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Abstract6

We present a model of infection dynamics that might explain slower7

approaching the herd immunity during the covid-19 epidemy in Swe-8

den than it was predicted by a variety of other models; see graphs Fig.9

2. The new model takes into account the hierarchic structure of social10

clusters in the human society. We apply the well developed theory11

of random walk on the energy landscapes represented mathematically12

with ultrametric spaces. This theory was created for applications to13

spin glasses and protein dynamics. To move from one social cluster14

(valley) to another, the virus should cross a social barrier between15

them. The magnitude of a barrier depends on the number of social16

hierarchy’s levels composing this barrier. As the most appropriate17

for the recent situation in Sweden, we consider linearly increasing18

(with respect to hierarchy’s levels) barriers. This structure of barriers19

matches with a rather soft regulations imposed in Sweden in March20

2020. In this model, the infection spreads rather easily inside a so-21

cial cluster (say working collective), but jumps to other clusters are22

constrained by social barriers. This model’s feature matches with the23

real situation during the covid-19 epidemy, with its cluster spread-24

ing structure. Clusters need not be determined solely geographically,25

they are based on a number of hierarchically ordered social coordi-26

nates. The model differs crucially from the standard models of spread27

of disease, such as the SIR-model. Our model describes such a spe-28

cialty of spread of covid-19 virus as the presence of “super-infectors”29

who by performing a kind of random walk on a hierarchic landscape30
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of social clusters spreads infection. In future, this model will be com-31

pleted by adding the SIR-type counterpart. But, the latter is not a32

specialty of covid-19 spreading.33

keywords: covid-19, epidemy, infection spreading, herd34

immunity, hierarchy of social clusters, energy landscapes,35

random walk, trees, ultarmetric spaces, social barriers, linear36

growing barriers37

1 Introduction38

The dynamics of propagation of the covid-19 pandemy has many un-39

usual features that were not reflected by classical modeling of epidemic40

dynamics (see, e.g., [1]-[4]). In spite the tremendous efforts [5]-[11],41

we still do not have a mathematical model describing adequately this42

dynamics. In this complex situation, one can consider models reflect-43

ing some specialties of propagation of covid-19 infection throughout44

the human society. This paper is a step in this direction. We want45

to explain essentially slower than expected approaching the herd im-46

munity1 in Swedish population (see, e.g., [12]-[14] for reports from47

Public Health Institute of Sweden, [7]-[9] for attempts of mathemati-48

cal modeling and [32]-[36] for reports from massmedia).2 Our model49

is purely theoretical. It is based on the advanced mathematics, theory50

of random walks on hierarchic structures. We use the results of the51

well known paper [19] on random walk on p-adic trees, the simplest52

hierarchic structures endowed with ultrametric.53

The main output that can be interesting say for epidemiologists54

are the graphs presented in section 4 showing t−a dynamics of prob-55

ability to be infected in clustered society. The model differs crucially56

from the standard models of spread of disease, such as the SIR-model57

[4]. Our model describes such a specialty of spread of covid-19 virus as58

the presence of “super-infectors” who by performing a kind of random59

walk on a hierarchic landscape of social clusters spreads infection. In60

future, this model will be completed by adding the SIR-type coun-61

terpart. But, the latter is not a specialty of covid-19 spreading. We62

hope that this paper may attract attention of experts in epidemiology63

1In particular, the mathematical model of covid-19 epidemy dynamics of Tom Britton
that was used by Swedish State Health Authority predicted that the herd immunity will
be approached already in May.

