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Abstract: This paper aims to introduce the notions of various types of Θc-contractions for which we 
establish some fixed circle and fixed disc theorems in the setting of metric spaces. Some illustrative 
examples are also provided to support our results. Moreover, we present some fixed circle and fixed 
disc results of integral type contractive self-mappings.
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1. Introduction and Preliminaries6

Metric fixed point theory is the branch of mathematical analysis which study the existence and7

uniqueness of the fixed point of the mappings defined on a metric space (Y, ξ). The most important8

theorem in this theory is the classical Banach contraction principle due to Banach [1]. Many authors9

extended and generalized this principle in various directions (see[2–10]). In this regard, Jleli and Samet10

[11], introduced the auxiliary functions Θ:(0, ∞)→ (1, ∞) and utilized the same to prove a fixed point11

theorem concerning a new type of contraction, called Θ-contraction (or JS contraction).12

Definition 1. [11] Let Θ:(0, ∞)→ (1, ∞) be a function such that the following conditions are hold:13

(JS1) Θ is non-decreasing;14

(JS2) for every sequence {αn} ⊂ (0, ∞),

lim
n→∞

Θ(αn) = 1 ⇔ lim
n→∞

αn = 0+;

(JS3) there exists λ ∈ (0, 1) and k ∈ (0, ∞) such that limα→0+
Θ(α)−1

αλ = k.15

In the sequel, we adopt the following notations:16

• Ω1 the class of all functions Θ which satisfy (JS1).17

• Ω1,2,3 the class of all functions Θ which satisfy (JS1)-(JS3).18

From now on, the mapping S is a self-mapping defined on a metric space (Y, ξ). Utilizing the19

above auxiliary functions Jleli and Samet [11] defined Θ-contraction as follows:20
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Definition 2. [11] Let S : Y → Y and Θ ∈ Ω1,2,3. The mapping S is said to be Θ-contraction, if there exists a
constant λ ∈ (0, 1) such that

ξ(Sz, Sw) > 0 ⇒ Θ(ξ(Sz, Sw)) ≤ [Θ(ξ(z, w))]λ, ∀ z, w ∈ Y (1)

By considering the notion of Θ-contractions, the authors in [11] proved that every Θ-contraction21

mapping defined on a generalized metric space possesses a unique fixed point. On the other hand, in22

the case that the mapping S has more than one fixed point, there exist some mappings that fixes all the23

points of circle, such circle is called a fixed circle.24

For a metric space (Y, ξ), the two sets Cz0,r = {z ∈ Y : ξ(z0, z) = r} and Dz0,r = {z ∈ Y :25

ξ(z0, z) ≤ r} are called circle and disc, respectively, with center z0 and radius r. The notion of fixed26

circle was introduced recently in [12] as under:27

Definition 3. [12] Let S : Y → Y be a mapping and Cz0,r a circle on Y. Then Cz0,r is said to be a fixed circle of28

S if Sz = z, for all z ∈ Cz0,r.29

Example 1. [13] let C be the set of all complex numbers and consider the mapping S : C→ C defined by

Sz =

{
1
z̄ , i f z 6= 0;
0, i f z = 0,

where z̄ is the conjugate of z. Then C0,1 is the fixed circle of S.30

These kind of mappings have some applications to neural networks (see [14]). For more details of31

such kind of mappings and fixed circle results we refer the reader to [12,13,15–19].32

Here we would like to point out that there exist some mappings which map the circle Cz0,r to it33

self but Cz0,r is not a fixed circle, that is, the mapping does not fix the all point of the circle as we will34

see in the following example:35

Example 2. [13] let C be the set of all complex numbers and consider the mapping T : C→ C defined by

Tz =

{
1
z , i f z 6= 0;
0, i f z = 0.

