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Abstract

The key concepts in symmetry detection and similarity, identity measures are automorphism and
isomorphism respectively. Therefore, methods for symmetry detection and similarity, identity
measures should be functionally bijective, inverse, and invariance under a set of mathematical
operations. Nevertheless, few or no existing method is functional for these properties. In this
papet, a new methodological paradigm, called optinalysis, is presented for symmetry detections,
similarity, and identity measures between isoreflective or autoreflective pair of mathematical
structures. The paradigm of optinalysis is the re-mapping of isoreflective or autoreflective pairs
with an optical scale. Optinalysis is characterized as invariant under a set of transformations and

its isoreflective polymorphism behaves on polynomial and non-polynomial models.

Keywords: Autoreflectivity; Identity; Isoreflectivity; Kabirian coefficient; Similarity; Symmetry.
1 Introduction

The notion of isometry (as a congruence mapping) is a general phenomenon commonly accepted in
Mathematics. It means a mapping that preserves distances. It is a bijective mapping, characterized as one-to-
one mapping of a group onto itself or onto another in various transformational ways such as reflections,
translation, or rotations [1].

Two graphs are somorphic if there is a bijection between the mathematical structures that preserves
adjacency; such a bijection is called an zsomorphism. In other terms, two graphs .4 and B as isomorphic if they
have the same structure, but their elements or vertices may be different [2]. An isomorphism from a graph onto
itself is called an awtomorphism, and the set of all automorphisms of a given graph G denoted A##G), forms a
group under composition [2].

Methods of symmetry/asymmetry detection of shapes and distributions (e.g: Root mean squared etror
(RMSE), and Areal ratio (AR), Pearson’s first and second coefficients of skewness, Yule’s coefficient of
skewness, the standardized third central moment, Bowley’s coefficient of skewness, and three Gallip’s
coefficients of skewness); and methods of similarity/dissimilarity/distances measures of shapes and
distributions (eg: Cosine, Mortisita, Horn, Correlation, Rho, Dice, Jaccard, Ochiai, Kulczynski, Simpson, Bray-
Curtis methods, Raup-Crick, and Riemannian distance, Euclidean distance, Manhattan distance, Kimura,
Chord, Gower and Hamming/P-distances) have been developed since eatlier time. But most of the proposals
are ad-hoc and only a few, if any, can be theoretically proven in line with the theorems of automorphism and
isomorphism.

In this paper, optinalysis is proposed which looks at one or two mathematical structures as isoreflective
or autoreflective pair as a mirror-like reflection of each other that expresses the magnitude of their symmetry
or identity and similarity. Optinalysis is not a method for deciding that two finite graphs are isomorphic or
automorphic, but extends to express the degree to which they are symmetrical, similar, and identical to each
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other. Optinalysis is well proven to be a bijective function on multiplicative inverses of its isoreflective pair of
points.

2 Preliminary definitions and theorems

Definition I. Injections, sutjections, and bijections of functions between sets, subsets [3].
These are words that describe certain functions f : A » B—B from one set to anothet.

An injection, also called a ome-to-one function is a function that maps distinct elements to distinct elements,

that is, if x # y, then f(x) # f(¥). Equivalently, if f(x) = f(¥) then,x = y.

A surjection also called an onto function is one that includes all of B in its image, that is, if y € B, then
there is an x € A such that f(x) = y.

A bijection, also called a one-to-one and onto correspondence, is a function that is simultaneously injective and
sutjective. Another way to desctibe a bijection f : A = B is to say that there is an inverse function g : B > 4
so that the composition go f : A = A is the identity function on .4 while f 0o g : B = B is the identity
function on B. The usual notation for the function inverse to f is f 1.

If f and g are inverse to each other, that is, if g is the inverse of f, g = f~1, then f is the inverse of
g.f =97 Thus, (f D = .

An important property of bijections is that you can convert equations involving f to equations
involving f %

f(x) =yifand onlyif x = f~1(y).

Definition II. Tsometry (or congruence or congruent transformation) is a distance-preserving transformation
between metric spaces, usually assumed to be bijective. Let A and B be metric space with metrics dy and dp.
Amap f : A - B is called an isometry or distance preserving if for any a, b € A one has

dp(f(a), f(b) = du(a, b)
(11, [3]-

Definition III. Isomorphism is a vertex bijection that preserves the mathematical structures (e.g, vertices,
edges, non-edges, and connections) between two spaces and graphs that can be reversed by inverse mapping.
Two mathematical structures .4 and B are isomorphic if they have the same structure, but their elements may

be different [2], [3].
f:A-B
A=B

Definition IV. Automorphism is an isomorphism from a mathematical object to itself. It is, in some sense;
define as the symmetry of the object, and a way of mapping the object to itself while preserving all of its
mathematical structure (e.g vertices, edges, non-edges, and connections) [2], [3].

f:A- Aut(A")

A=A
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Definition V. Scale can be defined as the system of marks at fixed intervals, which define the relationship
between the units being used and their representation on the graph.
Theorem I. An isometry maps
(i) straight lines to straight lines;
(i) segments to congruent segments;
(iii) triangles to congruent triangles;
(iv) angles to congruent angles.
Theorem II. Any isometry of the plane is a composition of at most three reflections.
Theorem III. A symmetry about a point is an isometry.

3 Definitions and Proposition of Optinalysis

3.1 Definition of Optinalysis
Definition 1:

Optinalysis is a function that autoreflectively or isoreflectively compares the symmetry, similarity, and
identity between two mathematical structures as a mirror-like (optic-like) reflection of each other about a
symmetrical line or mid-point. In other words, it is a function that compares isoreflective or autoreflective pairs
of mathematical structures.

Definition 2:

Optinalysis is a function that is comprised of an assigned optical (mirror) scale (R) that bijectively re-
maps (=) isoreflective or autoreflective pair of mathematical structures. Figure 1 illustrates how isoreflective
pairs of points are mapped and also re-mapped by an optical scale.

Figure I: Mapping between isoreflective pair of points and re-mapping with the optical scale. A is a domain;
B is a co-domain of 4; § is a mid-point or symmetrical line, and R is the optical scale. The symbol + indicates
a bijective mapping between the isoreflective pair around a midpoint and —» indicates a bijective re-mapping by the
optical scale R.

Optinalysis is expressed in optinalytic construction. An optinalytic construction is the mathematical
representation of optinalysis between isoreflective or autoreflective pairs.
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Optinalysis is defined in two broad types: shape (automorphic or intrametric) and comparative
(isomorphic or intermetric) optinalysis.

Definition 2.1: Autoreflective Pair

Autoreflective pair refers to split parts of a single mathematical structure or points under reflection
about a central midpoint. An autoreflectivity refers to the logical and meaningful essence or property of being
autoreflective.

Definition 2.2: Isoreflective Pair

Isoreflective pair refers to two mathematical structures or points under reflection about a central
midpoint. An isoreflectivity refers to the logical and meaningful essence or property of being isoreflective.

Definition 2.3: Shape (Automorphic or Intrametric) Optinalysis:

Shape or automorphic or intrametric optinalysis refers to the analysis (of symmetry) between
autoreflective pairs of mathematical structure under optinalysis. It is a method of symmetry detection. Shape
optinalysis is defined by its optinalytic constructions as:

é

i

fi A A > R

f: A= (A1'A2'A3' ""An) i A= (A,n' ""A,3'A,2;A,1) > R= (iRl; iRZ) iR3' ---'iR2n+1)

6 A ! ! A
A= (AllAZ'A3""'An) - A = (An ,A 3,A Z'A 1)

f: y $ '
R = (£Ry, xR, £R3, ... £Ry) Rpiy (FRpyz s XRop-1, £Rop, tRop41)

Such that: (A1, 45,43, ..., Ap) € A; (A", A", A3, ..., A')) EA; 6 € ARA; A A& R € R, R™ Ry # 0; and
A & B are autoreflective pai.

