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1. Introduction

In recent years, many researchers have been studied for various degenerate versions
of many special polynomials and numbers which included the degenerate Stirlings
numbers of the second kind, degenerate central factorial numbers of the second kind,
degenerate Bernoulli numbers of the second kind, degenerate Bernstein polynomi-
als, degenerate Bell numbers and polynomials, degenerate central Bell numbers and
polynomials, degenerate complete Bell polynomials and numbers, degenerate Cauchy
numbers, and others. (see []). Carlitz [] initiated a study of degenerate versions of
some special polynomials and numbers, namely the degenerate Bernoulli and Euler
polynomials and numbers.

As is well known, the Cauchy polynomials C,,(z) are defined by the means of the
following generating function

1
4
14 t)*tvd :71 t)” 1, 14, 15, 19]). 1.1
|y - s }jo C(see [1,14, 15, 19)). (1)

In case when = = 0,C,, = C,,(0) are called the Cauchy numbers.

The higher-order Bernoulli polynomials are defined by

<et t_ 1) ettt — Z BT(LQ)(;U)%, (see []). (1.2)
n=0 :

For z =0, B%a) B(a)( 0) are called the higher-order Bernoulli numbers and B, (z) =
B! (x) are called the ordinary Bernoulli polynomials.
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From (1.1) and (1.2), we note that

Cn(z) = B (x4 1), (n > 0), (see []). (1.3)
For A\ € R, the degenerate exponential functions are defined as
eX(t) = (L+ AD)X, ex(t)er (t) = (1 + At)*X, (see [10-15)). (1.4)
Here we note that
oo tn
ex(t) =D (@) (1.5)
n=0

where (z)or =1, (@)px =z(x —A)(z —2X)--- (x — (n —1)A), (n > 1).

In [1, 2], Carlitz considered the degenerate Bernoulli polynomials which are given by
t t

() —

ex(t) -1 A (1+)\t)§71

On setting = 0, B, x = Bn,1(0) are called degenerate Bernoulh numbers.

For k € Z, the degenerate modified polyexponential function [16] is defined by Kim-

Kim to be
. > (1)n,)\xn
Elk,)\(m):Zm,(|x|< ].) (17)
n=1 :
Note that -
. 1 z"
Eiya(z) =Y ()”Tf =ex(z) — 1. (1.8)
n=1 !

In [16], Kim-Kim considered the type 2 degenerate poly-Bernoulli polynomials are
defined by means of the following generating function

Eig,x (log (1 +1)) (k) (2T
: () = E B keZ 1.9
6)\(t) 1 e}\( ) — n,)\( ) nl’ ( € ) ( )
In case when = = 0, Bflkg\ = Bnk;\(O) are called the type 2 degenerate poly-Bernoulli

)

numbers.

Kim [14] defined the degenerate Cauchy polynomials C, x(z) as follows:
+(log(1 + At))

1+ log(1 + At)¥)®
log(l—i-%log(l-i-)\t))( +1log(1+A0)%)

1
/ (1+1log(1+ /\t)%)ﬂydy =
0

_Z (see [2, 7, 18, 21]). (1.10)

Letting © = 0,Cp, » = Cn,A(O) are the degenerate Cauchy numbers.

The degenerate Cauchy polynomials C), »(z) of the second kind are introduced in [14]
as follows

4
log(1 + At Ch, 9, 10, 24
log(1 + § log(1+ At)) ( A og(1 + > Z M@ (see | -
(1.11)

In case when x = 0,C), » = Cp,»(0) are called the degenerate Cauchy polynomials of
the second kind.
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In [22], the degenerate Dachee polynomials D, »(z) are defined by
% 1+t)* ZDn a(x)—, (see []). (1.12)
For z =0, Dy, x» = D, A(0) are called the degenerate Daehee numbers.
The degenerate Stirling numbers of the first kind are defined by
o (1ogA 1+1)) Zsl NG k . (k> 0), (see [10, 16, 18]). (1.13)

