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Abstract

In this paper, we deduce explicit formulas to evaluate the determinants of non-
symmetrical structure Toeplitz Bohemians by two determinants of specific Hessen-
berg Toeplitz matrices, which are linear combinations in terms of determinants of
specific Hessenberg Toeplitz matrices. We get some new results very different from
Massimiliano Fasi and Gian Maria Negri Porzio’s papers.
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1 Introduction

Bohemian which comes from an abbreviation of BOunded HEight Matrix of
Integers, is the matrix whose elements are drawn from a fixed finite integers
[3]. Bohemians are both useful and interesting in several research areas. Re-
searchers have studied Bohemians from the 50s in the last century [4]. An
overview of recent results and conjectures about Bohemians gives on the web-
site [25]. Almost all of the researchers specialize Bohemians to Hessenberg
Toeplitz matrices. Tridiagonal and Pentadiagonal are specific Hessenberg ma-
trices that frequently appear in matrix algebra, spectral analysis, statistics,
differential equations, etc., and are of significance in several research areas.
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For further details, see [7-12, 26] and the references therein. Thornton [25]
has proposed many conjectures to request the numbers of distinct determi-
nants of n x n Hessenberg Bohemians.

In matrix calculation, ones are used to matrix multiplication or decomposition,
for instance, the QR, LU factorization. If a matrix has a specific structure,
such as symmetric, tridiagonal, pentadiagonal, heptadiagonal, etc. one utilizes
these properties to compute those determinants. It is well known [13] a general
real matrix X can be decomposed to

X =U0YU", (1)
where U is orthogonal, and Y is an upper Hessenberg matrix. There is a result
for the determinants | X| = |Y|. It is difficult to find the matrix Y, especially,
when matrix X is a Bohemian, matrix U and Y are not Bohemians in most
cases, the error is too huge to compute the determinants U and Y.

Recently Andelic and Fonseca [22] considered how to evaluate the determi-
nants of the pentadiagonal Toeplitz matrix and proposed a research problem:
“Find the determinant of a pentadiagonal Toeplitz matrix, where the four
subdiagonals are not necessarily immediately below (two) and above (two)
the main diagonal or are not consecutive.” They proposed two conjectures in
the cases of pentadiagonal matrices containing one or two entries in the second
subdiagonal above the main diagonal. By the Laplace expansion formula and
the elementary transformation, the authors proved that the conjectures are
true and gave two new results [11].

In this paper, we propose the determinants of any nonsymmetric Toeplitz
matrices, which are Bohemians with elements from {—1,0,1} or {0,1}. By
the Laplace expansion formula, we can deduce those determinants to the ex-
pressions in terms of the linear combinations of specific Toeplitz matrices.
Namely, for n, ¢ and k are positive integers. For an n X n Bohemian X,,, its
determinant is | X,,|, and a specific matrix Y,,_;, its determinant is |Y,,_;|, a;
(1=0,1,2,---.) are combinatorial coefficients, There is

|Xn| :a1|Yn,1| +CL2‘Yn72| +"'+ak‘Yn7k|7 (2)

In[9), Y, | =d(d+1)"1 a; = (-1)"‘a;, and a; € {—d,—d+1,--- ,d—1,d}.
Here we have three methods to derive the formula (2), one is to apply the
Laplace expansion, one is to solve the recurrence relations, and the other one
is to compute specific Hessenberg determinants. We also give some Hessenberg
Toeplitz Bohemians to check the results in [9] and get some very different
conclusions.

The rest of this paper is organized as follows: In Section 2, we give notations
and recall four lemmas. In Section 3, we propose three explicit formulas to cal-
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culate the determinants of tridiagonal Toeplitz matrices. In Section 4, we de-
duce three explicit formulas to calculate the determinants of non-symmetrical
structure pentadiagonal Toeplitz matrices. We generalize two explicit formu-
las to calculate the determinants of another non-symmetrical structure six-
diagonal Toeplitz matrices. In Section 5, we talk about the results in [9], give
three remarks on the propositions and some conclusions.

2 Notations and Lemmas

Except as the specific statement, we follow the notations as in [22], all men-
tioned elements are 1s, all the unmentioned elements are zeros.

