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1 Abstract: In this paper, using the discrete time model, we consider the average age of all files for a
2 cached-files-updating system where a server generates N files and transmits them to a local cache. In
s order that the cached files are fresh, in each time slot the server updates files with certain probabilities.
«  The age of one file or its age of information (Aol) is defined as the time the file stays in cache since it
s was last time sent to cache. Assume that each file in cache has corresponding request popularity. In
s this paper, we obtain the distribution function of the popularity-weighted average age over all files,
»  which gives a complete description of this average age. For the random age of single file, both the
¢ mean and its distribution have been derived before by establishing a simple Markov chain. Using
o  the same idea, we show that an N dimensional stochastic process can be constituted to characterize
1o the changes of N file ages simultaneously. By solving the steady-state of the resulting process,
1 we obtain the explicit expression of stationary probability for an arbitrary state-vector. Then, the
1z distribution function of the popularity-weighted average age can be derived by mergering a proper
1z set of stationary probabilities. For the possible applications, the distribution function can be utilized
1« to calculate the probability that the average age violates certain statistical guarantee.

1= Keywords: age of information; cached files updating; stationary distribution; discrete time model

s« 1. Introduction

"

17 The cached files updating system consists of one server and a local cache. The server generates N
1« files and transmits them to the local cache. The users can only request files from the cache because
1o the server is assumed to be far away. The server has to refresh the stored files from time to time in
20 order that the cached files are fresh enough. The freshness of one file is measured by its age, or the
z  age of information (Aol) which is defined as the time this file stays at the cache since the last time it
22 was delivered to the cache. The Aol is a newly proposed metric and is widely used to characterize
2 the timeliness of an information transmission system. Since the Aol was introduced, great progress
24 has been made and lots of research results have been published in recent years. An introduction
2z and survey of the Aol was given in a recent paper [1], in which the authors summarize the recent
26 contributions in the broad area of the Aol.

27 In general, some files in cache are more popular but some others are not. Assume that each file has
2e  different request popularity, then the popularity-weighted average age of all the files can be defined.
20 The cached files updating model arises in lots of settings. For example, in an online game system with
5o a central server, the files in cache denote the players in the game system. Some users interact with the
a1 server more often, while others interact less. In addition, every player has a user level and the server
sz tends to update the status of those players who have higher levels. Observing that the communication
s frequency of a player in the game system corresponds to the file popularity in cache system. One
sa  user’s level affects how often the server interacts with this user, which corresponds to the updating
35 probability of the file in the cached files updating system.
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36 Refreshing the cached files in real time was first formulated in [2]. In paper [2], a remote server
sz generates multiple different files and transmits them to the local cache, so that the users can request
ss files. The authors assume that each file has its own request popularity and define the average age of all
3o cached files according to the file popularities. Then, it was asked how the server should update files
a0 such that users can receive the most recent version of their requests. By solving a relaxed optimization
a1 problem, it was proved that an asymptotically optimal policy should update each file in proportion
«2 to the square root of its popularity. Other variants concerning minimum-Aol cached files updating
a3 include [3-5]. The authors in [3] considered the case where several sources generate updating packets
4 and deliver them to a local server. In every source, assume that the successive packet arrivals form a
4 Poisson process, and is independent of other arriving processes. They analyzed the average Aol of one
s user’s requests during a period of time, assuming that all the source-states are updated periodically.
a7 In addition, another related metric called age of synchronization (AoS) is also discussed. The results
s obtained in [3] suggested that the optimal updating frequency of each source should depend only on
4+ the square root of the source popularity, which is similar to the conclusion in work [2]. In a recent
so paper [4], the refreshing frequency of each file is supposed to be a function of its instantaneous Aol.
s For this case, the average age of all the files is optimized over all the feasible schemes that the server
s2 can use. Furthermore, in work [5] the cache size is supposed to be limited. Notice that in this case the
ss cache cannot store all the files and part of the user demands may fail. Therefore, in paper [5] the user
sa was allowed to download files directly from the server with a higher download cost, compared with
ss requesting the files from the local cache. Then, the average Aol and the total download costs are jointly
ss optimized over all the possible updating schemes applied at the server.

57 Under the discrete time model, many system design problems based on Aol are considered in
s recently years, such as [6-16]. A variety of optimization methods are used even combining with the
so machine learning [17-23]. Many average or peak Aol expressions are proposed in terms of various
so measures such as the length of file, the download cost, the download energy consumed for each file,
e and so on. Since the majority of these problems are solved using optimization theory or machine
ez learning methods, the analytical structures of the resulting solutions are often not clear. We found that
es the analysis of the Aol for the general status updating system in discrete time model was not definitely
es proposed until an recent paper [24]. The discrete time updating system was also analyzed in another
es  work [25]. Only simple queue models are considered in [24], such as Ber/G/1 and G/G/1. Meanwhile,
e only average Aol was discussed and does not mention the distribution of the steady state Aol. The
ez methods used in [24] mainly come from the previous works, which considered the Aol in continuous
es time model. The stationary distribution of the Aol was discussed in [25]. The article [25] is a little bit
e complicated, the authors intend to describe a sample path of the discrete Aol process and relate this
70 process with a queueing system. For the discrete time queues they considered, the transmission time
= of each packet is one time slot. We also use this assumption in the current paper. On the other hand,
72 the approach used in [25] is hard to generalize if we want to analyze more general status updating
zs  models. For example, for the case there are two or more parallel servers in the updating system, the
7« method of [25] may be useless.

75 The analysis of the discrete time status updating system is just beginning. Obtaining the
76 distribution function of the steady state Aol can be very hard in the continuous time setting.
7 For the cached files updating model, in this paper we show that the distribution function of the
s popularity-weighted average age can be determined under the discrete time model. Thus, we give the
7 complete description of the popularity-weighted average age. Define a vector which is composed of
s all the file ages, we call it the age-vector or the state-vector. We constitute an N dimensional discrete
a1 stochastic process, which describes the changes of all file ages from one time slot to the next time
.2 slot. Then, the stationary probability of an arbitrary age-state can be found if we solve the so-called
es stationary equations of the resulting discrete process. As long as all the stationary probabolities
s« are obtained, the distribution of the average file age defined according to an arbitrary file’s request
es popularity can be determined by mergering a proper group of stationary probabilities.
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86 The rest of this paper is organized as follows. The system model is given in section 2, the
ez popularity-weighted average age over all the cached files is also defined. In section 3, we solve the
es simple case where only two files are generated at the server. Then, in section 4, the methods used
s for the simple example are applied for the general cases. Firstly, we derive the explicit stationary
so probabilities for the case N = 3 by establishing a three-dimensional stochastic process and solving
o1 its steady state. Aften then the general case is handled where an N-dimensional random process is
o2 constituted. Furthermore, some more general models of cached files updating are also mentioned. For
o3 example, we consider the case where multiple-file-updating is allowed in each time slot, and give the
s stationary equations of the stochastic process established for this case. In the end, we conclude this
es paper in section 5.

o6 2. System Model and Problem Formulation

o7 The server generates N files and sends them to a local cache. Assume that the files from the server
os are always new. That is, the ages of all the files maintained in server are equal to zero. The user can
9o only download the files from the local cache because the server is located far away. The files stored in
10 cache are becoming obsolete over time. Thus, in order that the files are new enough, the server has to
101 refresh the cached files from time to time. A basic cached files updating model is depicted in Figure 1.

