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Abstract

The outburst of the CoVid-19 pandemic has raised several questions leading to a complex system in
terms of modeling. Indeed, the modeling of the epidemic, at the level of a country, needs considering
each of the different sources of contamination as well as the public health authorities strategy, in
a specific way. With this in mind, in the present paper, we develop a mathematical model of the
CoVid-19 epidemic in Senegal. In the model, the population is subdivided into five compartments:
susceptible, infected but asymptomatic, symptomatic, quarantined, and recovered immune people.
In addition, due to its important impact in the propagation of the disease, we add one more variable:
the number of infected objects. Therefore, the model corresponds to a system of six non-linear
ordinary differential equations we submit to an analytical study to prove the relevancy of the model,
simulate the evolution of the epidemic, and retrieve epidemiological parameters, namely the infection
rate and the basic reproduction number, R0. Based on the senegalese territory CoVid-19 data, we
simulate various scenarios as for the evolution of the epidemic in the country, in order to predict
the peak and its magnitude with regard to the application of barrier measures. We also explore
the option of collective immunity with special protection for vulnerable people. In doing so, non
available parameters are identified using some mathematical identification technics.
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1. Introduction

Since December 2019, the World has been facing a very rapidly spreading pandemic, the CoVid-
19 due to a virus named SARS-CoV-2. Starting in Wuhan, China, the disease has almost reached
the whole globe in less than 5 months. Despite the lack of full understanding of the pandemic, due to
its newness, a number of articles have been released, in mathematical modeling (see [5], [3], [6], [7],
[8], [12], [13]) as well as in various factors of propagation of the virus (see [15], [2]). In the early days
of the pandemic Liu et al in [5] have developed a CoVid-19 propagation model taking into account,
in addition to susceptibles and asymptomatics compartiments, a splitting of the symptomatics’ into
two compartiments: the identified and the non identified. They have also addressed other aspects
of the pandemic such as the latency phenomenon related to CoVid-19 in [7]. As a crucial factor,
age structure is addressed by Griette et al in [3], in the context of Japan. And, on another note,
Ogbunugafor et al in [12] came up with a CoVid-19 model which involves the contamination by
infected objects.

Moreover, numerous works have been done in the short period of time, which contribute to a
better understanding of the CoVid-19 propagation processes. For instance, the work of Doremalen
et al in [2] gives a broad overview of the life expectancy of SARS-CoV-2 on different kinds of objects,
and in the air. Their paper states that the virus’ life expectancy cannot exceed: 72 hours on plastic,
48 hours on stainless steel, 24 hours on cardboard, 4 hours on copper. Such information is of capital
importance for modeling the effects of contaminated objects in the propagation of the virus.

Two cornerstones in the contamination process by infected objects are also given by practical
and natural human habits. They are Human Objects Touching (HOT) and Human Face Touching
(HFT). These phenomena are studied in a book from Zuccotti, (see [17]) for HOT, and in a paper of
Kwok et al in [10] for HFT. As for the influence of climate conditions like temperature and humidity,
a study is already done by Wang et al in [15].

Relying on the relatively abundant literature, in view of the newness of the CoVid-19 pandemic
and its virus, the present work presents a model which fits the epidemic management in Senegal.
Indeed, the model complies with the different strategies adopted by the public health decision-makers
of Senegal. In that respect, we have considered a quarantined compartiment and used the related
daily data released by the authorities. The other compartiments of the present model are quite
classical apart from one. Indeed, in terms of human compartiments, in addition to the quarantined
people compartiment, we consider the susceptibles, the asymptomatics, the symptomatics and the
removed. And, the novelty in the present paper is the infected objects compartiment we have added,
and the way we consider newly contaminated objects by properly defining the coefficients. This is
critical in avoiding redundancy while counting the contaminated objects.

