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1. Introduction

Throughout this presentation, we use the following standard notions N = {1, 2, · · · },
N0 = {0, 1, 2, · · · } = N ∪ {0}, Z− = {−1,−2, · · · }. Also as usual Z denotes the set of
integers, R denotes the set of real numbers and C denotes the set of complex numbers.

The classical Bernoulli Bn(x), Euler En(x) and Genocchi Gn(x) polynomial are
defined by means of the following generating function as follows

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
, | t |< 2π,

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, | t |< π,

and

2t

et + 1
ext =

∞∑
n=0

Gn(x)
tn

n!
, | t |< π, (see [1-25]) (1.1)

respectively.

For u ∈ C with u ̸= 1, the classical Frobenius-Euler polynomials H
(α)
n (x;u) of

order α are defined by means of the following generating function(
1− u

et − u

)α

ext =

∞∑
n=0

H(α)
n (x;u)

tn

n!
, (see [1, 5, 11, 12]). (1.2)

In the special case when x = 0, H
(α)
n (u) = H

(α)
n (0;u) are called nth Frobenius-

Euler numbers of order α. For α = 1 into (1.2), H
(1)
n (x, u) = Hn(x, u), are called the

Frobenius-Euler polynomials and H
(α)
n (0;u) = h

(α)
n (u), are called the Frobenius-Euler

numbers of order α. Substituting u = −1 into (1.2), Hn(x;−1) = En(x), are called
the Euler polynomials, (see [8, 22, 24, 25]).

In (2017), Kurt [10] introduced the poly-Frobenius-Euler polynomials are given
by

(1− u)Lik(1− e−t)

t(et − u)
ext =

∞∑
n=0

H(k)
n (x;u)

tn

n!
. (1.3)
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In the case when x = 0, H
(k)
n (u) = H

(k)
n (0;u) are called the poly-Frobenius-

Euler numbers.

For any non-zero λ ∈ R (or C), the degenerate exponential function is defined
by

exλ(t) = (1 + λt)
x
λ , eλ(t) = (1 + λt)

1
λ , (see [13, 18, 19]). (1.4)

By binomial expansion, we get

exλ(t) =

∞∑
n=0

(x)n,λ
tn

n!
, (see [14, 17]), (1.5)

where (x)0,λ = 1, (x)n,λ = (x− λ)(x− 2λ) · · · (x− (n− 1)λ), (n ≥ 1).

Note that

lim
λ−→0

exλ(t) =

∞∑
n=0

xn t
n

n!
= ext.

In [2, 3] Carlitz introduced the degenerate Bernoulli and degenerate Euler poly-
nomials are defined by

z

eλ(z)− 1
exλ(z) =

∞∑
j=0

Bj,λ(x)
zj

j!
,

2

eλ(z) + 1
exλ(z) =

∞∑
j=0

Ej,λ(x)
zj

j!
, (1.6)

respectively.

In the case when x = 0, Bj,λ = Bj,λ(0) are called the degenerate Bernoulli num-
bers and x = 0, Ej,λ = Ej,λ(0) are called the degenerate Euler numbers.

Obviously

lim
λ−→0

βn(x;λ) = Bn(x), lim
λ−→0

En(x;λ) = En(x).

Kim et al. [15] introduced the degenerate Frobenius-Euler polynomials are de-
fined by means of the generating function as follows

1− u

(1 + λt)
1
λ − u

(1 + λt)
x
λ =

∞∑
n=0

hn,λ(x|u)
tn

n!
, (1.7)

At the value x = 0, hn,λ(u) = hn,λ(0|u) are called the degenerate Frobenius-
Euler numbers.

It is readily seen that

lim
λ−→0

hn,λ(x|u) = Hn(x|u), (n ≥ 0).

For s ∈ Z, the polylogaritm function is defined by a power series in z as

Lis(z) =

∞∑
j=1

jn

js
= z +

z2

2s
+

z3

3s
, (| z |< 1), (see, [4, 9]). (1.8)

It is notice that

Li1(z) =
∞∑
j=1

zj

j
= − log(1− z). (1.9)
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For λ ∈ R, Kim-Kim [19] defined the degenerate version of the logarithm func-
tion, denoted by logλ(1 + z) as follows:

logλ(1 + z) =
∞∑
j=1

λj−1(1)j,1/λ
zj

j!
, (see, [18]) (1.10)

being the inverse of the degenerate version of the exponential function eλ(z) as has
been shown below

eλ(logλ(z)) = logλ(eλ(z)) = z.