Server {fl,fz,“',fN}

updates

=

f‘z 000 fN
Local Cache

User demands

Figure 1. System model for the cached files updating.

102 In the discrete time model, the time is discretized into multiple time slots. At each time slot, the
103 server updates one file randomly according to an i.i.d. distribution. Assume that the files have different
10e  Trequest popularities. We want to determine the distribution function of the popularity-weighted
15 average age over all the cached files. One file’s popularity is defined as the percentage the requests
ws for this file accounts for over all user requests in a long period of time. Usually, the file’s request
107 popularity is represented by a probability distribution.

108 Notice that in current paper, we assume that transmitting each file from the server to cache
100 consumes exactly one time slot.

Definition 1. Denote A as the time average Aol over all cached files according to a group of file popularities
{pi,1 < i < N}, then A is defined as

- N .1 T
A= Zi:1 Pi lim T Ek:1 ai(k) (1)

T—o0

10 where a;(k) represents the age of the ith file at the kth time slot.
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Definition 2. Denote ay,ay,...,ay as the random ages of files fi,fa,..., fn, respectively.  The
popularity-weighted average file age A,y defined according to a set of file popularities p;,1 < i < N is

N
Do =Y i, Pifi

w1 which is also a random variable.

The ergodicity property is then used, which is assumed to hold in the Aol literatures. Ergodicity
ensures that the time average Aol defined in (1) converges to its statistical average as time goes to
infinity.We have

A =E[Aqy]

12 3. The Mean of Popularity-Weighted Average Age and Its Distribution for the Case N =2

113 In this section, we first give the mean of the popularity-weighted average file age. The distribution
ua  function is then computed for the simple case N = 2. In addition, we also explain why the size of the
us cache cannot be limited when the average file age is analyzed.

116 Assume that at the beginning of each time slot, the server selects to refresh the file f;, 1 <i < N
17 according to an i.i.d. distribution {¢;,1 < i < N}. The refreshing distribution is supposed to be
us independent of the file’s popularity. Let the age of file f; be the random variable a;, 1 <7 < N.

110 We declare that all the a;’s are independent. It is observed that a; depends only on its value at the
120 previous one time slot and the file independently updated by the server at the current time slot. As a
11 result, a; has nothing to do with aj, j € {1,2,..., N} \ {i}. Therefore, the average age of all cached files
122 Ay equals the sum of N independent random variables p;a;, 1 <i < N.

123 At every time slot, because the server decides to update file f; with probability ¢; independently,
124 the successive updates of f; form a Bernoulli process with parameter c;, which is equivalent to say the
125 time interval between two updates follows a geometric distribution.

126 It has been obtained before the average age of single file with a geometrical updating interval is
12z equal to 1/c;, if the updating probability at each time slot is c;. The stationary distribution of the single
12s  file’s age is proved to be a geometric distribution with parameter c;. For the paper to be self-contained,
120 We restate these results in the following.

130 Assume that at each time slot the server refreshes the file f with probability c, such that the age
11 of f jumps to 1. Otherwise, its age increases 1. Define the file age as the state, we show that the state
132 transtions can be described by Figure 2.

Figure 2. An example of age-state transfers for the single file.

Since in every time slot the server updates the file f independently and identically, all the forward
transfers from 7 to (n + 1) occur with probability (1 — ¢). For any state 1, with probability c it changes
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to 1 at the next time slot. Denote the stationary probability of n as 7r,. When the random process
reaches the steady state, the stationary equations are written as

{nn =m_1(1—c) (n>2)

Ty = Y TC

Because the sum of all the stationary probabilities has to be 1, it is easy to solve that
7y =c(1—c)" 1 (n>1)

133 which shows that the age of f is geometrically distributed in steady state. The mean of the random age
1a iscalculatedas } 3”1 n-m, =1/c.
Hence, for the mean of A,j;, we have

A=E[Ay] =E [Zf\il Pi“z} = leil pikla;] = le\il % @)

135 We summarize the above results as a Theorem.

Theorem 1. Assume that the server updates files according to a distribution {c;,1 < i < N}, which is
independent of the file popularities {p;, 1 < i < N}. Then, the random file ages a1, a, . .., ay are geometric
random variables and are independent of each other. The successive arriving updates for each file form an
independent Bernoulli process. The mean of the popularity-weighted average age A is given as

_ N i
A= ]E[Aull] = Zi:l %
i

where the popularity-weighted average file age A,y is defined as

N
Agip = Zizl pidi

136 Equation (2) shows that for the mean age A gets smaller, the larger refreshing probabilities should
137 be assigned to those files who have greater request popularities. This result can be proved by using
138 the following simple inequality.

Lemma 1. (Rearrangement Inequality [26]) Assume that there are two sets of number {A;,1 < i < M} and
{B;,1 <i< M} satisfying Ay < Ap < --- < Ap, By < By < -+ < By Then, we have

Z?ﬁl AiByi1-i < 25\11 AiCi < Zﬁl A;jB;

o where {C;,1 < i < M} is an arbitrary permutation of {B;,1 <i < M}.

1

w

Next, the distribution of the average age A,y is considered. Observing that A, is the sum of
N independent random variables p;a;,1 < i < N, then its distribution can be determined as the
convolution of N respective distributions.

. N .
Pr{A,; =j} =Pr {Zi:l pia; = ]} =P, ®P;, ®- - ® Py (3)

1o Where we use P;;, 1 <i < N to represent the stationary distribution of p;a;, which is also geometric
11 since we have known all the 4;’s are geometrically distributed.