2As is well known and widely debated in mass-media, the Swedish government chosen
its own way to handle covid-19 epidemy, namely, without any kind of lock-down. The
main aim of such a policy is approaching the herd immunity, see appendixes 1,2 for some
details.
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and sociology (the model explores the structure of social connections64

in the society) who may stimulate its further development.65

Our basic assumption (that, in fact, led to consideration of the ul-66

trametric mathematical model) is that infection’s distribution in the67

society has the structure of disjoint social clusters. Such a cluster can68

be a collective of some enterprise or a state department, say clerks69

of community office of some town or the personal of some hospital.70

Inside such a cluster people still have relatively high degree of social71

connections (see appendix 2). However, even the mild isolation pol-72

icy of Swedish authorities erected sufficiently high barriers between73

clusters, because people terminated many sorts of social contacts. In74

particular, the government did not recommend travels inside the coun-75

try or abroad. (They were not strictly forbidden, but the majority of76

citizens followed these recommendations.) Another characteristic fea-77

ture of the model is that connections between social clusters that can78

be used by the virus to spread have the hierarchic structure. For ex-79

ample, the community office has higher level in the social hierarchy80

than the working place. Any worker can have some things to do with81

community even during the period of epidemy.82

Thus the basic assumption of our model is the following one:83

Assumption: Infection distribution in population has the hierar-84

chic social cluster structure.85

Starting with this assumption, we design a mathematical model86

implying87

Consequence 1. Slower than predicted approaching of the herd88

immunity.89

Consequence 2. Slow decay of epidemy.90

The problem of approaching the herd immunity is especially impor-91

tant in the light of Swedish experience and its consequences for states’92

policies in preparation to the second wave of covid-19 or other similar93

viruses. The herd immunity is mathematically formalized through the94

average probability for a person to become infected at time t, PI(t).95

To model cluster dynamics, we use random walk on ultrametric96

spaces [19]. It was widely used in studied in physics and microbiology,97

see [19], [20]-[25] and references herein. Geometrically ultrametric98

spaces have the treelike structure. The simplest trees are homogeneous99

trees with the fixed number of branches p leaving each vertex, p-adic100

trees.101

Random walks on trees describe dynamics on energy landscapes.102

There are given energy barriers ∆m separating valleys, movement from103
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one valley to another valley is constrained by necessity to jump over104

a barrier between them.105

In our model of the covid-19 epidemy, originally the virus (or its106

carrier) is perform a random walk in socially clustered society, it107

spreads relatively easily inside a clustee, but to approach other so-108

cial clusters it should “jump over social barriers”’. Dynamics depends109

heavily on two parameters: on the magnitudes of the social barriers110

(the type of their growth between different levels of hierarchy) and on111

the social analog of temperature. The magnitude of a social barrier112

depends only on the number of hierarchy levels composing it, not on113

a social cluster. This is the very important constraint on the pop-114

ulation, it should be sufficiently homogeneous socially. (In spite of115

the recent waves of immigration, Swedish society is still socially very116

homogeneous.)117

The configuration space of dynamics is the tree of social connec-118

tions between people. In epidemy modeling, it is natural to assume119

the presence of the hierarchic structure in social clustering of people,120

by ranging basic social parameters coupled to infection. This rep-121

resentation of individuals, as vectors of hierarchically ordered social122

coordinates have been already used by the author and his collabora-123

tors in a series of studies in cognition and psychology [26]-[31].124

Just before submission of this preprint, I discovered the recent pa-125

per of Britton et al. [15]. One of its authors, Britton, initiated inten-126

sive mathematical modeling of spreading of covid-19 in Sweden and,127

in particular, he is famous in Sweden for his prognoses of approach-128

ing herd immunity in Swedish population [7]-[9]. These prognoses did129

not match with the real data. In the new modeling [15], Britton et al.130

started to take into account heterogeneity of population (cf. [16]-[18]).131

This is a step towards coupling with our model. Before to discuss sim-132

ilarities and differences of two models in more detail, I should study133

article [15] more carefully.134

2 Social trees135

We represent the human society as a system of hierarchically coupled136

disjoint clusters. There are many ways of creation of such representa-137

tions. We present one of these possibilities that was used in my works138

of ultrametric modeling in cognition and sociology (see, e.g., [26]-[30]).139

The treelike representation of social types is based on selection of hier-140

archically ordered social factors enumerated as m = 0, 1, 2, 3, ...; factor141

m = 0 is the most important, m = 1 is less important and so on. A142
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social type is represented by a vector143

x = (x0, x1, ..., xn−1), (1)