It is noteworthy to mention that

lim
λ→0

logλ(1 + z) =
∞∑
j=1

(−1)j−1 z
j

j!
= log(1 + z).

The degenerate polylogarithm function [19] is defined by Kim-Kim to be

lk,λ(z) =

∞∑
j=1

(−λ)j−1(1)j,1/λ

(j − 1)!jk
zn, (k ∈ Z, | z |< 1). (1.11)

It is clear that

lim
λ→0

lk,λ(z) =

∞∑
j=1

zj

jk
= Lik(z), (see [4, 9]).

From (1.10) and (1.11), we get

l1,λ(z) =
∞∑
j=1

(−λ)j−1(1)j,1/λ

j!
zj = − logλ(1− z). (1.8)

Very recently, Kim-Kim [19] introduced the new type degenerate version of the
Bernoulli polynomials and numbers, by using the degenerate polylogarithm function
as follows

lk,λ(1− eλ(−z))

1− eλ(−z)
euλ(z) =

∞∑
j=0

β
(k)
j,λ (u)

zj

j!
. (1.12)

In the special case x = 0, β
(k)
j,λ = β

(k)
j,λ (0) are called the degenerate poly-Bernoulli

numbers.

It is well known that the Stirling numbers of the first kind are defined by

(x)n =
n∑

l=0

S1(n, l)x
l, (see [24, 25]), (1.13)

where (x)0 = 1, and (x)n = x(x − 1) · · · (x − n + 1), (n ≥ 1). From (1.13), it is
easily to see that

1

k!
(log(1 + t))k =

∞∑
n=k

S1(n, k)
tn

n!
, (k ≥ 0), (see [12, 13, 18]). (1.14)

In the inverse expression to (1.14), the Stirling numbers of the second kind are
defined by

xn =
n∑

l=0

S2(n, l)(x)l, (see [10, 12, 22]). (1.15)

From (1.15), it is easily to see that

1

k!
(et − 1)k =

∞∑
n=l

S2(n, l)
tn

n!
, (see [22, 24, 25]). (1.16)
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For n ≥ 0, the degenerate Stirling numbers of the second kind [7, 8, 17] are
defined by

1

n!
(eλ(t)− 1)n =

∞∑
l=n

S2,λ(l, n)
tl

l!
, (n ≥ 0). (1.17)

In this paper, we construct the degenerate poly-Frobenius-Euler polynomials
and numbers, called the new type of poly-Frobenius-Euler polynomials and numbers
by using the degenerate polylogarithm function and derive several properties on the
degenerate poly-Frobenius-Euler polynomials and numbers.

2. New type of degenerate poly-Frobenius-Euler polynomials

Let λ, u ∈ C with u ̸= 1 and k ∈ Z, by using the degenerate polylogarithm
function, we define the new type of degenerate poly-Frobenius-Euler polynomials as
follows

(1− u)lk,λ(1− eλ(−t))

t(eλ(t)− u)
exλ(t) =

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
. (2.1)

In the special case, x = 0, H
(k)
n,λ(u) = H

(k)
n,λ(0;u) are called the new type of

degenerate poly-Frobenius-Euler numbers.

For k = 1 in (2.1), we get

1− u

eλ(t)− u
exλ(t) =

∞∑
n=0

hn,λ(x;u)
tn

n!
, (see [15]) (2.2)

where hn,λ(x;u) are called the degenerate Frobenius-Euler polynomials.

Theorem 2.1. For n ≥ 0, we have

H
(k)
n,λ(x;u) =

n∑
m=0

(
n
m

)
H

(k)
n−m,λ(u)(x)m,λ.

Proof. From (2.1), we have

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
=

(
(1− u)lk,λ(1− eλ(−t))

t(eλ(t)− u)

)
exλ(t)

=
∞∑

n=0

H
(k)
n,λ(u)

tn

n!

∞∑
m=0

(x)m,λ
tm

m!