Definition 2.4: Comparative (Isomorpbic or Intermetric) Optinalysis:

Comparative or isomorphic or intermetric optinalysis refers to the analysis (of similarity and identity
measures) between isoreflective pair of mathematical structures under optinalysis. It is a method of similarity
and identity measures. Comparative optinalysis is defined by its optinalytic constructions as:

1)
fi A - B » R
1)
f: A = (Al,Az,Ag, ""ATL) - B = (Bn, ...,Bs,Bz,Bl) » R = (iRl’ iRz, iR3,...,iR2n+1)
_ 6 _
A= (Al,Az,Ag, ...,An) - B = (BTLI'"IB3'BZ'BI)
I L ! !

R = (£Ry,tRy, *R3, ... £Ry) Rpy1 (ERpgz s ERop_1, TRy, TRy 1)

Such that: (A4, 45,45,...,4;,) € A; (B1,B3,Bs,...,B,) €EB; 6 ¢ A&B;A,B&R € R,R™; Ry # 0; and
A & B are isoreflective pair.

Page 4 of 30


https://doi.org/10.20944/preprints202008.0072.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2021 d0i:10.20944/preprints202008.0072.v2

Optinalysis

Definition 2.5: Head-to-head Reflection or Pairing

In comparative optinalysis, a reflection (pairing) is said to be head-to-head if the lower order elements
(observations) of the isoreflective pair (of two mathematical structures) are extreme away from the midpoint.

A= (Al,Az,A3, ...... ,An) B = (Bn, ...... ,B3,Bz,Bl)

Definition 2.6: Tail-to-tail Reflection or Pairing

In comparative optinalysis, a reflection or pairing is said to be tail-to-tail if the lower order elements
(observations) of the isoreflective pair (of two mathematical structures) are extreme towards the midpoint.

A= (ATU ...... ,A3,A2,A1)

) _
o B=(ByByBs, ..., By)

Definition 2.7: Scalement

A scalement, refers to the product of any member of isoreflective or autoreflective pair of a mathematical
structure and its assigned optical scale.

3.2 Proposition of Optinalysis
3.2.1 Proposition (Theorem) 1: Isomorphic Optinalytic

Isoreflective pair of mathematical structures under optinalysis are similar and identical to a certain
magnitude by a coefficient, called optinalytic coefficient (e.g, Kabirian coefficient, denoted as KC).

Definition 4:

Kabirian coefficient is expressed as the divisible product of the median optical scale and the sum of all
members (elements) by the sum of all scalements.

Prove:

Suppose we have an optinalytic construction of isoreflective pair of mathematical structures A and B
with an assigned optical scale (R) as follows:

6
A= (Al,Az,Ag, An) - B = (BTL' ""B3'BZ'BI)

f: ¢ ¢ ¢
R = (RliRZ'R3' Rn) Rn+1 (Rn+2' ""RZn—llRZ‘n' R2n+1)

Such that: (44, 45,,43, ...,A,) € A; (B1,B,,B3,...,B,) € B; 6 ¢ A&B;A,B&R € R, R"; R, # 0;
and A & B are isoreflective pairs on a chosen paiting about a central line (§).

Then, the Kabirian coefficient of identity and similarity between the isoreflective pair is expressed as
(Equations 1):

Rn+1(A1 +A2 +A3 ++An+ 6+Bn++B3 +BZ +Bl)
(R1-A1) + (R2.A3) + (R3.A3) + -+ (Rp. Ap) + (Rp41.6) + )
(Rp42-Bn) + -+ (Rap—1.B3) + (Rapn-B2) + (Rzn41.B1)

K CSim./Id. (4,B) =
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( KCsim.j1a.(A,B) =1, if |[E(A)| = |E(B)|
KCsim1a.(A,B) =0,  if [E(D)| =—|EB)]; - |E(A)| = |[E(B)
0< KCsimp1a.(A,B) <1, if [E(A)| <IE(B)|
1< KCspmpa.(AB)sn+1,  if [E(AD]>|EB)]
KCsim j1a.(A,B) 2n+1,<0, if |[ECA)| > E|E(B)]|

Where |E(A)| and |E(B)| are the absolute optical moment of A and B respectively about the mid-
point through a distance D started from the center. It is expressed by equations (2.1) and (2.2).

6

A= (Al,Az,A3, ...An) - B = (Bn, ...,B3,Bz,Bl)
: ! ! !
D= (Dnv Dn—lan—Z' ---Dl) DO (Dl' ---'Dn—Z'Dn—l'Dn)
n
EG)] = |(Dr. A1) + (Do A) + Dz A) + o+ (DrAl = D 0.4 @)
n=1
n
[EG)] = |(Dn. B) + (Dn-1:B2) + (Pnz Ba) +++ (DrB = | ) 0.B)|  @2)
n=1

Lemma 1.1: The bijection function and property

Pair of isoreflective points under optinalysis are bijective (ome-to-one and onto) to each other and to the
central midpoint constructively and functionally.

Prove:

Supposed we have an optinalytic construction between isoreflective pair of similar mathematical
structures A and B as follow:

A= (x%,x>x3) i B = (¥3y%y?)
f: v v ¢
R=(1,23) 4 (5,6,7)

By Kabirian-based optinalysis, each element functions as (Equations 2.1-2.7):

_K.(2x%+3x3 4+ 46 +5y° + 6y° + 7y?) —4(x°> + x> + § + ¥ +y° +y?)

2 2.1
x I-K, @.1)
s Kc(x®+3x3+ 46 +5y° + 6y° + 7y?) —4(x*> + x> + § +y° + y° + y?) 22)
= 42K, '

s K(x®+2x°+ 46 +5y° + 6y° + 7y?) —4(x*> +x° + 5+ y° +y° + y?) 23
= 4— 3K, '

5= K.(x?4+2x54+3x3+5y3 +6y° + 7y?) —4(x2 + x> + x3 + y3 + y° + y?) 24

4 — 4K,
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K(x?+2x>+3x3+ 46+ 6y° + 7y?) —4(x2 + x>+ x3 4+ § +y° + y?)
3 _ 2.5)
45K,
s Ke(x?+2x° +3x3 + 45+ 5y° + 7y?) —4(x* +x° +x3 + 5 +y® +y?)
5 = 2.6)
4— 6K,
,  Ke(x?+2x>+3x° + 45 +5y° + 6y°) —4(x* +x° + x> + § +y3 +y°) 2
yo= .

4— 7K,

Recall the definition of bijective mapping (one-to-one and onto), such that if x =y, then f(g(x)) =
g(f (¥)). We now have nine cases that have been evaluated (see Appendix A) in this respect as follows:

Case 1:

x2=y%= K(7y*) —4(y%) _ K.(x*) — 4(x?)