Note here that limy_,o Sl’A(n, k) = S1(n, k), where Si(n, k) are the Stirling numbers
of the first kind given by

o (log (141)) Z Si(n, k (k > 0), (see [7, 11]). (1.14)
The degenerate Stirling numbers of the second kind are given by
1
i (ex ZSQ aln, l (see [9]). (1.15)

Observe here that limy_,g S2 A (n, k) = Sl(n, k), where Sa(n, k) are the Stirling num-
bers of the second kind given by

1 (e! —1)* 252 nl (see [1-22]). (1.16)

By the motivation of the works of Klm—Klm [], we first define the type 2 degenerate
poly-Cauchy polynomials of the second kind by using the degenerate polyexponential
functions. We investigate some new properties of these numbers and polynomials
and derive some new identities and relations between the new type of degenerate
poly-Cauchy polynomials of the second kind. Furthermore, we consider the type 2
degenerate unipoly-Cauchy polynomials of the second kind and discuss some identi-
ties of them.

2. Type 2 degenerate poly-Cauchy polynomials of the second kind

For k € Z, by using equations (1.9) and (1.11), we define the type 2 degenerate
poly-Cauchy polynomials of the second kind as follows:

Eik)\(log/\(l —|—t)) k
log(1 + L log(1 + A)) ( 3 Lo+ A%) ) Z : (2.1)

In case when z = 0 in (2.1), CT(Lk;\ = Cflk/)\( 0) are called the type 2 degenerate poly-
Cauchy numbers of the second kind. For k = 1, by (2.1), we note that

O = Cpn, (n e NU{0}) (2.2)

are called the degenerate Cauchy numbers of the second kind.

By using equations (1.7), (1.11) and (2.1), we observe that

i O(k) ﬁ _ Eik,)\(log)\(l + t))
n!

vt I log(1l+ +log(1+ At))
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t oo

_ lz (logy (1 +1¢))™
 log(1+ xlog(1+ At)) t £ (m—1)lmk

oo

t (log, (1 +t))m+!
0 Z

_ (
~ log(1+ £ log(1 (m 4+ 1)!(m + 1)k-1

l

> t
> Siall,m+ Dy
I=m+1 ’

+
B t 1
"~ loa(1+ % log(1+ M) ¢

1
Z(er)

> 1
Z (m +1)k—1 ZS“ (t+1, erl)(l+1)!

t 1
 log(1 + +log(1 + At )Z

oo oo l
_ ts 1 Sial+1,m+1)¢
- (Zet) (zz e 2 e U

=0 m=0
Sial+1,m+1)\ t"
L.H.S = Z (;;( ) AT (4 DR ) o (2.3)

Therefore, by (2.3), we obtaln the following theorem.

Theorem 2.1. For n > 0 and k € Z, we have

n l
k) _ n Sia(l+1,m+1) 9.4
Corollary 2.1. For n > 0 and k € Z, we have
n l
(1) n SL)\(l—i—Lm—i—l)
= e . 2.5
SED LI 25)

Moreover,

l
n Sl,A(l+ 1,m+ 1) _
23 (1)omn e -0

Eix A(log, (1 +t)) ( 1 )m
= 1+ —log(1+ At
log(1 + §log(1+ At)) * A og(1+ A1)

- (g c}f?ﬁ) (Ti (:1) (}\log(l + At)>m>

=0 m=0 s=m

o0 tl o0 S . . s
= (Z Cl(’li\)'> <Z Z(m)m)\ S1(s,m)A '>

=0 s=0 m=0

!
<7) O (@) m A1 81 (n — 1, m)> Gt (2.6)
By comparing the coefficients on both sides of (2.6), we obtain the following theorem.

Theorem 2.2. Let n > 0 and k£ € Z. Then we have

d0i:10.20944/preprints202007.0114.v1
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n n—l
o) () Z 3 < )c;’;) A TS (0 — 1 m). (2.7)
m=0

In [ ], it is well known tha h degenerate Bernoulli polynomials of the second kind
are defined by

71 t)” by, 2.8
log\(1+1) + Z Al (28)

For x =0, b, » = b, 1 (0) are called degenerate Bernoulh numbers of the second kind.