L.H.S =
∞∑

n=0

n∑
m=0

(
n
m

)
H

(k)
n−m,λ(u)(x)m,λ

tn

n!
. (2.3)

Therefore, by (2.1) and (2.3), we require at the desired result. �

Theorem 2.2. For k ∈ Z and n ≥ 0, we have

H
(k)
n,λ(x;u) =

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1
hn−l,λ(x;u).
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Proof. It is proved by using (1.7), ( 1.11) and (2.1) that

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
=

(
(1− u)exλ(t)

t(eλ(t)− u)

)
lk,λ(1− eλ(−t))

=

(
(1− u)exλ(t)

t(eλ(t)− u)

) ∞∑
m=1

(1)m,1/λ(−λ)m−1

(m− 1)!mk
(1− eλ(−t))m

=

(
(1− u)exλ(t)

t(eλ(t)− u)

) ∞∑
m=0

(1)m+1,1/λ(−λ)m

(m+ 1)k−1m!
(1− eλ(−t))m+1

=

(
(1− u)exλ(t)

t(eλ(t)− u)

) ∞∑
m=0

(1)m+1,1/λ(−λ)m

(m+ 1)k−1

∞∑
l=m+1

S2,λ(l,m+ 1)(−1)l−m−1 t
l

l!

=

(
(1− u)exλ(t)

eλ(t)− u

) ∞∑
l=0

l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1

tl

l!

=

∞∑
n=0

hn,λ(x;u)
tn

n!

∞∑
l=0

l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1

tl

l!

L.H.S =
∞∑

n=0

(
n∑

l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1
hn−l,λ(x;u)

)
tn

n!
.

(2.4)

By comparing the coefficients of tn

n! on both sides, we get the result. �

Corollary 2.1. For k ∈ Z and n ≥ 0, we have

H
(k)
n,λ(u) =

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1
hn−l,λ(u).

Corollary 2.2. For n ≥ 0, we have

Hn,λ(x;u) =

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−mS2,λ(l + 1,m+ 1)

l + 1
hn−l,λ(x;u).

Corollary 2.3. For n ≥ 0, we have

En,λ(x) =

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−mS2,λ(l + 1,m+ 1)

l + 1
En−l,λ(x).

Moreover,

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−mS2,λ(l + 1,m+ 1)

l + 1
En−l,λ(x) = 0.

Theorem 2.3. For n ≥ 0, we have

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1
(x)n−l,λ

=
1

1− u

[
n∑

m=0

(
n

m

)
H

(k)
n−m,λ(x;u)(1)m,λ − uH

(k)
n,λ(x;u)

]
.
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Proof. From (2.1), we have

(1− u)lk,λ(1− eλ(−t))

t
exλ(t) = eλ(t)

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
− u

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!

=
∞∑

m=0

(1)m,λ
tm

m!

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
− u

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!

=

∞∑
n=0

(
n∑

m=0

(
n

m

)
H

(k)
n−m,λ(x;u)(1)m,λ − uH

(k)
n,λ(x;u)

)
tn

n!
. (2.5)

On the other hand,

(1− u)lk,λ(1− eλ(−t))

t
exλ(t)

=

( ∞∑
n=0

(x)n,λ
tn

n!

)
(1− u)

t

( ∞∑
m=1

(1)m,1/λ(−λ)m−1

(m− 1)!mk
(1− eλ(−t))m

)

=

( ∞∑
n=0

(x)n,λ
tn

n!

)
(1− u)

t

( ∞∑
m=0

(1)m+1,1/λ(−λ)m

(m+ 1)k−1m!
(1− eλ(−t))m+1

)

= (1− u)

( ∞∑
n=0

(x)n,λ
tn

n!

)( ∞∑
l=0

l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1

tl

l!

)

L.H.S = (1−u)

∞∑
n=0

(
n∑

l=0

(
n

l

) l∑
m=0

(1)m+1,1/λ(−λ)m(−1)l−m

(m+ 1)k−1

S2,λ(l + 1,m+ 1)

l + 1
(x)n−l,λ

)
tn

n!
.

(2.6)

Comparing the coefficients of tn

n! on both sides, we get the result.
�

Theorem 2.4. For n ≥ 0, we have

H
(k)
n,λ(u) =

(1− u)

x(eλ(x)− u)

∫ x

0

e1−λ
λ (−t)

1− eλ(−t)

∫ t

0

e1−λ
λ (−t)

1− eλ(−t)
· · ·
∫ t

0

e1−λ
λ (−t)

1− eλ(−t)︸ ︷︷ ︸
(k−2)−times

tdtdt · · · dt.