4—K, - 4-7K,
7K. —4 K- B .
FOG™) = 900 = T = g = [0 = g707) then gb?) = ()
Case 2:
5 =5 o K.(6y°) —4(y®) K (2x%) — 4(x°)
- 4 - 2K, B 4 — 6K,
6K,—4 K,—4 . _
@G = 9T OGN = g = 5o = f69) = g7 (%), then g (%) = £71(x%)
Case 3:
RSN K.(5y%) —4(y®)  K.(3x) —4(x?)
R 4-3K,  4-5K,
~4 3K, —4 _ _
fla(x®) =g(f &™) -2 . 3K =I5k > f(&x*) = g7 (y?) then g(y®) = f~(x*)
Case 4:
2 _ Kc(4’5) - 4’( 5) _ Kc(xz) - 4‘(x2)
M EOEP T TR, T T 4-4K,
~4  K.—4 _ _
flg(x®) = g(f(®) . - rA=Ya = f(x?) = g~'(6),then g(8) = f ' (x?)
Case 5:
s K(48) = 4(8) _ K, (2x%) - 4(x)
= 4-2K,  4-4K,
—4 2K, -

A f(x®) = g7(8), then g(8) = f~*(x°)

£ (965) = g(£(8) = 7 TRy
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Cuase 6:

K.(46) — 4(6+) K (3x%) — 4x?)

3=¢6>
x 43K, 4— 4K,

4K, — 4  3K.—4)

4—3K, 4-4K, f(x®) = g71(8),then g(8) = f~1(x%)

flgx®) =g9(f(®) =

Case 7:
355 K.(46) —4(8) K (5y%) —4(y?)
yo= 4-5K,  4-4K,
4K.— 4 5K.—4 _ _
fle0™) = 9(f(8) = — TR f(®) = g7'(8), then g(8) = f ' (v*)
Case 8:
550 K. (48) — 4(8) _K.(6y°) — 4(y°)
Y= 4—6K,  4-4K,
4K.—4 6K, —4 _ _
7(909) =90 ®) = ;=g = 35 = FO) =97 @) then g(®) = £ ")
Case 9:

K.(48) —4(8) _K.(7y*) —4(y?)
4—-7K, 4— 4K,

y2=6>

4K, —4 7K. —4
4—7K. 4-—4K,

flar®) =g(F(®) = = f(y?) = g7 (8),then g(8) = f* (¥%)

Then, from all the nine cases evaluated, we say all the isoreflective pair of points are inverses of each
other and to the central midpoint constructively and functionally, but the composition of the elements may or
may not have to be the same structurally. Therefore, isomorphic optinalysis is a construction and function
based on bijective mapping which signifies isomorphism of defined mathematical structures.

3.2.2 Proposition (Theorem) 2: Automorphic Optinalytic

Autoreflective pairs of mathematical structures under optinalysis are symmetrical to a certain
magnitude by a coefficient, called optinalytic coefficient (e.g, Kabitian coefficient, denoted as KC).

Prove:

Suppose we have an optinalytic construction of autoreflective pair of a mathematical structure A and
A’ with an assigned optical scale (R) as follows:

5 = An 12 12 12 12 !
A == (A11A2:A3: A%—l) - 2 A == (A %+1, ,A Tl—ZIA Tl—llA Tl)
f: v v !
R = (R]_JRZ' R3, R%—l) Rﬂ (R%+1’ ---ar—Zar—lr Rn)

2
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Such that: (A, Ap, Az, ., An_) € A; (A'n, e, Alp_g, Ay, A'y) EA;6 EA& A A A6 &R €
2 2

R,R™; Ry # 0;and A & A’ are autoreflective pair on a chosen pairing about a central line (§).

Then, the Kabirian coefficient of symmetry between the autoreflective pair is expressed as (Equations
3):

Ru(A; + Ay + Az + 4 An  + Ant Alny 4o+ Al g + Al + 4T)
(Rl'Al) + (Rz.Az) + (R3.A3) + cee + (R%_I.An) + (R;.A) + (3)

KCsym . (A,A") =

(Roype )+ oo (Rng A'3) + (R A'2) + (Ry-A'y)

KCsim j1a.(A,A) =1, if |[E(A)| = |EAD)]
KCsim j1a.(A,A) =0, if |[E(AD)| = —|EAD]; - |E(D)] = |E(A))|
0< KCsima.(AA) <1, if [E(A]<|EA)]
1< KCsima.(AA) <n+1,  if [E(A)| > |E@A)|
KCSim_/,d.(A,A') >2n+1,<0, if |[E(A)| > E|E(A")]

Where |E(A)| and |E(A")| are the absolute optical moment of A and B respectively about the mid-
point through a distance D started from the centre. It is expressed by equations (4.1) and (4.2).

§=An

A = (AllAZ'A3' ""A%—l) 2 A, = (A’§+1, ---:A,n—ZJA’n—l'A,n)
f: v ’
' ¥ ¥ ¥
D= (Di:Di—1;Di—2;---;D1) DO (D1:---:Di—2;Di—1:Di)
i
|E(A)| = |(Di-A1) + (Di—1-42) + (Di—2.43) + - + (Dl'A%—l) = Z(D-A) “4.1)
i=1

i

- Z(D.A’) “2)

i=1

|EAD] = |(Di A') + (Diz1. A'2) + (Dipe A's) + -+ (Dy. A's.,)

Lemma 1.2: The bijection function and property

Pair of autoreflective points under optinalysis is bijective (one-to-one and onto) to each other and to the
central midpoint constructively and functionally.

Prove:

Supposed we have an optinalytic construction between autoreflective pair of symmetrical mathematical
structure A and A’ as follow:

A= (x%,x°x%) i A= (x'3,x'5,x'%)
f: v v y
R=(1,23) 4 (5,6,7)

By Kabirian-based optinalysis, each element functions as (Equations 5.1-5.7):
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,  Ke(2x® +3x + 48 +5x7 + 6x"° + 7x'?) — 4(x> + x> + § + x° + x> + x'?) 51)
= 4—K, '
o Ke(x?+3x°+ 46 +5x7 + 6x'° + 7x'?) —4(x* + x> + 5+ x° +x"° +x'?)
x5 = (5.2)
4 — 2K,
s Ke(x?+2x°+ 46 +5x7 + 6x'° + 7x'?) — 4(x* + x° + 5+ x° + x"° + x'?)
x3 = (5.3)
4 — 3K,
Ko(x? +2x54+3x3 +5x"3 + 6x"° + 7x'2) —4(x® + x°> + x3 + X3 + x5 + x'?)
5 = 54)
44K,
s Ke(x? +2x° +3x° + 46 + 6x° + 7x'%) —4(x* + x° + x> + § + x> + x?)
X3 = (5.5
45K,
K (x?+2x54+3x3+ 46 +5x3 + 7x'?) —4(x? + x5+ x3 + § + x> + x'?)
5 (5.6)
4— 6K,
Ko 42x% +3x3 + 46 +5x3 + 6x'%) —4(x? + x° + %3 + 5§ + "2 + x°) 57)
x'? = :

4 —7K,

The bijection function of automorphic optinalysis is similar proven in lemma 1.1 of theorem 1.
Therefore, automorphic optinalysis is a construction and function based on bijective mapping which signifies
automorphism of a defined mathematical structure.

3.2.3 Kabirian coefficients translation (KCT) models

It translates the two possible Kabirian bi-coefficients into a magnitude at which the isoreflective pairs
are similar, identical, or symmetrical to each other within a defined bound. The defined bound is considered,
in this case, as the sum of all possible fractions (equals to 1) or the sum of all possible percentages (equals to

100%).

