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1 Abstract: We obtain more straightforwardly the main intrinsic features of dark matter distribution
> in the halos of galaxies by considering the spherically symmetric space-time, which satisfies the
s flat rotational curve condition, and the geometric equation of state resulting from the modified
s gravity theory. In order to measure the equation of state for dark matter in the galactic halo, we
s provide a general formalism taking into account the modified f(X) gravity theories. Here, f(X)
¢ is a general function of X € {R,G, T}, where R,G and T are the Ricci scalar, the Gauss-Bonnet
»  scalar and the torsion scalar, respectively. These theories yield that the flat rotation curves appear
s as a consequence of the additional geometric structure accommodated by those of modified gravity
o  theories. Constructing a geometric equation of state w, = p,/p, and inspiring by some values of
1o the equation of state for the ordinary matter, we infer the properties of dark matter in galactic halos
1 of galaxies.

1= Keywords: galaxies: modified gravity; dark matter; halos; flat rotation curves

13 1. Introduction

14 While the evolution of the universe is driven by the dark energy (DE), the formation of galaxies
s should be mainly determined by the dark matter (DM) which provides the potential wells where
16 baryons collapse to originate the visible component of galaxies. The direct evidence of DM and DE
1z follows from distance measurements of type Ia supernovae (SNe Ia) indicating that the expansion
1= of the universe is speeding up [1,2], which is the most important evidence of a breakdown of
1o general relativity (GR). The accelerated expansion of the universe can be explained by different
20 models of gravity than GR, where the Einstein-Hilbert Lagrangian is generalized by some general
a1 functions such that f(R), f(T), f(R,G), etc. The cosmic microwave background (CMB) anisotropy
22 measurements are equally strong indirect evidence for that type of matter and energy. All of the
2 projects to probe DE have the common feature of surveying wide areas to collect large samples of
2« galaxies, clusters or supernovae. An additional indirect evidence for DM comes from the connection
2 between galaxies/clusters and their halos, and for that type of structures, much higher mass estimates
26 than expected from the observed stars and gas indicate a breakdown of Newton’s theory of gravity
2z [3]. The modified gravity models, which are commonly considering as gravitational alternative
2s for DM, can explain the extra matter content to be needed in addition to the observational data
20 coming from galaxies. So the gravitational properties of galaxies and clusters have to be checked
50 by considering the modified theories of gravity.

£ The equation of state (EoS) for the ordinary matter, w = p/p, can take an arbitrary value
2 between -1 and 1, where w = —1 corresponds to a cosmological constant, which is also matched
3 to an exterior Schwarzschild vacuum solution, w = 0 for dust matter and w = 1 for a stiff matter.
s« The EoS parameter w = 1/3 corresponds to the relativistic matter (the radiation), like photons
s and massless neutrinos. For quintessence models the EoS parameter range is —1 < w < —1/3,
s and the matter with the property w < —1 is dubbed the phantom energy. Due to the apparent
sz abundances of DM in the halos of galaxies, we can suggest a geometric EoS of the form wx = px/px
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ss  to the spherically symmetric space-times for studying gravitational properties of DM in the galactic
s halo. Then, using the field equations of modified gravity model and ignoring the contribution of
20 the ordinary baryonic matter to that field equations, one can write those of field equations in terms
a of px and px which are X € {R, T, G, ...} term contributions to energy density and pressure, where
2 R, T and G are the Ricci scalar, the torsion scalar and the Gauss-Bonnet scalar which is defined by
s G=R>— 4R,y RM + szﬁvaaﬁW with Ry and Ryg,,, being the Ricci tensor and the Riemann tensor,
4 respectively. There are some studies of trying to measure the EoS of DM in the galactic halo where it
a5 has been considered some galaxy halo models predicting a significant amount of pressure in the DM
s fluid such that some variations of scalar field DM [4-8], or string fluid [9].

