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Cosmology with variable G and nonlinear electrodynamics
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In a bid to resolve lingering problems in cosmology, more focus is being tilted towards cosmologi-
cal models in which physical constants of nature are not necessarily real constants, but varying with
cosmic time. In this paper we have study cosmology in nonlinear electrodynamics with the New-
ton’s gravitational constant G not a constant but vary in form of power-law of the scale factor of the
universe. The evolution of the scale factor a(t) is studied in this model which depends on nonlinear
electrodynamics fine tuning term of a. Then we check the stability of the model using the speed of

sound.
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I. INTRODUCTION

Remarkable achievements gained in the field of
Cosmology over the last decades can be attributed
to observations from Cosmic Microwave Background
(CMB) radiation and type-la supernovae suggesting
that cosmic expansion is accelerating [1]. Making
used of Maxwell’s electrodynamics as source, with the
Friedmann-Robertson-Walker spacetime, which is the
pivot of the Standard Cosmological Model (SCM) leads
to an initial singularity — breakdown in the geometrical
structure of space and time at a finite time in the past.
This initial singularity around the very early universe
has revealed an unpredictable large value of the energy
density and curvature of spacetime, thus departing from
the domain of the application of the SCM. This setback
has also given rise to other secondary problems in cos-
mology such as the horizon problem (as the universe ap-
proaches its causally correlated region, it appears to be
too homogeneous at large scales), flatness problem and
monopole problem. The secondary problems have been
resolved by using geometric scalar fields. Magnetic uni-
verse models which portray no initial singularity due to
strong electromagnetic field in the modified Nonlinear
Electrodynamics (NED) in the early universe has been
used in the literature to resolve this puzzle [2-18].

By introducing cosmological constant A, or scalar
field with a type of potential function or modifying the
theory of gravity with the aid of some function, f(r) one
can effectively explain the acceleration of the universe
[19]. All these models are not without their setbacks,
for instance; the smallness of the cosmological constant
when compared with the vacuum energy is difficult to
explain. Furthermore, the choice of f(r)function in the
modified gravity is not unique whereas, in scalar-tensor
theory, much potential leads to cosmic inflation and ac-
celeration of the universe. When NED is coupled to a
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gravity field, may give the necessary negative pressure
and enhance cosmic inflation. Here, it is interesting to
explore a new model of NED with variable gravitational
constant and stochastic magnetic field drives inflation of
the universe.

Magnetic fields at different levels in the past have
effects on various cosmological and astrophysical phe-
nomena observed in the universe. Frozen in ionized
baryon are magnetic fields whose strength is of the or-
der of 1.0uG on larger scale compared to that of galac-
tic clusters corresponding to Primordial Magnetic Fields
(PMF). Adequate knowledge of the PMF offers informa-
tion about the early universe between inflationary and
recombination era. Such magnetic fields originate from
cosmic phase transition with bluer spectrum and vec-
tor potential produced at inflation era. Stochastic in-
consistencies of EM field in relativistic electron-positron
plasma produce PMF from thermal instabilities in the
pre-recombination plasma. The plasma sustains the
magnetic fluctuations in the early universe before the
era of Big Bang nucleosynthesis during the radiation
dominated era.

Using the new type of NED containing a stochastic
magnetic background with nonvanishing B? gives cos-
mological models void of initial singularities. Other cos-
mological models without premordial singularity such
as non-minimal coupling, Varying Speed of Light (VSL),
quantum gravity effect, Lagrange with quadratic term,
inflation by scalar fields, NED without modification of
general relativity have been introduced in the literature
to solve the puzzle of cosmology and mystery of infla-
tion [19-40].