From (1.7), we note that

d
——Eig\(logy (1 +x)) =

- d i (Dn2(logy (1 +x))"

dx (n — 1)Ink

o0

1 T A—1 1 n lo 1 T 1 T A—1 )
- 1(og:r(1)+x) Z:l o {jz(g1;!(nk+1 v l(ogj(l)+:c) Eik—1.x(logy (1 +2)). (2.9)

Thus, from (2.1) and (2.9), we have

oo n 1
ch I = Eij, » (log, (1 +
Z mAnl log(1+ %log(l + Ax)) ik, (log (1 + )

1 S O Lt L O I A L AN G )|
= - o tdt - - - dt
log(1 + 5 log(1+ Az)) Jo log\(1+1) Jo logy (1 +1) Jo logy(1+1t)

(k—2)—times

m
log(l—i—llog 1+ Ax)) Z Z <m1—|—~~~+mk1)

m=0mi+-+mr_1=m
Xbmly/\(/\_ 1) bmz,k()‘_ 1) bmk—h)\(A - 1) ﬁ
mi+1 my+me+1 my+ - +mp_1+1m!

SAT=Y (1) T ()

n=0m=0 mi+-Fmr_1=m
by (A —1) by, x(A—1 b A A—1 n
« 1,/\( ) 2,)\( ) . k 17)\( ) Cnfm,)\mf. (210)
my+1 mi +mg + 1 mi+ -+ mg_1+1 n!
Therefore, by (2.10), we obtain the following theorem.

Theorem 2.3. For n > 0, we have

(k) i n m
Cnr = z:: <m> Z (m1 +o 4 mkl)

mi+-tmp_1=m
Xbmh)\(Ai 1) bm2,>\(/\7 1) bmk—h)\()\i 1)
mi+1 mi+meg+1 mi+---+mp_1+1
Corollary 2.2. For k > 2, we have

@ _ " /n b a(A—1)
Cor= Z (m) Tl Crm-

m=0

Crmx- (2.11)

Let k > 1, be an integer. For s € C, we define the function nx »(s) as

1 [ 5!
= Eig x (1 1+1))dt
mea() = 1) /0 toa(1 + Llog(1 4 an) o> ol 1)
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1 1 7fs—l
B Eix, (logy (1 +1t)) dt
F(s)/o 10g(1+l10g(1+>\t)) ir x (logy(1+1))
1 o0 5~ 1
logy (1 + 1)) dt. 2.12
+F(S)/1 log(1 + +log(1+ At)) Eig x (logy (1 + 1)) (2.12)

The second integral converges absolutely for any s € C and hence, the second term
on the right hand side vanishes at non-positive integers. That is,

1 o0 51 1
lim / Eig,x (logy (1 +1))dt| < M =0.
‘r 1) oal (logx(1 +1)) dt| < =y

s——m |T(s 1+ $log(1+ At))
(2.13)
On the other hand, for $(s) > 0, the first integral in (2.13) can be written as
k)
1 ol

I‘(s); s+

which defines an entire function of s. Thus, we may include that 7, (s) can be con-
tinued to an entire function of s.

Further, from (2.12) and (2.13), we obtain

1 1 ts—l
—m) = i Ei 1 141))dt
Mea(=m) = lim F(s)/o Tog(1 & Tiog(1 1 o)) o (oga (L 1)
0o (k) 41 o (k)
1 ! It 1 N1
= 1l ! Sdt = i 2~
S0 (s )/0 ; I o0 T(s )Z;qu
40 0+ lim 1 Cn) 2.14
=00 S s ! (2.14)
(F(l—s)rsinﬂ's) C(k) C(k)
= lim mA :F(1+m)cos(7rm)i’)‘
s=—m s+m m! m!
= (=1)"Ch

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.4. Let k > 1 and m € N{J{0}, s € C, we have

m vk
Tea(=m) = (~1)" O
Replacing ¢ by tex(t) — 1 in (2.1) and using (1.1), we get

) ( m(ea() =)™ Eika(x) .
Z Coa @A™ m! ~ log(1 —I—At) (141"

