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Abstract: The thermodynamics of black holes is discussed for the case, when the Newton constant G
is not a constant, but is the thermodynamic variable. This gives for the first law of the Schwarzschild
black hole thermodynamics: dSpyy = —AdK + %, where the gravitational coupling K = 1/4G, M
is the black hole mass, A is the area of horizon, and Tgy is Hawking temperature. From this first
law it follows that the dimensionless quantity M? /K is the adiabatic invariant, which in principle
can be quantized if to follow the Bekenstein conjecture. From the Euclidean action for the black hole
it follows that K and A serve as dynamically conjugate variables. This allows us to calculate the
quantum tunneling from the black hole to the white hole, and determine the temperature and entropy
of the white hole.
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1. Introduction

Bekenstein [1] proposed that the horizon area A is an adiabatic invariant and thus can be quantized
according to the Ehrenfest principle that classical adiabatic invariants may correspond to observables
with discrete spectrum. Here we consider the black hole thermodynamics in case when the gravitational
coupling K is the variable thermodynamic quantity. The variable K modifies the first law of the black
hole thermodynamics and leads to the alternative adiabatic invariant, which is dimensionless and thus
in principle can be quantized.

On the quantum level, the gravitational coupling K becomes the variable, which is dynamically
conjugate to the black hole area A. This allows us to study the black hole to white hole transition using
the semiclassical description of the quantum tunneling and considering the trajectory in the (K, A)
phase space, which connects the black and white holes. We also consider the temperature and entropy
of the white hole, which is formed from the black hole by quantum tunneling and find that both the
temperature and entropy of the white hole are negative.

2. Modified first law of black hole thermodynamics

The Einstein-Hilbert gravitational action is

Syray = % / Pxdt\/—gKR, (1)

where R is the scalar curvature, and we choose the gravitational coupling K = 1/(4G) = 1/ (413, )-
In the modified gravity theories, such as the scalar-tensor and f(R) theories (see e.g. [2] and the latest
paper [3] with references therein), the effective Newton “constant” G can be space-time dependent,
and thus is not fundamental. Also it was suggested that there is connection between the gravitational

coupling K and the fine structure constant, see Refs. [4-10].
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Here we assume that the variables, which enter the Einstein action — the scalar Riemann curvature
R and the gravitational coupling constant K — are the local thermodynamic variables, which are similar
to temperature, pressure, chemical potential, number density, etc. The Riemann curvature as the
covariant quantity may serve as one of the thermodynamical characteristics of the macroscopic matter
[11]. If so, the gravitational coupling constant K in front of the scalar curvature in Einstein action
also becomes the thermodynamic quantity, see Ref. [12]. The application of this thermodynamics
to the global object, such as black hole, suggests that the variable K (actually its asymptotic value at
infinity) should enter the thermodynamic laws for the black hole. The corresponding thermodynamical
conjugate to the global K is obtained by the volume integral of the Riemann curvature.

In terms of this coupling K the Hawking temperature of Schwarzschild black hole and its
Bekenstein entropy are:

= LMz )

Ty = ——
BH M BH K

Then, using the black hole area A = 7wM?/K?; the gravitational coupling K = 1/4G; the Hawking
temperature Tgyy = M/2AK = K/27tM; and the black hole entropy Sgy = AK, one obtains:

dSpy = d(AK) = md(M?/K) =

M? M

This suggests the following modification of the first law of black hole thermodynamics in case if

K is a thermodynamic variable:
aMm

dSgy = —AdK + —. 4)
Tgu
This modification is similar to the modification in terms of the moduli fields [13]. But in our case the
thermodynamic variable, which is conjugate to the thermodynamic variable K, is the product of the
black hole area and the black hole temperature, ATgy. On the other hand in dynamics, K and A are
canonically conjugate, see Sec.4.

In general, the variable K is local and depends on space coordinate, but in the same way as for
the moduli fields [13] the black hole thermodynamics is determined by the asymptotic value of K at
spatial infinity. In Eq.(4) K = K(c0) is the global quantity, which characterizes the quantum vacuum in
full equilibrium, i.e. far from the black hole. The variable K allows us to study the transition to the
vacuum without gravity, i.e. to the vacuum where K — oo and thus G — 0, see Sec.4.

3. Adiabatic change of K and adiabatic invariant

Let us change K and M adiabatically, i.e. at constant entropy. Then the equation dSpy = 0 gives

dM M

K ATgy = K ()
This shows that M2 /K = const is the adiabatic invariant for the spherical neutral black hole, and thus
according to the Bekenstein conjecture [1], it can be quantized in quantum mechanics:

2
M?:aN. (6)

Here N is integer, and a is some fundamental dimensionless parameter of order unity. If this conjecture
is correct, for the entropy of Schwartzschild black hole one has

2

Sgu(N) = nM? = mmaN. (7)
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The Bekenstein idea on the role of adiabatic invariants in quantization of the black hole requires
further consideration, see some approaches to that in Refs. [14-19]. We leave this problem for the
future. This consideration should be supported by microscopic theory, see e.g. [20]. The so-called
g-theory can be exploited, which allows us to consider dark energy, dark matter, black holes and
the varying gravitational coupling in the frame of the same effective theory of the quantum vacuum
[12,21,22].

