.

2.2. Homothetic flatness extremals
General case There are extremals of the type g;i(x) = f(x)d;, f(x) > 0, on a Riemannian
manifold (M, g;;) of dimension n? Since

, 1 : , -
;'k = ﬁ('f]&( +fk5]l' — fiéjk)/ Z,],k =1,..,n,

the Euler-Lagrange PDEs reduced to
5 3n
Zf,, 51']‘ 7 -7 +fjf]'(6 — 311) =0.
r

It follows fy = 0,Vk = 1,...,n. Therefore f(x) = ¢ and gij = cdjj. The metrics with ¢ > 0,c # 1 are
homothetic to §;;. Consequently, the Euclidean metric extremals are stable with respect to conformal
changing.

Bidimensional case Let us consider a 2-dimensional Riemannian manifold with the metric g11 =
f,822 = h,g12 = 0. Let us show again that the Euclidean metric extremals are stable with respect to
conformal changing.

In this case

L(37") = 8ipg 18 TTY | det(giy) = Ly /det(gy)

and the general form of Euler-Lagrange PDEs system is

oL 5.~ ( oL 1

Since 3 3 1 1
_ 2 2 2 2
L= 4f2hg11'2 + 47fh2g22'1 + 74f3811,1 + 382

oL 3f2 3hm3 3fl oL  3f7 3k 3i3

ogll — 2fh T 4n2 T 4f27 9¢22 T 4f2 T 2fh T 4n2’
the Euler-Lagrange PDEs system becomes
12fh2f2 + 6f2hh? 4 6l f2 — 3fh f3 — 3f*hh3 — h3f2 — f3f2 =0,
62 f2 +12f2hh2 + 6313 — 3fh2f2 — 3f2hh? — W3 f2 — f3f2 = 0.

Remark 4. If f = f(x!),h = h(x?), then Euler-Lagrange PDEs are reduced to h*f? = 0, f3h3 = 0, i..,
f1 =0,hy = 0 (Euclidean case).

Remark 5. The conformal case f = h leads to fi + f3 = 0, and we get f; = fo = 0, i.e., f is constant
(confirming the general case).

d0i:10.20944/preprints202009.0234.v1


https://doi.org/10.20944/preprints202009.0234.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 September 2020 doi:10.20944/preprints202009.0234.v1

8 of 17

3. Least squares Lagrangian density attached to Riemann-flatness

Let V be a symmetric connection of components T;k and g be a Riemannian metric of components
gij- We use the operator P].’;(S = %(5]’? 55— oF d;) which is a projection, i.e., P? = P, and is covariant
constant. The Riemann-flatness PDEs system is either Riem" = 0 or

d 0
I I I I
Riije = 55T = 5213 + s i — DTy

3 3
= 2Py (aprfs +T, r”) 2PfF (a,,ffs ré,;;;,) =0,

where i,j,k,I,... = 1,1, and has the general solution l";k =0.

2(42_
Each of the Riemann - flatness PDEs systems R, j = 01is a system of % distinct first order

linear quadratic PDEs whose unknowns are M functions F;k ; for n > 7, overdetermined system;
for n < 7, undetermined system; for n = 7, determined system.

The curvature flatness was discussed in [3], [4], [5], [6], [7], [21] based on the idea of finding
an adapted coordinate system. We bring up another point of view, looking for suitable metrics and
connections, and not for adapted coordinate systems.

On the smooth oriented manifold (M, V, g), we introduce the square of the norm L = ||Riem
= gip gl1gk" glsRijkl RF grs,» which is a Lagrangian density of first order in F;k. It determines a functional

VHZ

(Riemann - flatness deviation) similar to the Yang-Mills functional, namely I(V) = [}, ||RiemV ||2d 1.
The extremals V of £(V,0V) = ||Riem" ||*,/det(g;j) are solutions of Euler-Lagrange PDEs ar"

oL _
Dy 5oy =0

Theorem 3. The explicit form of Euler-Lagrange PDEs attached to the Lagrangian L(V,0V) is
A [k5z] bj T 9} 010y Tl )R 1s8178" 815 gip /det (i)

Dx [ g ] rsgwqgkrglsg dEf(gij)} =

The Riemann-flatness solutions F;.k = 0 are global minimum points. The others solutions are best
approximation of flatness PDEs solutions.