> "\ (1 AT () at™
- ch(”‘f>m> (t IR )

e tn & A—m—1(1 _— tm
- (Zeen) (5 )

e n n —m—1 — n
L.H.S = (Z (m>0n_m(x)W> % (2.15)
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On the other hand,

> (e —1 . Wt
S @ O DT 57 o @pn 3 symmnt s
m=0 m=0 n=m :
o0 n t”
= Z Z )\nfmc”’(:?/\(x)SQ(n, m)) o (216)
n=0 \m=0 ’

Theorem 2.5. Let k > 1 and m € N{J{0}, s € C, we have

> (Z)Cn-m(mw

From (2.1), we note that

= tr 1
Eig » (log, (1 + 1)) = ( Cfﬁm) (log(l—l- )\log(l—i-)\t)))

n=0

(i Cfif;) (log(l + ilog(l + )\t)))
n=0 ’
(f: D™ )t og(1 + At))l>

l

- <i Cﬁfif;) <(l D=1 isl(m,mmt”v
. m—1 m!
- <i Cff;z> (i (i(l— 1)!(—1)“Amlsl(m,z)> f:;)

m=1 \l=1
tn

On the other hand,

(2.17)

i (1)m (logy (1 +1))™

Eig a(logy(1+1)) = (m — 1)lmk

2 (1) ma(logy (1 4 )™ m!
=2 (>7\n —g;)!m’f ml

~—

a.

s n (1 m)\Sl,,\(n,m) t"
L.H.S = (Z o (2.18)

Therefore, by (2.17) and (2.18), we obtain the following theorem.
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Theorem 2.6. Let k£ > 1 and m € N J{0}, s € C, we have

i (1)m,)\51,)\(n7 m)

mk—1

— i (”)cﬁfjm(z — D=1 ALS, (m, ).
=1

1
For k =1 in Theorem 2.6., we get the following corollary

Corollary 2.3. For m € N|J{0}, s € C, we have

n

Z JmAS1A(n,m)
m=1

= zn: i( ) ma (L= D=1 TN LS, (m, 1),
S

Corollary 2.4. For NJ{0}, s € C, we have

1, ifn=0,

m
Cor= 323 () O8matt = (- 1>Hwts1<m,z>—{0 N
, 1n .

m=1 =1

Now, we observe that

Eig s (logy (1 +1)) ( At > <Eik’A(logA(1+t))> ( 5 log(1 + At) >
log(1 + 1 log(1 + At)) log(1 + At) t log(1 + +log(1+ At))

> "\ (1 ( (logy (1 +t))™ s
_ 'B n)i 1 m/\ g,\ « U
=0
+1
+1

m=1

”)tn> <§: (Dm-+1.2(logy (1 +£)™*! (m

m!(m + 1)k (

Dmi1ar t" Lt
W Z Sl,A(T,m+1)!> (lOCl’A“>

=0 r=m+1
= (D aSia(r+1,m+ 1) ¢ <t
AR, " ot
(1;071;) (r+1)(m+ 1)1 7! ; LAY
l

N\ <= (D1 aSia(r+1,m+1) t!
< ) 2 (;1+ 1;(m+1>’“ ! Cl“) [

Il
N
NE
>
Sy
S
3|5
N———
VN
SMS
S VS

m=0
tn

n!’

(l) " (1)m+1,)\5’1,>\(r+1,m+1)c )\n lB(n m)
l—r A

2T g D) (m ot DF
(2.19)

From (2.1), we note that

Eij x(log (1 + t — (k) 1"
log(1 + 5 log(1 4 At)) =

Therefore, by (2.19) and (2.20), we obtain the following theorem.
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Theorem 2.7. Let k > 1 and m € N J{0}, s € C, we have

n l T
! (g1 Sia(r+1,m+1) 1 p(n—1)
C(k) _ n , , ) Cr \lB )
n,A lz:; l ; r mEZ:O (7“ + 1)(m+ 1)k—1 l—r,A n—I
From (2.1), we note that

