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A NOTE ON TYPE 2 DEGENERATE MULTI-POLY-BERNOULLI POLYNOMIALS
AND NUMBERS

WASEEM AHMAD KHAN, AYSHA KHAN, AND UGUR DURAN

ABSTRACT. Inspired by the definition of degenerate multi-poly-Genocchi polynomials given by using the
degenerate multi-polyexponential functions. In this paper, we consider a class of new generating function
for the degenerate multi-poly-Bernoulli polynomials, called the type 2 degenerate multi-poly-Bernoulli poly-
nomials by means of the degenerate multiple polyexponential functions. Then, we investigate their some
properties and relations. We show that the type 2 degenerate multi-poly-Bernoulli polynomials equals a
linear combination of the weighted degenerate Bernoulli polynomials and Stirling numbers of the first kind.
Moreover, we provide an addition formula and a derivative formula. Furthermore, in a special case, we
acquire a correlation between the type 2 degenerate multi-poly-Bernoulli numbers and degenerate Whitney
numbers.

1. INTRODUCTION

Special polynomials has recently been applied in numerous fields of applied and pure mathematics besides
in such other disciplines as physics, economics, statistics, probability theory, biology and engineering, cf.
[1-24] and see also the references cited therein. Intense research activities in such an area as the theory of
special polynomials are principally motivated by their importance in not only pure and applied mathematics
but also mentioned other disciplines.

In 1956, Carlitz [1] considered a degenerate form of the well-known Staudt-Clausen theorem and then,
in 1979, gave the degenerate versions of the Bernoulli, Stirling and Eulerian numbers in [2]. In spite of
their being already more than sixth years old, these studies are still hot topic and today enveloped in an
aura of mystery within the scientific community. From 1956 to the present, the degenerate versions of many
polynomials, theorems, numbers etc. are investigated intensively by many mathematicians. In fact, in the
most recent years, many researchers have been worked on degenerate type various numbers and polynomials.
For example, the degenerate Hermite polynomials in [3], the degenerate Hermite-Bernoulli poynomials and
numbers in [4], the degenerate Frobenius-Euler-Hermite polynomials in [5], the degenerate Hermite-poly-
Bernoulli polynomials in [6], the degenerate Stirling polynmials of the second kind in [11], the degenerate
Bernoulli polynomials of the second kind in [12] and the degenerate Bell polynomials in [13] and degenerate
Genocchi polynomials in [19] have been considered and studied extensively.

In this paper, we introduce a novel class of degenerate multi-poly-Bernoulli polynomials and numbers
by means of the degenerate multi-polyexponential function and studied their main explicit relations and
identities. This work is organized as follows:

e Section 2 includes several known definitions and notations.

e In Section 3, we consider a novel class of degenerate multi-poly-Bernoulli polynomials and numbers and
investigate their diverse properties and relations.

e The last section outlines finding gains and the conclusions in this work and mentions recommentations
for future studies.
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2. PRELIMINARIES AND DEFINITIONS

Let Z denotes the set of all integers, R denotes the set of all real numbers and C denotes the set of all
complex numbers. For any A € R/ {0} (or C/{0}), degenerate version of the exponential function ef(t) is
defined by the following series (see, [1-6, 11-21])

1 = "
eX(t) = (14 X)X = Z(m)n)\a, (2.1)
n=0
where (z)on =1 and (), x =z(x—A)---(x — (n — 1)A) for n > 1, ¢f. [1-6, 11-21].
It is obviously seen that limy_q e%(t) = e**. Note that e} (t) := ex(?).
Carlitz [1] introduced the degenerate Bernoulli polynomials as follows

t G tn
—ei(t) = TA)—. 2.2
1A = S (2.2
In the special case x =0, 8,,(0; A) := §,,(\) are called the degenerate Bernoulli numbers.

Note that
)\limo B, (z; X)) = By (z),
where B,,(z) are the familar Bernoulli polynomials given by the following generating function

t L - t"
o 1¢ t_ Z)Bn(x)m, (¢ < 2m).