Lemma 1 /2] A lower Hessenberg matrixz, M, = (m;;), is an n X n matriz
such that m; ; = 0 whenever j > i+ 1 and m; ;1 # 0 for some i, i.e.

mi1 Mio 0 s 0

ma1 Mo M3

My, = | mg; mgy mgz - 0
7nnan
Mp1 Mp2 = Mpp-1 Mpn

Let |My| = 1 and |My| = mqy. Then there is the following formula of the
determinant: for n > 2,

n—1 n—1
| M| = M - [ My—1| + Y ((—1)"_kmn,k [T 74 |Mk—1|> )
k=1

j=k
Lemma 2 [8] Let ¢y ¢a,- -+ , ¢ be real numbers. Suppose that the characteris-
tic equation % — cor* ' — ... — ¢, = 0 has k distinct roots r1,r2, - ,Tg. Then,

a sequence {a,} is a solution of the recurrence relation a, = ¢1a,_1+ Ca0,_2+
oo+ Crn_g. If and only if

Ap = 0qTy + Qorh + -+ -+ Ty (4)
Forn=20,1,2,---, where ay, s, -+ ,qp are constants.
Lemma 3 [8] Let ¢y ca,- -+ , ¢ be real numbers. Suppose that the characteris-
tic equation ™" — cor* ™1 — ... — ¢, = 0 has t distinct roots r1,re, Ty, with
multiplicities my ma, - - -, my respectively, so that m; > 1, fori = 1,2,--- ¢
and my + mg + -+ +my = k. Then, a sequence {a,} is a solution of the

recurrence relation a, = c10,_1 + Co0pn_o + ...+ Cpan_x. If and only if

d0i:10.20944/preprints202008.0272.v1
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)y (5)

m2,1)

2
an = (10 + a1 + 020" + -+ 4+ gy 11

2
+(ago + azan + agan® + -+ Qo1 Ty

2 —1
R (Oét,O + o n + agan” + -0+ at,mt—lnmt )T?

Forn =0,1,2,---, where «; j are constants for1 <¢ <t and0 < j <m; —1.

Lemma 4 [11] Let the determinant |H,| of an n xn lower Hessenberg matriz

11
K
be |1 -. "-. -. |. Then, there exists a recurrence relation
-1
1 11

|Hn’ = ‘Hn71| - ’Hn72| + |Hn73‘7 (6)

and an explicit formula

1 1—3 1434 1,72f n=0,1 (mod
Hy| = = +——timp = yn = / (mod 4) , forn >0, (7)
2 4 4 0,if n=2,3 (mod 4)

where i = —1.

3 The determinants of tridiagonal and their generalized Toeplitz
matrices

3.1 The symmetrical matrices

The n x n symmetrical structure tridiagonal matrix T,Sk) = (tij)nxn 1s called
k-tridiagonal Toeplitz in [12], its elements are

Li=j,j%k,
tii =

0, otherwise,
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where 7,7 = 1,2,--- ,n, and k is a prescribed positive integer. Especially, the
1-tridiagonal Toeplitz matrix is so-called tridiagonal matrix

Theorem 5 For the determinant |TV| of an n x n tridiagonal matriz TV,
there exists a recurrence relation

1] = T2 — T3 (9)
and an explicit formula, forn > 0

1, if n=0,1 (mod 6)
C3+iV3 1-iv3, 3—-iV3 1+iV3

10| = ST E Y S VRS g i =25 (mod 6)
—1,if n=3,4 (mod 6)
(10)

where i = —1.

PROOF. Because that determinant [TV is a specific Hessenberg determi-
nant, so we apply Lemma 1, and obtain the recurrence relation (9).

Applying Lemma 2 to (9), we obtain its characteristic equation 2 = z — 1.

1-iV/3 1+ivV3

: V3 where i? = —1.

Solving this equation, we obtain its roots and
By evaluating the determinants |T4£1)| and |T; é1)| via elementary operations, we

obtain |T"| = —1 and |T{"| = 0.