4. A and K as canonically conjugate variables and black-hole — white-hole quantum tunneling

Till now we discussed the black hole thermodynamics, where the adiabatic invariant M?2 /K arises.
Now we move to the dynamics of black hole, and apply the varying K approach to the consideration
of the quantum tunneling of the black hole to white hole. The quantum tunneling can be considered
in a semiclassical approximation in the same manner as Hawking radiation is discussed in terms
of semiclassical quantum tunneling [23-27]. The quantum mechanical treatment of the black hole
can be obtained, if one finds the relevant canonically conjugate variables describing the black hole
dynamics. Such approach has been suggested in Ref. [28], where the canonically conjugate variables
have been determined in the Euclidean time. Since in Euclidean time the action for the black hole
is equal to its entropy, Iz = Spp, in the theory with varying gravitational coupling K, the proper
canonically conjugate variables are the gravitational coupling K and the black hole area A. This allows
us to consider the quantum mechanical tunneling from the black hole to the white hole, which was
discussed in Refs. [29-37] and references therein.

The process of quantum tunneling of macroscopic objects is well known in condensed matter
physics, where the collective variables are used, which describe the collective dynamics of a
macroscopic body [38,39]. In particular, in the quantum tunneling creation of quantized vortices
in superfluids [40] and superconductors [41], the dynamically conjugate variables are the area of
the vortex ring and its coordinate along the normal to the ring. This approach provides the correct
semiclassical tunneling exponent without consideration of the details of the structure of the object on
the microscopic level. In the same manner, it looks reasonable that in case of tunneling from the black
hole to the white hole, described by the collective variables K and A, the microscopic processes are not
important.

In the case of Hawking radiation, the tunneling of particle from inside to outside the horizon is
obtained by evaluating the action of the particle [23,24,26,42,43]. The tunneling rate is determined by
imaginary part of the action and can be obtained using the path in the complex plane. The calculation
of the tunneling exponent demonstrates that it is proportional to the change of the black hole entropy
after radiation of a particle, p « eA5BH , see Refs. [24,42,43]. The same result can be also obtained using
the conjugate variables K and A in the Euclidean action, and the path [ A(K)dK at fixed M with real
K. The direct connection between the Hawking radiation and black hole tunneling will be discussed in
Sec. 5.

As in the case of the semiclassical consideration of the Hawking radiation in terms of the quantum
tunneling [23,24,26], we shall use the Painleve-Gullstrand coordinate system [44,45] with the metric:

ds? = —dt*(1 — v*) — 2dtdr- v +dr®. ®)

Here the vector v;(r) = go;(r) is the velocity of the free-falling observer, which crosses the horizon.

In condensed matter, the analogs of the black hole and white hole horizons described by this metric

(known as acoustic metric [46]) can be reproduced in the Dirac and Weyl topological semimetals, where

the horizon takes place on the boundary between different types of Dirac or Weyl materials [47-50].
For the Schwartzschild black hole one has

v(r) = :Ffﬁ = Fiy/ %, 9
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where ry is the radius of the horizon; the minus sign corresponds to the black hole and the plus sign
describes the white hole [29]. Note that in the theory with the variable gravitational coupling, the
sign changes at the singularity K = co (or at G = 0), when the black hole shrinks to a point and then
expands as a white hole. In terms of variable K, the point K = co serves as the branch point, where the
velocity of the freely falling observer changes sign.

It is important that the vector v, which is normal to the surface of the horizon, is the velocity
of the free falling observer, who crosses the horizon. For the observer, who crosses the black hole
horizon from outside, and for the observer, who crosses the white hole horizon from inside, these two
directions are opposite. For these two observers the area of the horizons has different sign. This means
that at the branch point of the trajectory the horizon area A changes sign: it crosses zero at K = co and
becomes negative on the white-hole side of the process, A — —A. This also could mean that due to
connection between the area and entropy the white hole may have negative entropy, which we discuss
in Sec.5.