The polyexponential functions are defined by (see [10])

. — "
n=1
For k =1 in 2.3, we have Ei;(z) = e® — 1.
The modified degenerate polyexponential functions [14] are defined by
. _ - (1)77,,)\ n
Elk’)\(m) = ngl mx . (24)
It is note that for k = 1, Eij x(x) = ex(z) — 1.
Let k € Z. The type 2 degenerate poly-Bernoulli polynomials [14] are defined by means of the following
generating function

[ (t) —1 ™
where log, (1 + ¢) is the degenerate version of the logarithm function given by (cf. [14])

Bip,x (logr (L 1)) Ly i B (x)%"“ (2.5)

o0 n

o t
log\(1+1) = Z A (Dp1/a o (AeR)

n=1
which is also the inverse function of the degenerate exponential function ey (t) as shown below
ex(logy(1+1¢)) =log, (ex(1+¢t)) =1+t
When x = 0, BT(Lkg\ = BT(Lkg\ (0) are called the type 2 degenerate poly-Bernoulli numbers.

For ki, ks, -k, € Z, the multiple polylogarithm function [23] is defined by

. "
Ei ko, ke, (7) = Z k2 k0 (2.6)

0<ny<ng < --<ny Ny g™ N

where the sum is over all integers ny,ns, - -+, n, satisfying 0 < n; <ng <--- < n,.
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3
By means of the multiple polylogarithm function, the multi-poly-Bernoulli polynomials are given by
s e’ B 1h2, . 2.7
et e 5 o) 27
Also, the degenerate version of the multi-poly-Bernoulli polynomials are defined as given below
T!Eikl ko, k (1 —e (k1,k2,-- t"
9 9 v b k) T B 20 2.8
OIS Zﬁ () . (see [20)) (28)

The degenerate Stirling numbers of the first kind (cf. [14, 19]) and second kind (cf. [4, 5, 6, 18-22]) are
defined, respectively, by

o (1ogx ZSl A(n, k , (k>0) (2.9)
and
S = 1F =Y Saatn k)L, (k2 0) (2.10)
n=k

Noting here that as A — 0, the degenerate Stirling numbers of the first kind and second kind reduce to the
usual Stirling numbers of the first kind S;(n, k) and second kind Sa(n, k) as follows

T (log Zsl n, k (k>0), (¢f [14,19])
and
1
(e" — 1)k ZSQ n, k (k>0), (cf. [4,5,6,18-22)).
3. Type 2 Degenerate Multi-Poly-Bernoulli Polynomials
Let k1, ko, -+ , k. € Z. The degenerate multiple polyexponential function is defined by
. 17l ...1711', xhr
Eiky ko, ooa(2) = Z ( >‘ (@) 'Akl W (see [21]), (3.1)
0<ni<ng< -+ <Ny (nl o 1) o (nr o 1)'n1 T
where the sum is over all integers ni,ns, -+ ,n, satisfying 0 < ny < ny < -+ < n,. By means of this

function, Kim et al. [21] introduced and studied the degenerate multi-poly-Genocchi polynomials given by

X

r Eigy kg, k A(log)\(l -l-t)) > (k1,ka, k) t"
) i) vy xT t — ) k) ™ —. 3’2
(6)\(t) ¥ 1)7« e)\( ) nEZ:Ogn,)\ ( )n' ( )

Inspired by the definition of degenerate multi-poly-Genocchi polynomials, using the degenerate multiple
polyexponential function (3.1), we give the following definition.