As for the organization of the paper, after the present introduction, we present the model in detail
in Section 2. Then, we do some qualitative analysis in Section 3 to verify the boundedness of the
infected objects variable, calculate R0 and analyse its sensitivity. The fourth section is devoted to
exploiting the data to retrieve the epidemic parameters such as the infectivity rate, and to simulating
some scenarios with regard to compliance or not with barrier measures.

2. Derivation of the model

The mathematical model discussed in this paper is a system of 6 non linear differential equations.
The variables are defined in the following table .
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Variables Descriptions
S Susceptible population
E Infected asymptomatic population
C Quarantined population
I Infected symptomatic population
Ix Infected objects
R Immune recovered population

S C

E

I

Ix

R

(µ2 + µ3)Ix

µ1I

γ2C

γ1C

γ3C

cδ0IS

SE

BβsI

α2E

α3E

r1I
s1I

α1E

BβaE

γ1 = (1− δci/c)/14C
γ2 = (1− ra)δci/(3c)C
γ3 = raδci/(3c)C

SE =
[
(1− δ0)δciI + δxIx+ δeE

]
B = B

(
1− Ix

BsI +BaE

)
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Parameters Descriptions Daily values
δ0 Identification rate of infected people 0.7
ra Estimated rate of asymptomatics 0.9
δci Infection rate of susceptibles by symptomatics Fitting
δe Infection rate of susceptibles by asymptomatics 0.25 ∗ δci
δx Infection rate of susceptibles by infected objects 0.01 ∗ δci
α1 The rate asymptomatics step back to susceptibility 1/1e4*ra/7
α2 The rate asymptomatics become symptomatic (1-ra)/7
α3 The rate asymptomatics become immune 9999/1e4*ra/7
r1 The rate symptomatics become immune 1/7
s1 The rate symptomatics step back to susceptibility 1/1e4*r1
µ1 The death rate of symptomatics 0.0112
βa Number of objects infected by asymptomatics 20
βs Number of objects infected by symptomatics 5
Ba Maximum number of objects infected by asymp-

tomatics per day
400

Bs Maximum umber of objects infected by symptomat-
ics per day

100

µ2 The average death rate of the SARS-CoV-2 on ob-
jects

1/1

µ3 The decontamination rate of infected objects 2
c The contact rate of humans Fitting

• The infection rates δci, δe and δx, as well as the daily human number of contacts, c, are fitted
to comply with the epidemiological data such as quarantined and under treatment subjects.
Note that, due to the results of a recent survey initiated by the Center for Global Development
(CGD, https://www.cgdev.org) and the Centre de recherche pour le développement économique
et social (CRDES, http://crdes.sn), and leaded by A. Nestour, S. Mbaye and L. Moscoviz (see
[11]), after the fitting, the mean value of c is supposed to be 10. In fact, the survey says that
the average number of human contacts per capita per day is 10.

• As for the infected objects parameters, we assume that positive asymptomatics and symp-
tomatics infect in average 20 and 5 objects per day respectively; and that the maximum
number of objects per day they can infect is 400 and 100 respectively. Some references about
objects touching by humans can be found in the book of P. Zuccotti [17].
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For the sake of clarity, each of the terms of the model is numbered and is explained below.

dS

dt
= −

(1)

cδ0IS −
(2)[

(1− δ0)δciI + δxIx+ δeE
]
S

+
(3)

(1− δci/c)/14C +
(6)

s1I +
(7)

α1E

dE

dt
=

(2)[
(1− δ0)δciI + δxIx+ δeE

]
S +

(5)

raδci/(3c)C −
(7,8,9)

(α1 + α2 + α3)E

dC

dt
=

(1)

cδ0IS −
(3,4,5)[

(1− δci/c)/14 + δci/(3c)
]
C (1)

dI
dt

=
(8)

α2E +
(4)

(1− ra)δci/(3c)C −
(10)

r1I −
(6)

s1I −
(11)

µ1I

dR

dt
=

(10)

r1I +
(9)

α3E

• (1) stands for people who are identified to have been in contact with infected people, and
quarantined.