Then T(C0,1) = C0,1, but C0,1 is not a fixed circle of T. In fact, the mapping T fixes only two point of the unit36

circle.37

Now, we introduce the notion of fixed disc as follows:38

Definition 4. Let S : Y → Y be a mapping and Dz0,r a disc on Y. Then Dz0,r is said to be a fixed disc of S if39

Sz = z, for all z ∈ Dz0,r.40

This paper aims to present some fixed circle (disc) results for many types of contraction41

self-mappings namely: Θc-contractions, Θc-weak contractions, Ćirić type Θc-contractions, Reich42

type Θc-contractions, Chatterjea type Θc-contractions, Hardy-Rogers type Θc-contractions and Khan43

type Θc-contractions in the setting of metric spaces by using JS technique. Furthermore, we establish44

some fixed circle (disc) results of integral type contractive self-mappings.45

2. Fixed circle (disc) results46

First, we introduce the notions of Θc-contractions, Ćirić type Θc-contractions and Θc-weak47

contractions as follows.48
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Definition 5. Let S : Y → Y and Θ ∈ Ω1. The mapping S is called Θc-contraction, if there exists λ ∈ (0, 1),
and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(ξ(z, z0))]
λ, ∀ z ∈ Y.

Definition 6. Let S : Y → Y and Θ ∈ Ω1. The mapping S is said to be Ćirić type Θc-contraction if there exist
λ ∈ (0, 1) and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(m(z, z0))]
λ, ∀ z ∈ Y,

where m(z, z0) = max{ξ(z, z0), ξ(z, Sz), ξ(z0, Sz0), 1
2 [ξ(z, Sz0) + ξ(z0, Sz)]}.49

Definition 7. Let S : Y → Y and Θ ∈ Ω1. The mapping S is said to be a Θc-weak contraction if there exist
λ ∈ (0, 1) and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(M(z, z0))]
λ, ∀ z ∈ Y,

where

M(z, z0) = max

{
ξ(z, z0), aξ(z, Sz) + (1− a)ξ(z0, Sz0),

(1− a)ξ(z, Sz) + aξ(z0, Sz0), 1
2 [ξ(z, Sz0) + ξ(z0, Sz)]

}
, 0 ≤ a < 1.

Remark 1. (1) Every Θc-contraction is Θc-weak contraction.50

(2) Taking a = 0, then Definition 7 coincides with Definition 6.51

The following proposition follows from Definition 7.52

Proposition 1. Let (Y, ξ) be a metric space and S : Y → Y a Θc-weak contraction with z0 ∈ Y, then Sz0 = z0.53

Proof. Assume that Sz0 6= z0. From Definition 7, we have

Θ(ξ(z0, Sz0)) ≤ [Θ(M(z0, z0))]
λ

=

Θ

max


ξ(z0, z0), aξ(z0, Sz0) + (1− a)ξ(z0, Sz0),

(1− a)ξ(z0, Sz0) + aξ(z0, Sz0),
1
2 [ξ(z0, Sz0) + ξ(z0, Sz0)]





λ

= [Θ (max {0, ξ(z0, Sz0)})]λ

= [Θ(ξ(z0, Sz0))]
λ,

a contradiction as λ ∈ (0, 1). Therefore, we must have Sz0 = z0.54

Using Θc-weak contraction condition, we present the following fixed circle results.55

Theorem 1. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Θc-weak56

contraction with z0 ∈ Y and ξ(z0, Sz) = r, for all z ∈ Cz0,r, then Cz0,r is a fixed circle of S.57
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Proof. Let z ∈ Cz0,r and assume on contrary that Sz 6= z. From the definition of r, we have ξ(z, Sz) ≥ r.
As S is Θc-weak contraction, using Proposition 1, we have

Θ(ξ(z, Sz)) ≤ [Θ(M(z, z0))]
λ

=

Θ

max


ξ(z, z0), aξ(z, Sz) + (1− a)ξ(z0, Sz0),

(1− a)ξ(z, Sz) + aξ(z0, Sz0),
1
2 [ξ(z, Sz0) + ξ(z0, Sz)]





λ

= [Θ (max {r, aξ(z, Sz), (1− a)ξ(z, Sz)})]λ

< Θ (max {r, aξ(z, Sz), (1− a)ξ(z, Sz)}) . (2)

Now, we have the following possibilities:
Case 1: If max {r, aξ(z, Sz), (1− a)ξ(z, Sz)} = r, then from (2), the definition of r and the fact that the
function Θ is nondecreasing, we have

