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Abstract. Kim-Kim [12] introduced the new type of degenerate Bernoulli numbers
and polynomials arising from the degenerate logarithm function. In this paper, we
introduce a new type of degenerate poly-Euler polynomials and numbers, are called
degenerate poly-Euler polynomials and numbers, by using the degenerate polyloga-
rithm function and derive several properties on the degenerate poly-Euler polynomials
and numbers. In the last section, we also consider the degenerate unipoly-Euler poly-
nomials attached to an arithmetic function, by using the degenerate polylogarithm
function and investigate some identities of those polynomials. In particular, we give
some new explicit expressions and identities of degenerate unipoly polynomials re-
lated to special numbers and polynomials.
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1. Introduction

In [1, 2], Carlitz initiated a study of degenerate versions of some special poly-
nomials and numbers, namely the degenerate Bernoulli and Euler polynomials and
numbers. Kim and Kim et al. [6-19] have studied the degenerate versions of spe-
cial numbers and polynomials actively. This idea provides a powerful tool to define
special numbers and polynomials of their degenerate versions. We can say that the
notion of degenerate version forms a special class of polynomials because of their
great applicability. The most important applications of these polynomials are in the
theory of finite differences, analytic number theory, application in classical analysis,
and statistics. Despite the applicability of special functions in classical analysis and
statistics, they also arise in communications systems, quantum mechanics, nonlinear
wave propagation, electric circuit theory, electromagnetic theory, etc.

As is well known, the classical Bernoulli polynomials Bj(u) and the classical
Euler polynomials E;(u) are respectively, usually defined by means of the follwing
generating function as follows (see [5, 6, 8, 16, 18, 22]):

t uz j 2 uz j
Bi(uw)? , <2, — E Ei(u)=, < 7. 1.1
_1° JEO J(u)j! | z | T 2 ](u)J! | z | (1.1)

In case when v = 0, B; = B;(0) and E; = E;(0) are respectively called the Bernoulli
numbers and the Euler numbers.

From (1.1), we see

Bj = B;(0) = (-1)'B;, E, :=2"E, (;) , (n € Nyp). (1.2)
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The notion of degenerate exponential function
ef(2) = (1+A2)%

is considered without the limit case. That is, the degenerate of the exponential
function e* is equal to (1 + Az)*. Tt follows from here that the degenerate of a
parameter z is M. This idea was firstly considered for degenerate Bernoulli

and degenerate Euler polynomials, respectively given by Carlitz [1, 2] as follows:

Z ) =S B ) =S B
Wek(z)—;B])\(U)ﬂy 6)\(2:)4-1 )\( )—jz::OE],)\( )j' (1.3)

In the case when u = 0, B; » = B, (0) are called the degenerate Bernoulli num-
bers and u = 0, E; » = E;1(0) are called the degenerate Euler numbers.

Let (u)n,x be the degenerate falling factorial sequence given by

(Wjir=u(w—A)-(u=(j—1A),(F=1),
with the assumption (u)g x = 1.

For s € Z, the polylogaritm function is defined by a power series in z as
3
Lis (= Zj T E < D)o 3.4, 20). (1.4

It is notice that
Liy (2 Z = —log(1-2). (1.5)

For A € R, Kim-Kim [12] deﬁned the degenerate version of the logarithm func-
tion, denoted by log, (1 + z) as follows:

log, (1 + 2) ZAJ ],WF,(see, [11]) (1.6)

being the inverse of the degenerate version of the exponential function ey (z) as has
been shown below
ex(loga (2) = loga(e(2)) =
It is noteworthy to mention that
00 4
hm log\(1+2) = Z = log(1 + 2).
j=1

The degenerate polylogarithm function [12] is defined by Kim-Kim to be

lk)\(z):z% " (keZ|z|<1). (1.7)
= G-DY*

It is clear that

J

lim b (2) = §;mu@%mm

From (1.6) and (1.7), we get

ha(z) =" CENT My 5 log (1 — ). (1.8)

=1 7
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Very recently, Kim-Kim [12] introduced the new type degenerate version of the
Bernoulli polynomials and numbers, by using the degenerate polylogarithm function

as follows
(1 —ex(— ®) (y
_ 1.
ol § A (19)

On setting « = 0, Bj(k)? = Bj(k/\) (0) are called the degenerate poly-Bernoulli num-
bers.