Proof. Using (1.11), we first consider the following expression

d

dx
lk,λ(1− eλ(−x)) =

d

dx

∞∑
n=1

(1)n,1/λ

(n+ 1)!nk
(1− eλ(−x))n

=
1

1− eλ(−x)
lk−1,λ(1− eλ(−x)). (2.7)

From (2.7), k ≥ 2, we have
∞∑

n=0

H
(k)
n,λ(u)

xn

n!
=

(1− u)

x(eλ(x)− u)
lk,λ(1− eλ(−x)). (2.8)

=
(1− u)

x(eλ(x)− u)

∫ x

0

e1−λ
λ (−t)

1− eλ(−t)

∫ t

0

e1−λ
λ (−t)

1− eλ(−t)
· · ·
∫ t

0

e1−λ
λ (−t)

1− eλ(−t)
tdtdt · · · dt

=
(1− u)

x(eλ(x)− u)

∫ x

0

e1−λ
λ (−t)

1− eλ(−t)

∫ t

0

e1−λ
λ (−t)

1− eλ(−t)
· · ·
∫ t

0

e1−λ
λ (−t)

1− eλ(−t)︸ ︷︷ ︸
(k−2)−times

tdtdt · · · dt. (2.9)
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By (2.9), we obtain at the desired result. Thus, we complete the proof. �

Theorem 2.5. Let n ≥ 0. Then

H
(2)
n,λ(u) =

n∑
m=0

(
n

m

)
(−1)m

Bm,λ(1− λ)

m+ 1
hn−m,λ(u) =

n∑
m=0

(
n

m

)
(−1)n−mBn−m,λ(1− λ)

n−m+ 1
hm,λ(u).

Proof. By using (1.17) and Theorem 2.4, we get
∞∑

n=0

H
(2)
n,λ(u)

xn

n!
=

1− u

x(eλ(x)− u)

∫ x

0

−t

eλ(−t)− 1
e1−λ
λ (−t)dt

=
1− u

x(eλ(x)− u)

∫ x

0

∞∑
n=0

Bn,λ(1− λ)
(−t)n

n!
dt

=
1− u

x(eλ(x)− u)

∞∑
m=0

(−1)m
Bm,λ(1− λ)

m+ 1

xm

m!

=

( ∞∑
n=0

hn,λ(u)
xn

n!

)( ∞∑
m=0

(−1)m
Bm,λ(1− λ)

m+ 1

xm

m!

)

L.H.S =
∞∑

n=0

(
n∑

m=0

(
n

m

)
(−1)m

Bm,λ(1− λ)

m+ 1
hn−m,λ(u)

)
xn

n!
. (2.10)

Therefore, by (2.10), we get the following theorem.
�

Theorem 2.6. Let k ∈ Z and n ≥ 0, we have

H
(k)
n,λ(u) =

n∑
m=0

(
n

m

) ∑
m1+m2+···+mk−1=m

(
m

m1,m2, · · · ,mk

)
hn−m.λ(u)

×βm1,λ(λ− 1)

m1 + 1

βm2,λ(λ− 1)

m2 +m2 + 1
· · ·

βmk−1,λ(λ− 1)

m1 +m2 + · · ·+ nk−1 + 1
.

Proof. In general, from (2.9), we note that
∞∑

n=0

H
(k)
n,λ(u)

xn

n!
=

1− u

x(eλ(x)− u)

∫ x

0

e1−λ
λ (−t)

1− eλ(−t)

∫ t

0

e1−λ
λ (−t)

1− eλ(−t)
· · ·
∫ t

0

e1−λ
λ (−t)

1− eλ(−t)︸ ︷︷ ︸
(k−2)−times

tdtdt · · · dt

=
1− u

eλ(x)− u

∞∑
m=0

∞∑
m1+m2+···+mk−1=m

(
m

m1,m2, · · · ,mk

)
βm1,λ(λ− 1)

m1 + 1

βm2,λ(λ− 1)

m2 +m2 + 1

× · · ·
βmk−1,λ(λ− 1)

m1 +m2 + · · ·+ nk−1 + 1

xm

m!

L.H.S =
∞∑

n=0

 n∑
m=0

(
n

m

) ∑
m1+m2+···+mk−1=m

(
m

m1,m2, · · · ,mk

)
hn−m.λ(u)

× βm1,λ(λ− 1)

m1 + 1

βm2,λ(λ− 1)

m2 +m2 + 1
· · ·

βmk−1,λ(λ− 1)

m1 +m2 + · · ·+ nk−1 + 1

)
xn

n!
. (2.11)

Therefore, by comparing the coefficients of tn on both sides, we obtain the
result. �
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Theorem 2.7. For n ≥ 0, we have

H
(k)
n,λ(x+ y;u) =

n∑
m=0

(
n

m

)
H

(k)
n−m,λ(x;u)(y)m,λ.

