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Abstract. In this paper, we construct the degenerate poly-Frobenius-Genocchi poly-
nomials, called the type 2 degenerate poly-Frobenius-Euler polynomials, by means of
polyexponential function. We derive explicit expressions and some identities of those
polynomials. In the last section, we introduce type 2 degenerate unipoly-Frobenius-
Genocchi polynomials by means of unipoly function and derive explicit multifarious
properties.
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1. Introduction

Special polynomials and their generating functions have important roles in many
branches of mathematics, probability, statistics, mathematical physics, and also en-
gineering. Since polynomials are suitable for applying well-known operations such as
derivative and integral, polynomials are very useful to study real-world problems in
the aforementioned areas. For instance, generating functions for special polynomials
with their congruence properties, recurrence relations, computational formulae, and
symmetric sum involving these polynomials have been many authors in recent years
(see [1-25]).

Recently, Kim and his research team (see [13-19]) have studied the degenerate
versions of special numbers and polynomials actively. This idea provides a powerfool
tool in order to define special numbers and polynomials of their degenerate versions.
We can say that the notion of degenerate version from a special class of polynomi-
als because of their great applicability. The most important of application of these
polynomials are in theory of finite differences, analytic number theory, applications
in classical analysis and statistics. Despite the applicability of special functions in
classical analysis and statistics, they also arise in communications systems, quantum
mechanics, nonlinear wave propagation, electric circuit theory. electromagnetic the-
ory, etc.

Throughout this presentation, we use the following standard notions N = {1,2,- -},
No={0,1,2,---} =NU{0}, Z= = {-1,-2,--- }. Also as usual Z denotes the set of
integers, R denotes the set of real numbers and C denotes the set of complex numbers.

The classical Bernoulli B,,(z), Euler E, (x) and Genocchi Gy, (x) polynomial are
defined by means of the following generating function as follows

et = S Ba) | |< 2 et = Y B <
n=0 n=0
and -
2t tm
e (il ;Gn(z)a, | t|< , (see [6, 7, 19, 20, 23]) (1.1)
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respectively.

For v € C with u # 1, the classical Frobenius-Euler polynomials Hy, S )(x u) of
order « are defined by means of the following generating function

L—u\* zt = (@) "
e =Y Hf (w5 w) —, (see [1, 5, 11, 12]). (1.2)

t
e u
n=0

In the special case when z = 0, " ( ) = O‘)(O u) are called n'* Frobenius-
Euler numbers of order . For o =1 into (1.2), H(l)(:c u) = Hy(xz,u), are called the
Frobenius-Euler polynomials and H{ (0;u) = S ( ), are called the Frobenius-Euler
numbers of order a.. Substituting v = —1 into (1.2), H,(z; —1) = E,(z), are called
the Euler polynomials, (see [8, 22, 24, 25]).

In (2017), Kurt [10] introduced the poly-Frobenius-Euler polynomials are given
by

e = e o
n=0 '

In the case when z = 0, H” (u) = H(k)(O u) are called the poly-Frobenius-
Euler numbers.

For any non-zero A € R (or C), the degenerate exponential function is defined

by
eX(t) = (1+ A%, ex(t) = (14 M), (see [13, 18, 19]). (1.4)
By binomial expansion, we get
x . tn
ex(t) = Z(x)mg, (see [14, 17]), (1.5)
n=0 ’

where (z)ox =1, (z)pn = (. — A)(@ —2X) -+ (z — (R — 1)A),(n > 1).
Note that
_ ni — xt
)\linoeh(t) 7;)1" e

The degenerate Bernoulli and degenerate Euler polynomials are respectively,
given by Carlitz [2, 3] as follows:

P ) =S Ba@ e 2 =S B
mek(z)*;Bﬁk(ﬂf)j!y €>\(Z)—‘,—1 A( )—;EJ,)\( )]' (16)

In the case when z = 0, B, » = B, 1(0) are called the degenerate Bernoulli num-
bers and = 0, E; » = E;1(0) are called the degenerate Euler numbers.
Note that
lim B,(x;\) = Byp(x), lim E,(x;\) = E,(x).
A—0 A—0
Kim et al. [15] introduced the degenerate Frobenius-Euler polynomials are de-
fined by means of the generating function as follows

1—u
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At the value z = 0, hy a(u) = hy 2(0fu) are called the degenerate Frobenius-
Euler numbers.