a7 The theoretical expectations for large amounts of luminous matter in galaxies are not in
«s agreement with observations. A lack of standard matter in galaxies is the main problem, and the
4 existence of some non-luminous matters, the DM, should be necessary to explain both dynamics
so and structure formation of galaxies. It is well known that the extended flat rotation curves of spiral
51 galaxies provide some of the strongest evidence for mass discrepancies in galaxies, and are usually
sz interpreted as evidence for DM halos. The observed flat rotational curves in outskirts of galaxies are
ss usually interpreted as evidence for the DM halos, i.e. most of the DM lies in the halos of galaxies
s« in which the rotation curves are strictly flat [10]. According to the current information for galaxy
ss formation, every galaxy forms and evolves within a DM halo, and it is expected that visible galaxies
ss are hosted by all halos. Some halos, which are typically low mass ones, may contain no galaxies but
sz there are no galaxies which are without halos [11]. The aim of this paper is to point out the main
ss astrophysical consequences that arise by considering the modified theories of gravity in terms of a
so different perspective of the DM included in galactic halo. Specially, inspiring by some values for the
eo EoS parameter which is used to the ordinary matter, we would try to give answer to the question that
e what kind of DM is included in halos of galaxies?

o2 The outline of this paper is as follows. In the following section, we briefly describe the motion of
es Mmassive test particles under the conditions for circular orbits. In Section 3, we present the form of the
s« modified gravity theory f(X), where X € {R,G, T, ...}, as well as write down its equations of motion
es foreach of f(R) gravity, f(R, G) gravity and f(T) gravity that yields constant rotational curves in the
es outskirts of galaxies. Finally, we conclude with summary and discussion of the obtained results in
e Section 4.

s 2. The Motion of Test Particles

69 In order to obtain results which are relevant to the galactic dynamics, we assume that the galactic
70 halo has spherical symmetry and that dragging effects on material particles (stars and dust) are
= inappreciable. Therefore, we restrict our study to the static and spherically symmetric metric. The
=2 most general static and spherically symmetric metric can be written as

ds? = —A(r)d#* + B(r)dr* +dQ?, (1)

73 where dO? = C(r) (d6* + sin? 0d¢?) and (r,0,9) are the spherical coordinates. Then, the
7a equations of motion for a test particle in the space-time (1) can be derived from the Lagrangian

2L = —A(r)i + B(r)#* + C(r) {92 +sin6%¢?|, 2)

where a dot means derivative with respect to the proper time. From the above Lagrangian (2), the
generalized momenta become

pi = —E = —Af, pr = B, pe=Le=Cé, pp =Ly =Csin’0¢, (3)
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75 where E is the total energy of a test particle and L; are the components of its angular momentum.

s Using L2 = L3+ LZ(P/ sin? @ which is the first integral corresponding to the squared total angular
7z momentum, the norm of the four-velocity (g, u*u" = —1) yields

E?=V(r) + ABi?, 4)

78 where V(r) = A(1 + L?/C) is the effective potential. Thus, the conditions for circular orbits

7 #=0andd,V(r) =0lead to

2/ 2 41
po_AC A 5)
AC —CA AC —CA

80 The definition of tangential velocity of a test particle is given by [12]

2 _Clda\?_c AL ©)
BT A\dt) AR CE
81 Then, using the constants of motion (5), it follows that the tangential velocity of this test particle
82 1S
A'JA
2 _

Oty = c'/C’ @)
83 which has the form vfg = % for C(r) = r?, where a prime represents derivative with respect to

2
se 7. Inthe flat rotation curves region, where v, &~ constant, integration of Eq.(7) gives A(r) = AgC(r)"
ss which takes the form A(r) = Agr! for C(r) = r? (Ay is an integration constant and £ = ZU%g). Thus,

2
ss the metric (1) with A(r) = AoC(r)"s describes the geometry of the space-time for the DM dominated
ez regions where the test particles move in constant rotational curves [6,12].

ss 3. Modified Gravity Models for Flat Rotation Curves Region

89 The generic action that we will consider for modified gravity theories reads

S = /d‘*x\/fg [lezf(X) + Lm] , ®)