142 So far, the mean of the average age A is obtained in (2), and in equation (3) even the probability
s distribution of A, is determined as the convolutions of N distributions P;;,1 < i < N. However,

1aa  expression (3) is implicit and more importantly, the method above may be useless when the more

»
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s general cached-files-updating models are considered. For example, it is possible that no file or multiple
s files are updated in each time slot. In addition, the refreshing probability of a file may be time-varying
17 and be related to its request popularity. The method we used above may be ineffective due to the
e reason the independence of a;, 1 < i < N does not hold or the distributions of 4;’s are hard to obtain.
s Instead, in the following we show that by establishing a discrete stochastic process, the average age
150 analysis can be solved. Even for the more general system models, the random changes of file ages
11 can also be described by a properly constituted random process. In this section, we determine the
12 distribution function of A for the case N = 2, while the general cases where N > 3 are discussed in
153 section 4.
154 By the way, we show that for the case the size of the cache is limited, the popularity-weighted
155 average age cannot be defined. There are some confusions if some files are not in the cache. First of
1ss  all, assume that the cache is full and a file f comes. Let the coming file does not contained in cache
15z previously. The cache has to decide whether the file f is accepted or not. In order to accommodate
1 such new files, some other files originally stored in cache must be discarded. When a possible
1o deleting-and-updating scheme is considered at the cache, some trade-offs between several factors are
160 often caused.
161 Skipping over this first problem and putting aside the user requests, observing that the random
162 age of single file can still be analyzed, even when this file has been deleted from the cache at some
1s  time. Notice that the age of f increases by one constantly at each time slot as long as it is not updated
16 by the server, which is independent of whether or not the file f is in cache. When an update of f is
165 Treceived, assume that with a probability the cache discards one another file and accepts this update.
166 Since it consumes one time slot from the server to cache, so that the new file has age 1. In this way, we
16z show that the age analysis for single file can be carried on. However, another problem occurs if the
1ee  “average” file age is considered. Because the set of files stored in cache change with time, the sum age
10 averaged over the cached files cannot be well defined unless all the files are homogeneous. Further,
1o the average age of all N files in the limited-size-cache case cannot be defined as well, because we do
i1 not know how large the age of f is if the file f is not contained in cache.
172 Taking the file request popularities into consideration will make the age analysis more complex.
1z Notice that when the user downloads the files from the cache, it is possible that some requests may fail
17a  since the corresponding files are not contained in cache at that time. Thus, certain schemes must be
17 added, such that the user requests are satisfied. It is meaningful to discuss the freshness of cached
176 files only when the user obtains all demand files successfully. If some files are not stored in cache at
177 all times, then using the local cache only the updating system cannot ensure that the user gets the
17e  requested files. In such cases the model is defective, the analysis of average file age is meaningless.
170 Now, we compute the distribution function of A, for the case N = 2.
Assume that the server generates only two different files and the cache size equals two as well.
Define a two-dimensional integer vector (a; x, a, i) where a; i, a . denote the ages of the files f; and f,
at the kth time slot. Establishing the stochastic process Age, = {(ay,a2),k > 1}. Since at every time
slot one of two files are updated by the server, so that either a; ; or 4, equals 1 at all times. Let the
initial state is (1,1) and denote the stationary probability for the state (111, 12) as 7(,, ,), we show that
the stationary equations for the process Age; are determined as

T(n1) = T(n—1,1)C2 (n>3)
T21) = Y1 7T(1,k)) €2 @
TT(1,n) = T(1,n—1)C1 (7[ 2 3)
T2 = (Lkea 7T(k,1)) c1
180 Consider the case n > 3, the state (1,1) can only be obtained from (n —1,1) and let the server

12 update f,. Notice that one of two parameters have to be 1 at each time slot, it is observed that (11,1)
1.2 cannot be obtained from a state of form (1,1;). Therefore, the first line of (4) holds. Similarly, the third
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1z line of (4) can also be obtained when the state considered is (1, 7). On the other hand, lots of states can
1 transfer to (1,2) or (2,1) because when a file is updated, its age can take multiple values.
Solving the system of equations (4) is not hard. For the case n > 2, it shows that

T = M2 =+ = mend = (Lla T ) 5)
T(1n) = TAn-1)C1 = " = n(llz)cfz = (220:2 7T(k,1)> ol ©)

Summing up both sides of (5) and (6) from n = 2 to infinity and rearranging the terms we obtain
that

Y 1) = (Zk 2 1k)
Yoo = (Damen) o

Observing that the two file ages never return to (1,1) after it departs from (1,1), because at each
time slot only one file can be refreshed. Therefore, we obtain that 77, ;) is equal to 0. Since all the
probabilities must add up to 1, we have the relation

1= 2:;2 TT(1,n) + Z:;Z TT(n,1)

from which we obtain
Yoa ) = €2 Yy (1) = C1 )

Thus, the stationary probabilities for all the state vectors are determined as

Tna) =165 Tam =" (n>2) ®)

Next, we compute the distribution function Pr{A,;; = j}, assuming that the two file popularities
are p1 and p,. Observing that j can take any value of form p; + pany or ping + p, where nq, 1 € N.

Pr{Ay = j} = Pr{p1a1 + paa2 = j}

=7 +r
(1,50 b (]pfz,l)
m_l P2 -1
=00+ clc 9)

On the other hand, using the convolution formula (3) the distribution of A, can also be
determined for the simple case N = 2.

Pr{Ay = j} = Pr{p1a1 + paaz = j}
=Pr{p; + Pzﬂz =jt+ Pr{Plﬂl +p2=j} (10)
]— PN — P2
= Pr{a, = + Pr{ag = ——=
{ p } { m }

_ j=r2
—ol—c)? hgl—a)
i=p1 4 iz pz 1
=00, Hec (11)

1es where in (10) we use the observation that one of the two file ages must equal 1 and the relation
16 €] + ¢ = lis applied in equation (11).
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Remember that we have mentioned before for the single file f, its age is geometrically distributed.
The parameter equals the corresponding updating probability. Therefore, the two respective age
distributions are
Pri{a; =1} =c(1—¢) "' (ie{1,2},1>1)

187 4. Distribution Function of Popularity-Weighted Average Age for General Cases

In this section, the general case where N files are stored in cache is considered. We obtain the
distribution of A,j; by constituting a N-dimensional stochastic process

Agen = { (a1 a2, .-, ank), k > 1}

188 At the beginning, assume that all the cached files have age 1. First of all, for the age-vectors in
180 the state space of Agey, we describe their characteristics in a proposition. After then, the stationary
10 equations of the process Agey are given in Theorem 2. The remainder of this section is then divided
11 into three subsections. In subsection 4.1, we solve the stationary equations for the case N = 3 and
102 determine the explicit expression of stationary probability for each state vector in Theorem 3. The idea
103 that solving the case N = 3 can be developed to handle the general case, where N files are stored in
1wa cache. In part 4.2, we obtain the stationary probability for an arbitrary N dimensional state vector in
105 Theorem 4. Finally, several more general system models are discussed in subsection 4.3. In particular,
106 assume that the server can update multiple files in each time slot, a random process is constituted and
197 its stationary equations are given in Theorem 5.

s Proposition 1. For the state space of the random process Agen = { (a1, Ak, - -, an k), k > 1}, the following
10 Statements hold:

200 (i) except for the initial state, exactly there is one vector component equal to 1 for an arbitrary state vector;
201 (ii) if the files f; and f;,i,j € {1,2,..., N} are updated by the server at least one time, then they will never
202 have the same age, i.e., a; # aj at all times;

203 (iii) the only case where several files have the same age is when all of them are not refreshed by the server
20e  from start to finish. In addition, the value of this same age is maximal over all the components of the state vector.
205 Moreover, for the states with several identical components, their stationary probabilities equal to zero. As

206 A tesult, when solving the stationary equations, we only need to consider those states where all the files have
207 different ages.

