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Abstract: Industrial dynamical systems often exhibit multi-scale response due to material 
heterogeneities, operation conditions and complex environmental loadings. In such problems, it is the 
case that the smallest length-scale of the systems dynamics controls the numerical resolution required 
to effectively resolve the embedded physics. In practice however, high numerical resolutions is only 
required in a confined region of the system where fast dynamics or localized material variability are 
exhibited, whereas a coarser discretization can be sufficient in the rest majority of the system. To 
this end, a unified computational scheme with uniform spatio-temporal resolutions for uncertainty 
quantification can be very computationally demanding. Partitioning the complex dynamical system 
into smaller easier-to-solve problems based of the localized dynamics and material variability can 
reduce the overall computational cost. However, identifying the region of interest for high-resolution 
and intensive uncertainty quantification can be a problem dependent. The region of interest can be 
specified based on the localization features of the solution, user interest, and correlation length of 
the random material properties. For problems where a region of interest is not evident, Bayesian 
inference can provide a feasible solution. In this work, we employ a Bayesian framework to update 
our prior knowledge on the localized region of interest using measurements and system response. To 
address the computational cost of the Bayesian inference, we construct a Gaussian process surrogate 
for the forward model. Once, the localized region of interest is identified, we use polynomial 
chaos expansion to propagate the localization uncertainty. We demonstrate our framework through 
numerical experiments on a three-dimensional elastodynamic problem.

Keywords: Bayesian inference; Uncertainty Quantification; Dynamical Systems; Inverse Problem; 
System Identification ; Gaussian process regression; Polynomial chaos.

21

1. Introduction22

With the increase in demand for high-performance and highly-efficiency systems, the complexity23

of industrial design and manufacturing process is increasing proportionally; exposing many24

opportunities for novel technologies as well as many associated technical challenges. For example,25

advancements in the design of composite structures allows us to reduce weight, advancements in26

additive manufacturing enables us to reduce cost, and optimal computational material design pushes27

the boundary in the discovery of new alloys with desirable electro-mechanical properties. Introducing28

a new technology typically happens at the lowest level of the systems hierarchy (e.g., at the parts or29

sub-component levels). Extending the new technologies to the system level requires rigorous testing.30

For example, in 1980’s composite material was only used for limited components of an aircraft (i.e,.31

the wing and tail [1]). Recently however, after multiple test flights, about 50% of the materials used in32

the Boeing 787 Dreamliner are composite materials [2].33

In the industrial setting, the process of adaptation of a new technology can be accelerated by a34

proper assessment of uncertainty at various aspects of the product ’s life cycle spanning the design,35

manufacturing and maintenance stages. For example, at the design stage of an aircraft wing rib, it36

is crucial to consider the effect of uncertainty in the material and operation conditions on the safety37

factor and aeroelastic dynamics of the wing [3]. At the manufacturing stage, it is important to consider38
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the impact of manufacturing uncertainties on quality control [4] and non-destructive testing [5]. The39

maintenance stage requires a holistic assessment of the effect of measurement uncertainty on the static40

and dynamic responses of the wing during structural health monitoring [6].41

Quantifying uncertainty at the system level often requires a physics-based computational model42

for the entire structure. However, in structures such as an aircraft wing, traditional computational43

models may become too complex and costly for simulating the multi-scale dynamical response44

especially due to material heterogenity at the sub-component level. The effect of the sub-component45

on the entire structure depends on the size, location and loading conditions of the part. It is therefore,46

necessary to consider a different level of fidelity for the analysis of the sub-components in order to47

reduce the cost and complexity of uncertainty quantification. To this end, the concept of localized48

uncertainty propagation for dynamical systems having muti spatio-temporal scales can be utilized to49

address such issues [7–9].50

In this work, we consider assessing the effect of localized uncertainty in a region of interest51

within the entire structure. For structures composed of distinct parts that can be clearly identified,52

the localized region for uncertainty propagation may become obvious. When the distinguished53

components of a structure are not clear, measurement data can be utilized within Bayesian framework54

to identify the localized region of interest. The Bayesian paradigm integrates the domain-knowledge,55

physics-based computational models and observational data in one framework to update the current56

state of knowledge [10,11]. The Bayesian methods offer two major advantages namely: a) allow57

quantification of epistemic uncertainty under limited-data, and b) retain physical sense for the58

parameters and the quantity-of-interest. Conditioning apriori physics beliefs on the available data,59

Bayes rule provides aposteriori distribution on the model parameters. A robust method to estimate60

the posterior distribution in the Bayesian inference (i.e. sampling values of the model parameters from61

the posterior probability) is Markov Chain Monte Carlo (MCMC) [12,13]. Estimating the posterior62

probability density function in the Bayesian method requires solving the forward model many times,63

which may become challenging for limited computing resources. This issue is often addressed by64

building a data-driven probabilistic surrogate model using Gaussian process (GP) regression [14].65