The quantum tunneling exponent is usually determined by the imaginary part of the action on
the trajectory, which transforms the black hole to white hole. In terms of Euclidean action one has:

p < exp (—Igg—wh) , IBHoWH = /CA(K’)dK’- (10)

Here the semiclassical trajectory C is at M = const, and thus A(K') = £7M?/(K')?. Along this
trajectory the variable K’ changes from K to the branch point at K’ = oo, and then from K’ = oo to
K’ = K along the other branch, where the area A(K’) < 0. The integral gives the tunneling exponent
of the transition to the white hole

© dK’ M?
_ 2 _
IBHHWH = 2nM /K K72 =27 X’ (11)
and the transition probability is:
p o exp (—2711\/12 /K) = exp (—2SpH) - (12)

5. White hole entropy and temperature

The result (12) can be also obtained using the Hawking radiation from the black hole, where the
tunneling exponent is proportional to e*%8H, see Refs. [24,42,43]. Let us consider the process, in which
the particle escapes the black hole by quantum tunneling and then it tunnels to the white hole through
the white hole horizon. This process occurs at the fixed total mass M. The tunneling exponent for this
process to occur is e(A58HTA5wH) - Summation of all the processes of the tunneling of matter from the
black hole to the formed white hole gives finally Eq.(12):

p oc eZ(BSButASwH) — (2LASBH — exp (—28py) . (13)

Here we took into account the (anti)symmetry in the dynamics of black and white holes in the process
of quantum tunneling, } ASpy = Y ASwn.

As in the case of quantum tunneling in the Hawking radiation process, the probability in Eq.(12)
has the thermodynamic meaning as thermodynamic fluctuation e2° [51]. In our case the total change
of the entropy in the process of the tunneling from black to white hole is AS = Swy — Sgn. According
to Eq.(13) this change is equal to —25py. As a result, one obtains that the entropy of the white hole is
equal with the opposite sign to the entropy of the black hole with the same mass

Swu(M) = —Spu(M) . (14)
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10s  This means that the white hole, which is obtained by quantum tunneling from the black hole and thus

100 has the same mass M as the black hole, has the negative temperature Tyyy = —Tpy and the negative
1o area Awy = —Apn, which together produce the negative entropy Swy = —Spn.
111 The negative temperature is a well defined quantity in condensed matter. It typically takes place

12  in the subsystem of nuclear spins, where the energy is restricted from above. Different thermodynamic
us  phase transitions occurring at T < 0 have been experimentally observed in magnetic systems, see e.g.
us  Ref. [52]. The negative energy states are unstable both before and after the magnetic phase transition.
us  In principle, the state with T < 0 is hotter than the state T > 0, since the heat flows from the negative-
ue  to the positive-temperature system. If the black hole and white hole are in some contact, the heat will
uzr  excape from the white hole and will be absorbed by the black hole.

118 The transition from positive to negative T occurs on the path A(K)dK via the point K = co, where
1o T(K) = oo. The transition via infinite temperature is the analytic route to the thermodynamically
120 unstable states with negative T, see e.g. Refs. [53,54], where the transition to anti-spacetime [55-57]
121 has been considered. In spin systems the T < 0 state is typically obtained by reversing the magnetic
122 field, which looks like crossing T = 0.

123 In the black hole physics the negative temperature has been discussed for the inner horizon of the
124 Kerr and charged black holes, see Ref.[58] and references therein. The entropy of the inner horizon
125 has been considered as positive. However, the arguments in Ref.[58] do not exclude the possibility
126 Of the opposite situation, when the temperature of the inner horizon is positive, while the entropy is
12z negative: the equation TS + T_S5_ = 0 remains valid.

128 The discussed transition from the black hole to the white hole with the same mass M is not the
120 thermodynamic transition. It is the quantum process of tunneling between the two quantum states. It
130 is one of many routes of the black hole evaporation, including formation of small white hole on the
131 late stage of the decay [29-37]. The uniqueness of this route together with hidden information and
12 (anti)symmetry between the black and white holes is the possible origin of the negative entropy of the
133 white hole.

13a 6. Discussion

135 We considered the dynamics and thermodynamics of the black hole in case of the varying
136 gravitational coupling K. The gravitational coupling K serves as the thermodynamic variable, which is
137 thermodynamic conjugate to Agy Ty, where Agy and Ty are correspondingly the area of the black
1:s  hole horizon and Hawking temperature. The corresponding first law of the black hole is modified, see
130 Eq.(4). The corresponding adiabatic invariant is the entropy Sgyy = KApp, and it is this invariant which
10 should be quantized, if the Bekenstein conjecture is correct. This is in agreement with observation of
1aa Ted Jacobson [59], that it is the entropy that does not change under renormalization of K, rather than
12 the area. This suggests the alternative quantization scheme for the black hole. While K and Agy are
13 dimensionful and cannot be quantized, the entropy is dimensionless and thus can be quantized in
12s  terms of some fundamental numbers.

145 On the quantum level the dynamically conjugate variables of the black hole physics are K and Agp.
14 This allows us to consider the transition from the black hole to the white hole as quantum tunneling in
17 the semiclassical approximation, which is valid when the action is large. The classical trajectory of the
1ee  black hole crosses the branch point at K = oo, and then continues along the other branch, where the
e area A(K) < 0, which corresponds to the white hole. The obtained tunneling exponent exp(—2Sgg;)
150 demonstrates that the transition can be considered as thermodynamic fluctuation, if the entropy of
151 the white hole (with the same mass M as the black hole) is negative, Sy = —Spy. The latter also
12 suggests that this white hole has negative temperature Tyyy = —Tgy.
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