% where k2 = 871Gy is the standard gravitational coupling, § = det(gyv), Lm is the ordinary matter
o1 Lagrangian and the function f dependson X € {R, G, T, ...}. Hereafter, in order to obtain effects of the
o2 DM in the halos of galaxies, we have assumed that there exists no the luminous matter, i.e. £, = 0.
o3 Before obtaining the field equations by varying the Lagrangian according to the coefficients of metric
sa (1), we note the fact that the metric variable B does not contributes to dynamics by using a point-like
»s Lagrangian approach which implies that the Lagrangian does not depends on the generalized velocity
s B, but the equation of motion due to the variation of B has to be considered as a further constraint
oz equation [13]. Under the latter fact, the action for the geometrical part has the form

Srx) = /Ef(X)(A, B,C,X,A',C',X"dr. )

o8 Then, taking variation of this action with respect to the metric coefficients A, B and C of the static
s spherically symmetric space-time (1), one can write the field equations as

F1(qi, q/i, ANI C//) =0y, (10)
Fy(q',q", A", C") = py., (11)
P+ E(q,q") oy +py) = Q. q", X, X), (12)
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100 where F; are the functions of the metric coefficients ' = {A, B, C} and their first and/or second
w01 derivatives, p, (¢,4", X, X', X"") and p (¢, 4", X, X', X"") are the density and pressure for the modified
102 gravity theory, respectively. Then, inspiring by some values for the EoS parameter used in the
103 ordinary matter, the geometric EoS defined by wx = px/px has capacity to inform us about the kind
1a  0of DM in the galactic halos. For instance, if the modified gravity model gives rise to the geometrical
15 EoS parameter as wx = 1/3, then it may be corresponding to the dark radiation [14] inside the galactic
16 halo. Now, we will take three examples to explain the above theoretical construction of the extended
107 gravity model that yields constant rotational curves in the outskirts of galaxies even though it can be
108 given so much examples of the idea represented here.

100 ¢ f(R) gravity: Considering the background metric (1), the point-like Lagrangian for f(R) gravity
110 is given by [13]

I¥ali 2 /
Liry = Jr (j%+ @i) + frrR (% +2\/§c’> +VAB[Cf + (2—CR)fg]. (13)

111 After varying (13) with respect to A, B and C, the field equations have the form of (10)-(12),
112 which read
l B/C/_£”+C7/2+§ — l EJ’_C*IZ_@ — (14)
B\BC C ‘22" ¢c)~Ffrv B\BC T2c2”C) ¥
A ol A'B C /A B’ A/2 CIZ
fﬂA*w:‘MB+x<A‘B)‘z¢‘x4
A B
) (2 D el 1" _ _
(G -5+ C) R BRR - =0, )
113 where p, and p, are defined by
1 17, /2C' B .
PRZfR(RfR—f+B[fR(C—B +2fr| ). (16)
1 fr (A 2C!
= |f-Rfg— 2B (= += 17
114 where fp = frrR’ and fj = frrR” + frrrR"2. For an exact solution of the power law gravity
115 f(R) = foR", the metric coefficients are given by

(1+42n —2n?)(4n> —10n +7)

A(r) = At B(r) = C(r) =12, (18)

(n—2)? '
116 with ¢ =2(n —1)(2n — 1) /(2 — n). Therefore, the tangential velocity for this case becomes
n—1)2n -1
?]%g = ( (2)£ 1’1) )/ (19)
117 due to the relation ¢ = 2U%g. Here, the density and pressure of R" gravity have the form

=5, pn=15, 0)
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118 where pg and py are found as
_ 2(n—1)(8n% —20n* + 11n + 3) _ 2(1—n)(8n® —24n% +21n — 1) 1)
PO~ o —on— @2z —1m+7) " 7T @22 —1D@n?—1m+7)
110 The relation (19) and the form of p, and p, explicitly represent that the constant tangential
120 velocity vy, the density p, and pressure p, vanish as n = 1, which is the GR case, that is, it
121 can be concluded that the GR does not give any information about the DM dominated region of

122 galaxies. Furthermore, the geometric EoS w, = p,/p; is constant, and found to be