Constructing a GP model requires executing the forward model only few number of times. The66

GP models are non-parametric and Bayesian in nature, and they provide uncertainty bound on67

their predictions. Nevertheless, for problems with stochastic field representation of the variability68

in the propagation media, uncertainty quantification using GP models may become challenging for69

general non-Gaussian description of the underlying random variability. Polynomial Chaos (PC), on70

the other hand, provides an effective framework to represent and propagate an arbitrary random71

variable through complex computational models [15,16]. In PC, the response of the physical model is72

represented as spectral expansion in a polynomial series with basis function being orthogonal with73

respect to the probability density function of the underlying random variables of the propagation74

media.75

The rest of this work is organized as follows: in Section 2, we provide the problem statement76

and the associated mathematical formulations. Our numerical demonstrations for the mathematical77

framework are provided in Section 3. We provide the conclusions of the current work in Section 4.78

2. Methodology79

In this section, we present the mathematical framework of our approach for data-driven80

partitioning scheme for localized uncertainty quantification. In particular, in Subsection 2.1, we81

introduce the problem statement in the Bayesian setting. As mentioned previously, for problems where82

the localized region of interest is not defined explicitly, we rely on measurement data of a response83

quantity (aided by a computational model) to infer the localized region of interest. The Bayesian84

framework requires a computational model (the forward problem) to estimate the response of the85

system for a given set of the input parameters that to be inferred. Consequently, in Subsection 2.286

we discuss the stochastic elastodynamic problem and its finite element discretization. Estimating87
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the localized region of interest in the Bayesian setting necessitates many solutions to the stochastic88

elastodynamic problem which can become computationally demanding. Furthermore, it is worth89

noting that for the Bayesian calculation the entire solution field of the stochastic elastodynamic problem90

is not required, only a realization at the measurement location is needed. Thus, a surrogate model91

for the realization of the response can be used to reduce the computational cost of the Bayesian92

framework. In Subsection 2.3, we present the Gaussian process surrogate to emulate the solution to93

the stochastic elastodynamic problem with less cost. Once the localized region of interest is estimated,94

a confined uncertainty representation of the material properties within the region of interest can be95

performed. The localized uncertainty is propagated forward through the model in order to estimate96

its effect on the variability of the response. For this task, we use the polynomial chose expansion for97

efficient assessment of uncertainty with less cost. The polynomial chose expansion is reviewed in98

Subsection 2.4.99

2.1. Bayesian Inference100

In Bayesian inference, the prior knowledge is updated to posterior using noisy measurements
and the response of a physical model [10,11]. The update is based on the Bayes’ rule defined as

ppθ|dq “
ppθqppd|θq

ppdq
, (1)

where θ is the uncertain parameters to be estimated, d is the measurement of an observable quantity,
ppθ|dq is the posterior probability density function, ppθq is the prior probability density function, and
ppd|θq denotes the likelihood of the observations given the parameter. We assume that the measured
data d is generated from a statistical model composed of a physical model Mpθq plus an additive
measurements noise ε as

d “Mpθq ` ε. (2)

Here we represent the measurement noise as a Gaussian random variable with unknown variance
ε „ N p0, σ2

nq. For a Gaussian noise, the likelihood function becomes

ppd|θq “
1

`

2πσ2
n
˘´N{2

exp

˜

´
1

2σ2
n

N
ÿ

i

rdi ´Mpθiqs
2

¸

. (3)

The task in hand is to utilize the measurement d and the physical model Mpθq to estimate the system
parameters θ that best satisfy Eq.(1). The process requires many executions to the physical model Mpθq,
which can be computationally expensive. It is often, the expensive computational model is emulated
by a simpler easy-to-evaluate model that can estimate the response with a quantified accuracy as:

Mpθq »Mpθq, (4)

where Mpθq denotes the surrogate model that is constructed using a limited runs of the physical model101

Mpθq. In our work, we represent Mpθq as Gaussian process surrogate model [17]. Once we constructed102

and validate the surrogate model, the parameterization of the localized features θ is estimated using103

Bayes’ rule evaluated by Markov Chain Monte Carlo (MCMC) sampling technique. Having the104

localized region of interest identified, a localized uncertainty quantification of the confined variability105

of the material properties can be performed efficiently using polynomial chaos expansion [15].106

2.2. The Forward Problem107

In this section, we give a brief summary of the mathematical formulation to the linear stochastic108

dynamical system considered in this work. The framework is presented for localized uncertainty109
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propagation work-flow, whereby the decomposition of the physical domain is based on the variability110

of the material properties. Consequently, we consider an arbitrary physical domain Ω P Rd with BΩ111

being its boundary as shown in Fig. (1-a), and define the following problem:112

Find a random function upx, t, ξq : Ωˆ r0, Tf s ˆ Ξ Ñ R, such that the following equations hold