The magnitude of the function KCsym /sim./1a. that the calculated Psym /sim /1q. 1s isoreflective to the
sum of expected Psym /sim./1a. (i-¢., equals to 1 or 100%) under zero optinalytic normalization § = 0, is given
by the optinalytic construction below:

6=0
PSym./Sim./Id “ 1
A L !
R=n (nrp+1) (@nr+1n)
Or the optinalytic construction is inversely expressed as:
6=0
1 N PSym./Sim./Id
A ! !
R=r, (nrp+nr) (Cnr+n)

Then, Kabitian coefficient (K) is defined as:
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_ (ry + 1) (Psym /sim1a + 1)
© (n1-Psymsim1a) + (2nry +17)

Or the Kabirian coefficient (K;) is inversely defined as:

_ (nry + 1)1+ Psym /sim./1a)
11+ Psym /sim.j1a(2nry +11)

Cc

By making Psym /sim./1a the subject of the formula, we obtain a model (Equation 6):

(nry+n) —K.(2nry + 1)

P e = VO<K, <1 6
Sym./Sim./Id. Kc — (nr1 + 7’1) c ( )
..on+1
0 < Psim j1a.(A,B) <1, if 1 < KCsimjia.(AB) =1
. n+1
=1 < Psim j1a.(A,B) <0, if 0 < KCsim1a.(4,B) < 1

Or inversely as (Equation 7):
(TlT’l + T‘l) - T]_KC

- @2nry + 1)K, — (nry +17)’
<0

Psym./sim.jia. = X VI<K.<n+1LK.>2n+1&VK,

()

0< PSim./Id.(A:B) <1, if1< KCSim./Id.(A; B)<n+1
-1< PSim./ld.(A'B) < 0! lf KCSim,/Id,(A; B) =n+ 1,S 0

3.2.4 Asymmetry and dissimilarity

Asymmetry (Pysym.) and dissimilarity/none-identity (Ppsim./nia.) between two graphical sequences under
optinalysis are expressed by the equations (5) and (6). Translation of Kabirian coefficient is valid if and only if
the outcomes are within the range of values -1 to 1 (or -100 to 100 of its equivalent percentage).

If PSym./Sim./Id (4,B) = 0, then PAsym./Dsim./Nid. (4B)=1- PSym./Sim./Id (4,B) )

If PSym./Sim./Id (A: B) < 0, then PAsym./Dsim./Nid. (4, B) =-1- PSym./Sim./Id (4, B) ©)
3.2.5 Properties of Optinalysis

i Optinalysis is bi-coefficient and translative (i.e., forward and reverse translations). It gives two possible
coefficients (KC1 PSym./sim./1d.! KC2 PSym./sim./1d.) due to its commutive property, but each coefficient

translates into the same results (Psym /sim./1d.» 20d Pasym./psim./nid.)> which can be used to compute
back the two coefficients.

For automorphic optinalysis
KClpg,, (4,47

o, = PSym.(A,A,), = ngm_(A’,A) = PAsym.(A:A,) = PAsym.(A,;A)
KCZPSym.(A ,A)
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For isomorphic optinalysis

KClpsl.m./Id. (4,B)

= Psim s1a.(A, B), = Psim j1a.(B, A) = Ppgim nia.(A B) = Ppsim./nia.(B, A)
KCZPSim./Id. (B, 4)

The two possible Kabirian bi-coefficients work on different optinalytic scales.

ii.  The complete symmetry, identity, or similarity between isoreflective or autoreflective pair of
mathematical structures is invariant (remain the same) under transformations such as pericentral
rotation (alternate reflection), central rotation (inversion), product translation, additive translation,
optical scaling, and central modulation. Find the prove in Appendix B.

1ii. The asymmetry or dissimilarity between isoreflective or autoreflective pair of mathematical structures
is invariant (remain the same) under product translation, central rotation (inversion), and optical
scaling. Find the prove in Appendix C.

iv.  Under optinalytic normalization, complete symmetry, similarity, and identity (i.e., K€ = 2) between
isoreflective pair of mathematical structures remains invariant, but asymmetry, dissimilarity, and none-
identity are normalized to a relative extent. Find the details in Appendix D.

v.  The isoreflective polymorphism of mathematical structures under optinalysis, behaves on polynomial
and non-polynomial models. See Appendix E for details.

4  Discussion

In this paper, optinalysis expressed an important paradigm for symmetry detections, similarity, and
identity measures between isoreflective or autoreflective pairs of mathematical structures. The stated
propositions of optinalysis and the methodological paradigm that governs it conform to the definitions and
propositions of isometry, automorphism and isomorphism. The uniform intervals of the optical scale preserve
an equidistant relationship between the corresponding mathematical structures. Furthermore, the optinalytic
relationship between any member of isoreflective or autoreflective pair of mathematical structures is a clear
bijection, and a multiplicative inverse in construction and function.

The estimates produced by optinalysis are invariant under a set of mathematical operations or
transformations such as optical scaling, rotation, translation, etc. These invariance properties of optinalysis are
sufficient evidence to prove its robustness for symmetry detection, similarity, and identity measurements. The
moving and changing regression pattern (from the best fits of linear — exponential — polynomial —
logarithmic — power) of isoreflective polymorphism of a mathematical structures under optinalysis is another
interesting property observed.

5 Conclusion

Optinalysis is a new paradigm proposed for symmetry detections, similarity, and identity measures
between isoreflective or autoreflective pairs of mathematical structures. The paradigm of optinalysis is the scale
bijective re-mapping of isoreflective or autoreflective pairs. Optinalysis is characterized as invariant under
transformations and its isoreflective polymorphism behaves on polynomial and non-polynomial models.

6  Suggestion for future research

i, The statistical goodness (robustness, unbiasedness, efficiency, and consistency) of optinalysis as an
estimator for symmetry detection, similarity, and identity measures should be studied.
ii.  Other modifications application of the paradigm of optinalysis should be further evaluated.

Supplementary material: The supplementary file is a customized Excel sheet for short-range tests in
optinalysis.
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Appendix A
The bijection function and property of optinalysis
Pair of isoreflective points under optinalysis are bijective (oe-9-one and onto) to each other and to the central midpoint constructively.
Prove:
Supposed we have an optinalytic construction between isoreflective pair of similar mathematical structures A and B as follow:
A= (xZ’xS’x3) ::); B = (}/3;}/5;}/2)

f: ' y y
R=(1,23) 4 (5,6,7)

By Kabirian-based optinalysis, each element functions as (Equations A1-A7):

_ K(2x° +3x3+ 46 +5y° + 6y° + 7y*) —4(x* + x>+ S +y> +y° +y?)

2 Al
x I-K, (A1)
s K(x®+3x°+ 46 +5y° + 6y° + 7y?) —4(x* + x> + § +y° + y° +y?) A2
= 42K,
s K(xX®+2x°+ 46+ 5y° + 6y° + 7y?) —4(x* + x> + 5+ y° + y° +y?) A3)
= 43K,
5= Ko (x?2+2x54+3x3+5y3 +6y° +7y2) —4(x2 + x>+ x3 + y3 + y°> + y?) A4
- 4 — 4K,
Kc(x?+2x5+3x3+ 46+ 6y° +7y?) —4(x? + x> +x3 + § +y° +y?)
3 _ (A5)
45K,
s K(x®+2x°+3x3+ 46 +5y° + 7y?) —4(x* + x>+ x° + § + ¥ +y%) A6)
y =

4 — 6K,
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K (2 +2x° +3x3 + 46 + 5y +6y°) —4(x* +x° + 23+ §+y° +y°)
h 4—7K,

2

(A7)

Recall the definition of bijective mapping (one-to-one and onto), such that if x =y, then f(g(x)) = g(f(¥)). We now have nine cases that have
been evaluated in this respect as follows:

Case Al:
2 :y2:>KC(2x5+3x3+ 46 +5y3 +6y° +7y>) —4(xS +x3+ 5+ y3 +y° +v?)
4 —K,
K.(x2+2x°+3x3 + 45 +5y3 + 6y°) —4(x? + x5+ x>+ § + y3 + y%)
4 — 7K,

Divide both sides by a common factor KC(ZXS +3x3+ 46 + 5y + 6y5) — 4(x5 +x34+ 5+y3 + }’5)
2 -2 5 K:(7y*) — 4% _ Ko (x?) — 4(x?)
Y 4—-K, 4 —-7K,

X

Compose f(x?) onto g(y?) and vice versa

7K, —4 K,—4
flax®) =g(fG»)) = =

4-K, 4-7K, f(x?) = g7 (y?),then g(y?) = f 1 (x?)