20e  Proof. The first statement is obvious. Because at each time slot the server randomly updates one
200 file, so that one of the N file ages are reset to 1. Thus, at all times there is one component equal to 1
210 in an arbitrary state vector. Assume that f; and f; are updated at two different time slots, then their
2 ages a; and a; will not be equal because two ages start at different times, and both start from 1. This
212 proves the statement (ii). Finally, since we assume that the initial state is (1,...,1), if some files are not
=13 updated from start to finish, then their ages will still be identical. Observing that updating a file can
z1a - only decrease its age, then the files having not been refreshed from start to end will have the maximal
=15 age. This proves the result (iii).

Next, we state the proof of the remaining part of the Proposition. Suppose that the state vector at
the kth time slotis (1, np,n3,...,1n;, M, ..., M), where the last (N — i) file ages are all equal to M. Due to
the statement (iii), all of them are never updated by the server so that their ages are maximal. Without
loss of generality, for the first k components of the state vector, assume that1 < np <nz < --- < n;.
By constantly finding the state at the previous one time slot, we can obtain

(1,2,7’[371’12+2,...,1’li7112+2,M71’12+2,...,M71’12+2)
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Table 1. States backward from (1,3,5,7,7)

State Time slot | Assumption
(1,3,5,7,7) k
(1,2,4,6,6) k—1
(lh,1,3,5,5) k—2 L=4
(3,1,2,4,4) k—3
(2,0,1,3,3) k—4 I =
(1,1,15,2,2) k—5 I3 =
(1,1,2,2,2)

Table 2. States backward from (1,3,5,7,7) to (1,1,1,1,1)

State Time slot | Let [; be maximal

(1,3,5,7,7) k

(1,2,4,6,6) k—1

(h,1,3,5,5) k-2 I =5
(4,1,2,4,4) k-3

(3,12,1,3,3) k—4 Ip=3
(2,2,1,2,2) k-5

(1,1,1,1,1) k—6

at the (k — np + 2)th time slot. Go backward one time slot further, it was observed that the first file f;
was updated. Assume that the age of f; before this refreshing is denoted by /1, we represent the age
vector for all the files in the (k — 1y 4 1)th time slot as

(11,1,n3—n2+1,...,ni—n2+1,M—n2+1,...,M—n2+1)

Because the last (N — i) files have the largest age over all the files, we show that the relation
I; < M —ny + 1 holds. Continue with this procedure, assume that /; > n; — n + 1 such that the age
of f3 returns to 2 at the (k — n3 + 2)th time slot. Then, in the (k — n3 + 1)th time slot, it was shown that
f» was updated by the server. Denote the state vector as

(ll—1’13+Tl2,lz,1,...,ni—Tl3—|—1,M—l’l3—|—1,...,M—Tl3—|—l)

zs Also, we have [ < M — n3 + 1 hold and assume that I, > n; — n3 + 1. Proceeding in this manner,
z7  eventually it was shown that the state returns to a vector containing multiple “1”. For instance, starting
as with (1,3,5,7,7), we give an example of the state evolutions in Table 1.

210 Specially, if the [1, [, and I3 in Table 1 equal the maximal values they can take, we show that the
220 state vector would return to (1,1,1,1,1) in the end. We give the state evolutions in Table 2.
221 For the first case, we reduce the state vector to a state with multiple “1”. However, the statement

222 (i) tells that there is only one file having age 1 in an arbitrary state vector. Therefore, these states
223 are impossible and their stationary probabilities equal zero. In Table 2, we give a procedure that
22« reducing an age-vector with identical components to initial state (1,...,1). This implies that the state
22s is achievable from the initial state. But notice that the stationary probability of (1,...,1) is itself equal
226 10 zero, since the state vector will never transfers to (1,...,1) again as long as it jumps out of (1,...,1).
22z Combining both cases, we conclude that for the state vectors with several identical components, their
226 stationary probabilities are all equal to zero. In other words, for all the cases multiple files having
220 the same age, we show that the stationary probabilities are all zero. This completes the proof of the
230 Proposition. [J
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231 After the proof of Proposition, in the following we determine the stationary equations of the
232 stochastic process Agen.
233 Define 7(,, 4, .. ny) @ the stationary probability of the state (n1,7y,...,ny). Due to the

23 Proposition above, we only need to consider the state vectors where all the file ages are different.
235 First of all, consider the state vector (1,711, 1y, ..., ny_1) where all the ages are different and nj > 3,
20 1 < k < N—1. Itis easy to show that the probability 77y ,,, .\ ) is equal to 7y, 1, uy ,—1)C1-
237 Notice that at any time exactly one of the file ages equal 1. Here, the file must be f;, since we assume
23s  that the ages of other (N — 1) files are all greater than 3. In this case, at the previous one time slot, the
230 state vector can only be (1,17 —1,...,nx_1 —1).
Generally, for the state (11, ..., nj-1,1,nj41,..., ny) where nj=1, the similar results can also be
obtained. Let ny > 3,k € {1,2,...,N}\ {j}, we show that
n(”lz---/"j—lzlzanrlr---r”l\]) = n(”l_lr---r”/—l_lrlzn/#l_1,---1nN_1)Cj (12)
Next, assume that the age of f; equals 1 and let n; = 2 for the jth file f;. At the previous one time
slot, the server must update f1, so that its age jumps to 1. Notice that the age of f; before this update

can take lots of values. The probability TU(Lyeee 11,2041 1IN ) is equal to
n(l,...,nj,l,Z,njH,...,nN) = (Zall proper k n(k,nzfl,...,n]',l71,1,ﬂj+171,...,1’11\]71)) Cl (13)
[o)
= (Ekzz ”(k,nz—l,...,nj,1—1,1,nj+1—1,...,nN—1)) €1 (14)
240 The age k of f; in equation (13) can take any values as long as it is different from all other file

2a1  ages. Actually, simply summing up all the stationary probabilities from k = 2 to oo is also feasible,
22 because the Proposition shows that the stationary probability is zero if the corresponding state vector
a3 has identical components.