ρpξq:upx, t, ξq “ ∇ ¨ σ ` b in Ω ˆ r0, Tf s ˆ Ξ,
upx, t, ξq “ ū on BΩu ˆ r0, Tf s ˆ Ξ,

σ ¨ n “ t̄ on BΩt ˆ r0, Tf s ˆ Ξ,
upx, 0, ξq “ u0 in Ω ˆ Ξ,
9upx, 0, ξq “ 9u0 in Ω ˆ Ξ,

(5)

where ρpξq is the mass density, σ is the stress tensor, u is the displacement field, b is the body force113

per unit volume, ū is the prescribed displacement on BΩu, t̄ is the prescribed traction on BΩt, n is a114

unit normal to the surface, and u0 and 9u0 are the initial displacement and velocity, respectively. Here,115

we define the stochastic space by (Θ, Σ, Pq, where Θ denoting the sample space, Σ being the σ-algebra116

of Θ, and P representing an appropriate probability measure. The stochastic space is paramatrized117

by a finite set of standardized identically distributed random variables ξ “ tξipθqu
M
i“1, where θ P Θ.118

The support of the random variables is defined as Ξ “ Ξ1 ˆ Ξ2 ˆ ¨ ¨ ¨ΞM P RM with a joint probability119

density function given as ppξq “ p1pξ1q ¨ p2pξ2q ¨ ¨ ¨ pMpξMq.120

For linear isotropic elastic martial, the constitutive relation between the stress and strain tensors
is given by:

σ “ λpξqtrpεqI` 2¯pξqε, (6)

where λpξq and µpξq are the Lemaé’s parameters, I is an identity tensor and ε is the symmetric strain
tensor defined as

ε “
1
2

´

∇u`∇uT
¯

. (7)

For a random Young’s modulus Epx, ξq and deterministic Poisson’s ratio ν , the Lemaé’s parameters
can be expressed as

λpξq “
Epx, ξqν

p1` νqp1´ 2νq
, µpξq “

Epx, ξq

2p1` νq
. (8)

We consider the case that uncertainty steams from a localized variability in a confined region121

within the physical domain. For example as shown in Fig. (1-b), the variability in the quantity of interest122

can be attributed to the material random properties within the subdomain Ω2. The artificial martial123

boundaries shown in Fig.( 1-b) for subdomain Ω2 is estimated using Bayesian inference. Localizing124

random variability in the neighborhood of the quantity of interest reduces the computational cost125

of uncertainty propagation in problems where a region of interest can be specified. Depending126

on the interest in the region, each subdomain can have its local uncertainty representation and127

the corresponding mesh and time resolutions. As a results the Asynchronous Space-Time Domain128

Decomposition Method with Localized Uncertainty Quantification (PASTA-DDM-UQ) [7–9] can be129

utilized. In PASTA-DDM-UQ, spatial, temporal and material decompositions are considered. In130

this work however, we only consider material decomposition and apply non-intrusive approach for131

uncertainty propagation.132

Consequently, let the physical domain Ω be partitioned based on the martial variability into ns

non-overlapping subdomains Ωs, 1 ď s ď ns as shown in Fig. (1-b) and such that:

Ω “

ns
ď

s“1

Ωs, Ωs
č

Ωr “ H for s ‰ r, Γ “
ns
ď

s“1

Γs, Γs “ BΩszBΩ. (9)
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E2(x, ⇠)

<latexit sha1_base64="jspuoA+l9wUw+Wd5B3d1ECVHk40=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEqSElKQQUXBRFcVrAPaEKYTCft0MmDmUlpCf0TNy4UceufuPNvnLZZaOuBC4dz7uXee/yEM6ks69tYW9/Y3Nou7BR39/YPDs2j45aMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+8O7md8eUSFZHD2pSULdEPcjFjCClZY807z3quXM8QM0nl46Y3bhmSWrYs2BVomdkxLkaHjml9OLSRrSSBGOpezaVqLcDAvFCKfTopNKmmAyxH3a1TTCIZVuNr98is610kNBLHRFCs3V3xMZDqWchL7uDLEayGVvJv7ndVMVXLsZi5JU0YgsFgUpRypGsxhQjwlKFJ9ogolg+lZEBlhgonRYRR2CvfzyKmlVK3atcvNYK9Vv8zgKcApnUAYbrqAOD9CAJhAYwTO8wpuRGS/Gu/GxaF0z8pkT+APj8wf2e5KV</latexit>

E1(x)

<latexit sha1_base64="MAtYVTKOYfsr1O2bHcGMlEmy/0c=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9mVggoeCiJ4rGA/oLuUbJptQ7PJkmTFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqZ+u1HqjST4sGMExrEeCBYxAg2VvJve14l88MIPU3OeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM1unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10WWQMZGkhgoyXxSlHBmJpgGgPlOUGD62BBPF7K2IDLHCxNiYijYEb/HlZdI6r3q16tV9rVy/zuMowDGcQAU8uIA63EEDmkAggWd4hTcndV6cd+dj3rri5DNH8AfO5w+z8JDS</latexit>