It is readily seen that
lim A,z (z|u) = Hy(z|u), (n > 0).
A—0

Kim-Kim [13] introduced the polyexponential function, as an inverse to the
polylogarithm function to be

Eip(z) = n—l' ———— (ke Z). (1.8)
n=1
For k =1, (1.8) gives
. —z"
Eij(z) = Z e 1. (1.9)
n=1
For k € Z, Kim et al. [18] introduced the degenerate poly-Bernoulli polynomials
defined by
Eij (log(l + t (k)
————ef( 1.10
ex(t) — Z K& (1.10)
In the special case x = 0, ﬁr(fg\ =03, (k) 1(0) are called the degenerate poly-Bernoulli
numbers.

It is well known that the Stirling numbers of the first kind are defined by

ZSl n,l)z’, (see [24, 25]), (1.11)

where (z)o = 1, and (z),, = x(x —1)---(x—=n+1),(n >1). From (1.11), it is
easily to see that

k'(log (14t Zsl (n, k (k > 0), (see [13, 18]). (1.12)

In the inverse expression to (1.12), the Stirling numbers of the second kind are
defined by

ZSQ n,1)(z);, (see [10, 12, 22]). (1.13)

From (1.13), it is easily to see that

1
(et — 1)k ZSQ (n, l (see [22, 24, 25)). (1.14)
For n > 0, the degenerate Stlrhng numbers of the second kind [7, 8, 17] are
defined by
1 . ¢!
m(e,\(t)—1)":ZSQ,>\(Z,n)ﬁ,(n2O). (1.15)

l=n
In this paper, we construct the degenerate poly-Frobenius-Euler polynomials
and numbers, called the type 2 oly-Frobenius-Euler polynomials and numbers by
using the polyexponential function and derive several properties on the degenerate
poly-Frobenius-Euler polynomials and numbers. In the final section, we define type 2
unipoly-Frobenius-Euler polynomials by means of unipoly function and derive explicit
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expressions of those polynomials.
2. Type 2 degenerate poly-Frobenius-Euler polynomials

Let \,u € C with w # 1 and k € Z, by using the polyexponential function,

we consider the type 2 degenerate poly-Frobenius-Fuler polynomials are defined by
means of the following generating function

Elk(l?(ge(i(; (_1u)“ 2 (1) Z H®) (wu) . (2.1)

In the special case, z = 0, H (k/)\( )=H fﬁ;(o, u) are called the type 2 degenerate

poly-Frobenius-Euler numbers.

For k =11in (2.1), we get

1_71‘ z( Zhn Al u) (see 0 (2.2)

CA(
where h,, x(x;u) are called the degenerate Frobenius-Euler polynomials.

Obviously
Eiy,(log(1 + (1 — = "
lim ik (log(1 + (1 — u)t)) ex(t) = lim H(k/)\(x; u)t—
A—0 tlex(t) —u) a—0 n!
Elk(log(l +(1—u)t ()
e — ) ZH (z;u) (2.2)
Thus, by (2.1) and (2.2), we have
lim HT(Lk;\(;E, u) = HP (z;u), (n > 0) (2.3)
A—0 )

where Hr(Lk)(x; u) are called the type 2 poly-Frobenius-Euler polynomials, (see [15]).

Theorem 2.1. For n > 0, we have

"\ < 1 (1 — )i+t
; (1) Z W&(H— 1,m+ 1)(gc)n_ml+71

n
n
= Z < )HT(Lk)m,)\(x;u)(l)m,,\ —qulk/)\(x,u)

t
n=0 n=0
= Y W D H R @) — w7 HE (wi0)
m=0 n=0 n=0
(5 () g (*) "
- H ) (D) y — uHE (2:0) | =. 2.4

=

On the other hand,

t
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> "\ 1 [ = (log(1+ (1 —wu)t)™
= (Z(l')n,/\n!> n (Z (og((m_(l)!mk )

n=0 m=1
- )1 [ (1— )l
_ zmw) s S stme )
<n—0 n )\ (m+ 1 l m+1 i
00 0o l
" 1 (1 — )i+t
= - e 1 -
(g@n’knJ (;m_o (o Lm g

1 (1—w)ltt) ¢
— 51 +1 1 nelx———— | —-
mZ:O (g e Lm D@ =7
(2.5)
Comparing the coefficients of £} on both sides of equation (2.4) and (2.5), we obtain
the following theorem.

