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In this paper, we study the gravitational lensing by some black hole classes within the non-linear
electrodynamics in weak field limits. First, we calculate an optical geometry of the non-linear elec-
trodynamics black hole then we use the Gauss-Bonnet theorem for finding deflection angle in weak
field limits. The effect of non-linear electrodynamics on the deflection angle in leading order terms is
studied. Furthermore, we discuss the effects of the plasma medium on the weak deflection angle.
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I. INTRODUCTION

Einstein’s general theory of relativity [1] is considered as the most beautiful and elegant theory of the last century.
This theory has passed several tests with spectacular successes showing this compatibility with experimental obser-
vations since 1920 [2], when Dyson, Eddington and Davidson have measured the gravitational bending of light by
the Sun. A quote of years ago, other huge experiments also unveil the predictions of such a theory one can cite the
detection of the gravitational waves [3] and the realization of the first black hole image in M87 galaxy announced by
Event Horizon Telescope (EHT) [4, 5]. One of the key phenomena predicted by the gravitation theory is the ”gravita-
tional lensing” which can be interpreted by the ability of gravity to bend light. Such phenomena have been observed
many times and it has been established as one of the powerful tools in astronomy and cosmology especially for
investigation of the dark sector of our universe [6]- [31].

As of late, Gibbons and Werner [32] changed the standard perspective identified with the manner in which we
ordinarily evaluate the deflection angle. They demonstrated that one can compute the deflection angle in a very
elegant manner; Specifically, they have utilized the Gauss-Bonnet theorem (GBT) with regards to optical geometry.
It is important to note that in this method, the deflection of photon can be seen as a global effect. One can focus
only on a nonsingular area outside of the photon ray. This method is applied on various black holes [33]-[73] and
wormholes [74–83] to find the weak deflection angle.

In the framework of Gravitation theory, one can discover peculiarity of singularity–free solutions of the Einstein
field equations coupled to suitable nonlinear electrodynamics (NLED), which in the weak field limit reduces to the
ordinary linear Maxwell theory. In in this context NLED charged black hole solutions were derived and discussed in
a number of works [84]-[118]. Initially, the NLED was elaborated by Born and Infeld’s to expel the central singularity
of a point charge and the related energy divergence by generalizing Maxwell’s theory [93]. Then, the enthusiasm
for NLED in current studies is to an enormous degree roused by the discovery that some kinds of NLED appear as
limiting cases of certain models of string theory [87, 88].

Here, the main aim of the paper is to contribute to such interest area of gravitational physics by recalling the
Gauss-Bonnet theorem to evaluate the the deflection angle of two class of black hole solutions of gravity coupled to
nonlinear electrodynamics. These calculations are elaborated in the vacuum and by considering a plasma medium.

This paper is organized as follows, after a concise introduction of the black hole solutions we compute their optical
metrics and the Gaussian optical curvatures. After what and by the help of the GBT, the deflection angle of light for
such black holes configuration is computed. In section Sec.3, we observe the graphically the variation bahaviour of
the deflection angle in non-plasma and plasma medium and make a comparison between both mediums, then we
briefly summarize our results.
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II. COMPUTATION OF WEAK LENSING BY NON LINEAR ELECTRODYNAMICS BLACK HOLE WITHIN THE
GAUSS-BONNET THEOREM

Our starting point is the following action in which gravity is coupled to nonlinear electrodynamics fields [117, 118]

S =
1

16π

∫
d4x
√
−g [R− 4πL(F )] , (1)

where R denotes the scalar curvature and L(F ) is a function of the invariant F := 1
4FµνF

µν and F̃ := 1
4Fµν ? F

µν

built form Faraday tensor F = 1
2Fµνdx

µ ∧ dxν and its Hodge dual ?F. In this paper, we will deal with the non-linear
electrodynamics terms L(F ) are explicitly given by [117, 118]

L(F ) =


8M3F (6M(−2F )

1
4 +
√
Q−2MQ(−2F )

3
4

√
Q(2M+Q

3
2 (−2F )

1
4 +2MQ(−2F )

1
2 )3

NLED1

3M
|Q|3

(2Q2F )3/2

[1+(2Q2F )3/4]2
NLED2,

(2)

in which M and Q are the mass and charge of black holes respectively. Herein, we would like to deal with static and
spherical symmetric black hole given by the following ansatz

dt2 = −f(r)dt2 +
dr2

f(r)
+ r2(dθ2 + sin θdφ2), (3)

where the metric functions written as [117, 118]

f(r) =

{
1− 2Mr

r2+ Q2

2M r+Q2
NLED1

1− 2Mr2

r3+Q3 NLED2.
(4)