E3(x)

<latexit sha1_base64="Dz4FiakCBogDI/QsXmnoLS3dgLo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkqiBRU8FETwWMF+QBPKZrtpl242YXcjlpC/4cWDIl79M978N27bHLT1wcDjvRlm5vkxZ0rb9rdVWFldW98obpa2tnd298r7B20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OObqd95pFKxSDzoSUy9EA8FCxjB2kjubf+8mrp+gJ6y0365YtfsGdAycXJSgRzNfvnLHUQkCanQhGOleo4day/FUjPCaVZyE0VjTMZ4SHuGChxS5aWzmzN0YpQBCiJpSmg0U39PpDhUahL6pjPEeqQWvan4n9dLdHDppUzEiaaCzBcFCUc6QtMA0IBJSjSfGIKJZOZWREZYYqJNTCUTgrP48jJpn9Wceu3qvl5pXOdxFOEIjqEKDlxAA+6gCS0gEMMzvMKblVgv1rv1MW8tWPnMIfyB9fkDtwqQ1A==</latexit>

(b) Domain decomposition.

Figure 1. An arbitrary computational domain Ω with a random material property (i.e., Epx, ξq) and its
partitioning into non-overlapping subdomains. The partitioning is based on material variability.

According to the decomposition in Eq.(9), the stochastic dynamical problem in Eq.(5) can be133

transformed into the following minimization problem:134

Find a random function upx, t, ξq : Ωˆ r0, Tf s ˆ Ξ Ñ R, such that

Lpu, 9uq “
ns
ÿ

s“1

pTsp 9uq ´ Vspuqq Ñ min, s “ 1, ¨ ¨ ¨ , ns, (10)

where Lpu, 9uq is the Lagrangian of the system, Tsp 9uq denotes the subdomain kinetic energy and Vspuq135

is the subdomain potential energy defined as:136

Tsp 9uq “
ż

Ξ

ż

Ωs

1
2

ρspξq 9u ¨ 9u dΩdΞ, (11)

Vspuq “
ż

Ξ

ˆ
ż

Ωs

1
2

ε : σs dΩ`

ż

Ωs

u ¨ bs dΩ`

ż

BΩt

u ¨ t̄s dΓ
˙

dΞ, (12)

The Hamilton’s principle with a dissipation term reads

ż Tf

0

ˆ

δL´ BQ
B 9ε

: δε

˙

dt “ 0, (13)

where δL is the first variation of the augmented Lagrangian defined as

δL “
ns
ÿ

s“1

ż

Ξ

ˆ
ż

Ωs

ρspξqδ 9u ¨ 9u dΩ´

ż

Ωs

δε : Dspξq : ε dΩ`

ż

Ωs

δu ¨ bs dΩ`

ż

BΩt

δu ¨ t̄s dΓ
˙

dΞ, (14)

here we define Dspξq as the uncertain linear elasticity tensor. The dissipation function Qp 9uq in the
Hamilton is defined as

Qp 9uq “
ns
ÿ

s“1

1
2

ż

Ξ

ż

Ωs

9ε : pDs : 9ε dΩdΞ, s “ 1, ¨ ¨ ¨ , ns, (15)
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where pDs is the damping tensor assumed to be deterministic. Substituting Eqs. p15 and 14q into the
Hamilton’s principle Eq. (13) gives the following stochastic equation of motion for a typical subdomain
Ωs

ż

Ξ

ż

Ωs

ρspξq:u ¨ δu dΩ dΞ`
ż

Ξ

ż

Ωs

9ε : pDs : δε dΩ dΞ`
ż

Ξ

ż

Ωs

ε : Dspξq : δε dΩ dΞ (16)

“

ż

Ξ

ż

Ωs

δu ¨ bs dΩ dΞ`
ż

Ξ

ż

BΩt

δu ¨ t̄s dΓ dΞ.

In the next section, we describe the finite element discretization of the weak form Eq.(16).137

2.2.1. Spatial and Temporal Discretizations138

Let the spatial domain Ω be triangulated with finite elements of size h and let the associated
finite element subspace be defined as Xh Ă H1

0pΩq, then an approximate deterministic finite element
solution can be expressed as

uh “

ni
ÿ

i

Nipxqũiptq. (17)

Substituting the discrete field, Eq.(17) in the weak form Eq.(16) gives the following semi-discretized139

stochastic equation of motion :140

ż

Ξ
pM:uptq `C 9uptq `KuptqqdΞ “

ż

Ξ
FptqdΞ. (18)

We drop the nodal finite element marks (tilde) for brevity of the representation and define the following
matrices:

M “

ns
ÿ

s“1

ż

Ωs

ρsNTNdΩ, C “
ns
ÿ

s“1

ż

Ωs

BT
pDsBdΩ,

K “

ns
ÿ

s“1

ż

Ωs

BTDi
sBdΩ, Fptq “

ns
ÿ

s“1

ˆ
ż

Ωs

bT
s NdΩ`

ż

BΩs

t̄T
s NdΓ

˙

.