Case A2:
K.(x?+3x3+ 45+ 5y3 + 6y° + 7y%) —4(x? +x3+ 6 + y3 + y5 +y?)
=
4— 2K,
K (2 +2x° +3x° + 46+ 5y° + 7y?) —4(x* +x° + 23 + § +y° +y?)
- 4 — 6K,
Divide both sides by a common factor K, (x? + 3x3 + 45 + 5y3 + 7y?) —4(x* +x3 + § + y3 + y?)
s s Ke(6y°) —40°) _ K (2x%) — 4(x®)
= y = =
42K, 4— 6K,

x5 = y5

X

Compose f(x°) onto g(y>) and vice versa
6K, —4 K, —4

4 - 2K, - 4 — 6K, = f(x5) = g_l(ys),theng(yS) _ f_l(xs)

flex®) =g(f»*) =
Case A3:
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=>Kc(x2+2x5+ 48 +5y° +6y° + 7y?) —4(x* +x°+ 5+ y  +y° +y?)

3 _ .3

=Y 43K,
K (x®+2x° +3x° + 46+ 6y° + 7y*) —4(x2 +x° + x>+ 6 +y° +y?)
= 45K,

Divide both sides by a common factor K. (x? + 2x° + 48 + 6y°> + 7y?) — 4(x? + x5+ § + y° + y?)

3 — y3 = KC(5y3) - 4(}/3) _ Kc(3x3) - 4‘(x3)

X 43K, 45K,

Compose f(x3) onto g(y?) and vice versa

5K,—4 3K, —4
flgt®)=g(fo®) = =

4—3K. 4-5K,

= f(x*) = g7 (y*), then g(y®) = f 1 (x*)

Case A4:
2o g Ke@x® 3% + 45+ 5y° +6y° +7y) — 4T + 27+ 5+ 70 +y° +y?)
4—-K,
_ Kc(xZ + 2x5 + 3x3 + 5y3 + 6y5 + 7y2) _ 4(X2 + x5 e y3 n y5 n yz)
3 4 — 4K,

Divide both sides by a common factor K, (2x> + 3x3 + 5y3 + 6y° + 7y2) —4(x° + x3 + y3 + y° + y?)
K.(48) —4(8) K (x*) —4(x?)
= =

x*>=94

4—K, 4— 4K,
Compose f(x?) onto g(&) and vice versa
3 4K.—4 K.—4 ) 1 1, 2
flax®) = 9(f(®) = = = f(x*) = g7 (6),then g(8) = [ (x*)
4—K, 4-4K,
Case A5:
K.(x?+3x3+ 46 +5y3 + 6y° + 7y2) —4(x? + x>+ § +y3 + y5 + y?)
x5=6=
4 - 2K,
Ko (e 4 2x° +3x° + 5y3 + 6y° + 7y?) — 42 +x° + X2 + y2 +y° +y?)
- 4 — 4K,

Divide both sides by a common factor K, (x? + 3x3 + 5y% + 6y° + 7y?) —4(x?2 + x3 + y3 + y5 + y?)

K (48) —4(8)  K.(2x%) —4(x*)
4—-2K, 4 — 4K,

x°=6=

Compose f(x°) onto g(8) and vice versa
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4K. —4 2K.—4
5 — ¢ — ¢ 5y — -1 — £—1...5
F(96) = 9(r®) = 3755 = =g = [6D) =97 ) then g(0) = [ (%)
Case AG:
3 =(S:}‘I(C(x2+2x5+ 46 +5y3 +6y° +7y%) —4(x* + x5+ §+y3 +y5 +y?)
43K,
K (2 4 2x° + 323 + 5y3 + 6y° + 7y?) — 42 + x° + X2+ y2 +y5 +y?)
B 4— 4K,

Divide both sides by a common factor K. (x? + 2x° + 5y3 + 6y° + 7y?) —4(x? + x°> + y3 + y> + y?)
K.(46) — 4(6+) K (3x%) — 4x?)
4—-3K,  4-4K,

x3=58=

Compose f (x3) onto g(8) and vice versa

4K, —4 3K, — 4
F9G®) = g(f(8)) = - )

4—3K., 4-—4K,

= f(x*) = g7(8),then g(8) = f~1(x?)
Case AT:
K.(x?+2x°+3x3+ 45+ 6y5 + 7y2) —4(x?> + x> + x>+ § + y5 + y?)
=
4— 5K,
_ Ko(x? +2x° +3x% + 5y + 6y° + 7y?) — 4(x* +x° + x> + y> +y° +y?)
- 4— 4K,
Divide both sides by a common factor K. (x? + 2x° + 3x3 + 6y° + 7y?) —4(x? + x> + x3 + y® + y?)
Kc(49) —4(8) _ Ko(5y%) — 40r%)
4— 5K, 4— 4K,

y?=6

y3=6>

Compose f(y3) onto g(8) and vice versa
4K.—4 5K.—4
flao®) =g(f(®) = =

4—5K, 4—4K,

= f(y®) = g7'(6), then g(6) = f ' (¥*)
Case AS8:
Ko(x?+2x54+3x3+ 45 +5y3 + 7y?) —4(x%2 + x> + x3 + 5§ + y3 + y?)
=
4— 6K,
K (x4 2x° +3x° + 5y3 + 6y° + 7y?) — 42 +x° + X2 + y2 +y° +y?)
- 4 — 4K,
Divide both sides by a common factor K, (x? + 2x> + 3x3 + 5y% + 7y?) —4(x? + x> + x® + y3 + y?)

¥ =8
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_, Kc(48) —4(9) _ K.(6y°) — 4(r°)

5
y 4— 6K, 4— 4K,

Compose f(y®) onto g(8) and vice versa
4K. —4 6K.—4
f(96®) = a(f(®) = =

4— 6K, 4-—4K,

= f(y®) = g7(8),then g(6) = f 1 (¥°)
Case A9:

- K. (x?+2x54+3x3+ 46 +5y3 + 6y°) —4(x?2 + x> +x3 + § + y3 + y°)
4 —-7K,
K.(x? +2x5 4+ 3x3 + 5y + 6y° + 7y?) —4(x? + x5 + x3 + y3 + y5 + y?)
- 4— 4K,
Divide both sides by a common factor K, (x? + 2x> + 3x3 + 53 + 6y°) —4(x2 + x> + x3 + y3 + y®)
s g Ked) = 4(8) _ K(TyD) = 40)
4— 7K, 4— 4K,

2=5

y_

Compose f(y?) onto g(8) and vice versa
4K, —4 7K. —4
4—7K, 4—4K,

flar®) =g(F(®) = = f(y?) = g7 (8),then g(8) = f*(¥%)
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Appendix B
Property B1: Optinalytic invariance under operation (1)

A perfect symmetry or identity and similarity state between isoreflective or autoreflective pair under
optinalysis remain invariant (stable) under transformations such as pericentral rotation (alternate reflection),
central rotation (inversion), product translation, additive translation, optical scaling, and central modulation.

