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Abstract. Motivated by Kim-Kim [19] introduced the new type of degenerate poly-
Bernoulli polynomials by means of the degenerate polylogarithm function. In this
paper, we define the degenerate poly-Frobenius-Euler polynomials, called the new type
of degenerate poly-Frobenius-Euler polynomials, by means of the degenerate
polylogarithm function. Then, we derive explicit expressions and some identities of
those numbers and polynomials.
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1. Introduction

Throughout this presentation, we use the following standard notions N = {1,2,--- },
No={0,1,2,---} =NU{0}, Z= = {-1,-2,--- }. Also as usual Z denotes the set of
integers, R denotes the set of real numbers and C denotes the set of complex numbers.

The classical Bernoulli B,,(z), Euler E,,(x) and Genocchi G,,(z) polynomial are
defined by means of the following generating function as follows

oo oo

t ot t" 2 t"
1 —;Bn(l‘)m,ItK 27T7m€ —%En(x)ﬁltk T,
and
2 L t"
a1 ¢ :;Gn(a:)a,uk 7, (see [1-25]) (1.1)
respectively.

For u € C with u # 1, the classical Frobenius-Euler polynomials H,(La) (z;u) of
order « are defined by means of the following generating function

[V

1—u\* t = () "
. e = Hf (w3 w) . (see [1, 5, 11, 12]). (1.2)

n=0

In the special case when z = 0, HT(LO‘)(u) = H® (0;u) are called n*" Frobenius-
Euler numbers of order a. For a =1 into (1.2), Hy(ll)(:v, u) = H,(z,u), are called the
Frobenius-Euler polynomials and H,(La) (0;u) = th“’ (u), are called the Frobenius-Euler
numbers of order a. Substituting v = —1 into (1.2), H,(z;—1) = E,(z), are called

the Euler polynomials, (see [8, 22, 24, 25]).

In (2017), Kurt [10] introduced the poly-Frobenius-Euler polynomials are given
by

n=0 ’
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In the case when z = 0, H" (u) = Hfzk)(O;u) are called the poly-Frobenius-
Euler numbers.

For any non-zero A € R (or C), the degenerate exponential function is defined

by
eX(t) = (L+ A%, ex(t) = (1+ At)*, (see [13, 18, 19]). (1.4)
By binomial expansion, we get
x - tn
ex(t) = Z(x)”AE’ (see [14, 17)), (1.5)
n=0 ’

where (z)or =1, (X)pr = (@ =N (@ —2X)---(x — (n—1A),(n > 1).
Note that
o0 n
i (1) = Do =

In [2, 3] Carlitz introduced the degenerate Bernoulli and degenerate Euler poly-
nomials are defined by

o0 ; oo 1
z - 27 2 - z!
————ei(2) = ) Bjalz) 7_’_16/\(2)22 E',A(w)ﬁ, (1.6)
! = !
respectively.

In the case when = = 0, B; » = B; 1(0) are called the degenerate Bernoulli num-
bers and x = 0, E; » = E;1(0) are called the degenerate Euler numbers.

Obviously
)}E:o Bn(z;A) = Bp(z), )\1510 Ep(2;0) = En(2).

Kim et al. [15] introduced the degenerate Frobenius-Euler polynomials are de-
fined by means of the generating function as follows

1—-u z = tr
(—}—)\T +>\t A Z n,A x|u (17)

At the value z = 0, hp x(u) = hy 2 (0|u) are called the degenerate Frobenius-
Euler numbers.

It is readily seen that
lim hy, \(zlu) = Hy(z|u), (n > 0).
A—0

For s € Z, the polylogaritm function is defined by a power series in z as

n 2 3
—z+f—|——,(| z |< 1), (see, [4, 9]). (1.8)

Lls Z g* 3s

It is notice that
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For A € R, Kim-Kim [19] defined the degenerate version of the logarithm func-
tion, denoted by log, (1 + z) as follows:

J
log, (1 + 2) Z N~ j71/>\%, (see, [18]) (1.10)

being the inverse of the degenerate version of the exponential function ey(z) as has
been shown below

ex(logy(2)) = logy(ex(2)) = 2.
It is noteworthy to mention that

o0

hm logA (1+2) Z =log(1 + 2).
j=1

The degenerate polylogarithm function [19] is defined by Kim-Kim to be

NE Z_—ll“”"(keZ|z\<1) (1.11)
j=1 (=Dl
It is clear that
. — 2/
lim Iy, 5(2) = > i Li(2), (see [4, 9]).
j=1
From (1.10) and (1.11), we get
= (=2, .
lia(z) = Z ()j'()“/}\zj = —log,(1 — 2). (1.8)

j=1

Very recently, Kim-Kim [19] introduced the new type degenerate version of the

Bernoulli polynomials and numbers, by using the degenerate polylogarithm function
as follows

ball = e(=2) oy - $° 602 (1.12)

1—ex(—2) = 4!