Let (M,g = (gij)) be a Riemannian manifold. The Riemannian metric (g;;) determines the
Riemannian curvature tensor field Riem$ of components

1( % | Pgi g Pgu
Rijut = 2 (axfax’ + oxioxk  axiox!  oxioxk +gm”<r]k il rr';l i)

psd gzﬂ q5p
= 201005 sgies — Smidlol ST

where
ag rs
oxt

In this case Riemannian curvature flatness condition means the tensorial PDEs system

i il
5{57]—5”5" 578l T = Zgl (0850, + 670387 — 616757)

Lopsterss 28m

2219191% Sya9e —gmné‘ijp(s[l Ii] glr . =0,
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20,2
on SiT*M, with Z (’}2 1) distinct second order linear non-homogeneous PDEs whose unknowns
n(n+1)

2

are functions Sij (positive definite tensor); for n < 3, undetermined system; for n > 3,
overdetermined system; for n = 3, determined system. This PDEs system is parabolic since the
set of eigenvalues of the matrix Tl’jlqkr T = (5[’]5% 5[’l 6;1 (tensorial product of a matrix by itself) contains the
eigenvalue 0. Indeed all eigenvectors, respectively eigenvalues are: X//'*-symmetric in (7, ) or in (I, k),
with A = 0; X/ -skewsymmetric in (i, j) and in (I, k) with A = 2. Of course, this PDEs system has all
properties of curvature tensor field.

On the Riemannian manifold (M, g = (g;;)), we introduce the square of the norm L = ||Riem& > =
giPglighrols R, jjki Rpgrs which is of second order with respect to g;; and of order zero with respect
to ¢/. In this way the Riemann - flatness deviation is written either I(g) = [, [|RiemS|?dyu or
I(g") = [y, ||Riem8||*dy. For I(g) the extremals g are solutions of fourth order Euler-Lagrange PDEs

oL oL oL

i D.D, — ——
agmn 1 + xk Lyl a(anaJ(lgmn)

9~ =0,
* a(axlgmn)

while for I(g~!) the Euler-Lagrange PDEs are reduced to az% =0.
Theorem 4. The extremals § = (g;j) of the Lagrangian L£(g~1) are solutions of the PDEs system
_95¢ sAR ap ,bq jkr ls e e
kOnRpgrs& 878 & &nv8wml pel ag
o S 1
+2Rijit Rpgrs (00081 + 61018 )88 — 5 RijiaRpgrsg 81788 Gm

The Riemann-flat solutions g;;(x) = J;; are global minimum points. So are the metrics obtained
from ¢;; by changing variables, such as

. 1 1
5(r) = ciog oy )

The others solutions are best approximation of flatness PDEs solutions.

3.1. Non-flat extremals

We consider a 2-dimensional Riemannian manifold (M, g), where ¢11 = f,g22 = h,812 = 0.In
this case £ = (g''¢*?R112)* /det(gij), and

1
Rip1p = —5 (11,22 + §22.11) + g (T4, T%, — T4,T4,)

1 11 11 2 2 2 2
*5(811,22 +82211) + 81T T2 — Tplyy) + 822(T3 T — T5,173)
or

i(fz2 + fih1) + ﬁ(h% + fahy).

1
Rio12 = _E(hll + f2) + if

We get
IR1212 ORpp1p 1 IR1212
ag“ = (f2 +f1h1) dg 7 Zl(h%—i_fth)' aglz =0.

The Euler-Lagrange PDEs a g’”” = 0 become the following system of equations

zgll(gZZ)ZRZ ( 11 22) aR1212 1

DR N2,
g8 27541 (8 8§ Ri212)°811 =0,
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JOR
28%(g'")* Ry +2(818%) Rion agm (g "¢ R1212)7822 = 0.
Explicitly,
Rz R1212
20212 BfRioi2 + f3 + fil1] = 2212 [BfRipi2 + 15 + foha] =0,
Case 1: Ryp;p = —%(hll + f) + #(f% + film) + @(h% + fohy) = 0 produces the Euclidean
metric.