h

=

[95)

|
3
N

\M:
/}
N~

O
Theorem 2.2. For n > 0, we have
n
a0 =Y () B
m=0
Proof. From (2.1), we have
Wt — ((EielloB(l+ (1= u)
ZH“’ ( iy log(1 + (1 — ) ))) -
tlex(t) — u)
= 3 BB Y ety
n )\ n|
n=0 m=0
LHS=YY" ( " ) ngm,k(u)(x)myw. (2.6)
n=0m=0
Therefore, by (2.1) and (2.6), we require at the desired result. O

Theorem 2.3. For k € Z and n > 0, we have

n l 1
k), n 1 Sil+1,m+1)(1—u) I .
Hn’)\(.’L‘,U) - ; (l) Tnz::O (m+ 1)k l+ 1 TL—LA(J;»U)'

Proof. By using equations (1.7), (1.12) and (2.1), we have

g e = (Eik(k;?e(i (j) = ;)u)t))) e (1)
- = mi e
" 2 s
- f(exe(;§t> w) go (m i 1) n_i;ﬂ Sy(n,m+1) (@ _T:)t)"

1—u em(t)z 1 ZSl(n+1m+l)(17u)”t"

n+1 n!
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%) oo l
tn 1 Si(l+1,m+1)1—u)tt
Iy 3y ! -wt

k |
o — = (m+1) I+1 I
9] n l
n 1 Si(I+1,m+1)(1 —u) tn
L.H.S = H,_ ; .
;}(;(l)%(mw " )
(2.7)
By comparing the coefficients of & 1> we complete the proof. (|
Corollary 2.1. For k € Z and n > 0, we have
n l
1 Sp(l+1,m+1)(1 —u)
H(k) _ n 1 ) Hn— )
@ =>_{;) 2 (m+ 1) 111 ()
1=0 m=0
Corollary 2.2. For n > 0, we have
n l
L n Sp(l+1,m+1)(1 —u)! _
Hy o (25u) = Z (l) Z 1 Hy_ia(z;u).
=0 m=0
Corollary 2.3. For n > 0, we have
n l
n Sl +1,m+1)2
E = En_ .
n,/\(z) lz;<l>mz_:0 I+1 n l,)\(‘r>
In particular,
n l 1
Z n—ia(z) =0
1=0 <l m=0 i+1
It is well-known from ([16, 21]) that
t T
—_ B(" r+1) C 2.8
<log(1+t)> Z (re ) (28)

where B,(f) (z) are called the higher-order Bernoulli polynomials which are given
by the generating function

t N w_ N B0 (L
et —1 e _Z n (1’)5

Theorem 2.4. For n > 0, we have

T
g9
=
—~
<
~
I

<7> u;fuilBllHn—z,A(u).

Proof. Using (1.8), we first consider the following expression

=0

o0

d d (log(1+(1—u
d—Elk(log(l + (1 —w)zx =— z:: (log( n++ 1)|nk) )"
B 1—u  (log(1+ (1 — u)z))"
(14 (1 —wa)log(l + (1 —u)x) ngl (n+1)lnk-1
1—u

Eig_1(log(1+(1—u)x).
(2.9)

- (14 (1 —u)z)log(l+ (1 —u)x)

From (2.9), k > 1, we have
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> (k) C (L—wkt 1
Z — a(ea(z) —u) /0 (1+ (1 —w)t)log(l+ (1 —u)t)
¢ 1 ‘ .
x /0 =i i) /0 T g (et
k—2—times
Hence, we require
O S N (1 - u)t
> HA( )7 = Her (@) — D) /0 (RN (2.10)

_ (1_u) S _ n n
x(em)—u)/og( 0" By

- zlea(z) —u) &= n+1 nl
(S a” = (1 —u)"B" z"
(&) (52 m)

- (1-

! n

By (2.10) and (2.11), we require at the desired result. Thus, we complete the
proof. O

Theorem 2.5. Let k > 1 and m € N{J{0}, s € C, we have

Xk (=) = (1= u) ™" H(=1)"HP), (u).
Proof. Let k > 1, be an integer. For s € C, we define the function xj . (s) as
1 o0 Zsfl
() = / Eiy, (log(1 + (1 — u)2)) dz. (2.12)
I(s) Jo z(ev(2) —u)
In view of calculation above that xy . (s) is holomorphic function for f(s) > 0
because of the comparison test as Eij (log(1 + (1 —u)z)) < Elj (log(1 + (1 — u)z))
with the assumption (1 — )¢t > 0. From (2.11), we note that