Lee-Kim-Jang [21] introduced the type 2 degenerate poly-Euler polynomials and
numbers as follows

B (081 +20) ¢ ) §° iy )

e :
tlex(t) +1) o n A

When z = 0, Egk; = Eflkg\(O) are called the type 2 degenerate poly-Euler num-
bers.

(1.10)

The degenerate Stirling numbers of the first kind [17] are defined by
k'(log,\ +2) Z‘Sl AU,k ,. (k > 0), (see [19]). (1.11)
It is clear that

lim Sl,)\(jv k) = Sl(jv k),
A—0
are calling the Stirling numbers of the first kind given by

k'(log (1+ 2) 251 g,k (k > 0), (see [7, 11]).

The degenerate Stirling numbers of the second kind [9] are given by

kl'( ZSQ A R) T (k> 0). (1.12)

Note here that
lim SQ,)\(j, k) = SQ(ja k)7
A—0

standing for the Stirling numbers of the second kind given by means of the following
generating function:

1 (e* — 1)* ZSQ Jy k)=, (k> 0),(see, [1-19]).

In this paper, we construct new type degenerate poly-Euler polynomials and
numbers by using degenerate polylogarithm function and derive several properties on
the degenerate poly-Euler numbers and polynomials. Furthermore, we introduce the
degenerate unipoly-Euler polynomials attached to an arithmetic function, by using
degenerate polylogarithm function and investigate some properties for those poly-
nomials. Also, we give some new explicit expressions and identities of degenerate
unipoly polynomials related to special numbers and polynomials.

2. A new type of degenerate poly-Euler numbers and polynomials

In this section, we define the new type degenerate Euler numbers and polyno-
mials by using the degenerate polylogarithm function which are called the new type
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of degenerate poly-Euler numbers and polynomials as follows.

For k € 7Z, we define the new type degenerate Euler numbers, which are called
the new type of degenerate poly-Euler numbers, as

1 () 2
Elk,A(U”u:z(eA(z)H) = Wlk)\(l —ex(—2z2)) = Z()Eq,)\a' (2.1)
P
Note that
i q 1 2 > 24
E(l)z—zil 1—ey(=22))= —— — E o —. 2.2
2. PG = Tam ey T2 = Sy = L By (22)

Thus, we have
1
EX = Ega (a2 0).
Now, we consider the new type degenerate Euler polynomials which are called
the new type of degenerate poly-Euler polynomials and fiven by

bl —ex(=22)) , =), 2
e +1) A —;Eq,x(“) i (2.3)

Note here that Eéki = E(k)? (0). From (2.1) and (2.3), we see that

q;

oo *) f _ lk’)\(l — 6)\(—22))(2“ -
];Ep’)\(u) p! - z(e)\(z)—|—1) >\( )

oo tm o0 n
-y (Wnx n

m,A

= m! o n!
oo P p (k) Zp
= Z (Z ( i ) E;\ (u)pi)\) E (2.4)
p=0 \i=0 ’

Therefore, by equation (2.4), we obtain the following theorem.

Theorem 2.1. Let p > 0. Then

p
k k
B =3 (7 ) ER i

Now, we observe that

%m(—%:) = % Z (13:;’>‘ (—2z)™
m=0
= 3 LW gyt = 3 C2 Wi gy
1 m=0

=-2 (Z (1)77)‘ (—22)™(1 —mA) | = —2ex(—2z) + )\21‘%6)\(—212)

3
N———

%6)\(—2:3) = (1__7;33) = 2} (—22). (2.5)

Therefore, by (2.5), we obtain the following lemma.