In the special case z = 0, ﬁ](? = ,Bj(k)? (0) are called the degenerate poly-Bernoulli
numbers.

It is well known that the Stirling numbers of the first kind are defined by

ZSl n,l)z', (see [24, 25]), (1.13)

where (z)o =1, and (z),, = x(a: —1)---(z—=n+1),(n>1). From (1.13), it is
easily to see that

k'(log (141)) Z Si(n, k (k > 0), (see [12, 13, 18]). (1.14)

In the inverse expression to (1.14), the Stirling numbers of the second kind are
defined by

ZSQ (n,1)(x);, (see [10, 12, 22]). (1.15)
From (1.15), it is easily to see that

1
(e — 1)k ZSQ nl (see [22, 24, 25]). (1.16)
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For n > 0, the degenerate Stirling numbers of the second kind [7, 8, 17] are
defined by

] l
%(eA(t) — 1) = ZSQ,A(l,n)%, (n>0). (1.17)
l=n
In this paper, we construct the degenerate poly-Frobenius-Euler polynomials
and numbers, called the new type of poly-Frobenius-Euler polynomials and numbers
by using the degenerate polylogarithm function and derive several properties on the
degenerate poly-Frobenius-Euler polynomials and numbers.

2. New type of degenerate poly-Frobenius-Euler polynomials
Let A\,u € C with u # 1 and k € Z, by using the degenerate polylogarithm

function, we define the new type of degenerate poly-Frobenius-Euler polynomials as
follows

a0 = St

In the special case, x = 0, HT(Lk/)\(u) = Hflk/)\(();u) are called the new type of

degenerate poly-Frobenius-Euler numbers. ’

For k =11in (2.1), we get

o0 n

e;}(t}i—uuef\(t) = 7;] B (2 u)%7 (see [15]) (2.2)

where hy, x(x;u) are called the degenerate Frobenius-Euler polynomials.

Theorem 2.1. For n > 0, we have
k - n k
H (w5u) = Y < o )Hf,)m(u)(x)w.
m=0

Proof. From (2.1), we have

- tn 1—w)lpa(1—ex(—t
> # ) = (=0 g
—m n! t(ex(t) —u)
SN tm
= HR W5 Y (@ma
n=0 " m=0
oy (7 gw "
L.H.S = ,;),;) < m ) Hy 3 () (@) (2.3)
Therefore, by (2.1) and (2.3), we require at the desired result. O

Theorem 2.2. For k € Z and n > 0, we have

n ! m l—m
k) oy n (Dmt1,1/2(=A)" (1) Soa(l+1,m+1) _
Hn,/\(fr,u) *; <l)7;) (m—l—l)k—l 1 hn_h)\(x,u).
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Proof. Tt is proved by using (1.7), ( 1.11) and (2.1) that
;Hﬁg(x,u)z = (m) (1 —ex(=1))
(A= wed () = Wmapn (=" -
= (o) 2 e 1)

- (fopsl) s QmetnCA oy

(m+ 1)F1m!

(1—w)es®)) o= MmN & —
= ’ ! 1)(—1)l-m=12
(t(ek(t) ) T;) (m + 1)F—1 l:;l Soa(l,m+1)(—-1) T
_ (A —u)ex(t) i Zl: (Dmr1,in N (=D Son(l+1,m+ 1) ¢
e(t)—u ) &= = (m+ 1)kt I+1 1!
[e%S) n ©© l m l—m l
t (Dma1,1a (A" (=D)T" Sl +1,m+ 1)t
= hn 3 —_ ’ *
T;O @) 'gmzzo (m + 1)1 I+1 I
S n l m l—m
. n ]-)m+1 1/)\( ) ( 1) 52,)\([ + ]-,m + 1) . 2
L’H'S_Z<Z(l> — (m +1)k-1 I+1 fn—ta(@iu) | 25
n=0 \i=0 m=0
(2.4)
By comparing the coefficients of % on both sides, we get the result. O