. (1- u)s_l o0 51 — s
X8 = ) /0 e (o) =y ik (log(1+ (1 —u)2))d
_ (1—u)s I 51 _— s
T I(s) /0 ey Z)_U)Ek(l g(1+ (1 —u)z))d
(1 - u)s 1 poo Hs—1 ' e )
T /1 o)~y ik (log(l+ (1 —u)2)) dz. (2.13)

The second integral converges absolutely for any s € C and hence, the second term
on the right hand side vanishes at non-positive integers. That is,

A [ S (—w
A ’ I'(s) /1 z(e, () — ) Eik (log(1 + (1 ~w)2)) dz| < 1“(771]\/([2_15)’
T(s)I(1—s) = —

sin(7s)
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On the other hand, for £(s) > 0, the first integral in (2.13) can be written as

— )51 1 45—1
s F(s)) /0 2(en(2) — u) Eir (log(1 + (1 —u)z)) dz

(1—U)s_1 0o H(k)

n,A (u) ' n+s—1
Ts) Z ' /0 z dz

n:

_—wpt S

n,)\(u> 1
I'(s) 2

nl n+s
n=0
which defines an entire function of s

(2.15)

Thus, we may include that xj,,(s) can be
continued to an entire function of s. Further, from (2.14) and (2.15), we obtain

s——m F(s)

Xkwu(—m) = lim (- /1 G Eix, (log(1 + (1 —u)2)) dz
o o z(ev(z) —u)

_ o \s—1 @ (k)
~ lim (1—w) Hyy 1
s——m F(s)

s+rr!
—0 +

w1 HE ()

— 4 00+ 1 0+0+--
oAt A T T sam om0 0T
. (1—u)*"'T(1—s)sinms Hr(r]f)u(u)

= lim =(1-
sS——m F(S) m'

g
mIr(1 By,
- u) (1 4+ m) cos(mm) -

(2.16)

= (1—u) " (=)™ HL, ().
Thus, we complete the proof of this theorem

Theorem 2.6. For n > 0, we have

Hfzk) (r+y;u Z ( ) ,m,\(ﬂﬁu)(y)m,,\-
m=0

Proof. From (2.1), we have

5ty - (B0 o

- (Z Hsfmg) (Z(mm,kf:!)

L.H.S = Z(Z( >H(k) :

e (2.17)
Comparing the coefficients on both sides, we get the result

Theorem 2.7. For n > 0, we have

HF)(

aalT + 1u) mzr;o( > (@) (L)mx
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Proof. By (2.1), we observe that

S [ER @+ 1w - B @50)] g _ <Ei’“(l‘;?€(j(;; (jl:)“)t))> X () [ex(®) — 1]

n=0

LH.S = Z Z < > H’r(Lk)m,}\(z; U)(l)m,/\g - Z H,(L’f,)\(x; U)ﬁ. (2.18)

n=0m=0

Comparing the coefficients of ¢ on both sides, we get the . O

Theorem 2.8. For n > 0, we have

A ) = 3 (” )<x>q5§”< DHP ().

m

Proof. From (2.1), we have

Z H(k) tn (Eik(IOg(l +(1 - u)t>)) ex (1)

tew(t) —u)

_ (Elk(log(l +(1- u)t))> ex(t)

tew(t) —u)

Bij (log(1 + (1 — u)t () S 2
:( . t(ge(y(j)(—u) )))) Z(m)qzsf)(l’@l!

L.H.5 = Z (Z > ( ) 5(2)(m,q)Hﬁf“_)m7A(u)> " (2.19)

n=0 \m=0q¢=0
By comparing the coefficients of ¢ on both sides, we get the result. O

Theorem 2.9. For n > 0, we have

n l
Hflk;\(x + alu) = Z Z ( ? ) " mlSe A (I + a,m + a)HT(LIi)l’A(u).

=0 m=0

Proof. Replacing x by  + « in (2.1), we have

o

®) (4 1 o " Eiy(log(1 + (1 — u)t)) pota
S i+ anay = (PG5 ) 8w
. Elk(log(l + (1 — U‘)t)) % = ™ (e _1\m
_< t(e,(t) —u) ) A0 mzz:o (e =1 )
_ (Eig(log(1+ (1 —u)t) > £l ) nHm
- (M) ( 2. ! )

B ir(log(1 + (1 — w)t) o m)
(o )( Z 'ZS“Z )
0o co 1

:Z (k) (ZZazmmISQAl—i—am—l—a)Z)

n= l
o) n l
m k tn
L.H.S = Z (l Z ( )x m!Sg,A(l+a,m+a)HfL>M(u)> o (2.20)
1) an

Therefore by (2. (2.20), we obtain the result. O
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3. Type 2 degenerate unipoly-Frobenius-Euler polynomials
Let p be any arithmetic function which is a real or complex valued function

defined on the set of positive integers N. Kim-Kim [13] defined the unipoly function
attached to polynomials p(x) by

) p n
(zlp) = E ,(keZ). (3.1)
n=1
Moreover,
oo xn
ug(z|l) = Z i Lig(z), (see [4, 9]), (3.2)
n=1

is the ordinary polylogaritm function.