Proof. From (2.1), we have
∞∑

n=0

H
(k)
n,λ(x+ y;u)

tn

n!
=

(
(1− u)lk,λ(1− eλ(−t))

t(eλ(t)− u)

)
ex+y
λ (t)

=

( ∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!

)( ∞∑
m=0

(y)m,λ
tm

m!

)

L.H.S =

∞∑
n=0

(
n∑

m=0

(
n

m

)
H

(k)
n−m,λ(x;u)(y)m,λ

)
tn

n!
. (2.12)

Comparing the coefficients on both sides of (2.12), we get the result. �

Theorem 2.8. For n ≥ 0, we have

H
(k)
n,λ(x+ 1;u) =

n∑
m=0

(
n
m

)
H

(k)
n−m,λ(x;u)(1)m,λ.

Proof. By (2.1), we observe that

∞∑
n=0

[
H

(k)
n,λ(x+ 1;u)−H

(k)
n,λ(x;u)

] tn
n!

=

(
(1− u)lk,λ(1− eλ(−t))

t(eλ(t)− u)

)
exλ(t) [eλ(t)− 1]

L.H.S =
∞∑

n=0

n∑
m=0

(
n
m

)
H

(k)
n−m,λ(x;u)(1)m,λ

tn

n!
−

∞∑
n=0

H
(k)
n,λ(x;u)

tn

n!
. (2.13)

Comparing the coefficients of tn on both sides, we obtain the result. �

Theorem 2.9. For n ≥ 0, we have

H
(k)
n,λ(x;u) =

n∑
m=0

m∑
q=0

(
n
m

)
(x)qS

(2)
λ (m, q)H

(k)
n−m,λ(u).

Proof. From (2.1), we have
∞∑

n=0

H
(k)
n,λ(x;u)

tn

n!
=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)
exλ(t)

=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)
[eλ(t)− 1 + 1]

x

=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

) ∞∑
q=0

(x)q

∞∑
l=q

S
(2)
λ (l, q)

tl

l!


L.H.S =

∞∑
n=0

(
n∑

m=0

m∑
q=0

(
n
m

)
(x)qS

(2)
λ (m, q)H

(k)
n−m,λ(u)

)
tn

n!
. (2.14)

By comparing the coefficients of tn on both sides, we get the result. �

Theorem 2.10. For n ≥ 0, we have

H
(k)
n,λ(x+ α|u) =

n∑
l=0

l∑
m=0

(
n
l

)
xmm!S2,λ(l + α,m+ α)H

(k)
n−l,λ(u).

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 July 2020                   doi:10.20944/preprints202007.0319.v1

https://doi.org/10.20944/preprints202007.0319.v1


9

Proof. Replacing x by x+ α in (2.1), we have

∞∑
n=0

H
(k)
n,λ(x+ α;u)

tn

n!
=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)
ex+α
λ (t)

=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)
eαλ(t)

( ∞∑
m=0

xm(eλ(t)− 1)m

)

=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)(
eαλ(t)

∞∑
m=0

xmm!
(eλ(t)− 1)m

m!

)

=

(
(1− u)lk,λ(1− eλ(−x))

t(eλ(t)− u)

)(
eαλ(t)

∞∑
m=0

xmm!
∞∑

l=m

S2,λ(l,m)
tl

l!

)

=
∞∑

n=0

H
(k)
n,λ(u)

tn

n!

( ∞∑
l=0

l∑
m=0

xmm!S2,λ(l + α,m+ α)
tl

l!

)

L.H.S =
∞∑

n=0

(
n∑

l=0

l∑
m=0

(
n
l

)
xmm!S2,λ(l + α,m+ α)H

(k)
n−l,λ(u)

)
tn

n!
. (2.15)

Therefore, by (2.1) and (2.15), we obtain the result. �

4. Conclusions

Motivated by the definition of the degenerate poly-Bernoulli polynomials intro-
duced by Kim-Kim [19], in the present paper, we have considered a class of new
generating function for the degenerate Frobenius-Euler polynomials, called the new
type of degenerate poly-Frobenius-Euler polynomials, by means of the degenerate
polylogarithm function. Then, we have derived some useful relations and properties.
We have showed that the new type of degenerate poly-Frobenius-Euler polynomials
equal a linear combination of the degenerate Frobenius-Euler polynomials and Stir-
lings numbers of the first and second kind. In a special case, we have given a relation
between the new type of degenerate Frobenius-Euler polynomials and Bernoulli poly-
nomials of order n.
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