Lemma 2.1. For A € R, we have
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We observe that

d _ d = 1)m 1/X m
el —ex(-22) = m; it (1—ex(—2z))
1
li—1a(1 —ex(—2x)). (2.7)

(1 —ex(—2x))
From (2.1), (2.6) and (2.7), for k > 2, we obtain

oo
n 1
Y BN =l (1 ea(-22))
— "l x(ea(x) +1)
1 T2 M=2t) [ 2e37 (-2t F2e3 7N (2t
_ / ex ( )/ ex ( )/ ex ( )2tdtdt~--dt
zlea(z) +1) Jo 1—ex(=2t) Jo 1—ex(=2t) Jo 1—ex(=2t)
2 T 2eyMN(=2t) [T 2N (—2t b 2e3 7N (—2t
- / ex ( )/ ex )/ e’\i()thtdtndt.
zlex(x)+1) Jo T—ex(=2t) Jo 1—ex(—2t) o 1—ex(—2t)
(k—2)—times
(2.8)
Therefore, by (2.8), we get the following theorem.
Theorem 2.2. Let k > 2. Then
i 22" 2 /w 25 (—2t) /t 23 M(=2t) /t 25 (—2t) otdidt . di
— mAnl o x(en(z) +1) Sy 1—ex(=2t) Jy 1—ex(—2t) o 1—ex(—2t) '
(k—2)—times
(2.9)
For k = 2, by Theorem 2.2, we get
= n 2 T =2t
EAL = / 2t)dt
nz::o mAnl  zlen(z) +1) Jo ex(— 2t)—1e’\ N(-2t)de
2 2t)"
— O / 2}BM 1-— —d
B _ )mBm)\(l—)\).’Em
ex(x) + 1 0 m+1 ml
Bl =X z™
ZEM al )ﬁ
0 m+1 m!
n =) "
L.HS = — L FEnmx | —- 2.10
;( <m> Pl N ) e
Therefore, by (2.10), we get the following theorem.
Theorem 2.3. Let n > 0. Then
n n
Bma(1 =) n o Buema(1=A)
E®) = ") (gmEmAl =N = —gynmmInImAL T N g
22 Z(m (=2) m+1 A mz::() m (=2) n—m-+1 A

m=0
In general, from (2.8), we note that
T el A (=2t) [t 2ei7AM (=2t t 2el A (—2t
€ ( )/ ) ( )/ 6/\7()2tdtdt---dt
0 0

= Anl a(ea(r) +1) Jo T—ea(=2t) Jo 1—ex(—2t) 1—ex(—2t)
(k—2)—times
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-2 i 2™ (" Bur  Buan B2
ex(z) +1 ny,No, - N ) ny+1ny+ng+1 ny+--+ng_1+1

ni,nz, - ,Npg—1=m

> n n By B, A Bnk—l A x"
L.H.S = _gym L 22 : By |
;( Z <m>( ) <n1,n2,---,nk)n1—|—1n1—|—n2—|—1 ng 4+ +ng_1+1 A

n1,M2, 0 NEg=m
(2.11)
Therefore by comparing the coefficients on both sides of (2.11), we obtain the
following theorem.

Theorem 2.4. Let k € Z and n > 0, we have

B A B 2 Bn —1,A
E(k) _ n _9ym n ni, na, . k—1, Enfm .
A Z m (=2) niy,ng, Mg Jny+1ng+ng+1 nyg+---+np_1+1 A

ni,n2, - NEg=m

From (2.3), we note that

(1 —ex(=2 ))
z(ex(z) +1)(ex(z) —

[ u, 2mzm o (1)1 27
- Zﬂmv%(i) m! ) D i+l g

Jj=0

LHS= Z(Z( )2s,. <2>(J”_fﬂg”ﬁf>zj (2.12)

m=0

By comparing the coefficients on both sides of (2.12), we get the following the-
orem.