In order to consider the Gauss-Bonnet theorem [32], we introduce the optical space simply written in equatorial
plane (θ = π

2 ) to get null geodesics (ds2 = 0) as

dt2 = goptij dx
idxj =

dr2

f(r)2
+
r2dφ

f(r)
. (5)

The Gaussian optical curvature K which is an intrinsic property of spacetime and which corresponds to the optical
metric is related to its Ricci scalarR via the following formula

K =
R
2
, where R =

−f ′(r)2

2
+ f ′′(r)f(r). (6)

Recalling the both expressions of f(r), the Gaussian optical curvature is given explicitly by

K ≈

 3 Q2

r4 +
(
−2 r−3 + 6 Q2

r5

)
M NLED1(

−2 r−3 + 20 Q3

r6

)
M NLED2.

(7)

Now, by utilizing Gauss-Bonnet Theorem (GBT), we evaluate the deflection angle of photon by such black holes.
Using GBT in the region GR, given as ∫

GR
KdS +

∮
∂GR

kdt+
∑
t

α̂ = 2πX (GR) (8)

in which, k represent the geodesic curvature,K is for the Gaussian optical curvature as well as the geodesic curvature
k is written as k = ḡ(∇α̂α̂, α̌) so that ḡ(α̂, α̂) = 1, in which α̂ is the unit acceleration vector and αt is for the exterior
angle at tth vertex respectively. For R → ∞,the jump angles equal to π/2, so that αO + αS → π. Here, X (GR) = 1
stands for a Euler characteristic number and GR is the nonsingular domain. Then we find that∫ ∫

GR
KdS +

∮
∂GR

kdt+ α̂ = 2πX (GR) (9)
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where, the total jump angle is α̂ = π, When R → ∞, then the remaining part is kDR = |∇ḊR
ḊR| radial component

for geodesic curvature:

(∇ḊR
ḊR)r = Ḋφ

R∂φḊ
r
R + Γrφφ(Ḋφ

R)2 (10)

At very high R, DR := r(φ) = R = const. Hence, we write that the leading term of equation Eq.(10) vanishes and
(Ḋφ

R)2 = 1
f(r?) . Recalling Γrφφ = 2f(r)−rf ′(r)

2rf(r) , we get (∇ḊR
ḊR)r = 1

R and which proves that the geodesic curvature is
not effected to the topological defects. We can write dt = Rdφ. Thus; k(DR)dt = dφ. From the previous results, we
get ∫ ∫

GR
KdS +

∮
∂GR

kdt
R→∞

=

∫ ∫
S∞

KdS +

∫ π+α

0

dφ. (11)

At 0th order, weak field deflection limit of the light is defined as r(t) = b/ sinφ. Consequently , the deflection angle
can now expressed as as:

α = −
∫ π

0

∫ ∞
b/ sinφ

K
√

det ḡdudφ. (12)

here we put the leading term of Eq.(7) into above Eq.(12), so the obtained deflection angle up to leading order term
is computed as:

α ≈

{
4 M
b − 3/4 Q2π

b2 − 8/3 Q2M
b3 NLED1

4 M
b −

15MπQ3

8 b4 NLED2
(13)

While we can immediately see that the charge term decreases the deflection angle in the both classes.

Lensing in a vacuum does not involve dispersive proprieties of a photon. Furthermore, lenses are usually besieged
[31] by plasma, which discloses a nontrivial component for the deflection angle. Gravitational deflection in a plasma
medium encourages refraction including more deflection such that the information is encoded in the refraction index
[23].