Θ(r) ≤ Θ(ξ(z, Sz)) < Θ(r),

a contradiction.
Case 2: If max {r, aξ(z, Sz), (1− a)ξ(z, Sz)} = aξ(z, Sz), then we have two possibilities, a = 0 or
0 < a < 1. Assume that 0 < a < 1, from (2) and the fact that the function Θ is nondecreasing, we have

Θ(ξ(z, Sz)) < Θ(aξ(z, Sz)) ≤ Θ(ξ(z, Sz)),

a contradiction. If a = 0, then from (2), we get

Θ(ξ(z, Sz)) < Θ(0)

this inequality contradicts with the definition of Θ (as Θ : (0, ∞)→ (1, ∞)).
Case 3: If max {r, aξ(z, Sz), (1− a)ξ(z, Sz)} = (1 − a)ξ(z, Sz), then from (2) and the fact that the
function Θ is nondecreasing, we have

Θ(ξ(z, Sz)) < Θ((1− a)ξ(z, Sz)) ≤ Θ(ξ(z, Sz)),

a contradiction. Therefore, Sz = z for all z ∈ Cz0,r. Consequently, Cz0,r is a fixed circle of S.58

Next we prove the following fixed disc as follows.59

Theorem 2. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Θc-weak60

contraction with z0 ∈ Y and ξ(z0, Sz) = r, for all z ∈ Dz0,r, then Dz0,r is a fixed disc of S.61

Proof. The mapping S fixes the circle Cz0,r (in view of Theorem 1). Now, in order to show that Dz0,r

is a fixed disc of S it is sufficient to show that S fixes any circle Cz0,ρ with ρ < r. Let z ∈ Cz0,ρ and
for contrary let us assume that z 6= Sz, for some z ∈ Cz0,ρ. Since S is Θc-weak contraction, by using
Proposition 1, we have

Θ(ξ(z, Sz)) ≤ [Θ(M(z, z0))]
λ

=

[
Θ
(

max
{

ρ, aξ(z, Sz), (1− a)ξ(z, Sz),
ρ + r

2

})]λ

< Θ
(

max
{

ρ, aξ(z, Sz), (1− a)ξ(z, Sz),
ρ + r

2

})
. (3)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 September 2020                   doi:10.20944/preprints202009.0206.v1

https://doi.org/10.20944/preprints202009.0206.v1


Now, we have the following possibilities:
Case 1: If max

{
ρ, aξ(z, Sz), (1− a)ξ(z, Sz), ρ+r

2

}
= ρ, then from (3), the definition of r and the fact

that the function Θ is nondecreasing, we have

Θ(ρ) < Θ(r) ≤ Θ(ξ(z, Sz)) < Θ(ρ)

a contradiction.
Case 2: If max

{
ρ, aξ(z, Sz), (1− a)ξ(z, Sz), ρ+r

2

}
= aξ(z, Sz), then we have two possibilities, a = 0 or

0 < a < 1. Assume that 0 < a < 1, from (3) and the fact that the function Θ is nondecreasing, we have

Θ(ξ(z, Sz)) < Θ(aξ(z, Sz)) ≤ Θ(ξ(z, Sz))

a contradiction. If a = 0, then from (2), we get

Θ(ξ(z, Sz)) < Θ(0)

this inequality contradicts with the definition of Θ (as Θ : (0, ∞)→ (1, ∞)).
Case 3: If max

{
ρ, aξ(z, Sz), (1− a)ξ(z, Sz), ρ+r

2

}
= (1− a)ξ(z, Sz), then from (3) and the fact that the

function Θ is nondecreasing, we have

Θ(ξ(z, Sz)) < Θ((1− a)ξ(z, Sz)) ≤ Θ(ξ(z, Sz)),

a contradiction.
Case 4: If max

{
ρ, aξ(z, Sz), (1− a)ξ(z, Sz), ρ+r

2

}
= ρ+r

2 , then by the definition of r, the inequality (3)
and the fact that the function Θ is nondecreasing, we have