By using (3.1), we define the type 2 degenerate unipoly-Frobenius-Euler poly-

nomials by
ur(log(1+ (1 —wit)lp) , (k) ¢
t) = H JU)—. 3.3
tleu(t) —u) A0 HZ:;) ””\’p(x’u)n! (3:3)
In the case when x = 0, Hflk))\ pu) = Hflk;\ p(0;u) are called the type 2 degenerate
unipoly-Frobenius-Euler numbers. Let us take p(n) = ﬁ Then, we have

s v up(log(l + (1 —w)t)|:
S ey = s

1 v o (log(1+ (1 —u)t)™
et —m T; m(m + 1)
_ Eix(log(14 (1 —u)t))
N ex(t) —u

ex(t)

k "
=Y H\ (@) (3.4)
n=0
Thus, we have
k k
Hi;%(x,u) = Hflg\(x,u)
Theorem 3.1. Let n € N and k& € Z. Then we have

p\m ! 1 ,m
HE ) ;%( ) +1)(1)k D!S (HZL D 0w, (). (3.9)

In particular,

n l
HY  w)=3"%" <n) ($:1l)k Sull +l iT 1) (1—w)'Hyya(u).  (3.10)

— (k) " up(log(1+ (1—u)t)|p)
Y Hinn W = =
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T (t — Z” (log(1 + (1 — w)t))™
0 1 1 > ll
Zp(m(:T-i-rer— Z Si(l,m+1) ( I u)t
l=m+1

(ot & pmt mt 1) S+ Lm+ 1) l
t(eu(t)_u) mz::() (m—l—l)k mZ::l I+1 (l_u)lﬁ
| oo S1(l+1,m+1)(1_ )ztl>

> " = p(m+1)(m +1)!
O o e
tn

(1) e R S o) 5
(3.8)

Therefore, by comparing the coefficients on both sides of (3.8), we obtain the result
O

Theorem 3.2. Let n > 0 and k& € Z. Then we have

CIEDIDY ( m > (@), (m, ) H,, o (w).

Proof. Using (3.3), we observe that

(3.12)

S ey = (MR )
_ <Uk(1c2g<$<;(i u)u)f))) ex(®) — 1+ 1)°
- () (i DI )zi)
L.H.S = Z (Z > ( ) S (m,q)HY )\’p(u)> %"' (3.13)
=\=5 !
By comparing the coefficients of ¢™ on both sides, we get the result -

Theorem 3.3. Let n > 0 and k& € Z. Then we have

n
k n k
HE (wu) =Y <m) HY @) (@) (3.14)
m=0
Proof. In order to prove that, we observe that

I (RUET R

- (Z Hi’fi,pw)f;:) <Z<m>m,xf;>

n=0 m=0

LH.S = Z (Z < ) HY, A,p(u)(x)m,/\> %n, (3.15)

0
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By comparing coefficients on both sides of (3.15), we obtain the result. O

4. Conclusions

Motivated by the definition of the degenerate poly-Bernoulli polynomials intro-
duced by Kim et al. [18], in the present paper, we have considered a class of new
generating function for the degenerate Frobenius-Euler polynomials, called the type 2
degenerate poly-Frobenius-Euler polynomials, by means of the polyexponential func-
tion. Then, we have derived some useful relations and properties. We have showed
that the type 2 degenerate poly-Frobenius-Euler polynomials equal a linear combina-
tion of the degenerate Frobenius-Euler polynomials and Stirlings numbers of the first
and second kind. In a special case, we have given a relation between the type 2 degen-
erate Frobenius-Euler polynomials and Bernoulli polynomials of order n. Moreover,
inspired by the definition of unipoly-Bernoulli polynomials introduced by Kim-Kim
[| we have introduced the type 2 degenerate unipoly-Frobenius-Euler polynomials by
means of unipoly function and given multifarious properties including degenerate Stir-
ling numbers of the second kind and degenerate Frobenius-Euler polynomials.
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