Prove B1:

Suppose we have an optinalytic construction of isoreflective pair with an assigned optical scale (R =1,
2,3,4,5,0,7) as follows:

A= (x?%x%x3) i B = (x3,x%x?)
f: ¢ ¢ ¢
R=(1,23) 4 (5,6,7)

Such that 4 and B are isoreflective pairs on head-to-head reflection about a centre (§).

Then,

K = 4(x2+ x*+x3+ 5+ x3 +xt + x?)
€7 x24 2x% +3x3 4+ 465 + 5x3 + 6x4 + 7x2

X CAx® + Axt +4x% + 46 + 4x7 + 4x* + 4x?
© 7 x2+ 2x*+3x3 + 46 + 5x3 + 6x* + 7x2

X _8x2+8x3+8x4+46_1
€ 8x2+8x3+8x*+45

Therefore, A and B are petfectly similar and identical.
Prove B1.1: Invariance under additive translation

Let the optinalytic construction of prove B1 be considered, and let ‘a’ be a translation factor. The
optinalytic construction becomes:

A=[(x*+a),(x*+a),(x3+a)] i B=[(x3+a),(x*+a),(x*+a)]
f: ¢ ¢ ¢
R= (1,23) 4 (5,6,7)

Such that A and B are isoreflective pairs on head-to-head reflection about a centre (8).

Then,

AP+ )+ (P )+ 5+ (P +a) + (f +a) + (k% + a)]
T2+ a)+ 2(xt+a)+3(x3+a)+46+5x3 +a) +6(x*+a) +7(x2 + a)

_8(x*+a)+ 8(x*+a)+8(x* +a)+45
€ 8(x2+a)+ 8(x*+a)+8(x3+a)+456

Therefore, A and B are invariant under translation.

Page 19 of 30


https://doi.org/10.20944/preprints202008.0072.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2021 d0i:10.20944/preprints202008.0072.v2

Optinalysis

Prove B1.2: Invariance under product translation

Let the optinalytic construction of prove B1 be considered, and let 'a’ be a translation factor. The
optinalytic construction becomes:

A = (ax? ax*, ax?®) B = (ax3,ax*, ax?)

f: y y
R= (1,23) 4 (5,6,7)

)
ird
¥

Such that 4 and B are isoreflective pairs on head-to-head reflection about a centre (8).

Then,

K = 4(ax? + ax* + ax3® + § + ax® + ax* + ax?)
€7 ax? + 2ax* + 3ax3 + 45 + 5ax3 + 6ax* + 7ax?

3 4ax? + dax* + 4ax® + 46 + 4ax® + 4ax* + 4ax?

c =

ax? + 2ax* + 3ax3 + 46 + 5ax3 + 6ax* + 7ax?

3 8ax? + 8ax* + 8ax3 + 44§ B
€ 8ax? + 8ax* + 8ax3 + 46

Therefore, A and B atre invariant under translation.
Prove B1.3: Invariance under central rotation (Inversion)

Definition: Central rotation refers to the rotation of all the members of two mathematical structures of an
isoreflective pait through 180° around the central mid-point (6). This rotation is equivalent to an inversion.

Let the optinalytic construction of prove B1 be considered, the centrally rotated structures become:

B = (x?,x%x3) i A= (x3,x%x?)
f: ¢ ¢ ¢
R= (1,23) 4 (5,6,7)

Such that A and B are isoreflective pairs on head-to-head reflection about a centre (8).

Then,

AP+ x5+ +xt +x?)
€7 X2 4 2x% +3x3 + 46 + 5x3 + 6x* + Tx2

4x2% + 4x* + 4x3 + 46 + 4x3 + 4x* + 4x2
€7 X2 4 2x* 4+ 3x3 + 48 + 5x3 + 6x% + 7x?

_8x2+8x3+8x4+46_
€7 8x2+8x3+8x4+45

Therefore, A and B are invariant under central rotation.

Page 20 of 30


https://doi.org/10.20944/preprints202008.0072.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2021 d0i:10.20944/preprints202008.0072.v2

Optinalysis

Prove B1.4: Invariance under pericentral rotation (Alternate reflection)

Definition: Central rotation refers to as the rotation of all the members of two mathematical structures of an
isoreflective pair through 180° around the peticentres (A pericentre is a mid-point of each of the two comparing
mathematical structures). This structure is the same as the alternate reflection (i.e, the tail-to-tail reflection or
otherwise). An alternate reflection is the alternative form of reflection between isoreflective pairs. The alternate

reflection can, in some cases, be used to distinguish between two similar structures but not identical to each
othert.

Let the optinalytic construction of prove Bl be considered, the pericentrally rotated structures
(inverses) of isoreflective pair become:

A= (x3,x%x?) i B = (x?,x%x%)
f: ¢ ¢ ¢
R=(1,23) 4 (5,6,7)

Such that A and B are isoreflective pair on tail-to-tail (its alternate) reflection about a centre ().

Then,

A+ xS+ x? +xt + i)
€7 X3 4 2x% +3x2 + 46 + 5x2 4 6x* + 7x3

_4x3+ Ax* + 4x% + 48 + 4x% + 4x* + 4x3
€7 X34 2x* 4+ 3x2 + 48 + 5x2 + 6x4 + 7x3

_8x® +8x* +8x%+45
€ 8x3+8x*+8x2+45

Therefore, A and B are invariant under pericentral rotation.
Prove B1.5: Invariance under optical scaling

Let the optinalytic construction of prove B1 be considered, and let R + a be the change in scaling
patterns. The optinalytic construction becomes:

A= (x?,x%x3) i B = (x3,x%x%)
f: ¢ ¢ ¢
R=[1+a),2+a),B+a)] (A4+a) [5+a)6+a)(7+a)]

Such that 4 and B are isoreflective pairs on head-to-head reflection about a centre (8).

Then,

(A+a)X (x?2+ x*+x3+5+x3+x*+x2)

K. =
C x2(1+a)+ x*Q2+a)+x3@+a)+5¢@A+a)+x3(5G +a) +x*(6+a) + x2(7 + a)

_4x2+ 4x* + 4x3 + 48 + 4x3 + 4x* + 4x?
€7 x24 2x* +3x3 + 48 + 5x3 + 6x% + 7x2
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_x*(8+2a)+x*(8+2a) +x*(8+2a) +6(4 +a)
" x2(8+2a) +x*(8+2a) +x3(8+2a) +6(4+a)

Therefore, A and B are invariant under optical scaling.
Prove B1.6: Invariance under central modulation

Let the optinalytic construction of prove B1 be considered, and let § & f be the central modulation,
such that 3 € R. The optinalytic construction becomes:

A= (x%x*x3) ‘Si/’) B = (x3,x* x?)

f: ' ¢ y
R=(1,23) 4 (5,6,7)

Such that A and B are isoreflective pair on head-to-head reflection about a centre ().
Then,

K = 4(x%2 + x*+x3+ (6 £ B)x3 + x* + x?)
€7 x2+4 2x* +3x3 4+ 4(6 + B) + 5x3 + 6x* + 7x2

X CAx? 4 Axt +4x3 4+ 4(8 £ B) + 4x3 + 4x*t + 4x?
7 x2+ 2x*+3x3 +4(6 £ B) +5x3 + 6x* + 7x2

_8x2+8x° +8x* +4(6+pB)
€ 8x2+8x3+8x*+4(5+p)

Therefore, A and B are invariant under central modulation.
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Appendix C
Property C1: Optinalytic invariance under operations (II)

Asymmetrical or dissimilar state between isoreflective or autoreflective pair under optinalysis remains
invariant (the same) under product translation, central rotation (inversion), and optical scaling.