Here, B is the displacement-strain matrix. For time discretization, we use the Newmark time integration
scheme to advance the stochastic system one time step as

9uk`1 “ 9uk ` p1´ γq∆t:uk ` γ∆t:uk`1, (19)

uk`1 “ uk ` ∆t 9uk `

ˆ

1
2
´ β

˙

∆t2 :uk ` β∆t2 :uk`1, (20)

where γ and β are the integration parameters, and ∆t “
Tf´T0

nt
. Substituting he Newmark scheme into141

the semi-discretized stochastic equation of motion Eq.(18), gives the following fully discretized linear142

system for a give realization of the random vector ξ:143

ApξqUk`1pξq “ Fk`1 ´GUkpξq (21)
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where for compact representation, we define

Apξq “

»

—

–

Mpξq C Kpξq
´γ∆TI I 0
´β∆T2I 0 I

fi

ffi

fl

, G “

»

—

–

0 0 0
´p1´ γq∆TI ´I 0
´p 1

2 ´ βq∆T2I ´∆TI ´I

fi

ffi

fl

,

Upξq “

$

’

&

’

%

:upξq
9upξq
upξq

,

/

.

/

-

, F “

$

’

&

’

%

f
0
0

,

/

.

/

-

.

For the data-driven decomposition approach, many solutions to the forward problem Eq. (21) are144

required in estimating the appropriate decomposition for localized uncertainty propagation. To145

mitigate the computational cost involved with identifying the underlying localized region of interest, a146

Gaussian Process (GP) surrogate model is utilized as explained in the next section.147

2.3. Surrogate Modeling148

The Gaussian Process (GP) surrogate model is widely used for engineering problems as a149

cost-effective alternative to costly computer simulator [18]. In the authors’ previous work [19], a150

fully-Bayesian industrial-level implementation for GP-based metamodeling and model calibration has151

been exhaustively covered. This implementation, called GE’s Bayesian hybird modeling (GEBHM),152

has been rigorously tested and validated on numerous benchmark problems and the impact of using153

Bayesian surrogate modeling has been demonstrated on several challenging industrial problems. In GP154

for dynamical systems, we consider D “ tpxi, yiq | i “ 1, 2, ¨ ¨ ¨ , Nu to be a set of training data consists155

of N samples, where xi P Rd represents the input sample i, and yi is the corresponding output vector156

of size nT . For time-series data, the output is observed at a sequence of time steps tj P rt1, t2, ¨ ¨ ¨ , tnT s.157

We concatenate all the input and output into the design matrix X and the corresponding observation158

matrix Y , respectively as:159

X “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

t1 x1
...

...
tnT x1

...
...

t1 xN
...

...
tnT xN

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, Y “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

y1
1
...

y1
nT
...

yN
1
...

yN
nT

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (22)

where yi
j is the response at time tj for the input parameters xi. The sizes of the design matrix X and

the observation matrix Y are pN ˆ nTq ˆ pd` 1q and pN ˆ nTq ˆ 1, respectively. In compact form, the
training dataset (X , Y) can be rewritten as:

X “

”

1N b T Xb 1nT

ı

, Y “ vecpYq, (23)

where 1N is an identity vector of size N, X “ rx1, ¨ ¨ ¨ , xNs
T , T “ rt1, ¨ ¨ ¨ tnT s

T , 1nT is an identity vector

of size nT , Y “

”

y1 ¨ ¨ ¨ yN
ı

and yi “ ryi
1, ¨ ¨ ¨ yi

nT
sT . Here the symbols b and vecp‚q represent

Kronecker product and vectorization operators, respectively. Consequently, a general regression model
for time-dependent data can be expressed as a function f pX q that maps the input X to time-series
observation Y . In GP regression, the goal is to infer the function f pX q from noisy observation of the
the output Y . To this end, the function f pX q is viewed as a random realization of Gaussian processes
f pX q „ GPpµpX q, KpX ,X 1qq, where µpX q and KpX ,X 1q are the mean and covariance matrix of the
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process, respectively. Training the GP model can be performed by finding the optimal values to
the covariance parameters. Systematically, this is done by maximizing the evidence or the marginal
likelihood with respect to the hyperparameter parameters of the kernel. The prediction of the GP for a
new input x˚, is a Gaussian process with the following posterior mean and covariance

µpx˚q “ kpx˚,X qrKpX ,X 1q ` σ2
nIs´1Y , (24)