248 A total of N(N — 1) equations like (14) can be obtained by considering all the cases n; = 1 and
245 nj:2wherei,j€{1,2,...,N}.
246 We state the results about the stationary equations in Theorem 2 below.

Theorem 2. Assume that all the file ages are different, the stationary equations for the stochastic process
Agen = {(a1x, a2k, ---,ank), k > 1} are determined as
Ty ety g A iy i) — T8 (11 =10 i_1 =111 =1, iy —1) i n>3,1¢€ {1r2r s rN} \ {l} (15)
77:(1,...,1’1]',1,2,?1]‘+1,...,7’1N) = (2]{:2 n(k,...,?l]',l71,1,?1]4171,...,?11\]71)) Cl nl Z 311 S {1/ 2/ sy N} \ {11]} (16)

27 Notice that all the permutations of state (ny,ny, ..., ny) should be included. We have different equations like
2as (15) and (16) corresponding to every permutation of (n1,ny, ..., ny).

20 4.1. Obtaining the stationary probabilities for the case N = 3

250 In the following, we derive all the stationary probabilities by solving the system of equations
21 in Theorem 2. First of all, for the case N = 3, we compute the explicit expression of the stationary
22 probability for each state vector. The results are given in Theorem 3.

Theorem 3. Consider the case where the server generates three different files. Assume that at each time slot
the server updates the file f; with probability c;, i € {1,2,3}. The solution to the stationary equations, or the
stationary probabilities for all the state vectors are determined by

T(123) = T(1,32) = T(213) = T(231) = 7(312) = 7(32,1) = C1€2€3 17)
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Mo = T = C16263(c1 +¢2)" > (n>3)
Tn2) = Tam1) = C162c3(c1 +¢3)" > (n>3) (18)
T(n1,2) = M(n21) = C16263(c2 + )" 3 (n>3)
The stationary probabilies for the states (1, nq,ny) where ny, ny > 3 are equal to
ny—3 (] m=2
c1e2e3(c1 + €2) (C1+CZ) (np >mnq > 3)
7—((1/"1/”2) = _3 c 71272 (19)
cicacs(cy +c3)™ (Clﬁ%) (ng > ny > 3)
For the states (n1,1, np) we show that 7, 1 ,,,) equals
,—3 o 711—2
C1C263(C1 + CZ) 2 (CI+C2> (1’12 >n > 3)
T(nydm) = 3( ¢ np—2 (20)
c1cpc3(c1 + c3)™ (cff%) (ny > mnp > 3)
and the probabilities 7, ., 1) are determined by
ny—3 3 m-2
c16pc3(c1 +¢3)™ (C1+C3> (ny >mny >3)
Ty p 1) = 3 c 1y —2 (21)
c1cpc3(cp + c3)™ (Czj%) (ny > mnp > 3)

Proof. Observing that from an arbitrary state (11, 1, 1), if the server first updates f, and then updates
f1, the state vector will finally change to (1,2, 3) with the middle state (17 + 1,1,2). Thus, we have the

equation
7"[(1’2,3) = [(an,nz n(”lr"Zzl)) CZ:| €1

For the other permutations of the state (1,2,3), by the same idea, we have

H132) = [(Z”an n(”lrl'”2)> 63] s T(213) = |:<En1,n2 ”(nl,n2,1)) Cl} c2
(312 = [(anz n(l,nl,nz)) 63} 2, T(231) = [(an,nz ”(nl,l,nz)) Cl} c3
i = (Do T ) ]

Next, the three infinite sums are calculated so that all the probabilities in (17) can be obtained.

Yoy (1)
= Zn1<n2 T (1,mymy) T Zn1>n2 TC(1,mq,m2)
= 27;1 Y k) T 2;11 s TTLk+K)
= ;il (77(1,2,2+j) + 1,33+ + T(raa+)) T )
170 (Tani2) + e + Taase +o-)
= Z;il (”(1,2,2+j) (122471 + T1204)¢T + - )

+ 7;1 (77(1,2+j,2) + (124261 + T2452)61 F - )

1 00 0
i (ijl T122+)) T 2ijm1 7T(1,2+j,2)) (22)
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The two summations in (22) are dealt with further as follows.
2]':1 T(122+)) T 2uj=170(12+)2)
= (7'((1,2,3) + 77(1,2,4) + 71'(1,2,5) +.. ) + (777(1,3,2) + 7'[(1,4,2) + 71'(1,5,2) + .. )

- [ (ZZOZZ n(k,LZ)) €+ (ZZo:z ”(k,1,3)) €+ (2;022 7T(k,1,4)) 1+ .. ]

+ [ (thozz ”(krz,l)> €1+ (Z;ozz ”(k,s,l)) 1+ (Z}iz ﬂ(k,4,1)) crt.. }
- (anznz n("lflf”ﬂ) ¢+ (an,nz n(nl,nz,l)) 1

Therefore, we obtain the following relation

C1
an,i’lz n(llnlrnz) = 1— c1 (Ziﬁ,nz n(”lrllnl) + an,nz 7—((1’11,}’[2,1)) (23)

For the other two sums, the similar equations can also be deduced as follows.

C2
an,nz Ty 1np) = 1—c, (Zm,nz TC(1,n1,my) + an,nz n(”lr”ZrD) (24)

C3
Zi’ll,i’lz n(”lr"Z/l) = 1 —C3 (an,}’lz 7-[(1/"1/"2) + an,nz n(nlrlan)) (25)

Combining equations (23), (24), (25) and notice that

1= an,nz TC(1,m1,12) + an,nz T(11,1,12) + an,nz TC(11,mp,1)

we solve that
an,nz T (1,n1,m5) = €1
Loy W 1my) = €2 (26)
an,nz TC(ny,mp1) = €3

By equation (26) 71(1 5 3) and the other five probabilities in (17) can be determined.

T(123) = T(2,1,3) = |\ Ly F(nymp1) ) €261 = €1€2€3
T132) = T(23,1) = | Long,np T(ny,1,ny) ) €163 = €123
T(3,12) = 7(32,1) = |\ Ly TT(1nyny) ) €263 = €123

Thus, we derive the first six probabilities in Theorem 3. Next, for the general state (1, 2, n) where
n is greater than 3, we have following calculations:

TT(12,n) = (Z;:z TT(k1,n—1) ) 1
= (T + Lits T ) €
T + s a2 o
Tty + (Loa ran2) 2] 27)

Notice that ():k 2 Tk 10— 2)> €1 = 7(1,2,n—1), from which we can derive that

1,2,n—1
Zk 2 kln 2) ( ) ) (28)


https://doi.org/10.20944/preprints202009.0113.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 September 2020 d0i:10.20944/preprints202009.0113.v1

13 of 20

in equation (27). Substituting (28) into (27) yields the following recursive formula

T2 = T21,1-1)C1 + T(12n-1)C2 (29)

Similarly, for the stationary probabilities 77( 1 ,), n > 3 it shows that

T21n) = (Z;o 2 T(Lkn— 1)) 2
- (n(“” 1)+ Y Tk 1)) )
{nlzﬂ 1)"'21( —3 T(1k-1,n-2)C 1}
{7(1271 1) (Zk 2 (L n— z) 1] ¢
[” 1,2,n—1) (2'2:1)01] €2 (30)

= TM(12n-1)2 + T(2,1,n-1)C1 (31)

where in (30) the relation (2120:2 77(1,k,n—2)) €2 = 7T(3,1,4—1) is used. Observing the equations (29) and
(31), we obtain that for n > 3,

T(120) = T(210) = T(12n—1)(€1+ C2) (32)

Let n > 3, we directly give the recursive formulas for the state vectors (1,7,2) and (1,1, 2).