• (2) stands for not identified susceptible people who become infected.

• (3) stands for people who have been quarantined and eventually proved not to be infected after
14 days.

• (4) stands for people who have been quarantined and eventually proved to be infected.

• (5) stands for people who have been quarantined and eventually proved to be infected but
asymptomatic.

• (6) stands for people who have been symptomatic and who have eventually recovered but not
immune.

• (7) stands for asymptomatic infected people who have recovered but are susceptible again.

• (8) stands for asymptomatic infected people who become symtomatic.

• (9) stands for asymptomatic infected people who become immune.

• (10) stands for symptomatic people who have eventually recovered and become immune.

• (11) stands for symptomatic people who have died from the disease.

In addition, we consider a compartment of infected objects Ix in the model. That variable fed
by the infected individuals is governed by the following ordinary differential equation:

dIx
dt

= B
(
1− Ix

BsI +BaE

)
[
(12)

βsI +
(13)

βaE]−
(14)

(µ2 + µ3)Ix, (2)

where B is an increasing continuous real function such that B(0) = 0.

• (12) stands for the release of the viruses from symtomatic people.

• (13) stands for the release of the viruses from asymtomatic people.

5
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• (14) stands for the death rate of the released viruses. This can be augmented, through µ3, by
using biocides.

Parameters Bs and Ba are the maximum number of objects symptomatics and positive asymptomat-
ics can infect respectively.

Therefore, the term B
(
1 − Ix

BsI +BaE

)
is intended to avoid counting recontamination of objects

while they are infected. Notice that when Ix increases up to BsI + BaE, then it starts decreasing
due to µ2 and µ3, the mortality and the decontamination rates of the SARS-CoV-2, respectively.
The use of function B has the merit of addressing the modeling of environmental contamination in
a relatively more explicit way, compared to the models we have met (see [12] , [1]).

It’s also worth mentioning that the present model differs significantly from those (see [3], [5],
[6], [7], [8], [16]) found in the literature and involving a quarantine compartment. Indeed, in our
model, the quarantined people are not a priori qualified, that is, one does not know, contrary to the
models we have met, wether the subjects in the quarantine compartment are infected or not. People
in the present compartment C may be uninfected, infected but asymptomatic or symptomatic.
Such a definition of the quarantine compartment is in complete compliance with senegalese health
authorities strategy.

3. Mathematical analysis of the model

3.1. Boundedness of the number of objects variable
Proposition 1. Assume that for some time t0 > 0, the infected objects and humans variables satisfy
the following inequality.

Ix(t0) < BsIx(t0) +BaE(t0).

If hypothesis

µ2 + µ3 ≥ 1, α1 + α2 + α3 ≤ 1, and r1 + s1 + µ1 ≤ 1, (3)

hold, then

Ix(t) ≤ BsI(t) +BaE(t), ∀ t ≥ t0. (4)

Proof. Suppose that there exists t > t0 such that the following equality holds:

BsI(t) +BaE(t) = Ix(t). (5)

Let us now calculate the derivative of BsI(t) +BaE(t)− Ix(t) at time t:

Bs
dI
dt

+Ba
dE

dt
− dIx

dt
= Bsα2E +Bs(1− ra)(δci/c)C −Bs(r1 + s1 + µ1)I

+Ba

(
(1− δ0)δci1 I + δxIx+ δeE

)
S +Baraδ

ci/(3c)C

−Ba(α1 + α2 + α3)E + (µ2 + µ3)Ix. (6)

Therefore, from hypothesis (3) and identities (5)-(6), we obtain

6
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Bs
dI
dt

+Ba
dE

dt
− dIx

dt
≥ Bsα2E +Bs(1− ra)(δci/c)C

+Ba

(
(1− δ0)δci1 I + δxIx+ δeE

)
S +Baraδ

ci/(3c)C

+(µ2 + µ3 − 1)Ix ≥ 0.