σ2px˚q “ kpx˚, x˚q ´ kpx˚,X qrKpX ,X 1q ` σ2
nIs´1kpX , x˚q (25)

The covariance function in the GP framework encodes the smoothness and it measures the160

similarity of the process between two points. The covariance function also encodes the prior belief over161

the regression function to model the measurements. The prior belief can be on the level of the function162

smoothness, or behavior and trend such as periodicity, for example. Selecting the right covariance163

kernel can be challenging for time-dependent data and may require a composition of several covariance164

functions together to model the right behavior of the data. On the other hand, for problems where the165

training data is given in the form as in Eq.(22), the size of the data may grow exponentially demanding166

large computational budged. In this case a scaleable framework for the GP regression of large dataset167

can be exploited to efficiently address the computational cost [20].168

In this work, the ultimate goal of the GP model is to serve as a surrogate to the costly simulation169

code in the Bayesian inference. Thus, we follow a simplified approach to reduce the cost of building170

the surrogate [21]. For the case when the time index of measurement is set a priori and prediction at171

intermediate time instant is not required, the inter correlation between the time steps can be relaxed.172

Specifically, the prediction of the model in this case is always set at the location of the measured173

data, and the model only considers the correlation among the input variables xi. Thus the GP can be174

constructed on on the subset of the data (X, Y) instead of (X , Y) as GPpµpXq, KpX, X1qq, where175

X “

»

—

–

x1
...

xN

fi

ffi

fl

, Y “

»

—

–

y1
1, . . . , y1

nT
...

y1
N , . . . , yN

nT

fi

ffi

fl

(26)

2.4. Polynomial Chaos176

The Polynomial Chaos (PC) expansion is based on the spectral decomposition of a stochastic177

process into deterministic coefficients scaling random functions. In particular, the PC approximates a178

stochastic process as a linear combination of stochastic orthogonal basis functions as179

upt, ξq “
N
ÿ

j“0

Ψjpξqujptq, (27)

where Ψjpξq are a set of multivariate orthogonal random polynomials and ujptq, are the deterministic180

projection coefficients. The PC coefficients can be estimated non-intrusively as181

ujptq “

ş

Ξ upt, ξqΨjpξqdΞ
ş

Ξ Ψ2
j pξqdΞ

, (28)

where
ş

Ξp‚q dΞ denotes the expectation operator with respect to the probability density function of the182

underlying random variables. The expectation integral can be estimated using random sampling or183

deterministic quadrature rule [22]184
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3. Numerical Example185

For the numerical demonstration, we consider the problem of detecting the desired geometry186

(e.g. localized features) for a given specimen from noisy measurements of its dynamical response. We187

paramatrize the geometry by the dimensions of the inner section (the inner length li and radius ri) as188

shown in Fig. (2). The inner dimensions are inferred from noisy measurement of the beam deflection189

at the mid-span. Once the dimensions are estimated, we perform a localized uncertainty propagation190

of the material parameters of the inner core.191

3.1. The Forward Problem192

We consider a 3-D Aluminum beam with mean elastic properties of E “ 70 GPa, ν “ 0.3 and
ρ “ 26.25 kN/m3. For the damping representation, we consider Rayleigh damping whereby the
damping is assumed as C “ ηmM` ηkK. In the numerical implementation, we consider the proportion
constants ηm “ 0 and ηk “ 0.001, and we use stiffness K based on the mean properties. We utilize
FEniCS for the forward finite element simulations. [23]. Fig. (2) shows a 2D projection of the beam
geometry, whereby we parameterize the inner cylinder by (length li and radius ri), and the outer
cylinder by (length lo and radius ro). For the reference case the inner and outer dimensions are
(li “ 0.45 m, ri “ 0.025 m) and (ro “ 0.05 m and, lo “ 1.0 m), respectively. The beam is subjected to an
impact force defined as:

Fpt, xq “ r0, 0, F0t{tcδpt´ tcqsT , (29)

where F0 “ ´5.0 GN and the ramp time tc “ 0.5 ms. The beam is fixed at both ends and subjected to193

zero initial displacement and velocity. The dynamics is integrated up to 0.01 s.194

ri

<latexit sha1_base64="k00FHnGVidSg+GZcXOFq0TWUzWs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPeiBGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqler3tzXKo16HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYSo3U</latexit>