where its coordinates xm take (typically) discrete values quantifying144

the m-th factor. In the simplest case, xm takes two values, “yes”/“no”,145

or 1/0. We call numbers (xm) social coordinates. The vector represen-146

tation of social types and individuals is widely used in sociology and147

psychology. The main distinguishing feature of our model is endowing148

the space of vectors with the special metric reflecting the hierarchic149

structure corresponding the order of social factors (see, e.g., [26]-[30]150

on application to cognition and psychology). The space of all vectors151

of the form (4) is called the hierarchic social space.152

Since in the covid-19 situation the state plays the crucial role as153

the policy determining organ, it is natural to select m = 0 as the154

state that population is under consideration. However, since the ma-155

jority of states selected the lock down policy that was not oriented156

towards approaching the herd immunity, we restrict consideration to157

the Swedish population and use m = 0 for the next basic social factor,158

namely, for individual’s age, then say m = 1 for the presence of one159

chronic diseases, m = 2 for gender, m = 3 for race, m = 4 for the160

town of location, m = 6 for profession, m = 7 for the level of social161

activity, m = 5 the district in the town, m = 8 for the number of chil-162

dren, and so on. We understand that such ranking of the basic social163

factors related to the covid-19 epidemy may be naive and incomplete.164

The contribution of sociologists, psychologists, and epidemiologists165

can improve the present model essentially.166

For mathematical simplicity, we consider p-adic coordinates, xm =167

0, 1, ..., p − 1, where p > 1 is a prime number. The space of all such168

vectors denote by the symbol Zp;n (p is fixed). For analytical compu-169

tations, it is convenient to represent elements of this space by natural170

numbers171

x = x0 + x1p+ x1p
2 + xn−1p

n−1, xm ∈ {0, 1, ..., p− 1}. (2)

Thus the points of the hierarchic social space can be represented by172

natural numbers, Zp;n = {0, ..., pn−1}. The number of its points grows173

exponentially with the number of social coordinates n.174

We now turn to the definition of a metric on Zp;n. Consider two175

social vectors x = (x1, ..., xn−1) and y = (y1, ..., yn−1). Let their firts176

k coordinates are equal, x0 = y0, ..., xk−1 = yk−1, but the kth co-177

ordinates are different, xk 6= yk. Then the hierarchic social distance178

between these social types, d(x, y) = n−k. The first social coordinates179

are the most important: longer the common initial segment of vectors180
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corresponds to closer social type, increase of k implies decrease of dis-181

tance between two social types. For example, let k = n − 1, i.e., two182

points differ only in the last coordinate, then d(x, y) = 1. This is the183

minimal possible distance in Zp;n. (The coordinate xn has the minimal184

degree of importance.) If the vectors differ already by the first coor-185

dinate, i.e., x0 6= y0, then d(x, y) = n. This is the maximal possible186

distance between points in space Zp;n. Distance d is ultrametric, it187

satisfies the strong triangle inequality:188

d(x, y) ≤ max{d(x, z), d(y, z)}, (3)

for any triple of points x, y, z ∈ Zp;n. Here in each triangle, the third189

side is less or equal not only to the sum of two other sides (as usual),190

but even to their maximum.191

As usual in a metric space we can introduce balls, BN (a) = {x ∈192

Zp;n : d(a, x) ≤ N}, where N = 1, ..., n, and a = (a0, .., , an−1) is some193

point in Zp;n, ball’s center. In an ultrametric space, any two balls are194

either disjoint or one is contained in another and any point of a ball195

can be selected as its center.196

For our modeling, it is important that the space Zp;n can be split
into disjoint social clusters. (As we shall see soon, these clusters are,
in fact, balls.) Each cluster is determined by fixing a few first (the
most important) social coordinates,

Zp;n = ∪p−1
j=0Cj ,

where Cj = {x : x0 = j}. This cluster representation corresponds to
the first level of social hierarchy, we distinguish points by their most
important coordinate. Each of clusters Cj can be represented similarly
as