Case 2: 3fR1212 + f22 + flhl =0, 3hR12 + h% + f2h2 = 0. Equivalently
3fRiziz + f3 + filn = 0, h(f3 + fil1) — f(h§ + fah2) = 0

Case 3: The conformal case f = h becomes:
(1) Rippp = —%(fn + fao) + %(flz + f#) = 0, i.e., Euclidean space.

(2) 3fRizi2 + f7 + f3 = 0. Therefore 3 (fi1 + f22) = 5(f7 + f3) or 3fAf = 5||grad f||* (Poisson
PDE). Maple answer (pde, sol := pdsolve(pde)): this PDE has solutions of the form f(x!,x?) =

@1(x1) @2 (x?), where
dey 2 2 (d(PZ( ))2
DL = g+ SHE D ER20) e+ S L
C1sin((x/3)y/2c1) + Cacos((x/3)v/2c1) — (P;(/?)Czl/a =0,
V21

Casin((y/3)y/2c1) + Cy cos((y/3)/2¢1) — PRI

Globally, these solutions are not convenient since they are not strictly positive.
We have two particular cases: a) If f; = 0, then f(x!,x?) = f(x?) and hence —3ffx»n +5f2 =0, a
Liouville equation with the general solution

3 2
W"‘Clx +C2:O

This function is strictly positive only locally. b) If f, = 0, then f(x!,x?) = f(x!) and hence —3ff1; +
5f% = 0, a Liouville equation with the general solution

5 +eoxl+c=0
ZICOZEE
This function is strictly positive only locally.

Theorem 5. The extremals g = (g;;) of the Lagrangian

L(g,0g,8°g) = ||RiemS|? /det(gy;)

are solutions of the PDEs system
kr ol ip o
Rpgrsgg" [2(TATY — TATE)g g1

Ry (285" g + i) — g™ | fet(sy)

+D 0700050 [T (318} + ooy — Thydpiol
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Ty (6RO + 80%) — Theoltdl | Rygrg g1k g™ | [det(g57)|
+Dihxa {gi”gfqgk glsé[mé]&fqélﬁ}Rws det(gij)} =0.
The Riemann-flat solutions g;;(x) = J;; are global minimum points.

3.2. Non-flat extremals

We consider a 2-dimensional Riemannian manifold (M, g), g1 = f, g2 = h, g12 = 0. Then

L = (g"'¢*R1212)? /det(gij), where

1
Rizia = =3 (11,22 + §22.11) + gap (15, TY, — T4,T4,)

—%(hn + f22) + (fz + fil) + (h% + fah2).

af

oL 11 .22 B aRlZlZ 1 mn
S 2878 )*Riz1zy/det (i) agm T258

~2g'1g% (gzzg"“g’“ + g“g’"zg”z)R%zu\/def(gij),

OR1p12

Since

S — — B fi), S = L 02 + ),
;j?fl = Riz12/det(gij) [—zfg)thlzlz - zfihz(fzz +f1h1)]} :
oL _ Ri124/det(gij) [31{1212 (3 +f2h2)]}
92 17 2f2m3 2f2h4

oL I

o f3h2R1212 det (i)

L 1 (26
T 2f2h2 <f +o > Ri2124/det(gij)-

oL 1 (f 2
dem1 2702 <f + >R1212\/d€t(8q)

oL
9822,
oL oL L oL
0g1111 981112 08212 08222

oL oL 11,22
- R det (g
Bgll,zz 8822,11 (g 8 ) 1212 (gl])

it follows the Euler-Lagrange PDEs

fa
= 2fTh3R1212 det(gij).-

9L 5 oL 5 9L
9811 ' 9(0g111) * 9(9g112)
oL oL oL
+D,aDa +2DaD, +DoD ) — =
o 981111 o 981112 @ 811,22

oL D oL D oL
oL _9% _p, 9%
092 ' 9(0g2,1) ¥ 9(9822,2)
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oL oL oL
+D,aDa +2DaD, +D.D =0.
o 992,11 o 992,12 A e