Max Born and Leopold Infeld used the idea of Gustav
who in 1909 attempted to construct a pure electromag-
netic theory of charge particles to proposed a new the-
ory in 1934, fully relativistic and gauge invariant nonlin-
ear electrodynamics [41]. Born-Infeld proposed a non-
linear Lagrange with an interesting attribute of trans-
forming to Maxwell’s theory for low electromagnetic
fields. Since there are no new degrees of freedom such
as scalar fields or branes, works of cosmology described
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by NED should have some interesting features of cos-
mic importance. The sources of cosmic inflation can be
trace to nonlinear electromagnetic radiation which is ex-
plained by modified Maxwell’s equations. When cou-
pled with gravitational field, NED may give negative
pressure and also can lead to cosmic inflation [19]. The
evolution of the universe when explored with a new
NED model such that electromagnetic field coupled to
gravitational field prevents cosmic singularity at the big
bang. The electromagnetic and gravitational fields were
very strong during the evolution of the early universe,
thereby leading to quantum correction and giving birth
to NED [23-25]. One can present a model of the uni-
verse filled with Born-Infeld type of nonlinear electro-
magnetic field which is inhomogeneous and anisotropic
without singularity.

In recent times, interest is being geared towards cos-
mological models in which physical constants of nature
are varying with time [42—44]. For instance, in the VSL
theory, most pending problems of standard cosmolog-
ical models are being resolved without considering in-
flation [45-47].The Newtonian gravitational constant G,
occurs in the source term of Einstein’s field equation
of general theory of relativity; which is a fundamental
equation for developing every models of cosmology. In
the Einstein’s field equation, G acts as a coupling con-
stant between geometry of spacetime and matter. In
quantum mechanics, G is essential in the definition of
Planck constant [48]. While in SCM, G is an invariant
quantity, it has been noted that there are significant ev-
idence that gravitational constant G’ can be varying in a
time [49]. Spurred by the discovery huge inconsistency
between distance scales in force field, Dirac had pro-
posed the time dependent cosmological model. In other
to unify gravitation and elementary particle Physics,
Einstein’s theory with time varying G is already in the
literature [46, 50-53, 55-61]. Singh [53] has presented a
cosmological model with G' ~ a?/®, where a is the scale
factor of the universe and « a constant. When either
G or the cosmological constant A is varied, the Einstein
field equation is still preserved. It has been shown that,
variable Newtonian gravitation constant can account for
dark energy and most of its effects, and current dynam-
ical dark energy models using time-dependent cosmo-
logical constant terms are being considered [54].

In this paper, we discussed a model of variable G
while still maintaining the conservation law of energy
momentum tensor with G o< a". We show that variable
G in the field of nonlinear electromagnetic radiation is a
source of inflation in the early universe.

The structure of the paper is thus: In section II, we
briefly introduced the cosmology of a universe filled
with nonlinear magnetic monopole field. In section III,
we obtain the evolution of the universe filled with non-
linear magnetic monopole field and variable gravita-
tional constant. In section IV, we checked the stability
of the model and give our conclusion.
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II. NON-LINEAR MAGNETIC MONOPOLE FIELDS
AND COSMOLOGY

In nonlinear electrodynamics, we defined the La-
grangian density by [10]

fOt
Lnep === ey
F denotes an invariant quantity known as the Maxwell
invariant. Since the matter Lagrange is independent of
the metric’s derivatives, in tensorial language the matter

energy-momentum defination using (1) is given as [12]

T;u/ = _K[L)\Fyk + g/tu»CNEDv (2)
with
ILNED
KM)\:‘ OF Fu)\- (3)

Here, it is assumed that on the cosmic Background, there
exist a dominant stochastic magnetic field whose wave-
lengths are less than its curvature. Hence, the mean elec-
tromagnetic fields then become the source of Einstein
equations [62]. The averaged electromagnetic fields are
given by [2]:

<E> = <B> =0, <EiBj> =0, 4)

1 1
(EiEj) = §E29ijv (BiBj) = gBQQij,

where ( ) denotes averaging brackets used for taking
mean of volume. The wavelength of radiation is con-
sidered to be lower than the volume and the volume
smaller than the curvature.

However, the case of real nonlinear magnetic
monopole is when E? = 0. Therefore, as obtained from
equation (1), the energy density p = —T'9 and the pres-
sure p = T" /3 of the nonlinear monopole magnetic field
is [5]

pNED = —LNED, ©)
2B? OLNED

pNED = LNED — = T oF (6)

where Ly gp is defined in Eq. (1) with F = B?/2.