According to Lemma 2, assume that |TV| = aA! 4+ )Y, for n = 4,5, we
obtain the system of equations,

By solving it, we obtain o = %, b= %, thereby completing the proof
of formula (10).
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As in [21], there is |T{V| = U,(3), where U,(4) is the value of the nth-degree
Chebyshev polynomial of the second kind. Thus, we obtain a new formula
about the Chebyshev polynomial of the second kind.

by = BB BE B RN, )

For the determinant of 2-tridiagonal Toeplitz matrix,

10 1
0
T® =11 1
0
1 01

which has been studied in [22], [15], [20], [12]. Expanding the determinant
by the last row and last column, we obtain a recurrence relation |7{?| =
|T752)1| — ]T£2)3] + |T752)4|, and its characteristic equation z* — 23 + 2 — 1 = 0.
Applying Lemma 2.2, we obtain

I (=)™ 1+iv3,1—iv3,, 1—iV3 1+@'\/§)n_ 1,if n=0,1,2 (mod6)

TP = 4+——+ ( )"+ (
2 6 6 2 6 2 0,if n=3,4,5(mod6)

For the determinant of the 3-tridiagonal Toeplitz matrix,

10 0 1
0 |
TP =0 . 0
1 .0
1 0 01

After computing with the Maple, we obtain

1, if n=0,1,2,3 ( mod 18 )
T® =<0, if n=4,5,6,7,8,13,14,15,16,17 ( mod 18 )
—1,if n=9,10,11,12 ( mod 18 )

In general cases, we have the following theorem.
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Theorem 6 For the symmetrical structure k-tridiagonal Toeplitz matrices,
namely the Bohemian which elements from {0,1}, its mazimum absolute de-
terminant is equal to 1. Especially, when the positive integer k is odd, the set
of determinant |T*)| is {—1,0,1}. When k is even, the set of determinant
IT®)| is {0, 1}.

PROOF. Assumen = kq—r, then n = k(¢—1)+k—r. Applying the relation
(D) in [1], we obtain

M|k, if n=0(modk)
TONTPI if =1 (mod k)
TN = ITPITOP2, if n= =2 (mod k) 12

ITO T, if n=—k+1 (mod k)

k r | k—r | The powers of \Tq(i)1]T|Tq(1)]k_’“
odd | odd | even odd
odd | even | odd odd
even | odd | odd even
even | even | even even

By the formula (4) and the last column in the above table, we complete the
proof.

3.2 Nonsymmetric structure

For the determinant

01 1 101

| Anl = | Bnl = (13)

oS ==
- o =
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Applying Lemma 1 to the Hessenberg determinants, we have three-degree
recurrence relations: |A,| = —|A, 2| + |A,_3| and |B,| = |B,_1| + |Bn_3|.
Applying Lemma, 2, we obtain their character equations as 2> +x — 1 = 0
and 2® — 22 — 1 = 0. Solving this two equations, we have three distinct roots,
X1, g, T3, respectively. We omit them.

Using the above recurrence relations, we can compute the first some terms of
two sequences as the followings

n 5167 (8 |9 (10|11 12|13 |14 |15 |16 |17 |18 |19
A, |2]0]-3|-2|-3|5 |1 |-8[4 |9 -12 -5 |21 | -7 |-26
|Bp| | 4169 | 13|19 |28 |41 |60 |83 |129 | 189 | 277 | 406 | 595 | 872

4 The determinants of Pentadiagonal and generalized Toeplitz ma-
trices

4.1 The symmetrical pentadiagonal Toeplitz matrices

For the determinant of the pentadiagonal Toeplitz matrix

—_ = =

|Pn|:

—_ = =

nxn

As the result of 7-term recurrence relation [24], [22], we know a recurrence
relation |P,| = |P,_1| + |Pu—5| — |Pu—¢|- By the software Maple, we obtain

0,if n=2,3,4 (mod 5)
|Pn|: ) (14)
1, if n=0,1 (mod 5)
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For the determinant of the pentadiagonal Toeplitz matrix