Equivalently,

<2f3h2 Rizz + 2]"4h2 (fs +f1h1)> Rizi2y/fl = Dy <2;lg,1th1212\/JTh>

s 5 o)
( g Rime + f2h4 (12 + faho >Rmf
~Du [ (45 ) R 7] = Do (R )
Do (-~ RVt =

The conformal case f = h. The PDE system becomes

3 R2 L o, o f1
_?R1212 - ﬁ(fZ +f1 )R1212 - Dxl ﬁRlZlZ

3f2 1
-D —R D ——=R =0.
2 < 2 1212) + Dy ( 2 1212)

3 2 3f1
_ﬁRmz 2f5 (fz +f1)R1212 D <2f4R1212>

f2 1 _
=D, <2f4R1212 + Dy —J73R1212 =0.

The case Rip1a = — % (fi1 + f) + % (f2 4 f2) = 0 produce trivial solution g17 = 1 = g2, g12 = 0.
We subtract the second equation from the first one and we get

1
D (J&Rmz) — Dy (ﬁRuu) + (D22 — Do) <—f3R1212> =0.

Particular cases a) f; = 0 and

Da | B (-ffa+B)] + Daw | 512+ ) =0

f*
The second PDE is equivalent to 22 ( ffo+f3)+Dyp [ 7 (—ffo+f3 )] =cporto

f14(—ff22 +f22) =ef <c+cz/efdx2> .

The Liouville equation — f f»» + f2 = 0 has the solution f(x?) = e’ ,a > 0.
b) f» = 0and

Da | B ffu+ 8] + Dot |5+ £ 0.

Iz
The second PDE is equivalent to 21 ( ffii+f2)+Da [f4( ffu+f? )] =cjorto

f14(—ff11 + ) =ef (c+cl/efdx1> )
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The Liouville equation —ff1; + f2 = 0 has the solution f(x!) = ce™ ¢ > 0.

4. Least squares Lagrangian density attached to Ricci - flatness

Let (M, V) be an equiaffine manifold. The components R;; of the Ricci tensor field RicV are

obtained by the contraction of the first and third indices of the curvature tensor field R! ijkr ie.,
d 0
1 1 1
Rix =Ry = o ZF o —— 1+ T} T5 — Th T
_ pPs J I*‘i rq rn _ 7)!’5 J rq rq 184
— Tk 87;;15+ T Tak \ gypis  TSntip )

n(n+1)

i,j,k, ... = 1,n. Each of the Ricci - flatness PDEs systems R = 0 is a system of + ) distinct first order

(n+l)
2

divergence quadratic tensorial PDEs with Z unknown functions F}k, for n > 1, undetermined

system; for n = 1, determined system. Here PPS = (5”(55 - 5’755 works like a trace between p and g, in
order to produce a divergence term. This operator is assoc1ated to the projection P. Any divergence
PDE represents a conservation law.

Ricci flatness was described in the papers [8], [10], [11], [22], [23], [13] underlining locally the
difference between an "Euclidean ball" and a "geodesic ball".

In Physics, Ricci-flat manifolds represent vacuum solutions to the analogues of Einstein’s
equations for Riemannian manifolds of any dimension, with vanishing cosmological constant.