In order to encompass the effects of plasma, we suppose that the photon travels from vacuum to a hot, ionized
gas medium, where the v is the speed of light through the plasma. Then we can write the refractive index, n(r) as
follows:

n(r) ≡ v

c
=

1

dr/dt
, {∵ c = 1}. (14)

The refractive index n(r) for such black hole is obtained as [33]

n(r) =

√
1− ω2

e

ω2
∞
f(r), (15)

where ωe is the electron plasma frequency, and ω∞ is the photon frequency measured by an observer at infinity. The
line element figured in equation Eq.(3) take a new form given by

dt2 = goptij dx
idxj = n2(r)

[
dr2

f(r)2
+
r2dφ

f(r)

]
. (16)

Taking account into the plasma medium the Gaussian optical curvatures Eq.(7) become

Kp ≈

{
5 Q2ωe

2

r4ω∞2 + 3 Q2

r4
− 5 MQ2ωe

2

ω∞2r5
+ 6 Q2M

r5
− 3 Mωe

2

ω∞2r3
− 2 M

r3
NLED1

36 MQ3ωe
2

r6ω∞2 + 20 MQ3

r6
− 3 Mωe

2

r3ω∞2 − 2 M
r3
− 156 M2Q3ωe

2

r7ω∞2 − 36 M2Q3

r7
+ 12 M2ωe

2

r4ω∞2 + 3 M2

r4
NLED2

(17)

By the help of the Gauss-Bonnet-theorem, one can express the deflection angle of such black hole classes within
the plasma medium as

αplasma ≈

{
4 M
b − 8/3 Q2M

b3 − 3/4 Q2π
b2 − 5/4 Q2ωe

2π
b2ω∞2 + 20MQ2ωe

2

9 b3ω∞2 + 6 Mωe
2

bω∞2 NLED1

4 M
b −

15MQ3π
8 b4 + 27MQ3ωe

2π
8 b4ω∞2 + 6 Mωe

2

bω∞2 NLED2
(18)
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III. CONCLUSION

Having obtained the expressions of the deflection angle for each black hole classes in the vacuum and plasma
medium and to illustrate graphically the the effect on nonlinear electrodynamics on such quantity, we depict in the
figure Fig.1 the variation of the deflection angle α versus the impact parameter b
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FIG. 1: The relation between the deflection angle α and the parameter impact b for each black hole class, within different values of the charge Q. The green
line is associated with the vanishing charge Q = 0. In both panels, we have set M = 10.

From Fig.1, one can easily see that, for both varieties of the nonlinear electrodynamics black hole solution, the
deflection angle α presents a maximum at

bmax,1 =
3πQ2 +

√
512M2Q2 + 9π2Q4

16M
and bmax,2 =

1

2
3
√

15πQ (19)

respectively, then decrease gradually and go to positive infinity. Comparing the deflection angles α, one can notice
that the α associated with NLED1 class is more important than the NLED2 one. Another important remark is that
the maximum bmax,2 depends only on the charge while bmax,1 is controlled by the mass M and the charge Q. In the
vanishing limit of charge Q = 0 (green line) we recover the Schwarzschild [] behaviour, where the deflection angle
is initially exponentially decreasing and then goes to positive infinity.

To unveil the effect of the plasma medium on the deflection angles of such black hole solutions, we depict in the
figure Fig.2 the variation of α in terms of the parameter impact b.
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FIG. 2: The relation between the deflection angle α and the parameter impact b for each black hole class in the plasma medium, within different values of
charge Q. In both panels, we have set M = 10.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 August 2020                   doi:10.20944/preprints202008.0370.v1

https://doi.org/10.20944/preprints202008.0370.v1


5

One can notice from this figure that the situation is quite different from the vacuum medium. Herein in the plasma
medium, the maximum point disappears and the decreasing behaviour takes place: the deflection angle is initially
exponentially decreasing and then goes to positive infinity. However, by the help of deflection angle expression
Eq.(18), one can see that the value deflection angle increases within the introduction of the plasma medium.

In this work, we have investigated the weak gravitational lensing in the framework of nonlinear electrodynamics
black hole solutions. For this end, we have considered the photon rays into the equatorial plane. Then we have
calculated the associating optical metric and the Gaussian optical curvature. By these quantities and the Gauss-
Bonnet theorem we derive the expression of the deflection angle for each black hole background in vacuum and in
plasma medium. We have also probed graphically the variation of the black hole deflection angle in terms of the
impact parameter b and within the charge and the plasma medium. We plan in the near future to extend our study
using the Gauss-Bonnet theorem to other black hole and dark object configurations.
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[80] A. Övgün, “Light deflection by Damour-Solodukhin wormholes and Gauss-Bonnet theorem,” Phys. Rev. D 98, no.4, 044033

(2018)
[81] Z. Li, G. He and T. Zhou, “Gravitational deflection of relativistic massive particles by wormholes,” Phys. Rev. D 101, no.4,