3 _ng,2 _
w, — - (8n° —24n=+21n —1) ‘ 22)
(813 —20n% +11n + 3)

123 e f(R,G) gravity: This theory of gravity is a generalization of f(R) gravity containing a

124 Gauss—Bonnet scalar G in the action (8). For this case, the point-like Lagrangian for the static
125 spherical symmetric metric (1) takes the form [15]
fgggl ( , A/c/Z)
L =Lip) + 7= (4A" - - GV ABfg, 23
fRG) = &F(R) T 7 BC fg (23)
126 where L) is as given by (13). Then, solving the field equations obtained from the above
127 Lagrangian for f(R,G) = foR + f11/G gravity, it is found the following exact spherically
128 symmetric solution [15] :
¢ 4-0 2
A(r) = Aor, B(r) = 1 C(r)=r-, (24)
120 where f| = —2fol+/20(¢ —2)/(¢*> — 2¢ + 8), and the density and pressure are
22 20(€+4)
PRQ(V) = (52—4) 27 pRg(r) = _(62—4) 27 (25)
130 with the geometric EoS w,, = —1 —4/{ which reduces to w,, = —1 — 22)%2 since the relation
131 {= 2'0% .
132 e f(T) gravity: In this gravity theory, the gravitational contributions to the metric tensor
133 become a source of torsion T rather than curvature R, i.e. the connection considered in this
134 theory of gravity is distinct from the regular Levi-Civita connection which is replaced with its
135 Weitzenbock analog. In order to be consistent with the study [16], we will use the signature
136 (+,—, —, —) for spherically symmetric metric which has the form ds?> = A(r)?dt*> — B(r)?dr? —
137 C(r)?(d6? + sin 0>d¢?). The Lagrangian £ (1) for the latter metric is given by [16]
_ 2frAC ,(2A7 C A >
Loy = 25 {Ac (A +5)-2B( S+ )| +aB [C3(f = Tfr) +2fr] - (26)
138 After varying the above Lagrangian with respect to A,B and C, the field equations for
130 power-law f(T) = foT" gravity can be written in the form of (10)-(12) as follows

2 (2B'C’ 2Cc" (C? B? 2 (2A'C’ (C? B?
BC ¢ @) =P

B2 B2 AC+C2_CZ>_pT’ @7
A'C'T

(AL G (or +pr)+4(n—1) "= =0 (28)
Prr\atc)Prthn AB2CT ~
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140 where p, and p, are defined as
o T 4 17, _(1-n)
pr=(n—1) ;+@T(C—B) , pr=-—HoT, (29)
141 which are the torsion contributions to energy density and pressure. If n = 1, then the theory
142 becomes the Teleparallel Equivalent of General Relativity (TEGR), and the energy density and
143 pressure given by (29) vanish, just as expected. Using the field equations for f(T) = foT"
144 gravity, where n # 0,1, %, %, %, %, it is reported the following exact solution in Ref. [16]
2n—1)(4n —1)
A(r) = Ao, B(r) = C(r) = 30
(1’) or, (1’) (41’[2 —8n+ 5) ’ (7‘) r, (30)
145 where ¢ = 4n(n —1)(2n — 3)/(4n* — 8n +5). Here it is found the relation ¢ = v%g because of
146 the form of metric coefficients in this case, which yields that the tangential velocity has the form
4n(n—1)(2n —3)
2 _
Y8 T T a? —8n+5 G1)
147 For this solution, the density and pressure of T" gravity have the form
1 1
=5, p=5, (32
148 where p and p; are obtained as
8n(n—1)(2n —3)(6n — 5) 8n(n—1)(2n —3)2
01 = 2 2 s pP1 = 2 (33)
(2n —1)?(4n —5) (4n—5)(2n —1)
149 which gives a constant geometric EoS w, = p1/p; as
(2n —3)(4n —5)
= . 4
O 61— 5 G4
150 4. Discussions and conclusions
151 For the three examples considered in the previous section, the metric coefficients have the form