Θ(r) ≤ Θ(ξ(z, Sz)) < Θ
(

ρ + r
2

)
≤ Θ(r),

a contradiction. Therefore, Sz = z for all z ∈ Dz0,r. Consequently, Dz0,r is a fixed disc of S.62

By Theorems 1 and 2, and in view of Remark 1 , we have the following results:63

Corollary 1. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Θc-contraction64

with z0 ∈ Y and ξ(z0, Sz) = r, for all z ∈ Cz0,r(orDz0,r), then Cz0,r(orDz0,r) is a fixed circle (or disc) of S.65

Corollary 2. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Ćirić type66

Θc-contraction with z0 ∈ Y and ξ(z0, Sz) = r, for all z ∈ Cz0,r(orDz0,r), then Cz0,r(orDz0,r) is a fixed circle67

(or disc) of S.68

The following example exhibit the utility of Theorems 1 and 2.69

Example 3. Let Y = [−4, ∞) be a metric space endowed with the usual metric ξ. Define S : Y → Y as

Sz =

{
z , i f − 4 ≤ z < 4

z + 3, i f z ≥ 4.

Then S is a Θ-weak contraction. To show this, let Θ(t) = et, z0 = 0, a = 1
2 and λ = 6

11 .
Observe that for all z ∈ [−4, ∞) such that z ≥ 4, we have

ξ(z, Sz) = 3 > 0,
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M(z, z0) = max
{

ξ(z, 0),
1
2

ξ(z, Sz),
1
2

ξ(z, Sz),
ξ(z, 0) + ξ(0, Sz)

2

}
= max

{
|z|, 3

2
,

3
2

,
|z|+ |z + 3|

2

}
=
|z|+ |z + 3|

2

and

Θ(ξ(z, Sz)) = e3 ≤ e
3
11 (|z|+|z+3|)

= [e
|z|+|z+3|

2 ]
6
11 = [Θ(M(z, z0))]

λ.

Also, we have
r = inf{ξ(z, Sz) : z 6= Sz} = 3.

Therefore, all the conditions of Theorems 1 and 2 are satisfied. Observe that C0,3 = {−3, 3} is a fixed circle and70

D0,3 = [−3, 3] is a fixed disc of S.71

Remark 2. 1. Taking Θ(t) = et, z0 = 0, and k = 3
4 in Example 3, we can easily show that the mapping S72

is θc-contraction.73

2. Putting Θ(t) = et, z0 = 0, and k = 6
11 in Example 3, we can easily show that the mapping S is Ćirić74

type Θc-contraction.75

Next, we introduce the concepts of Reich type Θc-contractions, Chatterjea type Θc-contractions76

and Hardy-Rogers type Θc-contractions as follows:77

Definition 8. Let S : Y → Y and Θ ∈ Ω1. The mapping S is said to be a Reich type Θc-contraction if there
exist λ ∈ (0, 1) and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(αξ(z, z0) + βξ(z, Sz) + γξ(z0, Sz0))]
λ, ∀ z ∈ Y,

where α + β + γ < 1 and α, β, γ ≥ 0.78

Definition 9. Let S : Y → Y and Θ ∈ Ω1. The mapping S is said to be a Chatterjea type Θc-contraction if
there exist λ ∈ (0, 1) and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(η(ξ(z, Sz0) + ξ(z0, Sz)))]λ, ∀ z ∈ Y,

where η ∈ (0, 1
2 ).79

Definition 10. Let S : Y → Y and Θ ∈ Ω1. The mapping S is called a Hardy-Rogers type Θc-contraction if
there exist λ ∈ (0, 1) and z0 ∈ Y such that

ξ(z, Sz) > 0 ⇒ Θ(ξ(z, Sz)) ≤ [Θ(M∗(z, z0))]
λ, ∀ z ∈ Y,

where M∗(z, z0) = αξ(z, z0)+ βξ(z, Sz)+ γξ(z0, Sz0)+ δξ(z, Sz0)+ ηξ(z0, Sz) with α+ β+ γ+ δ+ η <80

1 and α, β, γ, δ, η ≥ 0.81

Remark 3. (1) Taking α = β = γ = 0 and δ = η, then Definition 10 coincides with Definition 9.82