2ro

<latexit sha1_base64="yQiInt91Mm2JkY0hF+n6rgHfOK0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgPEW8OIxgnlAsoTZyWwyZB7LzKwQQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlHBmrO9/e4Wt7Z3dveJ+6eDw6PikfHrWMSrVhLaJ4kr3ImwoZ5K2LbOc9hJNsYg47UbTu8zvPlFtmJKPdpbQUOCxZDEj2GZSTQ/VsFzxq/4SaJMEOalAjtaw/DUYKZIKKi3h2Jh+4Cc2nGNtGeF0URqkhiaYTPGY9h2VWFATzpe3LtCVU0YoVtqVtGip/p6YY2HMTESuU2A7MeteJv7n9VMbN8I5k0lqqSSrRXHKkVUoexyNmKbE8pkjmGjmbkVkgjUm1sVTciEE6y9vkk6tGtSrtw/1SrORx1GEC7iEawjgBppwDy1oA4EJPMMrvHnCe/HevY9Va8HLZ87hD7zPH9KojhY=</latexit>

li

<latexit sha1_base64="ZbkJeSeljv0uquU3S9wOLfvQdnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPciBGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqler3tzXKo16HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBPJo3O</latexit>

lo

<latexit sha1_base64="SXhbqVTQYuzFeBh54z4U72zpL6E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKwHgLePEY0TwgWcLsZDYZMo9lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJKPdprQUOCRZDEj2DrpgQ/UoFzxq/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8WpM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG9TBjMkktlWS5KE45sgrN/0ZDpimxfOoIJpq5WxEZY42JdemUXAjB6svrpH1VDWrVm/tapVHP4yjCGZzDJQRwDQ24gya0gMAInuEV3jzuvXjv3seyteDlM6fwB97nD1g+jdQ=</latexit>

Figure 2. Schematic showing a 2D projection of a typical beam. For the reference case the inner and
outer dimensions are (li “ 0.45 m, ri “ 0.025 m) and (ro “ 0.05 m and, lo “ 1.0 m), respectively.

We consider the vertical deflection at the mid-span to be the quantity of interest (QoI) in identifying195

the underlying beam geometry. Fig. (3) shows he mid-span displacement and velocity for a the196

reference case.197
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Figure 3. The displacement and velocity at the mid-span of the reference case Pp0.5, 0.0, 0.0qrms and
using the mean material properties E “ 70 GPa, ν “ 0.3 and ρ “ 26.25 kN/m3

3.2. The Surrogate Model198

In order to infer the beam geometry from the QoI, many runs of the forward model (the 3D finite199

element dynamical code are required. This may cause a computational burden when the computational200

budget is limited. Thus, a surrogate model can overcome this issue by utilizing a limited number of a201

prespecified runs. The design of computer experiments concept can be used to optimally select the202

required runs [24–26]. For multi-fidelity simulations, where a high-cost high-accuracy and a low-cost203

low-accuracy simulators are available, a balance between the cost and accuracy can be achieved in204

designing the numerical simulations experiments [27].205

The surrogate model is constructed based on samples that can represent the variability in the206

beam geometry due to different values of the inner dimensions. We define the variability of the inner207

dimensions by assigning a uniform random distribution with a specified bounds as li „ Up0.25, 0.75qm208

and ri „ Up0.01, 0.05qm. Using Latin hypercube sampling technique [28], we generate 50 independent209

samples for the inner dimensions. Using these samples, we generate the geometry of the beam followed210

by constructing the corresponding finite element mesh, and executing the forward model to calculate211

the mid-span deflection (QoI). Samples of the training geometries are shown in Fig. (4). Clearly, the212

samples span a wide range of the probable geometries of the beam. The corresponding scatter of the213

mid-span vertical displacement of the 50 samples are shown in Fig. (5). Of course, the variability of the214

inner dimensions not only affect the geometry, but also the location and magnitude of the bouncing215

deflection at around time t “ 0.002s and t “ 0.005s.216

(a) (b)

(c) (d)

Figure 4. Four samples showing the variability in the beam geometry due to different values of the
inner dimensions (li, ri).
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Figure 5. The mid-span vertical displacement of the 50 samples.

We randomly split the 50 samples into 40 samples for training and 10 for testing. For practical217

numerical implementation and to reflect the reality of the real world, we add a Gaussian random noise218

of strength 10´3 ˆmaxpuq to the deflection measurements u. The GP surrogate model is trained on the219

training samples and used to predict the held-out testing samples. Fig.( 6) shows samples of observed220

and predicted responses for different values of the inner dimensions. The maximum and minutemen221

values of the mean squared error between the prediction and the observed response are 2.10ˆ 10´7
222

and 5.35ˆ 10´9, respectively. Given the fact that the testing samples are not seen by the model during223

the training phase, the GP model can predict the unseen data within the given accuracy.224
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Figure 6. Observed and predicted QoI for different testing samples. The test samples are not part of
the training set.
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To summarize the quality of the prediction, in Fig. (7), we show the L2-norm of the observed and225

predicted QoI. The observed/predicted validation plot indicates that the coefficient of determination226

between the prediction and observation is 0.98, and the corresponding mean squared error is 2.53ˆ227

10´6. These statistical metrics indicate that the GP model can estimate the unseen geometry from a228

noisy measurement of the QoI within a given accuracy.229
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Figure 7. The observed/predicted validation plot showing the norm of the observed (test data) and
the corresponding model predictions.