Prove C1:

Suppose we have an optinalytic construction of isoreflective pair with an assigned optical scale (R = -
1,-2,-3, -4, -5, -6, -7) as follows:
A= (2x?,4x* x?) B = (7x3,3x%,5x?)

f: ' ¢
R= (-1,-2,-3) -4 (=5,—6,—7)

é
-+
¥

Such that 4 and B are isoreflective pair on head-to-head reflection about a centre (§).

Then,
‘= —4(2x% + 4x*+ x3 + 8§ + 7x3 + 3x* + 5x?)
€ —2x2 — 8x* —3x3 — 46 — 35x3 — 18x* — 35x2
X —8x2% — 16x* — 4x3 — 46 — 28x3 — 12x* — 20x2
c =

—2x% — 8x* —3x3 — 45 —35x3 — 18x* — 35x2
_ (—28x* —28x* —32x%) — 46
€ (37x% — 26x* —38x3) — 46
_ —88-46 .
€ —-101—46

1

Therefore, A and B are dissimilar (asymmetrical).
Prove C1.1: Invariance under product translation

Let the optinalytic construction of prove C1 be considered, and let ‘a’ be a translation factor. The
optinalytic construction becomes:

A = (2ax?, 4ax*, ax®) i B = (7ax3,3ax* 5ax?)
f: ¢ ¢ ¢
R= (-1,-2,-3) -4 (=5,—6,—7)

Such that A and B are isoreflective pair on head-to-head reflection about a centre (§).

Then,
K - —4Qax? + 4ax* + ax® + § + 7ax3 + 3ax* + 5ax?)
€ —2x2— 8x%*—3x3—48 —35x3 — 18x% — 35x2
K = —8ax? — 16ax* — 4ax® — 46 — 28ax3® — 12ax* — 20ax?
c

© —2ax? — 8ax* — 3ax3 — 46 — 35ax3 — 18ax* — 35ax?
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K = (—28ax? — 28ax* — 32ax3) — 46
€7 (37ax? — 26ax* — 38ax3) — 45

K - —88 — 4§ .1
€T _101—46

Therefore, A and B are invariant under product translation.

Prove C1.2: Invariance under central rotation (Inversion)
Let the optinalytic construction of prove Cl be considered, the centrally rotated structures of

sequences of isometric isomorphs become:
— (3 Ar? D42
A= (x°,4x* 2x7)

f: ¢ '
R= (-1,-2,-3) -4  (=5-6,-7)

B = (5x2%,3x%,7x3) 8
ird
¥

Such that 4 and B are isoreflective pair on head-to-head reflection about a centre (§).

Then,
‘= —4(5x% +3x* + 7x3 + § + x3 + 4x* + 2x?)
€7 —5x2 — 6x* — 21x3 — 46 — 5x3 — 24x* — 14x2
‘= —20x2 — 12x* — 28x3 — 45 — 4x3 — 16x* — 8x?
€7 _5x2 — 6x% — 21x3 — 48 — 5x3 — 24x* — 14x2

—28x3 — 28x* —32x%)— 46§
K —
€ (—19x3 — 30x% — 26x2) — 46

K — —88 —46 L
€ —75-46
Therefore, A and B are invariant under product translation.

Prove C1.3: Invariance under optical scaling
Let the optinalytic construction of prove C1 be considered, and let (—R — a) be the change in scaling

patterns. The optinalytic construction becomes:
A= (2x?%,4x%,x3) i B = (7x3,3x%,5x?%)
¥ ¥

f: )
R=[(-1-a),(-2-a),(3-d)] (~4-a) [(-5-a),(-6-a),(~7~a)]

Such that 4 and B are isoreflective pairs on head-to-head reflection about a centre (§).

Then,
(=4 —a) X (2x? + 4x* + x3+ 6 + 7x3 + 3x* + 5x2)

- 2x2(-1—a)+ 4x*(-2—a)+x3(-3—a)+ 6(—4—a) +
7x3(—=5—a) + 3x*(—6 — a) + 5x%(—=7 — a)

K.
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(—8x2—2ax?) + (—16x*—4ax*) + (—4x3—ax3) + (—46 — ad) +
_ (—28x3—7ax3) + (—12x*—3ax*) + (—20x2—5ax?)
© (—2x2—-2ax?) + (—8x*—4ax*) + (—=3x3—ax3) + (—46 — ad) +
(—35x3—7ax3) + (—18x*—3ax*) + (—35x2—5ax?)

K.

_ (=28x% — 7ax?®) + (=28x* — 7ax?®) + (=32x> — 7ax?®) + (—46 — ad)
~ (37x2 — 7ax?) + (— 26x* — 7ax*) + (—38x3 — 7ax3) + (=46 — af)
88— (—46 — af)
"~ —101 — (=46 — ad)

K.

K.

Therefore, A and B are invariant under optical scaling.
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Appendix D
Property D1: Optinalytic normalization

An asymmetrical or dissimilar state between isoreflective or autoreflective pair of given mathematical
structures under optinalysis, can be transformed near-symmetrical or similar states by central modulation. A
central modulation refers to the deliberate increase or decrease in quantity at the central mid-point (6). The
quantity affected is called the normalization unit or value, f3.

Prove D1:
Suppose we have an optinalytic construction as follows:

A=@x4x30) °TF B=(x2xx)

f: ‘ ' '
R= (1,2,3) 4 (5,6,7)

Such that A and B are isoreflective pair on head-to-head reflection about a centre (§).
Then,

_ 4(2x+4x+3x+(6+p) +3x+2x +x)
€ 2x+8x+9x+4(8+B) + 15x + 12x + 7x

_ 8x+16x+12x+4(6+f) +12x + 8x + 4x
€ 2x+8x+9x +4(5+B) + 15x + 12x + 7x

_60x+4(5+p)
€ 53x+4(5 + )

Thus,

k. - 60x 4(5 +B)

= + =1
53x 46+ p)
Therefore, A and B are not perfectly symmetrical, similar, and identical.

Let f = +1000 such that § + § = +1000
60x 4 x (£1000)

K. =
¢ = 53x Tax (£1000)
_ +4060x _ )
€ +4053x

Thetefore, A and B are normalized similar or symmetrical.
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Appendix E
Property E1: Deterministic polynomiality and non-polynomiality of optinalysis

The isoreflective or autoreflective polymorphism of a mathematical structure under optinalysis,
behaves on polynomial and non-polynomial models.

Prove E1:
Definition: Single vertex isoreflective polymorphism: is an isomorphism as a result of single vertex variation.

Suppose we have a graph A(;_ygq) and its isomorphic variants Bg_ nay from a named space. We can

generate the isomorphic variants by additive paranodic skewization with a skewization value = t 0 over some
generations.