Corollary 2.1. For k € Z and n > 0, we have

n l _
k) \ n (Dmar,1/a (=A™ (1™ S (1 +1,m + 1)
i) = ; (l> D RS T e,

m=0

Corollary 2.2. For n > 0, we have

n l m l—m
1) —-A)"(—-1 Soa(l+1,m+1
Hp\(z5u) = E (?) E Won1.1/3 (™ l—)kl 2 )hnfz,A(x;U)'
1=0

m=0

Corollary 2.3. For n > 0, we have

n l m —m
Faae) =3 (1) 3o a2 ™" Saallt bt g L),

= l = [+1
Moreover,
n l m l—m
) —-A)"(-1 Soa(l+1, 1
3 (1) 32 WOV MSeallt om0 g
=0 m=0 l+1

Theorem 2.3. For n > 0, we have

zn: ( ) Z mH’l//\(_)\)m(—l)l_m Saall+Lm+1) (T)n—1,x
1=

(m+ 1)kt I+1

m=0

[Zn: ( )Hik @ 0) (D mn — wHS) (250)
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Proof. From (2.1), we have

(1 — U)lk,)\(l — e)‘(_t))ef\(t) — e)\(t) Z Hfllf;\(x,u)g —Uu Z Hr(fg\(x, U)E

- Z Z (n)Hr(L’?m7A($§U)(1)m,/\ - UH,(L’)C,)\(JJ;U)> %n' (2.5)

On the other han

~

(1 — ’u,)lk,)\(l — e)\(—t))
t

B R o )

n=0 m=1

(Zun,{;) a-u (Z S A q(—t))m“)

n=0

> "\ (&= W (=A™ (=)™ Sy (I +1,m + 1) ¢
= (lf’u’) (Z(m)n,/\n]> <l Z - (17{,;\_’_ )k 1 > 1+1 l')

0
2 (& (1) (Dmt1, 12 ()™ (=1)!7™ Sy 5 (1 +1,m + 1) tn
L.H.S = (1_u)n§ (; <z) g W (Tfi\Jrl) it 2 s (@ ] o
(2.6)

ex(®)

Comparing the coefficients of % on both sides, we get the result.
O

Theorem 2.4. For n > 0, we have

1— " tool=A(_y topl=N(_y
Hr(Lk/)\(“): (1—u) / ex (= )/ ex (= )/ ex (= )tdtdt~--dt.
’ z(ex(@) —u) Jo L—ex(=t) Jo 1—ex(=t) Jo 1—ex(-t)

(k—2)—times

Proof. Using (1.11), we first consider the following expression

d d > nl/)\ n
L) = 3 S 1 ()
1
= ——lp12(1 — —x)). 2.
Coeal—ata). @D

From (2.7), k > 2, we have

Z Hy A x(e(j(;)u_)u)lk,x(l —ex(—2)). (2.8)
__(-w) [T e A( Y Al G I A Wl GO I
m(ex(m)—u)/o 1—ex(— t)/o 1—ex(—t) /0 1—e>\(—t)tdtdt dt

SN ) By 0 ) R ) Y G W) O
—JC(B)\(I)*U)/O 1fe/\(,t)/0 I—ex(—t) /0 lfeA(ft)tdtdt dt. (2.9)

(k—2)—times
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By (2.9), we obtain at the desired result. Thus, we complete the proof. |
Theorem 2.5. Let n > 0. Then

B @) = () com B, Z( Yy Bl

s n—m+1

Proof. By using (1.17) and Theorem 2.4, we get

oo

@3 Ll-u Tt s
ZH”’)‘( )n! x(ek(m)fu)/o ex(—=t) —1* (=)t

n=0
(1;“/ E Bua(1—A (t) dt
ex(z

0

_ 1—u i(—l)mBm’)‘(l_)\) ™
u)

z(ex(x) — = m+1 m!
oo oo
B " m Bma(l—X)z™
- (Z hnv““)m) (ZH) BT —
n=0 m=0
= (n Ba(1=2X) a”
L.H.S = )" —"—h, —. 2.10
s=30 (3 () Bl )5 e
Therefore, by (2.10), we get the following theorem.
([
Theorem 2.6. Let k € Z and n > 0, we have
HE () — n m oo
n,)\(u> Z <m Z My, Ma, -+, Mg 'A(U)
m=0 mitma+-tmE_1=m
Xﬁmh)\()\_l) /8m2,>\()\_1> . Bmkfl,)\()\_l)
mi+1 mo+me+1 mi+mo+--+np_1+1
Proof. In general, from (2.9), we note that
oo T 1-A t 1= t 1=\
" - t t
S HB W = - / ) / e () / 2 C yyp. . ar
—m n!  xzlea(x) —u) Jo 1—ex(—t) Jy 1—ex(—t) o 1—ex(—t)