(2) Putting η = δ = 0 in Definition 10, we obtain Definition 8.83
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The following proposition follows from Definition 10.84

Proposition 2. Let (Y, ξ) be a metric space. If S : Y → Y is a Hardy-Rogers type Θc-contraction with z0 ∈ Y,85

then Sz0 = z0.86

Proof. Assume that Sz0 6= z0. From Definition 10 and the fact that Θ is non-decreasing, we obtain

Θ(ξ(z0, Sz0)) ≤ [Θ(M∗(z0, z0))]
λ

< Θ(M∗(z0, z0))

= Θ(αξ(z0, z0) + βξ(z0, Sz0) + γξ(z0, Sz0) + δξ(z0, Sz0) + ηξ(z0, Sz0))

= Θ((β + γ + δ + η)ξ(z0, Sz0)) ≤ Θ(ξ(z0, Sz0)),

a contradiction. Therefore, we must have Sz0 = z0.87

Using a Hardy-Rogers type Θc-contraction, we present the following fixed circle results.88

Theorem 3. Let (Y, ξ) be a metric space, S : Y → Y a Hardy-Rogers type Θc-contraction with z0 ∈ Y and89

r = inf{ξ(z, Sz) : z 6= Sz}. If ξ(z0, Sz) = r for all z ∈ Cz0,r then Cz0,r is a fixed circle of S.90

Proof. Let z ∈ Cz0,r and assume on contrary that Sz 6= z. By the definition of r, we have
ξ(z, Sz) ≥ r. Since S is Hardy-Rogers type Θc-contraction, by using Proposition 2 and the fact
that Θ is non-decreasing, we have

Θ(ξ(z, Sz)) ≤ [Θ(M∗(z, z0))]
λ

< Θ(αξ(z, z0) + βξ(z, Sz) + γξ(z0, Sz0) + δξ(z, Sz0) + ηξ(z0, Sz))

= Θ(αr + βξ(z, Sz) + δr + ηr)

≤ Θ((α + β + δ + η)ξ(z, Sz)) ≤ Θ(ξ(z, Sz)),

a contradiction. Therefore, Sz = z for all z ∈ Cz0,r. Consequently, Cz0,r is a fixed circle of S.91

Next, we prove the following fixed disc result as follows:92

Theorem 4. Let (Y, ξ) be a metric space, S : Y → Y a Hardy-Rogers type Θc-contraction with z0 ∈ Y and93

r = inf{ξ(z, Sz) : z 6= Sz}. If ξ(z0, Sz) = r for all x ∈ Dz0,r then Dz0,r is a fixed disc of S.94

Proof. In view of Theorem 3, S fixes the circle Cz0,r. Now, in order to show that Dz0,r is a fixed disc of
the mapping S it is sufficient to show that S fixes any circle Cz0,ρ with ρ < r. Let z ∈ Cz0,ρ and assume
that ξ(z, Sz) > 0. Since S is Hardy-Rogers type Θc-contraction, by using Proposition 2 and the fact that
Θ is non-decreasing, we have

Θ(ξ(z, Sz)) ≤ [Θ(M∗(z, z0))]
λ

< Θ(αξ(z, z0) + βξ(z, Sz) + γξ(z0, Sz0) + δξ(z, Sz0) + ηξ(z0, Sz))

= Θ(αρ + βξ(z, Sz) + δρ + ηρ)

≤ Θ((α + β + δ + η)ξ(z, Sz)) ≤ Θ(ξ(z, Sz)),

a contradiction. Thus, we obtain Sz = z. So, Dz0,ρ is a fixed disc of S.95

By Theorem 3 and 4 and in view of Remark 3 , we deduce the following results.96
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Corollary 3. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Reich type97

Θc-contraction with z0 ∈ Y and ξ(z0, Sz) = r for all z ∈ Cz0,r(or Dz0,r), then Cz0,r(or Dz0,r) is a fixed circle (98

or disc) of S.99

Corollary 4. Let (Y, ξ) be a metric space, S : Y → Y and r = inf{ξ(z, Sz) : z 6= Sz}. If S is a Chatterjea type100

Θc-contraction with z0 ∈ Y and ξ(z0, Sz) = r for all z ∈ Cz0,r(or Dz0,r) then Cz0,r(or Dz0,r) is a fixed circle (101

or disc) of S.102

The following example exhibit the utility of Theorems 3 and 4.103

Example 4. Let Y = {3, 4, ln( 3
e ), ln(3), ln(3e)} be endowed with the usual metric ξ. Define S : Y → Y as

Sz =

{
4, i f z = 3
z, otherwise.