Theorem 2.5. Let k € Z and n > 0, we have

B = 3 ()2, (Ll

= j—m+1
From (2.3), () and (), we note that

00 2‘7 m 1 1 m.1
> £ - (&1 o );Z > & _f.im 241 ex20)”
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o i o (UL (g 1 1+1
=25 (kz 21z2<z MAW_I?MSM(“FLW :

7=0 =0 \m=1 (l+1)!
0o 0o +1 1+1
(k)ZJ Z (Z (1)m 1/A< ) A 1215 (l ) <
- |2 i 1)
= =\ (I+1m I+ 1)
o] n . +1 1 .
j (Dmaa (1" 1oy w | #
H.S = _— 2 1 E; —. (21
L.H.S §<§<l>; P+ LB ) S )

Therefore, by comparing the coefficients on both side of (2.13), we get the fol-
lowing theorem.

Theorem 2.6. Let j > 0. Then

n N+
B ) =3 G) i (17% AU ey, Al+1,mE"

L
=\ (T m ’
From (2.3) and ( ), we have

> (k) " 2 _ le (1 —6,\(—2z))eu .
;Ej’ ( )j!  z(ea(z) +1) A(2)

a1 —ex(—22)) er(z) — u
S e 1) @)1+

_lk)\(l—e,\(—??:)) = T en(z) — 1™
B GESY (Z(m>“” ”)

m=0
_lall—ea(=22) (5 ¢ X
 zlea(2) +1) (;(x)m;SQ,A(l,m)“>

oo J . 1 j
L.HS= Z% (lz; (‘g) > (x)mSQ,,\(l7m)EJ(”€£> = (2.14)

By comparing the coefficients of ¢ on both sides, we obtain the following theo-
rem.

Theorem 2.7. Let k € Z and n > 0, we have

J . l

k J k

ERw) =Y <l) S (@)mSan(t, m)EY.
=0 m=0

From (2.1), we observe that

oo zs
lea(1 —ex(—22)) = z(ea(z) + 1) Z Ei’?g
s=0 :
o0 > o0
B (1);jxz? (k) 2
R OOR R DO

j=1

d0i:10.20944/preprints202007.0202.v1
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§= 305 (B0 4 ER,L) 2 (2.15)
oo yym—1
lkJ(]. - 6)\(722)) = Z ( ?jn — 1()13,:/;1//\ (]. - €>\(72Z))m

=2 (Z W#Am*l?jsm(jv m)) %, (2.16)

Therefore, by equations (2.15) and (2.16), we get the following theorem.

Theorem 2.8. Let £k € Z and j > 1. Then

PJ j—1

k k 27 (D (=177 - .

E]( )1 (1) +E( )1 A = — Z #)\ 1527)\(‘7,771).
m=1

3. New type degenerate unipoly-Euler numbers and polynomials

Let p be any arithmetic function which is a real or complex valued function
defined on the set of positive integers N. Kim-Kim [7] defined the unipoly function
attached to polynomials p(z) by

(zlp) = Z (k€ 7). (3.1)
Moreover, -
() =Y TT: — Lig(x), (see [4]), (3.2)
n=1

is the ordinary polylogaritm function.

In this paper, we define the degenerate unipoly function attached to polynomials
p(z) as follows:

N G K € S PR N i
ug,x(z|p) = ZP(’L)l—kZ/:E . (3.3)
It is worthy to note that

U\ <x1{> = lpa(x) (3.4)

is the degenerate polylogarithm function.

Now, we define the new type degenerate unipoly-Euler polynomials attached to
polynomials p(z) by
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ur (1 —ex(=22)[p) — (k) 2"
’ A2 =D B, 3.5
@) +1) ex(2) 2 oap (W) r! (3.5)
® — g* (0) are called the new type degenerate

In the case when u = 0, B\ /= E
unipoly-Euler numbers attached to p.