Definition 1. Let k € Z. Type 2 degenerate multi-poly-Bernoulli polynomials are defined by the following
exponential generating function:

’I”"El]g1 kz( l(c 5 (lo)g‘)\(l + t))ef\( ) o Zﬁ(/ﬁ,kz, -k )(13)%7: (33)
n=0 '

In the case z = 0 in (3.3), the type 2 degenerate multi-poly-Bernoulli polynomials reduce to the correspond-
ing numbers, namely the type 2 degenerate multi-poly-Bernoulli numbers ngk;’k”' ( )= ﬂ(kl’kQ’ k)
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Remark 1. As A\ — 0, the type 2 degenerate multi-poly-Bernoulli polynomials reduce to the multi-poly-
Bernoulli polynomials (2.7).

lim g1 M) (@) = BFA2 ) (), (n > 0).

From Definition 1, we observe that

k), At T Eig, koo k) (l0ga (1 +1))
B(klykz, 1)(1,)7 _ 1,k2, ke A ex (1)
;) i (ex(t) 1) ;
_ (khkz,‘ )ﬁ - ﬁ
B Z;JIB n! Z_:O(x)m’)‘m!
> - n K1 ko, Ky t"
- (3 (1)t ) £
n=0 \m=0 :

which gives the following theorem.

Theorem 1. The following relationship

ki,ko, ki,k2, -k,
ek Z( ) gl gy
m=0

hold true for n > 0.

The weighted degenerate Bernoulli polynomials are given by the following series expansion:

S 50 ot
T;)Bn ( 7)\)77,' - (6)\(t)—1) )\(t)>

of [3, 4, 6, 12, 14].
From Definition 1 and (2.9), we see that

Zﬁ R L. (O NI O IR SO N )i
nt (e =17 A= (ng = 1) (= D)Ift g
leX(t Dpoa--- (1), !
Rt =P e DL
(ex(t) = 1) 0<ny <no< < ny (=1 (n, — 1)!n1 rr 1" m=n,

_ 7;' < tTeﬁ(t) ) i Z (1)n1,)\ e (]—)nr,)\sl)\(m7 ’I’LT)TLT' ﬂ
¢ (eA(t) - 1)?” m=n, \0<ni<nz<--<n, (nl - 1)' e (nT - 1)!"7’]1€1 o nkT 11"7’71f m!
Zﬂm i 3 Dy (Da,aS1a(m, np)n ! tm

| 1K1 kr—1_k, |

m=n, \0<ni<ng<---<n, (nl - 1)' T (nr - 1)'”1 R USEE 7 m:

_ 1 (Z)T!Tlr!(l)nh)\ to (1)nr,)\ (r) ) tm
tT“Z Z Z (n1_1)|(nr_1)|nllg1 Ky l’l’Lk 5 (xy)\)sl.)\(n—mynr)aa

n=0m=00<n1<ns<---<n, ’I’Lr 1

which means the following theorem.
Therefore, by equation (2.4), we obtain the following theorem.
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Theorem 2. For ky,ko, -k, € Z, and n,r € N with n > r, we have

iy i, (D - (1),
B;k;,kz, 7k57‘)(m) _ Z Z n.rn ( ) 1A ( ) A

5 | _ _ |
m=00<n1<ns<--<n, m: (n m T)'
B(Tl _m(@ ) S1A(n—7r —m,n,)

n—r—m

(ny — 1) (n, — 1)Ink '~nkT fn’,f

In view of Definition 1, we see that

> tr T'Elk o ko (108 (14+1)) 4
Zﬂ k1,ko,: T+ y) _ 1 2( ( ) ( )A( ))e>\+y(t)
n=0

_ - (k1,k2, ,ky) " "

- 2_0: ﬁn,)\ (ZE) E _O(y)m’/\ m)

- (Z () st ”“”(x)) Z
=0

which implies the following theorem includes the addtion formula for the type 2 degenerate multi-poly-
Bernoulli polynomials.

Theorem 3. The following addition formula

n
S )= 35 (P ot

m=0
is valid for ki, ko, -+ k. € Z and n > 0.