12 A(r) = Agr’,B(r) = By = constant, and dQ? = 72 (d6? + sin? fd¢?). In all examples for the
1z considered f(X) theory of gravity, where X € {R,§, T}, the geometric density px and pressure px
154 with a spheroidal profile are found as isothermal, i.e. they are proportional with distance as 1/72, and
155 the geometrical EoS wy is constant. In the first and third examples discussed above section, we have
15 shown that there is a connection between power of the modified gravity theory and the corresponding
157 geometric EoS parameter describing the intrinsic structure of the DM halos of galaxies. In the second
152 example, we have taken an extension of GR in which an extra term included proportional with the
10 square root of Gauss-Bonnet scalar G, and found that the geometric EoS is directly related with flat
10 rotational velocity of galaxies.

161 All test particles in stable circular motion move at the speed of light when Uty = 1, but this
162 gives rise to a contradiction by observations at the galactic scale. Furthermore, the tangential velocity
13 Ut tends to zero in the limit of large r. Thus, the tangential velocity v;; has to be at the interval
1a 0 < v < 1. During early epochs of the universe, the DM velocity is not so small than the speed of
s light, for example the relative velocity is v,,; o 0.3c at freeze-out epoch [17]. While at later times such
16 as the DM halos today and during the recombination epoch, the DM velocity is very smaller. For


https://doi.org/10.20944/preprints202008.0274.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 August 2020 d0i:10.20944/preprints202008.0274.v1

Version August 10, 2020 submitted to Entropy 7 of 10

-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5

Figure 1. Plots showing the tangential velocity vt (left panel) and the geometrical equation of state w,
(right panel) given in (22) vs the power n of R" gravity where ny = —0.1967807237, ny = (1 — V3)/2
and ny = (1++/3)/2.

instance, the tangential velocities of DM halos in dwarf galaxies, spiral galaxies and galaxy clusters
are approximately proportional with 107°,1073 and 1072 in units of ¢ = 1 at distances large enough
from the galactic center, respectively. In the first and third examples, it is not only found all the
spectrum of flat rotation curves but also the geometric EoS for the power law R” and T" theories of
gravity at the interval 0 < vty < 1. Now we conclude our findings in three examples as follows:

e f(R) = foR" gravity: The relation between v;; and the power 7, the Eq. (19), is a second order
algebraic equation for 7, and it has a solution as n = }1 (—v%g +3=£, /vfg + 100% +1 ) So,

we can exactly calculate n for some specific tangential velocities. For instance, if Utg = 1073,
which is the rotational velocity of spiral galaxies, then we find #n = 1.000001 or n = 0.4999985.
For n = 1.000001, the geometrical density and pressure coefficients pg and py become py =
—4 x 107% and pp = 8 x 107, which implies a non-physical negative energy density, while for
n = 0.4999985 we find pg = 1.000001 and py = —0.999999. The latter result is most important in
the sense that the galactic halos for spiral galaxies prefer almost dark energy with a geometric EoS
w, = —0.999998, which indicates that n = 0.4999985 for the flat rotational velocity region. A
general picture for the relation between v and the power 1 is shown in Fig. 1, and these figures

give us some important information on the DM halos of galaxies. For n = —0.0578084147 and
n = 0.0504825997 we arrive the dust DM (w, = 0) and stiff DM (w, = 1), respectively. Also,
for n = ny and n = ny that gives vty = 1, the geometric EoS yields w, = —3 which is an

EoS parameter for the phantom energy (w, < —1). At the interval n; < n < 0.1321342251, one
get the quintessence EoS parameter values which are in the range —1 < w, < —1/3. In this
model, the dark radiation (w, = 1/3) appears if n = 0, which is an irrelevant value of n. For
n = —0.1967807237, the tangential velocity is v;; = 0.8713186295 and w,, tends to the infinity,
which represents that there is a phase transition at this evolution stage of galaxy.

e f(R,G) = fiR + f,1/G gravity: In Ref. [6], it is constructed an exact solution of Einstein’s field
equations sourced by a scalar field assuming the flat rotation curve condition for the galactic
halo. Taking into account this extended theory of gravity, it is worth notice that we have derived
the same solution of [6], which is given by (24). Furthermore, we introduced a geometric EoS of
the form w,, = -1-2/ v%g. This gives us that the DM halo has always the property w,, < —1,
which means that the galactic halo should only be filled with phantom energy in this extended theory
of gravity.