From (3.5), we see

1 1
E(k) 2 __ 1 1 — ey (—22)|=
Al z(e,\(z)—i-l)uk”\ ex( Z)|F

1 = (=) (1) (1 = ex(=22))
Z)"'l);::l rk(r —1)!
- m“’“ (1—ex(—22)) = ;Effiz—yz (3.6)

Thus, by (3.6), we have

(k k
Bl =B

From (3.5), we have

> k) 2" 1
E —_—= 1—ey(=2
Z XD ) Z(ex(z) + 1)“’%)\ ( ex(—2z)|p)

- e L e ey
l

o | 1 l—l)\m—l 1 m 2[—1
3 m!p(m)(—1) ’ (1)m,1/ Son(lom)
m I

B (oo zn> (oo <l+1 m!p(m)(_1)l)\m—1(1)m71/>\2l Sg,)\(l-i-l,m))) P
= un

mk l+1

n I+1 | Iym—1 l n
mlp(m)(=1)'A" ™ (1)m,1/22" Sa (1 +1,m) z

L= 3 (35 (1) )

(3.8)

By equation (3.8), we get the following theorem.

Theorem 3.1. Let n > 0 and k € Z. Then

DIA™E(1),1/028 Sy n (1 +1,m) 5

n l+1 m|p (
22, =33 () I LN
=0 m=1
From (3.5), we have
jgo J,)\,p(x)j! Z(CA(Z) + l)uk?)\( e)\( Z)|p) (6)\(2) )
1)i

_uk,\(l—eA 2z )|P)
= e ZZ
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z %), j’, > ) ng,xq,i)"q—f

J
o q o
' Z 52)\ q, ) !

q=0 i= 0

Mg

I
=3

J

z(zz@ N

|
q=0 i=0 J:
By equation (3.9), we get the following theorem.

Theorem 3.2. Let j be nonnegative integer and k € Z. Then

Jj aq .
k J N (k
EX ()= (q) (@)iS2.x (¢, )EY, .
q
By using (1.3)and (3.5), we get

oo

B z” ukA(l—eA( 22)|p) .
2 Fronal EETEES R
B u“(l—ex( 2z)|p)
GG
:1 upx (1 —ex( 2z|p et
z 6;(22)

o0

SHOCROE (i )

) 27 2J > Zntl
Hom )5 ) (Sovomrs)

j' n=0
- 5®) 22\ [ D1 2"
= 20%.6) 7 (z_%n++1n'>
(Dp (k) T z"
Las=Y Z()n]f?@ip(z) e (310

By equation (3.10), we get the following theorem.

Theorem 3.3. Let n > 0 and k € Z. Then

® (=5 ()Y Dnsrrn gy (@
E”’A’p(x)_;o(j) n—j+1 54 (3):
4. Conclusion

In this paper, we introduced the new type of degenerate poly-Euler polynomi-
als and numbers by using the degenerate polylogarithm function and derive several
properties on the degenerate poly-Euler numbers and polynomials. We represented
the generating function of the degenerate poly-Euler numbers by iterated integrals in
Theorem 2.2, 2.3, and 2.4 and explicit degenerate poly-Euler polynomials in terms


https://doi.org/10.20944/preprints202007.0202.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 July 2020 d0i:10.20944/preprints202007.0202.v1

11

of the Bernoulli polynomials and degenerate Stirling numbers of the second kind in
Theorem 2.5. We also represented those numbers in terms of the degenerate Stirling
numbers of the second kind in Theorem 2.6, 2.7 and 2.8. In the final section, we
defined the degenerate unipoly-Euler polynomials by using the degenerate polylog-
arithm function and obtained the identity degenerate unipoly-Euler polynomials in
terms of the degenerate Euler numbers and degenerate Stirling numbers of the sec-
ond kind in Theorem 3.1, the degenerate unipoly-Euler numbers and the degenerate
Stirling numbers of the second kind in Theorem 3.3.

Author Contributions: All authors contributed equally to the manuscript and
typed, read, and approved final manuscript.

Funding: None.
Acknowledgements: None.

Conflict of Interest: The authors declare no conflict of interest.

References

[1] Carlitz, L. Degenerate Stirling, Bernoulli and Eulerian numbers. Utilitas
Math. 1979, 15, 51-88.

[2] Carlitz, L. A degenerate Staudt-Clausen theorem, Arch. Math. (Basel) 1956,
7, 28-33.

[3] Hamahata, Y. Poly-Euler polynomials and Arakwa-Kaneko type zeta func-
tion. Funct. Approx. 2014, 51, 7-22.