Cj = ∪p−1
j=0Cji,

where Cji = {x : x0 = j, x1 = i} are clusters of the deeper hierarchic197

level and so on, up to the single-point clusters corresponding to fixing198

all social coordinates.199

Clusters are, in fact, ultrametric balls:

Ci0...ik−1 = {x : x0 = i0, ..., xk−1 = ik−1} = Bn−k(a),

where a is any point of the form a0 = i0, ..., ak−1 = ik−1 and arbitrary200

coordinates aj , j = k, ..., n− 1.201

Geometrically space Zp;n is represented as a homogeneous tree with202

p branches leaving each vertex. Cluster is a bunch of branches having203

the common root. By extending this root we split the cluster into204

subclusters.205
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Now we consider the procedure of extension of a social tree by206

adding new social coordinates, so from tree Zp;n to tree Zp;N , where207

N > n. As the result of such an extension, each point of social space208

Zp;n becomes a social cluster in social space Zp;N . In principle, it is209

impossible to determine a social type by fixing any finite number of210

social coordinates. Hence, We have to consider infinite sequences of211

coordinates:212

x = (x0, x1, ..., xn−1, ...), xj = 0, 1, ..., p− 1. (4)

Denote the space of such sequences by the symbol Zp. This is the213

complete hierarchic social space. Points of finite trees represent social214

clusters.215

3 Dynamics216

Consider a tree with n levels of social hierarchy, Zp;n. Suppose that217

initially infected people are concentrated just in one social cluster rep-218

resented by a single point of x ∈ Zp;n. Consider the initial probability219

for a person in this cluster to become infected, P (y, 0) = δ(y − x).220

The virus plays the role of a system moving through barriers in221

models of dynamics on energy landscapes (see [19], [20]-[25] and ref-222

erences herein). In our case, these are social barriers between social223

clusters of population. The virus performs a complex random walk224

motion inside each social cluster moving in its sub-clusters, goes out225

of it and spreads through the whole population, sometimes the virus226

comes back to the original cluster from other social clusters that have227

been infected from this initial source of infection, and so on. During228

this motion the virus should cross numerous social barriers.229

Instead of virus walking through the social tree, we can consider230

a person. A person of the social type x = (x1, ..., xn) can interect231

with persons of the social type, y = (x1, ..., xk − 1, yk, ..., yn), where232

xk 6= yk by crossing the social barrier for n−k levels of hierarchy. The233

temporal sequence of social contacts of some persons can have a very234

complicated trajectory, visiting numerous clusters (but the probability235

of approaching a cluster depends crucially on social barriers).236

We are interested in the relaxation process that is understood as237

the evolution of the probability to become infected for a person from238

the social cluster x, i.e., in the time dependence of the quantity P (x, t).239

We do not want to go into details, since the problem of relaxation240

was well studied in physics and microbiology, see [19], [20]-[25] and241

references herein. The relaxation regime depends crucially on the242

barriers’ magnitude, how rapidly they grow up on the way from one243

cluster to another.244
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4 Random walk on on infinite trees:245

temporal behavior of probability246

As in the previous section, we a random walk on a finite tree. Here247

we follow the paper of Ogielski [19]. Let us consider a finite tree with248

n levels. Thus there are 2n points at the last level. They enumerate249

the total population: i = 0, ..., 2n − 1.250

Let virus encounters a barrier of size ∆m, in hopping a distance m251

( for crossing m levels of hierarchy), where ∆1 < ∆2 < ... < ∆m < ....252

It is supposed that barriers ∆m are the same for all social clusters,253

i.e., they depend only on distance, but not on clusters.254

The probability to jump over the barrier ∆m has the form (up to255

the normalization constant):256

P(m) = e−
∆m
T , (5)

where T is model’s parameter; in physics it has the meaning of tem-257

perature of the environment; we also interpret it similarly, as a kind258

of social temperature, cf. [?]. Probability P(m) increases (for cross-259

ing the fixed number of hierarchy’s levels) with increasing of social260

temperature T. For high social temperatures, jumps are easier.261

The simplest one is that with a uniform barrier ∆, at every branch262

point; that is, a jump of distance 1 involves surmounting a barrier ∆,263

of distance 2, a barrier 2∆, and so on. Hence, barriers linearly grow264

with distance m,265

∆m = m∆,m = 1, 2, .... (6)