Let Θ(t) = et, z0 = ln 3, k = 3
10−3 ln 3 , α = δ = η = 1

3 and β = 0. Then S is a Hardy-Rogers type
Θc-contraction. Indeed, for z = 3

ξ(z, Sz) = ξ(3, T3) = 1 > 0,

M(z, z0) = αξ(z, z0) + βξ(z, Sz) + δξ(z, Sz0) + ηξ(z0, Sz)

=
1
3
[ξ(3, ln 3) + ξ(3, ln 3) + ξ(ln 3, 4)]

=
10
3
− ln 3

and

Θ(ξ(z, Sz)) = Θ(ξ(3, 4)) = e ≤ [e
10
3 −ln 3]

3
10−3 ln 3

= [Θ(M(z, z0))]
λ.

Also, we have
r = inf{ξ(z, Sz) : z 6= Sz} = {ξ(3, 4)} = 1.

Hence, all the conditions of Theorems 3 and 4 are satisfied. Observe that S fixes the circle Cln 3,1 =104

{ln( 3
e ), ln(3e)} and the disc Dln 3,1 = {ln( 3

e ), ln 3, ln(3e)}.105

Remark 4. 1. Taking Θ(t) = et, z0 = ln 3, k = 3
4 , α = 3

4 and β = 1
5 in Example 4, we can easily show106

that the mapping S is Reich type Θc-contraction.107

2. Puting Θ(t) = et, z0 = ln 3, k = 3
7−2 ln 3 and δ = η = 1

3 in Example 4, we can easily show that the108

mapping S is Chatterjea type Θc-contraction.109

We close this section by introducing the concept of Khan type Θc-contraction followed by related110

fixed circle (disc) results.111

Definition 11. Let S : Y → Y and Θ ∈ Ω1. The mapping S is called Khan type Θc-contraction if there exist
λ ∈ (0, 1) and z0 ∈ Y such that for all z ∈ Y, if max{ξ(Sz0, z0), ξ(Sz, z)} 6= 0, then

Θ(ξ(Sz, z)) ≤
[

Θ
(

h
ξ(Sz, z)ξ(Sz0, z) + ξ(Sz0, z0)ξ(Sz, z0)

max{ξ(Sz0, z0), ξ(Sz, z)}

)]λ

,

where h ∈ (0, 1
2 ) and if max{ξ(Sz0, z0), ξ(Sz, z)} = 0, then Sz = z.112
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The following proposition is a direct consequence of Definition 11.113

Proposition 3. Let (Y, ξ) be a metric space. If S : Y → Y is Khan type Θc-contraction with z0 ∈ Y, then114

Sz0 = z0.115

Proof. Assume that Sz0 6= z0, then max{ξ(Sz0, z0), ξ(Sz, z)} 6= 0. As S is Khan type Θc-contraction,
we have

Θ(ξ(Sz0, z0)) ≤
[

Θ
(

h
ξ(Sz0, z0)ξ(Sz0, z0) + ξ(Sz0, z0)ξ(Sz0, z0)

ξ(Sz0, z0)

)]λ

= [Θ(2hξ(Sz0, z0))]
λ

< Θ(2hξ(Sz0, z0)) ≤ Θ(ξ(Sz0, z0)),

a contradiction. Therefore, we must have Sz0 = z0.116

Now, utilizing the definition of Khan type Θc-contraction, we prove the following fixed circle and117

fixed disc results.118

Theorem 5. Let (Y, ξ) be a metric space, S : Y → Y a Khan type Θc-contraction with z0 ∈ Y and r =119

inf{ξ(z, Sz) : z 6= Sz}. Then Cz0,r is a fixed circle of S.120

Proof. Let z ∈ Cz0,r and assume on contrary that Sz 6= z, then max{ξ(Sz0, z0), ξ(Sz, z)} 6= 0. From the
definition of r, we have ξ(z, Sz) ≥ r. As S is Khan type Θc-contraction, by using Proposition 3 and the
fact that Θ is non-decreasing, we have