(k—2)—times

_ l—u - = m 57711,/\()‘ - 1) Bmz)\()‘ - 1)
enz)—u Z Z ( mk> my +1

my, My, - -+ m m 1
m=0mi+ma+-+mp_1=m 1, M2, ) 2+ mo+

e /Bmk—ly)\()\_ 1) ﬁ
mi+mo+---+ng_1+1m!

LHS = Z i( ) 3 (ml’m:?._,mk)hn_m,A(u)

m=0 mi+ma+t-tmE_1=m

BraQ =) BuaaA =D e a( - 1) ) . (2.11)

my + 1 mo +mo + 1 mi+mo+---+np_1+1

Therefore, by comparing the coefficients of t* on both sides, we obtain the
result. ]
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Theorem 2.7. For n > 0, we have
k k
i) = 3 (1), @
Proof. From (2.1), we have

Z an;\(z + y7u)%n' _ ((1 —u)lp (1 — e,\(t))) ef’\“’(t)

~ t(ea(t) —u)
o . m ) gm
= (Z Hﬁ&(m)m) (Z@)mw)
n=0 m=0
L.HS = Z Z H®  (z;u)(y) " (2.12)
nfm AL Y)m,\ nl . .
m=0
Comparing the coefﬁments on both sides of (2.12), we get the result. O

Theorem 2.8. For n > 0, we have

k " n k
H (@ + Lu) = ( m ) H, @5 0) (1,
m=0

Proof. By (2.1), we observe that

n=0 :

oo n n . m oo . m
LHS=Y Y < - > Hfl_)m7/\(l‘;u)(1)m,>\a - Zﬂé,i(z;u)a. (2.13)
n=0

n=0m=0
Comparing the coefficients of t™ on both sides, we obtain the result. O

Theorem 2.9. For n > 0, we have

H, (5w) i 3 ( ) 2, (m. q)H,,, ().
Proof. From (2.1), we have

> gy = (E ot ao

_ ((1 — g1 — ex(—x))> lex(t) —1+1]"

tlea(t) —u)
o (]. — u)l;a)\(l — 6)\( (2)
() Z ZS
LH.S = Z (Z > ( ) )gS (m, ) HY | (u )) ’;—7: (2.14)

n=0 \m=0 g=0

By comparing the coefficients of ¢ on both sides, we get the result. O

Theorem 2.10. For n > 0, we have

Hflk;\ (z + alu) = Z Z ( >mmm!SM(l+0"m+0‘)H7(zk—)l«\(u)'

=0 m=0
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Proof. Replacing x by  + « in (2.1), we have

5 e v — (L= o
n=0

tex(t) —u)

- (U= i (S -

- (Uil ela) (&(t)gxmm!W)
(SR S )
:i <’“> (iixmm'&)\l—ka m+a)l,>

l 0

0o n l
m k tn
L.H.S = Z (l Z ( >z m!Sa x(l —|—a,m—|—o¢)HT(L)l’)\(u)> — (2.15)
1) an

Therefore by (2.

(2.15), we obtain the result. O

4. Conclusions

Motivated by the definition of the degenerate poly-Bernoulli polynomials intro-
duced by Kim-Kim [19], in the present paper, we have considered a class of new
generating function for the degenerate Frobenius-Euler polynomials, called the new
type of degenerate poly-Frobenius-Euler polynomials, by means of the degenerate
polylogarithm function. Then, we have derived some useful relations and properties.
We have showed that the new type of degenerate poly-Frobenius-Euler polynomials
equal a linear combination of the degenerate Frobenius-Euler polynomials and Stir-
lings numbers of the first and second kind. In a special case, we have given a relation
between the new type of degenerate Frobenius-Euler polynomials and Bernoulli poly-
nomials of order n.
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