It seems that this type of behavior is the most natural from the266

viewpoint of social connections during the covid-19 epidemy in Swe-267

den. Barriers are sufficiently high, but they still are not walls as during268

the rigid quarantine (as say in Italy, France, or Russia). The probabil-269

ity to jump over the barrier ∆m has the form (up to the normalization270

constant):271

P(m) = e−
m∆
T . (7)

The probability depends on the height ∆ of the minimal social barrier,272

but, for large m, its contribution to is not so important.273

By using random walk on the tree with n levels of hierarchy and274

approaching n→∞ one can derive the following asymptotic behavior275

of the relaxation probability:276

P (x, t) = t−T ln p/∆, t→∞. (8)

Set κ = T ln p/∆. If κ << 1, e.g., the social temperature is low, p is277

small say p = 2 and the primary social barrier ∆ is large, then the278
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average probability for a person in the original social cluster C0 to279

become infected decreases rather slowly, see Fig. 1.280

1

t

t
-0.1

t
-0.01

2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

Figure 1: Asymptotic behavior of probability P(x,t) to become infected. (For
fixed social temperature T, the upper graphs correspond to one-step barrier
growth 10 and 100 times, respectively.

Hence immunity against covid-19 increases also slowly, see Fig. 2,281

as function282

1− PI(x, t) ∼ 1− t−T ln p/∆, t→∞. (9)

5 Concluding remarks283

The presented ultarmetric model with random walk dynamics on en-284

ergy landscapes describes well the social cluster structure of spread-285

ing of covid-19. The model was designed to explain mathematically286

the slow approaching the herd immunity in Swedish population dur-287

ing March-June 2020, essentially slower than it was predicted by all288

mathematical models.3 The model elevates the role of the social di-289

mension of infection spreading comparing with its purely bio-medical290

dimension. The bio-medical restrictions in Sweden were very soft; in291

particular, no face-masks, 1,5 meter social distance, public transporta-292

tion worked more or less as usual (see appendix 2 for details). The293

3See appendix 1; finally, the state epidemiologist Anders Tegnell pointed that it seems
meaningless to appeal to mathematical models at all, since they do not reflect even ap-
proximately the real situation.
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1
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Figure 2: Asymptotic behavior of probability to become immune; increas-
ing of the herd immunity (for fixed social temperature T, the upper graphs
correspond to one-step barrier growth 10 and 100 times, respectively.

most typical infecting took place in working collectives in that social294

contacts were not occasional, as say in metro, or in a bus, or even in295

a restaurant during lunch, but close and permanent, on the everyday296

basis.297

We applied to the new area of research, to epidemiology, mathe-298

matical theory developed for applications in statistical physics (spin299

glasses) and microbiology (protein folding): ultrametric random walk300

describing dynamics on complex energy landscapes with the hierarchic301

structure of barriers between valleys. The presence of social barriers302

growing with hierarchy’s levels makes the evolution of epidemy es-303

sentially slower than in models which do not take into account the304

cluster-character of infection spreading. In particular, our model is305

purely diffusional, cf. with starndard SIC-model []. We motivate con-306

sideration of linearly growing social barriers in Sweden with its soft307

epidemiological restrictions.308

Although the model is very simplified it reflects some features of309

the covid-19 epidemy in Sweden. We hope that it will stimulate further310

development of ultrametric epidemiological models taking into account311

the hierarchic social clustering of population.312
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Appendix 1: Growth of the herd immu-313