From the above equations, we obtained the energy
density equation p and pressure p as thus:
— _ 2B
P=PNED = ——f @)
p=pNnED = 35 (B?)* (4a—3).
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III. COSMOLOGY WITH VARIABLE G AND
NONLINEAR ELECTRODYNAMICS

In varying G theories, the action is still

S = /dm4 (\/—79 <16]71:G + ﬁNED)) . 8)

Taking the variation of the action with respect to the
metric and ignoring surface terms leads to

&G
G,u,l/ - gmjA = CTT}LV' (9)
In a cosmological context, the Friedmann Robertson
Walker metric for variable speed of light ¢ and the New-

tonian gravitational constant G can be written as

dr?

2 _ 2 742 2
dS = —C dt + a(t) |:1_}(T2

+ r2dQ} , (10)
where a(t) is the scale factor, ¢ the comoving time and

K = 0,1, —1 represent a flat, closed and open FRW uni-
verse, respectively.

For the case of flat FRW (K = 0) and ¢ = 1, the Ein-
stein’s equations are,

LN 2
a  4rG(t)
=5 (p+3p). (12)

Where H represents the Hubble parameter and dot is
the differentiation with respect to time.

However, the conservation equation that follows from
(11)-(12) is for time variation in G(t) is now [42, 43]:

(13)

) a G
pt+3-(p+p)= P

the above conservation equation can be written in this
forms:

a G
R bl 14
p+3a(p+p)+pG 0, (14)

where the equation of state parameter is w = £ denotes

the equation of state parameter for the dark energy. [52]
gives the speed of light ¢ and the gravitational constant
G in form of the power-low of the scale factor as:

G = Goa™. (15)

where G| is a positive constant. Since we know that G
increases with time, m must be positive.
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From the conservation equation (13) we obtain

=0.

(16)
The solution of the above equation gives an important
relation beteen B(t) and a(t) as.

ol (LB +4

dt a

_OLnpp (d
G

B(t)Qd) _ L:NEDG

B(t) = a(t)"Y/2 <" By, 17)

Conviniently written in terms of the scale factor, the evo-
lution of energy density and pressure is given by:

. 2« 2 —da-m\%
p= ' (Bo a(t) ) ) (18)
- 2 —4 zf'm o .
P="% (Bg a(t)7> 4a—3). (19
Then we have
2-« 9 —d4a-m\¥
ptp="f (BO a(t) =5 ) o, (20)

—4a—m

pt3p=2-1"0 (BOQa(t) 3

) @a-1), @)
and the EoS parameter w is

w= éoz —1.. (22)
3

Eq. (22) shows some interesting cases of the universe.
It follows that at @« = 0, w = —1, is a cosmological con-
stant case, at o = 0.5, w = —1/3 indicates case of dark
energy and at a = 1, w = 1/3 denotes the case of ultra-
relativistic. The matter content of the universe is related
to its acceleration via Einstein by:

a _ A4nG(t)

a 3

(p+ 3p). (23)

On checking the singularity in energy density and pres-
sure at a(t) — 0 and a(t) — oo, we obtained,

lim p(t) = lm p(t) =0, (24)

a(t)—0 a(t)—0

li t)y= i
a(t;r—rzoo P( ) a(t;r—r:oo

p(t) = 0. (25

Using the Einstein’s field equation and energy momen-
tum tensor, the Ricci Scalar R which gives the curvature
of spacetime is calculated

R=87Gpa(t)™(p—3p). (26)

The Ricci tensor squared R,,, R*”and the Kretschmann
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scalar RM,,QBR“”W are also obtained as

Ry R = (87 Go a(t)™)*(p* + 3p%), 27)

Ruvas R P = (87 Gy a(t)™)? <gp2 + 2pp + 3p2> ,
(28)

. BT w1 uvafB _
i B = lm R B = lm Ruap R = 0.
(29)
The nature of the scale factor gives the behaviour of the
curvature scalar. By taking of the above equations as
the universe accelerates at a(t) — 0, we obtained no
singularities in the curvature scalar, Ricci tensor and the

Kretschmann scalar.