PO = 1P =

nxn nxn

By the software Maple, we obtain their first some terms

n | 56| 7|8|9/10/11 12| 13 |14 | 15| 16 |17 | 18 | 19 | 20 | 21
Pl |1]1]0]jojol1|1/0] 0O | 1| 1 [O0O| O] 0 1 1
(P | 3| 716160 0| 0 |81|189 185|176 |-121 |-33 | 775 | 1632 | 3344 | 2048
PO -1 13|57/ 8[4|0] -1 13| 9 |15]16]| 9 5 1
POl o|-1{1|0|0]O0|1 |7 24|36 ]| 0| -9 |-3|8]| 3 | 7 |13
P |-2|3]0|-3[4|0|-4|5|0|-5]6|0]-6|7]0 -7 8
POl 2100|023 /0]0] 0] 3|4 01]0]| 0] 4 5 0
PAlo|-1|2](0|0j0ojlo|0|-2|3]0/| 00| 0] 0 -3 4
P® lojofo|1|2/0/0[0| 00| 0] O0/|2]3 0 0 0

)

where | P, |, | PV, | P®)|, |P®)]| are the corresponding hollow determinants |P, |, | PV|, |P®)], [P®)].

For Heptadiagonal matrix HD,,, its determinant is equal to

11 1 1
.
_ 1, if n=0,1(mod 14 )
|HD,| = 1,' e 0, if n=23,4,56,9,10,11,12,13 ( mod 14 )
! 1 —1,if n=7,8, (mod 14)
11 11

(15)
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4.2 The nonsymmetric pentadiagonal Toeplitz matrices

Theorem 7 For all n > 4, the determinant of the pentadiagonal Toeplitz
matrix containing one element in the subdiagonal above the main diagonal is
given by

1 1
1
> 1,if n=0,3 (mod 4),
(Wl = L =1+(-1)"" [Hoq| =32, ifn=1 (mod 4),
0, if n=2 (mod 4).
1 1 11
nxn

(16)

PROOF. For all n > 4, we expand the determinant |W,,| via the Laplace
expansion formula with respect to the first row, and obtain

(Wal =1+ (=1)""" [y

Applying the formulas (7), we obtain

Wl = 1 (1) (5 4 (= D 4 (G + D),

This finished the proof.

Theorem 8 For all n > 4, the determinant of the pentadiagonal Toeplitz
matrix containing two elements in the subdiagonal above the main diagonal is
given by

_ 1,if n=0,1 (mod /),
Qul=| = 1+(142(=1)") [Hp2| = § 4, if n=2 (mod 4), -
. 0, if n=3 (mod 4).

nxn

(17)

10

d0i:10.20944/preprints202008.0272.v1
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PROOF. For all n > 4, we expand the determinant |Q),,| in terms of the first
row, and obtain

1 1 1 1
1 1
|Qn|: 1. -, +(_1)1+n—1 1 e 7
1
b (n=1)x(n—1) b (n=1)x(n—1)

The first determinant is |V, 4|, for the second determinant, we expand it by
the last column, and obtain

|Qul = Wt | + (=1)"(|Hoz| + (=1)"" 7 [Hoa]) = 14 (1 +2(=1)") [Hy o
(18)

Using the formulas (6), (7), we obtain the result.

Theorem 9 For all n > 4, the determinant of the pentadiagonal Toeplitz
matrix containing three elements in the subdiagonal above the main diagonal

18 given by

1 1

1 1 0, if n=0 (mod 4),

1 1 1, if n=1 (mod 4),

Val=| = . (19)

1 —1,if n=2 (mod 4),

8, if n=3 (mod 4).
1 1 11

nxn

=1+ (=D)" 301+ (=1)" Y |Hu_s| — |Hps)|.

PROOF. For all n > 4, we expand the determinant |V,,| in terms of the first
row, and obtain that the first determinant is |Q,, 1|. For the second determi-
nant, we expand it by the last column, and obtain

11
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11 1
1
Vol = [Qna| + (=1)" " [Hs| + | H,s] +
11
(n—2)%x(n—2)

d0i:10.20944/preprints202008.0272.v1

= |Qn—1| + (_1)n—1 |Hn—3| + |Hn—3| + |Hn—4| —2 |Hn—5| + |Hn—6| + (_1)71—1

Thus, using aforementioned notations and the formula (6) and (7), we obtain

Val =1+ (=1)"" +3(1+ (=1)""") [Hu-s| — [ Hus] - (20)

This finishes the proof.
4.3 The nonsymmetric generalized Toeplitz matrices

By similar arguments, we obtain two results from nonsymmetric structure
six-diagonal Toeplitz determinants, whose two subdiagonals above the main
diagonal containing three and five elements, respectively. The proofs have been
omitted.