nity in Sweden314

Our model can be interesting only for Sweden, where the “experiment”315

for approaching the herd immunity was performed in its clean form,316

without overshadowing by quarantine. The main concern of Swedish317

authorities, including Anders Tegnell, is that the dynamics of getting318

antibodies for covid-19 in Swedish population is essentially slower than319

it was expected. Since the end of April 2020, Anders Tegnell, the chief320

state epidemiologist of Sweden, started to announce (see, e.g., [32])321

that very soon we, Swedish citizens, will become immune against the322

virus. This announcement was repeated a few times during May-June323

2020, but it still not clear whether it happened or not (see, e.g., [34]-324

[36]). Moreover, Stockholm university made recently (June 24 []) the325

update that, in fact, already the level 60% can be considered as the326

herd immunity state. So, it seems that there is no hope to approach327

70% level of immunity.328

On June 24, 2020, it was announced [] that: “A total of 7.3 percent329

of the blood samples collected from people in Stockholm were posi-330

tive, 4.2 percent in Skane and 3.7 percent in Västra Götaland. The331

numbers reflect the situation in early April, as it takes time for the332

antibodies to develop. The authority’s modeling has previously shown333

that 26 percent of the population in Stockholm would have been in-334

fected on May 1. Tom Britton, professor of mathematical statistics335

at Stockholm University, comments on these and says that the figures336

are “clearly lower”, than he thought. “Firstly, I am thinking about337

the modeling, if there is any mistake that I and the Public Health Au-338

thority have made. Then you also wonder if some have been infected339

but do not have detectable antibodies, for example people who are340

mildly infected.”341

The level of the herd immunity depends on the age group. On342

June 2, 2020, it was pointed out that for the youngsters up to 19343

years old around 8% Andelen med antikroppar mot covid-19 bland344

yngre upp till 19 år var närmare åtta procent, för åldersgruppen 20-345

64 l̊ag motsvarande siffra p̊a 6-7 procent. För personer över 65 år l̊ag346

siffran p̊a cirka tre procent. Det kan finnas flera skäl till att det är347

lägre niv̊aer för vuxna och äldre, enligt Karin Tegmark Wisell.348
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Appendix 2: Situation in Sweden and349

approaching the herd immunity350

Comparing with the majority of other countries the Swedish prevent-351

ing measures look as very smooth:352

• The number of participants of any meeting (social, business, sci-353

ence, sport, children activity) should not exceed 50 persons.354

• It was not recommended (but not forbidden) to make travels355

inside Sweden and abroad without special need (private or on356

business).357

• For old people, it was suggested to escape social contacts, but358

the decision was up to each individual.359

• In restaurants, night clubs, and disco, people should keep a “so-360

cial distance”.361

It is clear that such minor measures cannot stop spreading of covid-19.362

The aim was just to make spreading slower and in this way to much363

the capacity of hospitals and the speed of virus’ spreading. This anti-364

epidemic policy has its own advantages and disadvantages and we do365

not plan to discuss them in this paper that is aimed to model math-366

ematically approaching of the herd immunity in Sweden. Generally367

the herd immunity is the well established topic of the epidemiolog-368

ical research, so, in principle, there is nothing specially Swedish in369

its modeling. The specialty of the present pandemy is that only the370

Swedish state epidemiologist Anders Tegnell selected teh strategy of371

approaching of a high level of immunity to covid-19 in Swedish popula-372

tion. Theoretically a population becomes secure against some decease373

when around 70% of it becomes immune against this decease.374

Although in numerous interviews Tegnell always rejects that the375

aim of his policy is to infect as many people as possible, it seems that376

in reality the aim was precisely this one. One of the signs of such377

aiming was soft control of how population is even aforementioned378

minor restrictions. As one may be have seen from reportage from379

Sweden, streets, even in Stockholm (it was epidemy’s epicenter in380

Sweden), were crowded by walking people who even did not keep the381

recommended social distance 1.5 m, the same could be seen in restau-382

rants. There were some stories that in Stockholm some restaurants383

were closed, because their owners did follow the recommendations,384

but in my own town Växjö (around 100 000 people) people seat very385

dense, especially during business or family events; moreover, I (by386

taken launches) have seen really very old people who were eating and387

drinking wine (well, may be the last glass wine?). Another signal that388
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Sweden was aiming to approach the herd immunity was the perma-389

nent pointing by Tegnall to the second wave of covid-19 and that the390

herd immunity would help us to pass this new disaster easier than391

population of countries selected the policy of lockdown.392
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