TT(1,n,2) = T(2n1) = T(1,n—12) (c1+c3)

Tn12) = M(n21) = T(n-1,12)(C2 + C3)

Applying (32) iteratively yields

Taom = Tain = T2z (1 +2)" 2 =aae(a+e)">  (n>3) (33)

For the stationary probabilities 77(y ,, 5) and 77, 1 5), n > 3, using the same method the other two
iterative equations can also be derived. We show that

M) = Mamt) = Ts2)(c1+¢3)" > = cicacs(cr +¢3)" > (n>3) (34)

and
Mni2) = Tna1) = Taa) (2 +63)" > =craes(ca+¢3)" > (n>3) (35)

Finally, for the case 11,1y > 3 we determine the stationary probabilities for the most general
states (1,n1,1n2), (n1,1,1n2) and (n1,n3,1). Assume that n, > n; > 3 we have

_ n=2 _ ny—ny—1 711-2
(1) = TA2m-m+2)C1 = Taz3)(c1+¢2)27 " ey

ny -2
—ny—1.n1—-2 - 1
= c10003(c1 +¢p) ™M lc? = c10203(c1 + €)™ 3 (Cl‘f'CZ) (36)

On the contrary, if ny > ny > 3 we see that 77(1 ;, ,,) can be computed as

_ np—2 _ ny—ny—1 _np—2
T ny) = T -na+22)C1° = 21 +c3)" " ey

1’1272
iy — ) - C1
= C1C2C3(Cl + Cg)nl "2 lCTZ = C1C203(C1 + C3)n1 3 (C1+C3) (37)
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Combining equations (36) and (37) the stationary probability 77 ,, ,,,) is given as
1’[1—2
creaes(eq + )23 (51$C2) (ny >ny > 3)
n(l/nlfﬂz) = 3 c 1’12—2 (38)
cicac3(cr +c3)m™ (cﬁi%) (ny > ny >3)

The explicit expressions of 77, 1 ,,) and 7, ,, 1) are directly given as follows. For 7, 1 ,,,) we

have
ny—3 (%) m=2
cicac3(cq +c2)™ (C1+CZ) (ny >ny > 3)
Ty, 1my) = w3 o 122
c1cac3(ca +c3)™ (Cﬁ%) (np >mnp >3)

and the probability 77, ,, 1) is determined by

o 1’11—2
_Jacacs(er +c3)m (Clcfcs (12 >ny > 3)
T(mm) = ms (o \22
c162¢3(cp + ¢c3)™ (C2+CS> (n > ny > 3)
253 So far, we complete the proof of Theorem 3. [

Provided all the stationary probabilities, in the following we determine the distribution function
of the popularity-weighted average file age.

Pr{Aq = j}
= Pr{p1a1 + paaz + p3as = j}
= Pr{paaz + psaz = j — p1} + Pr{p1a1 + psaz = j — p2} + Pr{p1a1 + p2az = j — p3}
- Zlﬂznlﬂ%nz:f*lﬂl (L mm) T 2171711+}73nz:]'*1172 Ty 1) F 2PlnlJernz:J'*Pz T (mma1)

254 Continue the calculation is tedious and not necessary. Since we have determined the stationary
2ss  probability for every state vector (mq, my, m3), and the integer triples satisfying pymy + pamy + pamsz =
=6 f can be rapidly found by designing a simple computer program.

257 The solving method for the simple case N = 3 is also effective when we intend to find the explicit
=e  solutions to the stationary equations for the general case. Now, assume that N files are contained in
2ss  cache. Firstly, the probability expression for a certain state vector is obtained. Then, we show that the
200 other stationary probabilities can be derived by introducing a permutation operator and an induced
22 One-to-one mapping. Without loss of generality, the probability 7 is computed, assuming
202 that the file ages satisfy ny_1 > ny_p > -+ > np > ny.

1,n,0p,..,nN—1)

203 4.2. Solving the stationary equations when an arbitrary N files are contained in cache

268 We first state the Lemma 2, from which the stationary probability 7
205 Obtained.

Ly na,emy_q) Can easily be

20s Lemma 2. The following statements concerning the stationary probabilities hold.
(i) Let 0(1,2,3, ..., N) be an arbitrary permutation of (1,2,3,...,N), then we have

N
Ty (1,23,...N) = T1(1,2,3,..,N) = Hi:1 Ci

(ii) Consider the state (1,2, ...,k ngy1,...,nN) where the first k components are the integers from 1 to k.
It is shown that

U2, de gt yeeIN) = TE (L2000 ) s oo (39)
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27 Weuse (0(1,2,...,k),ngyq,...,nN) to represent the states where the latter (N — k) components are fixed and
20s  the first k file ages can be any permutation of k-dimensional vector (1,2,...,k).
(iii) For fixed k, 2 < k < N — 1 we have the following recursive relation

k
02,0 kgt ettny) = T2k 1 — 1ty —1) (Zizl Ci) (40)

260 Provided the above Lemma 2, we first prove the Theorem 4, in which we give the explicit
270 expression of the stationary probability for an arbitrary state vector. After then, the Lemma 2 is proved.

Theorem 4. For any state vector (mq,my, ..., my) where one of m;, 1 < i < N equal 1. Let ¢ be the
permutation operator satisfying o(my,my, ..., my) = (ng,ny,...,nN—1), wherel =ng < ny <np < --- <
nn—1. The permutation operator o leads to a one-to-one mapping g : {1,2,3,...,N} — {0,1,2,...,N -1}
which is determined by the following relationships

mk:ngg(k), kE{l,Z,...,N}

Assuming that the update distribution of the server on each time slot is {c;,1 < i < N}, we show that the

stationary probability 7¢(, m, .. my) 1S equal to

_ N-1 j O
TC(my mg,...my) = Cor1(N-1) Hj:l Corl(j—1) (Zk:l ngl(kfl)) (41)

2ann where g5 1(+) denotes the reverse mapping of .