Θ(ξ(Sz, z)) ≤
[

Θ
(

h
ξ(Sz, z)ξ(Sz0, x) + ξ(Sz0, z0)ξ(Sz, z0)

ξ(Sz, z)

)]λ

= [Θ(hr)]λ < Θ(hr) ≤ Θ(hξ(Sz, z)) ≤ Θ(ξ(Sz, z)),

a contradiction. Therefore, Sz = z for all z ∈ Cz0,r. Consequently, Cz0,r is a fixed circle of S.121

Theorem 6. Let (Y, ξ) be a metric space, S : Y → Y a Khan type Θc-contraction with z0 ∈ Y and r =122

inf{ξ(z, Sz) : z 6= Sz}. Then Dz0,r is a fixed disc of S.123

Proof. In view of Theorem 5, S fixes the circle Cz0,r. Now, in order to show that Dz0,r is a fixed disc of
the mapping S it is sufficient to show that S fixes any circle Cz0,ρ with ρ < r. Let z ∈ Cz0,ρ and assume
that ξ(z, Sz) > 0. By the Khan type Θc-contractive condition, we have

Θ(ξ(z, Sz)) ≤ [Θ(hρ)]λ < Θ(hρ) ≤ Θ(ρ).

As Θ is non-decreasing function, we get

ξ(z, Sz) < ρ < r,

a contradiction (as r ≤ ξ(z, Sz)). Thus, we obtain Sz = z for all z ∈ Cz0,ρ with ρ < r. Therefore, Dz0,r is124

a fixed disc of S.125

The following example shows the utility of Theorems 5 and 6.126

Example 5. Let X = R be endowed with the usual metric ξ. Define S : R→ R by

Sz =

{
z , i f |z| < 4.5,

z + 1, i f |z| ≥ 4.5.
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2
3Then S is Khan type Θ-contraction with Θ(t) = et, z0 = 0, k = and h = 1

3 . In fact

max{ξ(Sz0, z0), ξ(Sz, z)} = 1 6= 0,

for all z ∈ R such that |z| ≥ 4.5. Now, we have

h
ξ(Sz, z)ξ(Sz0, x) + ξ(Sz0, z0)ξ(Sz, z0)

ξ(Sz, z)
= hξ(0, z) =

1
3
|z|

and

Θ(ξ(Sz, z)) = e ≤ e
2
9 |z|

= [e
1
3 |z|]

2
3 =

[
Θ(h

ξ(Sz, z)ξ(Sz0, z) + ξ(Sz0, z0)ξ(Sz, z0)

ξ(Sz, z)
)

]λ

.

Also, we have
r = inf{ξ(z, Sz) : z 6= Sz} = 1.

Therefore, all the conditions of Theorems 5 and 6 are satisfied. Observe that S fixes the circle C0,1 = {−1, 1} and127

the disc D0,1 = [−1, 1].128

3. Fixed circle (disc) results of integral type129

In this section, we establish some fixed circle and disc results of integral type.130

Let ϕ : [0, ∞)→ [0, ∞) be a locally integrable function such that, for each t > 0

∫ t

0
ϕ(s)ds > 0. (4)

Definition 12. Let S : Y → Y and Θ ∈ Ω1. The mapping S is called an integral type Θc-contraction if there
exist λ ∈ (0, 1) and z0 ∈ Y such that, for all z ∈ Y

ξ(z, Sz) > 0 ⇒
∫ Θ(ξ(z,Sz))

0
ϕ(t)dt ≤

∫ [Θ(ξ(z,z0))]
λ

0
ϕ(t)dt.

where ϕ : [0, ∞)→ [0, ∞) be a function defined as in (4).131

The following proposition is useful in the proof of the main results of this section.132