Theorem 10 For all n > 4, the determinant of the siz-diagonal Toeplitz
matrix containing three elements in the two consecutive subdiagonal above the
main diagonal is given by

1 11
1 1
1 0,if n=0 (mod 9),
[Pal=| = , (21)
1 3,if n=1,2 (mod 3),
1 1 11

nxn

=24+ 2(=1)" [T + (—1)™ Ty

Theorem 11 For all n > 4, the determinant of the siz-diagonal Toeplitz
matriz containing five elements in the two consecutive subdiagonal above the
main diagonal is given by

12
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1 1 1
1 11
. 4, if n=0 (mod 3),
R=| Y i =1 (mod 9) (22)
b 5if n=2 (mod 3),
1 1 11

nxn

=3+2(=1)" [T32] + (—1)" T3]

The relations (16)-(20), (21)-(22) show that expansions (2) can be derived from
the Laplace expansion, the combinatorial coefficients may various integers, not
only -1, 0, 1.

5 Some studies on the results [9]

In [5], the author defined an n x n lower Hessenberg Toeplitz matrix F,, by

1, ke {-1,0,2,4,6,---|i — k > 0},
Jiick =

0, otherwise.

and proved that it was the maximum absolute determinants of upper Hessen-
berg Bohemian whose elements from {0, 1}.

We define an n x n lower Hessenberg Toeplitz matrix D,, by

p 1, ke {-1,0,2,4,6,---]i — k > 0},
ii—k =
-1, otherwise.

Applying Lemma 1, with the initial values |Dy| = |D;| = 1,we obtain a recur-
rence relation

|Dn| = |Dn—1| + |Dn—2| + -+ |D1| + |D0|, fO?" n>1.
and an explicit formula of the determinant,

|D,| =2"7, for n > 1.

13
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Define an n x n lower Hessenberg Toeplitz matrix D, ([9], let d = 1) by

0, i>j+1,
dij=4 1, i=j+1,
_17 ZS]?

Dl = (112
We define an n x n lower Hessenberg Toeplitz matrix NV,, by

1, ke{-1,0,1,3,5,-- i —k >0},
~1

Nii—k =

, otherwise.
For example, the determinant of 5 x 5 lower Hessenberg Toeplitz matrix with
elements from the set {—1,1} and subdiagonal elements fixed at 1,

d0i:10.20944/preprints202008.0272.v1

1 1
1 1 1
INs|=|-11 11 |. (23)
1 -1 111
-1 1 —-111
We obtain that, for n > 2,
0, if n=2 (mod4),
N, = (—1)LHT_2J+12L%J,2f n=3 (mod4), (24)
Tl elEl i n=0 (mod 1),
(—1)L%J+12L%J, if n=1 (mod4).
n 5) 6 7 8 9 10 11 12 13 14 15 16 17
|F| ) 81 13 | 21| 34 | 55| 89 144 | 233 | 377 | 610 | 987 | 1597
D, | 2% [ 25| 26 |27 | 28 |29 | 210 | 91 | 212 |91 | gu | 915 | ol6
D, | =24 |25 | —26 | o7 | —98| 29 | —210 | 211 | 912 | 918 | 914 | 915 | 916
[N, | =4 | 0 8§ 16| 16 | 0| =32 | —64| —64 | O 128 | 256 | 256

By this results, we have three remarks:

14
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Remark 12 Forn > 11, Proposition 3.6 in [9] is not true.

As showing in the above table, |Nyj;| = —32 < —20, |Nyp| = —64 < —22,
They do not satisfy Proposition 3.6.

Although one has found the maximum abstract values of the determinant of
Bohemian, the values of the determinants of Bohemian are not continued, for
instance, formulae (16) — (22) and the determinants |F),|, |Ny,|, |Dnl, |Dnl-
Thus, we have

Remark 13 The propositions 3.7 and 3.8 in [9] are valueless of the enumer-
ations of distinct determinants of Bohemians.

Remark 14 Conjecture 18, 19, and 20 [25] can not be proved by Proposition
3.6, 3.7 and 3.8 [9].
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