Ac—na)y = V1, Y2, Y3, Y4 Y5 Vs - - YNa)

The single vertex: isomorphic variants are:

Ist ranked generation = B(11—Nd) =1+ 4,Y2,V3, Y4 Vs, Ve en e Ynd)

20d ranked generation = B _ygy = V1, Y2 + £, Y3, V4. Vs, Yer e - YNa)
3+ ranked generation = B(31—Nd) =1, Y2 Y3 F 6, Y4, Vs, Yoy e oo Ynd)
4t ranked generation = Bél—Nd) = V1,V Y3 Vs +6,V5, Ve, eon e YNd)
5t ranked generation = B(Sl—Nd) =1,V Y3 V0 Ys 6, Ve, con o Ynd)

6 ranked generation = Bl _yay = (V1 Y2, Y3 Yar Y5, Ve + ty eve . YN)

Alternatively, the sequence of the generations can be seen in this way:

6% ranked generation = By _ygy = (V1 + £, Y2, Y3, Yar Vss Vs - - YNt

5% ranked generation = B _yay = V1, Y2 + 6, Y3, Yar Vs, Vs - o YNt

4t ranked generation = B(31—Nd) = V1,V Y3+ Y4, Vs, Yoy v oo Ynd)

3t ranked generation = Bél—Nd) = V1, Y0 Y3 Vs +6,V5, Ve, eon e Ynd)

2nd ranked generation = Bf1-1va) =1,V Y3 V0 Ys 6, Ve, oon e Ynd)

1st ranked generation = B(61_Nd) = (VLY Y3 Y Vs, Ve + L, . .. VNd)

Where the subscript g in B(gl_ na) indicate the series of generations of isomorphic point variations.

We may have an optinalytic construction as follows:

6=0 B9

- (va-1) > R

i Aa-nay
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Or in a pericentrally rotated operation (the alternate reflection) as

6=0

: g
fi Awva-1 B -nay > R

And the inverse (centrally rotated operation) operation becomes:

6=0

f B—nay v Awa-1y >R

Or in a pericentrally rotated operation (the alternate reflection) as

6=0

. pd
fiBya-y —,,  Aa-nay >R

Then, the Kabirian coefficient between the graph A%1— na) and its isomorphs Bg_ Na) are obtained as
Qand § as valid translations (in percentage or probability) of ) on C-P distributions.

Let G be a set of positive integers ranks the isomorphic generations (from the first to the last) of
isomorphs established (for instance, B(ll_Nd) =1, B(Zl_Nd) =2, B(31—Nd) = 3, etc).

By plotting regression graphs of G against (J, for each skewization value t, observe a formation and
changing regression patterns (from the best fits of linear — exponential — polynomial — logarithmic —
power) as a skewization value t approaches a certain interval (See Appendix E).

By plotting regression graphs of G against 5, for each skewization value t, observe a formation and

changing polynomial regression patterns as a skewization value ¢ approaches a certain interval (See Appendix
E).

Example Problem to Test Property E1

Suppose we have a graph A with a nodality of 20 vertices, and its single vertex isomorphs B(g1—20) were

generated using an additive paranodic skewization approach, with a skewization value €=
10,25,50,10%, ...... 108. The Kabirian coefficients and its valid translations were modeled in regressions
graphically against the isomorphic generations rank, for each skewization value (t).

A—20y) = (0.73,0,15,-62,53,10,67,34,76,—34,0, 35,11, 20, —34,0,—26,39,0.57, —31).

Bli-30) OF B35y = (0.73 +,0,15,-62,53,10,67,34,76, 34,0, 35,11, 20, —34,0, 26, 39,0.57, =31)

B2 _30) 01 BY 50y = (0.73,0 + t, 15,62, 53,10, 67, 34,76, -34, 0,35, 11,20, 34, 0, —26, 39, 0.57, =31)

Ali-20y Or B} 50y = (0.73,0,15,-62,53,10,67,34,76,—34,0,35,11,20,—34,0,-26,39,0.57 + t, —31)

Af)_20y 0T By 50y = (0.73,0,15,-62,53,10,67,34,76,—34,0,35,11,20,~34,0,-26,39,0.57,—31 + t)
Let the optinalytic construction be defined as:

. pd 6=
f: B 20y

Inversely, let the optinalytic construction be defined as:
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6=0

. g —
fiAa-20) = Bao-yy »R=(12,....,41)

The optinalysis of these datasets, subsets was carried out using customized Excel sheets presented in
the supplementary material attached to this article.

Outcomes of the Exampled Problem to Test Property E1

The Kabirian coefficient between the graph A%1— na) and its isomorphs B(gl_ Na) are obtained as Q and
S as valid translations (in percentage or probability) of O on C-P distributions.

Let G be a set of positive integers ranks the isomorphic generations (from the first to the last) of
isomorphs established (for instance, By _ygy = 1, B _nay = 2,B{i_yay = 3, €to).

By plotting regression graphs of G against (), for each skewization value t, we observe moving and
changing regression patterns (from the best fits of linear — exponential — polynomial, shifts to logarithmic,
and finally stagnates continuously at power) as a skewization value t approaches a certain interval (See Fig. E1).

However, by plotting regression graphs of G against (), for each skewization value t, of the inverse
cases, we observe moving and changing regression patterns (from the best fits of linear — exponential —
simple polynomial, and finally stagnates continuously at complex polynomial) as a skewization value t
approaches a certain interval (See Fig. E2).

Finally, by plotting regression graphs of G against S, for each skewization value t, we observe moving
and changing regression patterns (the best fits of from linear — exponential — simple polynomial, and finally
stagnates continuously at complex polynomials) as a skewization value t approaches a certain interval (See Fig.
E3). Likewise, the explanations are the same for the inverse cases.

25
€ 20 +
2
=2
=15 +
S
§10
=
S 5 | 0 (a) (h) & 00) 0

(@  (b) (c) (d) \('-‘)
o R RSB KAERRLL >
1 21 41 61 81 101 121 141 161 181 201
Isomorphic generation {(defined within each graph re-starting at 1)

Figure E1: Regression models of the relationship between the generations rank of isomorphs and the resultant
Kabirian coefficient of optinalysis. (@)-(j) are the regression models at skewization value t =
10, 25,50,10%, ... ... 108 respectively. (@)-(e) are linear — exponential — polynomial, (e) is logarithmic, and
(-(j) are power models.

Note: In this problem, the trending K, > 1 stagnates at a magnitude equal to the median optical scale.
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1.05
£ 0.95 ,/ /
2
o
£ 0.85 +
[H]
3075 +
g
= 0.65 +
%
~ 055 +

0.45

1 21 41 61 81 101 121 141 161 181 201
Isomorphic generation {(defined within each graph re-starting at 1)

Figure E2: Regression models of the relationship between the generations rank of isomorphs and the resultant
Kabirian coefficient of optinalysis of the inverse cases. (@)-(j) are the regression models at skewization value
t = 10,25,50,107, ... ... 108 respectively. (@)-(d) are linear — exponential — simple polynomial, ()-(j) are
complex polynomial models.

Note: In this problem, the trending K, < 1 stagnates at a magnitude close to %

1.2 +
(a) (b) (c) (d)
! W (¢) ) (9) (h) (i) ()

o 08 T
9 0.6 +
w
£ 04 +
= 4]
E 0.2 +
“ 0

02 1 21 41 61 8 101 121 141 61 81 01

0.4 -

Isomorphic generation {(defined within each graph re-starting at 1)

Figure E3: Regression models of the relationship between the generations rank of isomorphs and the translated
percentages of optinalysis. (@)-(j) are the regression models at skewization value t = 10, 25,50, 107, ... ... 108
respectively. (@)-(d) are linear — exponential — simple polynomial, (€)-(j) are complex polynomial models.
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