Let ¢ = (gij) be a Riemannian metric. On the smooth oriented manifold (M, V,g), let us
consider the Lagrangian density L = ||RicY||> = gik gflRinkl (square of the norm, first order in I’ik)

and the functional (Ricci - flatness deviation) I(V) = [}, [|[RicV|[*dy. The Euler-Lagrange PDEs are
oL oL —_
oy~ DX 3G, O

Theorem 6. Let R;; = 735].5 ( i +T} F”). The extremals F;k of the Lagrangian L(V,0V) =

g% g"R;iRy; \/det(g;j) are solutions of PDEs system
[G3TS — &7 Tio + 07 (07 Te, — T5o) Riag ™" | /det (gi7)
( YR iy Jdet(g;)) =0
[u ]] klg g gl] .
The Ricci-flat solutions Fék are global minimum points. The other solutions are best approximation

of flatness PDEs solutions.
In case that (M, g = (g;j)) is a Riemannian manifold, the Ricci tensor field Ric has the components

ort, 0 s
Rik = ax F Vk < (11’1 det(gmn))> ,

ag s
oxt

The Ricci tensor field of a connection derived from a metric is always symmetric. In this case, the

or J
ik —_
axz —T0T — Vi <8xi <ln\/det(gmn)>) =0

distinct PDEs with @ unknown functions g;;, on S2 T*M. They are special cases of
Einstein manifolds, where the cosmological constant vanishes.

where

b= 2g 1(67635¢ + 676301 — 616767)

Ricci-flat manifold

1
means %
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On the Riemannian manifold (M,g = (g;j)), let us consider the Lagrangian density L =
||IRic8 H2 = gik gflRinkl (square of the norm) which is of second order in Sij and order zero in gij The
Ricci - flatness deviation is described either by I(g) = [, ||Ric8 |2dporby I(g~!) = [ v IIRic8 2dp.

For I(g) the extremals g are solutions of fourth order Euler-Lagrange PDEs agﬁn D, 8(63%

L
kaD 9(9,x9,18mn)

determined by £ = gikgleinkl \/det(g;j) are reduced to agm" =0.

= 0. To simplify, we work first with I(¢~!) since the Euler-Lagrange PDEs

Theorem 7. We fix a harmonic coordinate system [13]. The extremals g = (g;;) of the functional 1(g™") are
solutions of PDEs system

) o 328..
28" RimRyn + 28" ¢/ Ry ( -3 axmalin

+gcdrfmrfl]+8 gmdgﬂcrzarb])
LoikgilRiR =0
78 & Rijkl gmn =1

The Ricci-flat solutions g;;(x) are global minimum points. The other solutions are best
approximation of flatness PDESs solutions.

Theorem 8. We fix a harmonic coordinate system [13]. The extremals g = (g;;) of the functional 1(g) are
solutions of PDEs system

1 .. . L
det(gij) | RijRir(=2¢"'g" g/ + 5g™ g'g"™") + 28" g

1 0°gu
XRjj { —g"rg™ (_28xigaxq +8rsrzr<p Zl) —gpqrzp Z;H
—th[ det(gij)szg“bgikgﬂ[(53(5Z5f"+‘5?5£n) f(sgélmé;‘)l*zj
+ (0 (e + oy — jopiay )b ]| + D[ Jaet (53)"'s"™ 5" Ru] =0.

The Ricci-flat solutions g;;(x) are global minimum points. The other solutions are best
approximation of flatness PDESs solutions.

5. Least squares Lagrangian density attached to scalar curvature - flatness

Let V be an equiaffine connection of components F;:k and ¢ = (g;;) be a Riemannian metric,
where i, j,k, ... = 1,n. On the manifold (M, V, g), we introduce the functional (total scalar curvature)
I(V) = [y RY du, where RV = ¢'/R;j, and the Lagrangian L =RY /det(g;) is of first order with

DX,L —0.

(axrrgnn)

respect to F;k. The general Euler-Lagrange PDEs are arl

Theorem 9. The Euler-Lagrange PDEs attached to the functional 1(V), ie., to the Lagrangian L =

g* Ry \/det(g;), are

P | (st ooy ) fdedtsa) o5 (7 detisan) )| =0

Proof. Since £ = gikRik \/det(gik), Rik = 'P‘fks (E}gf’ Fq + l“q I“r ) and

— / ) — st 59 s5m sn
argﬂn B I a (axrl—'mi’l) 5’](5[ 51 (55,
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IR
arl
we obtain the PDEs in the Theorem. [

JdR;
pPS (5q5m1—vn 5m(5n 7 ik PPS 5r 5‘15m5n
( s Pl) Oy Tl

On a smooth oriented Riemannian manifold (M, ¢ = (g;;)), we attach the functional (total scalar
curvature) I(g) = [, RS du, R = gl R;j. Here the Lagrangian £ = g R;j \/det(gi;) is of the second

order with respect to g;j, and of order zero with respect to ¢'I. In dimension two, this is a topological
quantity, namely the Euler characteristic of the Riemann surface by the Gauss-Bonnet formula. In
n > 3 dimension we prefer to write the functional in the form I(g™') = [}, RS dp.