[4] Kaneko, M. Poly-Bernoulli numbers. J. Théor Nombres Bordeaux. 1997,
9(1), 221-228.

[5] Khan, W.A. A new class of degenerate Frobenius-Euler-Hermite polynomials.
Adv. Stud. Contemp. Math. (Kyungshang). 2018, 28(4), 567-576.

[6] Kim, D.S.; Kim, T. Higher-order Bernoulli and poly-Bernoulli mixed type
polynomials. Georgian Math. J. bf 2015, 22, 265-272.

[7] Kim, D.S.; Kim, T. A note on polyexponential and unipoly functions. Russ.
J. Math. Phys. bf 2019, 26(1), 40-49.

[8] Kim, D.S.; Kim, T.; Seo, J. A note on Changhee polynomials and numbers.
Adv. Stud. Theor. Phys. 2013, 7(1), 993-1003.

[9] Kim, T. A note on degenerate Stirling polynomials of the second kind. Proc.
Jangjeon Math. Soc. 2017, 20(3), 319-331.

[10] Kim, T.; Jang,L.-C.; Kim, D.S.; Kim, H.-Y. Some identities on type 2 de-
generate Bernoulli polynomials of the second kind. Symmetry. 2020, 12(4),
Article ID 510(2020).

[11] Kim, T.; Kim, D.S. Degenerate polyexponential functions and degenerate Bell
polynomials. J. Math. Anal. Appl. 2020, 487(2), 124017.

[12] Kim, D.S.; Kim, T. A note on a new type of degenerate Bernoulli numbers.
Russ. J. Math. Phys. 2020, 27(2), 227-235.

[13] Kim, T.; Kim, D.S.; Kim, H.Y.; Kwon, J. Some identities of degenerate Bell
polynomials. Mathematics. 2020, 8(1), Article ID 40.

[14] Kim, T.; Kim, D.S.; Kim, H.Y.; Kwon, J. Degenerate Stirling polynomials of
the second kind and some applications. Symmetry. 2019, 11(8), Article ID
1046.


https://doi.org/10.20944/preprints202007.0202.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 July 2020 d0i:10.20944/preprints202007.0202.v1

12

[15] Kim, T.; Kim, D.S. Degenerate Laplace transform and degenerate gamma
function. Russ. J. Math. Phys. 2017, 24(2), 241-248.

[16] Kim, T.; Khan, W.A.; Sharma, S. K.; Ghayasuddin, M. A note on paramet-
ric kinds of the degenerate poly-Bernoulli and poly-Genocchi polynomials.
Symmetry. 2020, 12(4), Article ID 614.

[17] Kim, T.; Kim, D.S.; Kwon, J.; Lee, H. Degenerate polyexpnential functions
and type 2 degenerate poly-Bernoulli numbers and polynomials. Adv. Differ.
Equ. 2020, 2020:168, 12pp.

[18] Kim, T.; Kim, D.S.; Dolgy, D.V.; Kwon, J. Some identities on degenerate
Genocchi and Euler numbers. Informatica. 2020, 31(4), 42-51.

[19] Kim, T.; Kim, D.S.; Kwon, J.; Kim, H.Y. A note on degenerate Genocchi and
poly-Genocchi numbers and polynomials. J. Ineq. Appl. 2020, 2020:110,
13pp.

[20] Lewin, L. Polylogarithms and Associated Functions; With a Foreword by A.J.
Vander Poorten; North-Holland Publishing Co.: Amsterdam, NY, USA, 1981.

[21] Lee, D.S.; Kim, H.-Y.; Jang, L.-C. type 2 degenerate poly-Euler polynomials.
Symmetry. 2020, 12, Article ID 1011.

[22] Kucukoglu, I.; Simsek, B.; Simsek, Y. An approach to negative hypergeomet-
ric distribution by generating function for special numbers and polynomials.
Turk. J. Math. 2019, 43, 2337-2353.


https://doi.org/10.20944/preprints202007.0202.v1