IV. THE EVOLUTION OF THE SCALE FACTOR OF THE
UNIVERSE

The first Friedmann equation with variable G(t) for
the flat universe is given by

.\ 2
H? = (a) _ 877G(t)p. (30)

a 3

When a particle moves in one dimension in a potential
V(a), the equation of motion is

a?+V(a)=0 (31)
The potential function

4a-m\*

V(a) = —1/321%7 Gy (a(t))™+? (Bg(a(t)) e

(32)
is negative and possesses a maximum at a = a. = —Cj.
Using the (15) and (5), it becomes
_21—04 —4 a+2B2a -2
mGoa 0> +3a ~0, (33)
3a?
then we find the scale factor a(t) is equal to
_ -1

a(t) & 1/2/Be2*/423/4 27" (G a2(Cy — 1)2) '™ (34)

_ -1 -1
3 1/4 « 7T1/4 a™t

When o = 1, we obtained the universe approaches to
the matter dominated model [64]. In the early universe,
there is a de Sitter phase because of the nonlinear cor-
rections to Maxwell’s theory, which is seen in Fig.1 for
a < 1, especially at @ = 0.3. Thus, the model describes
inflation at the early epoch as shown in Fig. 1. More-
over, for o > 1, the universe enters into its accelerating
expansion phase with matter dominated.

Introducing the quantity ¢ (the deceleration parame-
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FIG. 1: Plot of the scale factor a versus the time ¢ (for
BOZGOZCQZmzl).

ter) [64], we described the expansion of the universe by:

_ /2P T3P (35)
ap

= ap

There is a inflation phase for ¢ < 0 for o < 1 and decel-
eration phase for ¢ > 0 for o > 1 shown in Fig.2.

To estimate the amount of the inflation, we use the
definition of e-foldings

a(tend)

N=1
N atm)

(36)

where t.,,4 is the time inflation ends while ¢;,, is the time
it begins. For N ~ 70 e-folding, the cosmic flatness and
horizon problems can be resolved. Hence, we obtained
the scale factor for beginning time of inflation (for m =
].,Oé = 1,G0 = ]-,B() = ].)

a(tin) = 3.46210731, (37)

Using the second Friedmann equation Eq. (23) which is
known as the acceleration equation for the universe.

a - (1_720‘). (38)

a 402t2
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FIG. 2: Plot of the deceleration parameter ¢ versus the
scale factor a (for By = Gg = Cy = m = 1).

It is clear that acceleration stops at o = 0.5.

V. CONCLUSION

For any cosmological model to survive, it is an estab-
lished fact that the speed of sound do not exit the local

d0i:10.20944/preprints202007.0005.v2

speed of light, ¢; < 1. The second veracity that ensures
stability requires that the square of the speed of sound
is positive, i.e c2 > 0. In case, the model is a classically
stable one [63]. At E = 0, we obtained:

dp dp/dF 7 4
2 Gp _ 4
Cs dp  dp/dF 3 3" (39)

A requirement of the classical stability ¢ > 0is o > I
and the causality ¢; < lisa < % Hence, the best value
of « for both stability conditions are 3 > o > I.

In this work we have studied cosmology with vary-
ing gravitational constant G and Nonlinear Electrody-
namics in a flat FRW universe. Under change of scale
factor, the evolution of magnetic field reduced to B(t) =
a(t)~'/?By as obtained in [12] when m = 0. The evolu-
tion of the scale factor shows that the models gives an
accelerating expanding universe with

a(t) = 1/2/Be2*/423/4 07" (G a2(Cy — 1)2) /1

3-1/4 a*1W1/4 a*t40)

, where By represents the magnetic induction field at
present time ¢, and (3 a free parameter presented in Fig.
1. When o = 1 we obtained that the universe becomes
the matter dominated universe. In the early universe, it
is possible to the de Sitter phase for o < 1 seen in Fig.1,
especially at o = 0.3. Thus, the model describes infla-
tion at the early epoch as shown in Fig. 1. Moreover, for
« > 1, the universe transition to a matter-dominated era
at a later time. Also as observed in the equations (24),
(25), and (29), we obtained no singularity in the energy
density, pressure and curvature terms respectively. Fur-
thermore, we also studied the stability of the this model
and observed that that it depends of the constant o and
it is classically stable for 2 > a > Z. In future study, we
intend to investigate the evolution of the universe with
both varying G and ¢, in nonlinear electrodynamics.
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