Proof. Because any state vector can always be converted to (ng,n1,..., nN,l) where the vector
components satisfy 1 = ng < ny < np < --- < ny_1 by a sequential of permutation operations,
which we denote simply by ¢. Therefore, in order to obtain the result for an arbitrary state vector, we
only need to derive the stationary probabilities for those states whose components are arranged from
smallest to largest. In other words, in order to prove Theorem 4 it suffices to compute 77
We show that

1,n1,12,... AN 1)

7-[(1,711,7[2,113,...,1’![\]_1)
— 1’1172
= TT,2mp—ny+2,n3—n1 42,51 —n+2)€1
_ ny—nq—1 n1—2
- 77'—(1,2,3,?’13—}’12-&-3,...,}’11\/,1—1’12-‘1-3) (Cl =+ Cz) z ! Cl (42)
_ nz—npy—1 np—nq—1 1n1—2
= U123 4,5 —n34+4, iy 1 —na+4) (€1 F 2 +¢3) 77 (c1 +¢2)" 7 ¢y (43)
_ nN_1—hN_2—1 np—nq—1 1n1—2
= TTaps,. N)(€1F e+ Hon1) NN (0 +6p)" 7T ) (44)

(Hil Ci) H]I\:ll ( {c:1 Ck) e (45)

. N-1 4 ] nj—nj,l—l
=N Lj=1 GG\ k=1 Gk

272 For the state (1,11,ny,...,1nN-_1), notice that when all the n;, 1 < i < N —1 are greater than
2z 3, the only feasible state vector at the previous one time slotis (1,7 —1,n, —1,...,ny_1 — 1) and
zza the first file f{ must be updated. So, we can constantly decrease 1n;,1 < i < N — 1 by one until n;
zrs  becomes 2. From (42) to (44) the result (iii) in Lemma 2 is applied, for the case k = 2, k = 3 and
26k = N — 1, respectively. The equation (45) holds due to the first result of Lemma 2, which shows
ar that 71103 N) = [T, ¢;. Therefore, we obtain the explicit expression of the stationary probability

28 TU(1y 1,13, 1N 1)
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In general, for an arbitrary state (11, my, ..., my), we can find a permutation operator ¢ such that
o(my,my,m3,...,my) = (ng,ny, Mz, ..., NN-1)

where 1 = ng < ny < ny < --- < ny_1. The N one-to-one corresponding relationships between {m;,
1<i< N}and {nj, 0 <j < N — 1} determine a one-to-one mapping

¢ :{1,2,3,...,N} » {0,1,2,...,N—1}

which is defined by
mj = }’lga(k) (1 S k S N)

Then, the kth updating probability ¢, in the state vector (ng,n1,ny,...,ny_1) corresponds to
Cort (k1) in the original state (my, my, m3,...,my) fork =1,2,3,...,N. Replacing ¢, with Cot(k—1) in
(45) and observing that n; = Mo1(j) We obtain that

—m

s 1(-1) (46)

—m

—(TTV N-1 [y~ Mo )
TC(my ma,m3,...my) = (Hi:l ng;l(iq)) Hj:l ( k=1 Cg,;l(kfl))

_ N-1 j M) Meg o1 L
=cgiv-n izt o ( k=1 Cgél(k*1)> (47)

270 which gives the explicit formula of the stationary probability when all the file ages are represented by
a0 the state vector (mq,my, ..., my). Thus, we complete the proof of Theorem 4. O

201 At last, we state the proof of the Lemma 2.

The proof of Lemma 2. Observing that starting with an arbitrary state, if in the next N time slots every
file is refreshed by the server exactly one time, then the ages of all the files after these N operations
will be one of the permutations of (1,2,3,..., N). This fact shows that in the steady state the relation

N
Tr(1,23,..,.N) = 71(1,2,3,..,N) = Hizl Ci

must hold, where ¢(1,2,3,...,N) denotes an arbitrary permutation of state (1,2,3,...,N) and we
obtain the first result of Lemma 2. The similar idea can be applied to the cases where some files are
updated regardless of the others. Assume that the first k files are refreshed in some order by the server
in consecutive k time slots, the k-dimensional sub-vector formed by the first k file ages must be some
permutation of (1,2,3,...,k). Thus, we have the equation

k
T (1,2,00K) At eeein) (2 n(*,*,...,*,nkﬂ7k,...,nN7k)) Hizl Ci (48)

where the symbol “*” represents an arbitrary integer that can be used as the age of a cached file. Notice
that the probability the server updates k files in turn is independent of the order these k operations are
performed. Therefore, we prove the statement (ii) of Lemma 2, that is

o ,n
*

n(a(1,2,,..,k),nk+1,..‘,nN) = n(l,Z,‘..,k,nkH,...,nN)
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In the end, the recursive formula (40) is proved. We have the following equations
T2, kg e IN) (Zjl,]'z,m,jk n(jl,jz,..‘,jk,nkﬂ—k,...,ank)) CkCk—1---C1 (49)
= (ij,j3,...,jk ”(1,jz,j3,...,jk,nk+1fk,...,ank)) 1 Hi;él Ci
+ (Zj1/j3/---/jk n(jlllfj3l"'ljk7nk+l _k/---/nN_k)) €2 HI#Z Ci
+...
+ (Zjl,jz,...,jk n(jllerf3,~-~r1,7’lk+1—k,---,”ll\]—k)) Ck Hi;ék Ci (50)
k
=) 1 T (123 k) g1 — L —1)C (51)
k
= (123, 11,y —1) (Elzl Cl) (52)

Starting with an arbitrary state vector of form (ji, j2, j3, - - -, jk, k41 — k, - . ., iy — k), by refreshing
the first k files in the order from f; to f1, the state vector will jump to (1,2,...,k, ng,q,...,ny) in the
end. Thus, the equation (49) holds. As previously mentioned in the Proposition, at any time there
must be one file having age 1, thus the summation in (49) can be divided into k disjoint sums in (50)
according to the file whose age is 1. For the equation (51), let the server update the first k files except
the file of age 1 in an arbitrary order. The different order the server uses to update the other (k — 1)
files will create different state vectors. However, notice that in (50) the latter (N — k) components of
those vectors are the same and the first k file ages are always some permutation of (1,2,3,...,k). We
have proved in statement (ii) that the stationary probabilities 775,123 ... k)11 1,...,ny—1) I (51) are all
equal. Therefore, the last equation (52) is obtained and finally we prove that

- k
(1,23, kit 1eiin) = 701,230 kg — 1oty —1) (Zi:l Ci)
202 This completes the proof of the Lemma 2. O

So far, for any N file ages (n1,12,13,...,1y) we have derived the probability 77(,, 4, ns....ny)
in Theorem 4 when the updating system reaches the steady state. Taking the request popularity
{pi,1 < i < N} of cached files into consideration, the probability that the popularity-weighted average
age A,y equals j can be determined as

Pr{A,; = j}

= Zp1n1+p2n2+-~~+pNnN=j n(”lf”Z:”&---r”N)
a N-1 j )”g;w)"’g;l(;—l)’l 3
= Lot pamattpnmy=i v L=t €1 (Zk:1 Cgz (k1) (53)

283 Although a summation over certain state vectors is included in (53), we show that it is not hard to
2ea determine these states by numerical calculation. Thus, expression (53) almost gives the probability
2ss  distribution function of A;.