To invetigate the derivative property of the type 2 degenerate multi-poly-Bernoulli polynomials, we now
consider that

y,ka, ke " 7 Big, kg k,ox (logy(L+18) d
Zdw (1 2 )( )n' — 1, 2( () ( ))\( ))d_e (t)
N ke ke P
= Zﬂ )mxln(l-i-)\t)
o n > _1 I+1
= (Z ﬂfj;k% ’kr) (x)t_'> 2 ( l) )\l*ltl
n=0 =
[ olNe o} +1 n+l
_ (kuskaye ) oy (F1) 7 it
- n=0 I=1 P @) ! n!’

which provides the following theorem.

Theorem 4. The following relation

d (k1,k2,-- k) (k1,k2, kr) (_1)l+1 -1
%571,)\ = n' Zﬁn I, ) A <34)

is valid for ki, ke, k. € Z and n > 0.
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By means of Definition 1, we attain that

Z ﬂ k17k2 )%n' _ T|E1k1,k2(, EC) (lo)g/\(l + t))e”)f(t)
o 7"!Elk17,1€2 ke 7)\(IOgA(l + t)) . B z
CCE

_ 7Big, gy ko2 (ogy (1 +1)) T\ o) — 1)
- (ex(t) 1) ;(J(“’” &

1,k2,,k t i > ¢
_Zﬁ(k k 7'; mz::zS“(m’l)%

n=0 \m=0 (=0

where the notation (z); is falling factorial and is defined by (z)g = 1 and (z), = z(z —1)---(z — (n — 1))
for n > 1, ¢f. [1-6, 11-21]. Therefore, we arrive at the following theorem.

Theorem 5. The following correlation

6(’“ ko k) gy = SN ( ) )iS2,x (m, l)ﬁik_l;fj\”"kr).

m=0 (=0
is valid for ki,ko, - k. € Z and n > 0.

Kim [11] introduced the degenerate Whitney numbers which are defined by the generating function to be

e _ 1\k ) n
%e%) =2 Waa(nk IA);—,, (k> 0).
' n=~k .

Using Definition 1, we acquire that

/C17k27 ok (zu+ o ﬁ — T'Elkl ko, Lk, (IOgA(l +t))ea eTU

_ T‘E1k17k27 K J\(lOg)\( + t))ea(t) (eu(t) 1+ 1)30

(ex(t) = 1)" AT

_ ’I“Elkl,k2 <k )A(log)\ 1+t >
ST @O-y lZ () o -

T Biky ks, (log\ (1 +1¢)) (ev(®) —1)
=— k( éc) g,\ Z luuz ) ex(t)
. T'Elkl,kz, K log 1 —|—t 1) o
ORI Z A e

n

- Zg“ﬂ»’% k) i ) W a(n, m)

00 " In Epoko, k) | £
= Z (Z Z <m>ul(x)l[[U,a(m,l ‘A)ﬂgz_lm?)\ )> ma
n=0 \m=0 [=0

which gives the last theorem as follows.
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Theorem 6. For ky,ks, - k. € Z and n > 0, we have

T EEDS

m=0 [=0

m

(:1> ul (@), Wy, (m, 1 |)\)5£lki£3.__ ),

4. Conclusions

Motivated and inspired by the definition of the degenerate multi-poly-Genocchi polynomials introduced by
Kim et al. [21], in the present paper, we have considered a class of new generating function for the degenerate
multi-poly-Bernoulli polynomials, called the type 2 degenerate multi-poly-Bernoulli polynomials, by means
of the degenerate multi-polylogarithm function. Then, we have derived some useful relations and properties.
We have shown that the type 2 degenerate multi-poly-Bernoulli polynomials equals a linear combination of
the degenerate poly-Bernoulli polynomials and Stirling numbers of the first and second kind. In a special
case, we have investigated a correlation between the type 2 degenerate multi-poly-Bernoulli numbers and
degenerate Whitney numbers.

In the future plans, we will continue to study degenerate versions of certain special polynomials and
numbers and their applications to probability, physics, and engineering in addition to mathematics.
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