Proposition 4. Let (Y, ξ) be a metric space and S : Y → Y. If S is an integral type Θc-contraction with133

z0 ∈ Y, then Sz0 = z0.134

Proof. Assume that Sz0 6= z0. From Definition 12, we have

∫ Θ(ξ(z0,Sz0))

0
ϕ(t)dt ≤

∫ [Θ(ξ(z0,z0))]
λ

0
ϕ(t)dt,

which contradicts the definition of Θ, as Θ:(0, ∞) → (1, ∞) and ξ(z0, z0) = 0. Hence, we must have135

Sz0 = z0.136

In the following theorem we present fixed circle result for integral type Θc-contraction.137

Theorem 7. Let (Y, ξ) be a metric space and S : Y → Y. If S is an integral type Θc-contraction with z0 ∈ Y138

and r = inf{ξ(z, Sz) : z 6= Sz}. Then Cz0,r is a fixed circle of S.139
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Proof. Assume that z 6= Sz for some z ∈ Cz0,r. Making use of the definition of r, we have

r ≤ ξ(z, Sz).

Since Θ is non-decreasing function, we have

Θ(r) ≤ Θ(ξ(z, Sz))

and ∫ Θ(r)

0
ϕ(t)dt ≤

∫ Θ(ξ(z,Sz))

0
ϕ(t)dt. (5)

As S is integral type Θc-contraction, by using (5), we obtain

∫ Θ(r)

0
ϕ(t)dt ≤

∫ Θ(ξ(z,Sz))

0
ϕ(t)dt ≤

∫ [Θ(ξ(z,z0))]
λ

0
ϕ(t)dt

<
∫ Θ(ξ(z,z0))

0
ϕ(t)dt =

∫ Θ(r)

0
ϕ(t)dt,

a contradiction. Therefore, we have Sz = z. Consequently, Cz0,r is a fixed circle of S.140

Next, we prove the following fixed disc results.141

Theorem 8. Let (Y, ξ) be a metric space, ϕ : [0, ∞) → [0, ∞) be defined as in (4), S an integral type142

Θc-contraction with z0 ∈ Y and r = inf{ξ(z, Sz) : x 6= Sz}. Then Dz0,r is a fixed disc of S.143

Proof. In view of Theorem 7, S fixes the circle Cz0,r. Now, in order to show that Dz0,r is a fixed disc of
the mapping S it is sufficient to show that S fixes any circle Cz0,ρ with ρ < r. Let z ∈ Cz0,ρ and assume
that z 6= Sz. Making use of the definition of r, we have

ρ < r ≤ ξ(z, Sz).

Since Θ is non-decreasing function, we have

Θ(ρ) ≤ Θ(ξ(z, Sz))

and ∫ Θ(ρ)

0
ϕ(t)dt ≤

∫ Θ(ξ(z,Sz))

0
ϕ(t)dt. (6)

As S is integral type Θc-contraction, by using (6), we obtain

∫ Θ(ρ)

0
ϕ(t)dt ≤

∫ Θ(ξ(z,Sz))

0
ϕ(t)dt ≤

∫ [Θ(ξ(z,z0))]
λ

0
ϕ(t)dt

<
∫ Θ(ξ(z,z0))

0
ϕ(t)dt =

∫ Θ(ρ)

0
ϕ(t)dt,

a contradiction. Therefore, we must have Sz = z, ∀ z ∈ Cz0,ρ. Consequently, Dz0,r is a fixed disc of144

S.145

Remark 5. Using similar arguments as in Definition 12, we can define the notions of an integral Ćirić146

type Θc-contraction mapping, an integral type Θc-weak contraction mapping, an integral Hardy-Rogers147

type Θc-contraction mapping, an integral Reich type Θc-contraction mapping, an integral Chatterjea type148

Θc-contraction mapping and an integral Khan type Θc-contraction and obtain corresponding fixed circle and149

fixed disc theorems.150
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4. Conclusion151

In closing, we would like to bring to the readers’ attention the following open questions:152

Question 1 Under what extra condition we have the uniqueness of a fixed circle/disc?153

Question 2 Can we prove the same results in partial metric spaces?154
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