Once the GP model is validated, it can be deployed as a low-cost surrogate for the 3D finite230

element analysis code. The prediction of GP model takes only a fraction of the time that is needed by231

the finite element code to estimate the QoI with a fair accuracy.232

3.3. The Backward Problem233

In the backward problem, we try to estimate the inner dimensions (li, ri) of the beam from noisy234

measurements of the QoI. To this end, we utilize the GP surrogate model constructed in the previous235

subsection as a substitute for the forward model within the Bayesian framework.236

We assume that a noisy measurement for the QoI is available as shown in Fig. (8). The synthetic237

data is generated using inner dimension li “ 0.313 m and ri “ 0.055 m plus (σn “ 0.1ˆmaxpuq)238

Gaussian noise to mimic a real experiment setting.239
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Figure 8. Noisy measurement of the QoI

For the Bayesian calculation, we use non-informative prior for both the parameters θ “ rli, ris and240

utilize an adaptive MCMC method (DRAM) [29,30] to estimate the posterior density. In Fig. (9), we241

show the estimated posterior density of the parameters θ “ rli, ris . We also show the prior density and242

the true value of the parameters. Note that the true parameters where not part of either the training243

nor the testing datasets. This highlights the robustness of the framework. The mean of the estimated244
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values are li “ 0.310˘ 0.048 m and ri “ 0.054˘ 0.004 m (the confidence bounds are based on two245

standard deviation).246
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Figure 9. The estimated posterior density function of the inner dimensions θ “ rli, ris. The sold line is
the posterior PDF, the dotted line is the prior PDF and the bullet dot represents the true value li “ 0.313
m and ri “ 0.055 m.

Next, the uncertainty in the parameter estimation represented by the posterior density in Fig. (9) is247

propagated forward through the surrogate model to estimate a confidence bound on the prediction of248

the QoI. In Fig. (10), we show the model prediction and the 95% confidence interval as well as the true249

measured response. The L2 for the discrepancy between the mean model prediction and the measured250

data is 0.005 m. This conforms that the response due to the estimated parameters uncertainty agrees251

reasonably well with the true response.252
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Figure 10. The prediction of the surrogate model and its confidence interval due to uncertainty
propagation of the variability in the estimated inner dimensions.

3.4. Localized Uncertainty Propagation253

The QoI is confined within the core cylinder defined by inner dimensions θ “ rli, ris. Once these
dimensions are available, the effect of the random variability in the material properties of the inner
subdomain can be estimated using PC expansion. Without loss of generality, here we assume that for
the inner cylinder, the Young’s modulus and material density are random quantities, while Poisson’s
ratio is deterministic as

Epx, ξ1q “

#

E0p1` σEξ1q, for x P Ω2

E0, otherwise
(30)
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and

ρpx, ξ2q “

#

ρ0p1` σρ ξ2q, for x P Ω2

ρ0, otherwise
(31)

where the artificial boundary for Ω2 are defined by the Maximum A Posteriori (MAP) estimation254

of the inner dimensions θ “ rli, ris, E0 “ 70 GPa, ρ0 “ 26.25 kN/m3, σE “ 0.25 and σρ “ 0.15 and255

ξ1, ξ2 are standard normal random variables. Note that, not only the solution over Ω2 is stochastic,256

but also over all the whole domain since the spatial finite element and stochastic basis functions257

are continuous across the domains interfaces. We use second order PC expansion to propagate the258

localized uncertainty due to the random Young’s modulus and material density as shown in Fig. (11).259

The uncertainty bounds follow the trend of the response, with a higher value near the shock location.260

Although not explored here, high spatio-temporal resolution solver can be directed toward the region261

of interest, while a less resolution alternative can be assigned to the regions away from the QoI.262

As demonstrated in [7–9], PASTA-DDM-UQ approach leads to a customized solver for localized263

uncertainty propagation with less computational cost.264
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Figure 11. The PC prediction of the displacement and velocity at the mid-span. The uncertainty bounds
represent two standard deviation.

4. Conclusion265

We present a data-based partitioning scheme for localized uncertainty quantification in266

elastodynamic system. The localized region of interest is identified using Bayesian inference framework.267

Measurement of the system response at one location in conjunction with a physics-based computational268

model is used to infer the localized features of the region of interested. A data-based surrogate269

model for the physics-based simulator is constructed using Gaussian process regression in order270

to reduce the computational cost of the Bayesian inversion. Material uncertainty in the region of271

interest is propagated through the system using polynomial chaos. We exercise our framework on272

a three-dimensional beam with localized feature and subjected to an impact load. The presented273

framework can facilitate quantifying the effect of the sub-component uncertainty on the system-level.274

Proper assessment of uncertainty at various level can accelerate the adaptation process of a new275

component introduced to an existing system.276
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