e f(T) = foT" gravity: For this theory of gravity, the relation between v, and the power 7, the
Eq. (31), is a cubic equation for # as the form
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Figure 2. Plots showing the tangential velocity vte (upper left panel), the Eq.31, and the geometrical
equation of state w, (upper right panel) given in (34) vs the power n of T" gravity, where ny =
(5—+/5)/4, n =5/6 and ny = (5+ 1/5)/4. Since the shapes at the upper right panel are tiny in the
ranges of 0 < n < 0.5and 1.5 < n < ny, they are redrawn in the bottom two figures.

1 —an® +apn+az =0, (35)
201 where a; = 1 (vfg + 5) Jap = % <2v%g +3) and a3 = f%vfg. This cubic equation can be
202 simplified by making the substitution n = x + a;/3. In terms of the new variable x, Eq. (35)
203 then becomes x® + 3Px — 2Q = 0, where P = (31, —42)/9 and Q = (245 — 9aya, — 27a3) /54.
208 Defining the polynomial discriminant D = Q? + P, we can solve algebraically the latter cubic
208 equation. If D > 0, one of the roots is real and the other two roots are complex conjugates.
206 If D < 0, all roots are real and unequal. In the latter case, defining y = arccos (Q /V —P3),
207 then the real valued solutions of (35) are of the form n = 3 + 2y/—Pcos <23Lk + %), where
208 k € {0,1,2} and P < 0. In addition to the restrictions on 7 such that n # 0,1, %, %, %, %, we
200 have additional property of n due to vy € (0,1) as n € (0,3) U (ng,n1) U (n1,1) U (3,m2),
210 where ng, n1 and n, are given in the caption of Fig. 2. For the rotational velocity v;y = 1073
211 of spiral galaxies, the Eq. (31) has three real roots n; = 4.169 x 1077, n, = 0.99999975 and
212 n3 = 1.500000333 in which the root n; is not physical since p; < 0 for 71, but the other roots 1,
213 and n3 have physical meanings such that w, = 1.000003 for 15, which is very close to unity, and
214 w, = 1.67 x 10~7 for n3, which is very close to zero. If n = 5/2, then w, = 1 (stiff dark matter
215 EoS parameter) and v = /3 which means that it exceeds the speed of light. Further, one get
216 the dark radiation EoS parameter, w, = 1/3,if n = % + % where both values are not in the
217 interval of n € (0, 3) U (19, n1) U (n1,1) U (3, 12). So we conclude that neither stiff DM nor dust
218 DM or dark radiation exist at halos of galaxies in T" gravity. In Fig. 2, it is seen that w, < —1
210 for n € (0,1) U (ng, n1) which gives the phantom energy region of galactic halos, and w, > 0

220 forn € (Tll,l)U(%,nz).
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221 The cold dark matter (CDM) paradigm has been extremely successful in reproducing expansion
222 history and large-scale structure of the universe as well as the observed DM halos of galaxies. In a
222 CDM model, the DM in the universe is arranged in DM halos of galaxies. It would be mentioned a
224 possibility that the CDM paradigm may break down on galactic scales. Supposing the DM particles
225 are warm, instead of cold, then it gives rise that they were quasi-relativistic during kinetic decoupling
226 from the thermal bath in the early universe [18]. The results of this work are valid for either cold or
227 warm DMs.

228 In this work, the modified gravity theories such as R", T" and f(R,G) = fiR + fz\/g have been
220 introduced as a possible way to explain the observed flat rotational velocities of galaxies without the
230 need of any DM component. It is seen from the above three examples that the R” and T" gravities
2nn have more rich structures than the f(R,G) = fiR + f,1/G gravity. For future aim at improving the
232 halo model discussed here, it would be complementary to take into account the ordinary matter in
233 addition to the DM contribution in the halos of galaxies.
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