> " Eigx(log, (1 +1t)) 1
cH )= = : 1+ < log(1 + At
Z na )n! log(1 + 1 log(1 + At)) X og(1+At)

n=0
_ Eika(logy(1+1)) | Eiga(logy(1+1t))5 log(1 + At)
log(1 + +log(1+ At)) log(1 + § log(1+ At))
e " Bia(logy(1+1))  xlog(l+ )
Al t log(1 + 3 log(1 + At))

n=0
= t"  Eiga(logy(1+t Llog(1 + At)
D

n! t log(1 + 5 log(1 4 At))

1 = (1)ma(logy (1
- (tz W (/7\72 . 17;: > (ZCZAU)
(= Wmpialog, 1+ 5)" (m+ D! [ .
- (35 Umenaon oo 008 (577,

(1)m+1,)\51’)\(7‘+ 1,m+ 1)E > N ﬁ
(r+1)(m+1)k1 d z:Cl’>‘l!

=0
r

= 0
> " /n Dmsi Sip(r+1,m+1) . tm
et = (Z (r) Z} = (J;‘Jil)(;(wrl)’“l )C"‘“> a2

IC BRI L

k k
> C(+)1,\2() C(-|21,\2] "

Z n+1 nl’

Therefor, by (2.21) and (2.2 )7 we obtain the following theorem.

(2.22)

Theorem 2.8. For n > 0, we have

k k n r
Ciﬁl A1) — C£+)1,,\ _ Z n Z (Dm+12512(r +1,m + 1)
n+1 (r+1)(m+ 1)kt nomAl

r=0 m=0

3. Type 2 degenerate unipoly-Cauchy polynomials of the second kind

Let p be any arithmetic function which is a real or complex valued function defined
on the set of positive integers N. Kim-Kim [11] defined the unipoly function attached
to polynomials p(z) by

up(zlp) = Z pn—z)x", (keZ). (3.1)
Moreover, "~
un(@ll) = Y7 =5 = Lix(a), (see [5)), (3.2)
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is the ordinary polylogaritm function.

In this paper, we define the degenerate unipoly function attached to polynomials p(z)

as follows: ‘
(Dt
= o 3.3
ug, A (@(p) ;p(Z) 2 (3.3)
It is worthy to note that
1 .
uk,,\ <$|F> = E1k7,\($) (3.4)

is the degenerate modified polyexponential function.

By using (3.3), we define the type 2 degenerate unipoly-Cauchy polynomials of the
second kind as follows:

uk(logy (1 + 1) p) < > ¥ ()
’ log(1 + Xt) ) 35
log(1 + + log(1 + At)) A os( Z (& (3.5)

In the case when = = 0, Cflkg\ P = an))\ »

(0) are called the type degenerate unipoly-
Cauchy numbers of the second kind. Let us take p(n) = % Then we have

tn logy(1+t)|& 1
Z C . _ uk,)\( Ogl)\( + )|Fp) 1 4= 10g(1 + )\t)
vr n' log(1 +  log(1 + At)) A

DY

1 > (log(1+t))m< 1 >
= 1+ —log(l+ A\t
log(1 + Llog(1 + At)) mz::l im0 LTy sl AY
Eiix (logy (1 + 1)) ( 1 >*
= 14 ~ log(1 + A
loa(1 + Tlog(1 1+ ) ' T x 80T
o0 tn
=> @) (3.6)
=0

Thus, by (3.6), we have the following theorem.

Theorem 3.1. Let n > 0 and k € Z, and I'n be a Gamma function. Then, we have

) @) = R @),

From (3.5), we get

APl log(1+ Llog(1 + At))

iC(k) " upa(logy(1+1t)p)

n=0

_ 1 > p(m)(1)mx .
 log(1+ 1 log(1 + At)) mZ:: oy (logy (1 +1))

1 o~ P(m+ 1) (Dmyip(m +1)!
1og<1+§1og<1+xt>>n;) (m + 1)F l% i )

o0

t p(m +1)(1) i1 (m + 1)! t!
= ch,)\ﬁ (ZZ (m £ 1)F SU\(m+1l)l

§=0 m=0 1=0

= (S K 0\ pm o+ D) (Dmgrn(m+ DIS A (m A+ 1,1+ 1)Cryy | 7
:Z(ZZ (l)p( +Hd) +1,A((mi-1))k(lli(l)+ +1) z,\> Y
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Therefore, by comparing the coefficients on both sides of (3.8), we obtain the following
theorem.