Theorem 10. The Euler-Lagrange PDEs attached to the functional 1(g~'), n > 3, i.e., to the Lagrangian
L= gifRij det(g;;), are Einstein PDEs R;; = 0.

Proof. The Euler-Lagrange PDEs are az,% =0, where £ = gl R;j y/det(g;j). On the other hand, we

have
“ognn = — det(gij)&mn, agmn = —8mj&nl, Fr = 610y

i+ ORjj . . . . .
The term gY 33 w4/ det(g;j) is of divergence type, and it has no contribution to the Euler-Lagrange

9 ij R::
equations. Consequently -2 agm" = (ggm"l] )

asR =0. O

= Ryun. Finally, we obtain the explicit Euler-Lagrange PDEs

Theorem 11. [16] The solutions of the problem “ming,, S RS dp subject to [y, du = 1,n > 3", are solutions
R
of nD Einstein PDEs R;; = — Sij-

Proof. We use the Lagrangian £ = g'/R;; \/det(g;j) — A/det(gij), where A is a constant multiplier.
Taking the variations with respect to g/, we obtain

R—-A
Rij=—— 8ij=0.

The hypothesis n > 3 and A = ¢ 1mphes that R is constant. We replace R, respectively R;;
(n—2)R
n

l]/
and

fM RS dy and we obtain R vol(M) = [,,RS du = 252 n vol(M). Consequently, A =
R n Sij- O

The exact solutions of Einstein PDEs were discussed many times. In dimension four, there are
topological obstructions to the existence of Einstein metrics.

On a smooth oriented Riemannian manifold (M, g = (gij)), we attach a scalar curvature flatness
deviation either by the action I(g) = [}, ( Rg )~ dy or as the functional I(g™") = [}, ( Rg du.

Theorem 12. The Euler-Lagrange PDEs attached to functional 1(g~1), ie. to the Lagrangian L =
(gi]‘Ri]-)2 \/det(gij) (zero order with respect to g'), are either R = 0 or R;j =0.

Corollary 1. The solutions g;;(x) of PDEs R = 0 or R;; = 0 are Euler-Lagrange prolongations of Euclidean
metrics g;i(x) = jj.
6. Conclusions and future work

In this paper were studied least squares Lagrangian densities attached to flatness PDEs on
Riemannian manifolds. The index form technique facilitates the understanding of the significance of
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the geometric PDEs and of the Lagrangian densities attached to them using the Riemannian metrics.
This paper is the continuation of some ideas in the papers [2], [20].

Some of our results are proved for a wider class of manifolds and as a special case we also reprove
well-known results for the Einstein PDEs. Also, the proposed approach can be used for each least
squares Lagrangian on Riemannian setting and is able to give intermediate results, which can be seen
as the "best approximation” of solutions of geometric PDEs.

In the Riemannian case we have two facilities: (i) the most important Lagrange-type densities
are the squares of the norms of important geometric objects: connection, curvature tensor field, Ricci
tensor field, scalar curvature field; (ii) to obtain the Euler-Lagrange PDEs, we can select alternatively
either the variations with respect to the metric g or the variations with respect to the inverse metric
gt

In light of the above discussion, if one is able to say something about the solution of a PDEs system
whose solution is a Riemannian metric or an affine connection, one could perhaps say something
interesting about the behaviour of the manifold and its structure. Further research into the nature of the
geometric extremals (metrics or connections) may yield strong theoretic results for finite dimensional
Riemannian manifolds.
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