044001 (2020)
[82] P. Goulart, “Phantom wormholes in Einstein–Maxwell-dilaton theory,” Class. Quant. Grav. 35, no.2, 025012 (2018)
[83] T. Ono, A. Ishihara and H. Asada, “Deflection angle of light for an observer and source at finite distance from a rotating

wormhole,” Phys. Rev. D 98, no.4, 044047 (2018)
[84] A. Allahyari, M. Khodadi, S. Vagnozzi and D. F. Mota, “Magnetically charged black holes from non-linear electrodynamics

and the Event Horizon Telescope,” JCAP 02, 003 (2020).
[85] E. Ayon-Beato and A. Garcia, “Regular black hole in general relativity coupled to nonlinear electrodynamics,” Phys. Rev.

Lett. 80, 5056-5059 (1998).
[86] A. Belhaj, M. Chabab, H. El Moumni, K. Masmar, M. B. Sedra and A. Segui, “On Heat Properties of AdS Black Holes in

Higher Dimensions,” JHEP 05, 149 (2015).
[87] A. A. Tseytlin, “Born-Infeld action, supersymmetry and string theory,” doi:10.1142/9789812793850 0025 [arXiv:hep-

th/9908105 [hep-th]]..
[88] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 09, 032 (1999).
[89] L. Susskind, “The World as a hologram,” J. Math. Phys. 36, 6377-6396 (1995).
[90] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Int. J. Theor. Phys. 38, 1113-1133

(1999).
[91] A. Belhaj, M. Chabab, H. El Moumni and M. B. Sedra, “On Thermodynamics of AdS Black Holes in Arbitrary Dimensions,”

Chin. Phys. Lett. 29, 100401 (2012).
[92] A. Belhaj, L. Chakhchi, H. El Moumni, J. Khalloufi and K. Masmar, “Thermal Image and Phase Transitions of Charged AdS

Black Holes using Shadow Analysis,” [arXiv:2005.05893 [gr-qc]].
[93] M. Born and L. Infeld, “Foundations of the new field theory,” Proc. Roy. Soc. Lond. A A144, no.852, 425-451 (1934).
[94] K. A. Bronnikov, “Dyonic configurations in nonlinear electrodynamics coupled to general relativity,” Grav. Cosmol. 23,

no.4, 343-348 (2017).
[95] J. D. Brown, J. Creighton and R. B. Mann, “Temperature, energy and heat capacity of asymptotically anti-de Sitter black

holes,” Phys. Rev. D 50, 6394-6403 (1994).
[96] R. G. Cai, “Gauss-Bonnet black holes in AdS spaces,” Phys. Rev. D 65, 084014 (2002).
[97] R. G. Cai, L. M. Cao, L. Li and R. Q. Yang, “P-V criticality in the extended phase space of Gauss-Bonnet black holes in AdS

space,” JHEP 09, 005 (2013).
[98] R. G. Cai, L. M. Cao and N. Ohta, “Topological Black Holes in Horava-Lifshitz Gravity,” Phys. Rev. D 80, 024003 (2009).
[99] M. M. Caldarelli, G. Cognola and D. Klemm, “Thermodynamics of Kerr-Newman-AdS black holes and conformal field

theories,” Class. Quant. Grav. 17, 399-420 (2000).
[100] M. Chabab, H. El Moumni, S. Iraoui and K. Masmar, “Behavior of quasinormal modes and high dimension RN–AdS black

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 August 2020                   doi:10.20944/preprints202008.0370.v1

https://doi.org/10.20944/preprints202008.0370.v1


8

hole phase transition,” Eur. Phys. J. C 76, no.12, 676 (2016).
[101] M. Chabab, H. El Moumni, S. Iraoui and K. Masmar, “Probing correlation between photon orbits and phase structure of

charged AdS black hole in massive gravity background,” Int. J. Mod. Phys. A 34, no.35, 1950231 (2020).
[102] M. Chabab, H. El Moumni, S. Iraoui, K. Masmar and S. Zhizeh, “Chaos in charged AdS black hole extended phase space,”

Phys. Lett. B 781, 316-321 (2018).
[103] M. Chabab, H. El Moumni and K. Masmar, “On thermodynamics of charged AdS black holes in extended phases space via

M2-branes background,” Eur. Phys. J. C 76, no.6, 304 (2016).
[104] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Charged AdS black holes and catastrophic holography,” Phys.

Rev. D 60, 064018 (1999).
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