206 4.3. Obtaining the distribution function of the popularity-weighted average age for more general cached files
207 Updating models

208 In the previous part of this Section, we showed that by establishing an N-dimensional stochastic
280 process, which describes the changes of N file ages simultaneously, the distribution function of
200 the popularity-weighted average age over all the cached files can be determined. We obtain the
22 mean A, and the distribution function for the general case where N files are generated at the
202 server. More importantly, the idea that creating a discrete stochastic process can be applied for
203 the updating-cached-files model with a more general setting. For example, assume that at each time
206 slot multiple files can be refreshed at a time, or the server does not update any file. Allowing several
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205 updates at the same time will dramatically increase the number of possible state-vectors, but we show
206 that the random transitions of N file ages can still be described by the stationary equations of the
207 Newly established age-process. In the following, we shall provide the stationary equations for this case
206 Without further calculation.
290 Now, let the cache size be N. We consider the cached-files-updating problem assuming that the
s0  server can refresh multiple files at each time slot. An N-dimensional random process is established
so1  for this case and only its stationary equations are given. Finding the closed-form solutions to the
202 stationary probabilities are not included in this paper. We may solve the stationary equations in further
303 work.
At each time slot, suppose that the server can update / files randomly, 0 < I < L, making the
ages of these files reset to 1. The refreshing probability distribution is defined as {cj, I € A}, where A
denotes the collection of all the subsets of N = {f1, fa, ..., fn} whose size is no greater than L. For the
sake of simplicity, the probability c; can also be determined by the set of indices of file in set I. That is
tosay, foraset I = {f;, fi,,..., fi, },m < L, wehavecy = cy; i, i 1. The probability cg corresponds
to the case in which no files are updated, so that all the file ages become larger by one in this time slot.
Define the N-dimensional random process

Ageg\?) = {(a1k, a0, ..., ank), a5k €N,1 <i < N,k > 1}

;s Where a;;, represents the age of the file f; at the kth time slot.
At the current time slot, assume that the N file ages form the state s = (ny, 1y, ..., ny). Remember
that we assume that the files from the server are always new and transmission of each file from server
to cache consumes exactly one time slot. This ensures that at the next time slot the age of any file f;
will jump to either n; + 1 or 1, depending on whether this file is updated at current time slot. Define
another state vector s’ = (n},n),...,ny) where n} = nilirgay +1,1 < i < N. We use A to denote the
set of files that are refreshed by the server. The indicator function I(-) is defined as

1 1 iffi¢ A
i) 0 otherwise
Thus, the single-step transition probability P that the state vector changes from s to s’ is equal
to
Ps,s’ = Cx, Ac A

305 Since the server can update several files in a time slot, at most L files in cache have age 1. In
s addition, it is also possible that all the file ages are greater than 1, because with a non-zero probability
07 Cp the server does not refresh any file. The characteristics of the age-vectors in the state space of
308 process A ge%) can also be considered, like we do in Proposition before.

309 Now, in a state vector there are at most L components equal to 1. Without loss of generality,
a0 assume that all these “1” occur in the first L locations of the state vector s. The case that some “1”
s are contained in the last (N — L) components can be converted to the former case by using certain
a1z vector permutations, and can be discussed accordingly. Suppose that the updating system reaches
a3 steady-state, let 775 be the stationary probability of the state vector s.

First of all, for the case s = (ny,#13,...,1nyn) where n; > 2,1 <i < N, we show that

n(nl,nz,...,nN) = n(nl —1,np—1,..,ny—1)CD (54)
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Next, lets = (1,...,1,n,q,...,ny) in which the ages of first k, 1 < k < L files equal to 1 and
assume that the latter (N — k) ages are all greater than one. Then, for 1 < k < L, the probability

UL, g g,y) CAD be determined as
T g 1eiN) = <Zj1,...,jk n(jlr---rjk/”k+1_11---r”N_1)) {12k} (55)
314 The sum on the right-hand side of (55) is taken over all the states whose last (N — k) file ages are

a5 fixed to (g1 —1,...,ny — 1) and the first k components are arbitrary, as long as they can be k file
sie  ages. Considering all the permutations of state (1,...,1, 1. 1,...,ny) and combining with (54), we
a1z give the stationary equations of the process A geg\?) in Theorem 5 below.
Theorem 5. Assume that at each time slot the server can refresh an arbitrary k, 0 < k < L files with probability
ca, where A denotes the set of k files updated by the server. Let the N-dimensional vector s = (n1,np, ..., nyn)
be the state, which is composed of N file ages, we define an N-dimensional discrete random process Ageg\?) =
{st = (a1y, ant,...,ant), t > 1}. The stationary equations for the process are written as

IN

n(nl,nz,...,nN) = n(nl—l,ng—l,...,nN—l)CQ (Tli 2 2/1 l S N)

TN (Leee At 1,mN) = Zj1f~~~,]'k n”N(jlr--vjkr”k-f—l_1r---'”N_1)) Ckon <1 <k<L

~—

sis  where o denotes a permutation operator on the N-dimensional vector. For a given k, cyq,, is the updating
a0 probability which is determined by the k files refreshed by the server. These k files can be found by virtue of oy.

s20 5. Conclusion

321 In this paper, for the general cached-files-updating model, we determine the distribution function
;2 of the popularity-weighted average age over all the cached files. We show that an N dimensional
s23  stochastic process can be constituted to simultaneously describe the random transfers of N file ages.
;22 The stationary probability for an arbitrary state vector is found by solving the stationary equations
a2s  Of the resulting process. Thus, the distribution function of the popularity-weighted average age
s26 for arbitrarily given file popularities can be obtained by mergering a proper group of stationary
s27  probabilities. At the last of this paper, some more general models of cached files updating are also
a2 discussed. In particular, for the case where the server can update several files at one time slot, we
a20  give the stationary equations of the discrete process constituted for this case. For the further work, we
s30  intend to consider whether or not the distribution function of popularity-weighted average age can be
31 Obtained, assuming that the file popularities and the updating probabilities of the files are dependent
;32 and even time-varying.
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