Theorem 3.2. Let n € N and k£ € Z. Then we have

o®) p(m + 1)(D)mgrx(m+ IS x(m+ 1,1+ 1)Ch_y 5
Croap = ;%( > L CEESY . (39)

In particular,

0o l
* Siam+1,1+1)Ch_yx2 1
e D D) Bl () e e e )

=0 m=0

From (3.5), we observe that

P t"  uga(logy(1+1)[p) <1 1 e /\t>
Z n!  log(1+ 1 log(1 + At)) X og(1+At)

__walogy (L4 0D) <~ (%) (L, m
~ log(1+ 1 log(1 + At)) g (%) (Al g(1 +)\t))

x
A

0o tl 00 .
0o . .
:<l§% l)\,]?l') (;Jmi:o mA)\ Slsm8>
n n-—l n
LHS= Z(chz(ip AT ( n—lm)i (3.11)
=0 m=0

From (3.11) , we obtain the following theorem.

Theorem 3.3. Let n > 0 and k£ € Z. Then we have

n—l

=33 R @) a2 S1 (0 — 1,m). (3.12)
=0 m=0
From (3.5), we observe that

i o) 1" uea(logy(1+1)[p)
,0,D )| 1
nl log(1+ 5 log(1+ At))

n=0
1 — p(m + 1)( )m+1 am! 1
log, (1 +¢))™t
log(l + 5 log(1 4+ At)) = (m+1)km (log\( )
log, (1 +t) = +1)(1)m !
o5 Z pm LA (og, (14 )™

_log(1+1log 1+ \t)) m+1

=0

logy (1 +1t) pm 4 1D)(1) a1 am!
= Syl
t log(l—i—llogl—l—)\t)z m+1 Z 1a(lm)

B 9] 45 00 ta o n pm+1 m+1 )\m| tl
- (;DS’*5!> <(§)Ca’/\a!> (2 (m + 1)k Sialm)g

=0 m=0
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> b tb e m+ 1)(1) a1 m! th
_<Zz(a>Db“’AC‘“b!> (Z . +(m)(+) )+ Sl )l!)

n n—lI .
LHS= Z <ZZ Z ( ) n— la,)\Ca,)\p(m—’_(l)(_:){;+1 Am Sl )\( )) %

=0 a=0m=0
(3.13)
By comparing coefficients on both sides of (3.13), we obtain the following theorem.

Theorem 3.4. Let n > 0 and k£ € Z. Then we have

n n—Il 1
n p(m + m m)!
Cr(f;\,p = Z Z Z <Z)Dnla,>\ca,>\ ( )< ) +1A S ,\( ) (3.14)

(m+ 1)k

4. Conclusions

In 2020 Kim-Kim considered the type degenerate poly-Bernoulli polynomials by mak-
ing use of the modified polylogarithm functions and Kim [14] introduced the degen-
erate Cauchy numbers of the second kind. By using these functions and polynomials,
we defined the type 2 degenerate poly-Cauchy polynomials of the second kind and
obtained some identities of the degenerate poly-Cauchy numbers of the second kind in
Theorems 2.1 and 2.2. In particular, we obtained an identity of the degenerate poly-
Cauchy polynomials of the second kind in Theorem 2.3. Furthermore, by using the
unipoly functions, we defined the degenerate unipoly-Cauchy polynomials of the sec-
ond kind(Eq. (3.5)) and obtained some properties of the degenerate unipoly-Cauchy
numbers of the second kind(Theorems 3.1, and 3.3). Finally, we obtained an identity
of the degenerate unipoly-Cauchy polynomials of the second kind in Theorem 3.3 and
gave the identity indicating the relationship of the degenerate unipoly-Cauchy num-
bers of the second kind and the Daehee numbers and degenerate Cauchy numbers of
the second kind in Theorem 3.4.
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