We have proved that at any time t > t0 where BsI + BaE − Ix = 0, its derivative is positive.
Consequently, inequality (4) is satisfied. 2

3.2. The basic reproduction number
The basic reproduction ratio R0, gives the average number of secondary cases of infection resulting
from a single primary infection in a population where everyone is susceptible. In epidemic models,
it is worthy of consideration as it is the indicator of persistence or eradication of diseases, by giving
a threshold depending on epidemiological parameters. Indeed, an epidemic is said under control
(cannot persist in the population) when R0 < 1.

Using the next generation matrix technique, the basic reproduction number for the CoVid-19
model (2)-(2) is:

R0 = S0

[
α2βsδ

x − α2(δ0 − 1)δci(µ2 + µ3) + (µ1 + r1 + s1)(βaδ
x + δe (µ2 + µ3))

(µ2 + µ3) (α1 + α2 + α3)(µ1 + r1 + s1)

]
That is:

R0 = S0

[
α2

α1 + α2 + α3

(1− δ0) δci

r1 + s1 + µ1
+

δe

α1 + α2 + α3

]
+ S0

[
α2

α1 + α2 + α3

βsδ
x

(µ2 + µ3) (r1 + s1 + µ1)
+

βa δ
x

(µ2 + µ3) (r1 + s1 + µ1)

]
. (7)

In the expression of R0, the first two terms stand for the infections generated by asymptomatic
and symptomatic humans, while the last two terms represent contamination caused by infected
objects. With this expression, we can see that there are several ways to reduce R0. For example,
this can be done by increasing µ3, the disinfection rate of infected objects, or by increasing the
identification rate, δ0.

When a pandemic breaks out, an effective strategy should be developed so that the reproduction
number reduces to less than 1 as soon as possible. So, sensitivity analysis is performed to investigate
the parameters that exert the greatest influence on this ratio. In this study, we perform the partial
rank correlation coefficient (PRCC), which is a global sensitivity analysis technique proven to be one
of the most reliable. The sign of the PRCC suggests qualitative relationship between the parameters
and R0. A positive value of the PRCC implies correlation between R0 and a parameter while
negative value proves anti-correlation.

The following figure displays the correlation magnitude between R0 and the model parameters
such as the transition rates α2, α2, α3, the transmission rates δci, δe, δx and the average numbers of
objects βs and βa that symptomatics and asymptomatics can infect per day respectively. The figure
shows, in particular, that the magnitude of the correlation between the infection rate of objects βa
and R0 is important enough to be taken into account in the expansion of CoVid-19.

7
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4. Numerical simulations

4.1. Fitting procedure
For the fitting process, let us consider the Euler scheme:

a. Sk+1 = Sk + h
(
−cδ0IkSk −

[
(1− δ0)δci

kIk + δxIxk + δeEk
]
Sk

+(1− δcik/c)/14Ck + s1Ik + α1E
k
)
,

b. Ek+1 = Ek + h
([

(1− δ0)δci
kIk + δxIxk + δeEk

]
Sk

+raδci
k
/(3c)Ck − (α1 + α2 + α3)E

k
)
,

c. Ck+1 = Ck + h
(
cδ0IkSk − ((1− δcik/c)/14 + δci

k
/(3c))Ck

)
,

d. Ik+1 = Ik + h
(
(−r1 − s1 − µ1)Ik + α2E

k + (1− ra)δcik/(3c)Ck
)
, (8)

e. Ixk+1 = Ixk + h

(
B
(
1− Ixk

BsIk +BaEk

) [
βsIk + βaE

k
]
− µ3Ixk

)
,

f. Rk+1 = Rk + h
(
r1Ik + α3E

k
)
.

The fitting algorithm we use in this work consists on utilizing the available daily data about the
people under treatment, If , and the quarantined individuals, Cf . Indeed, we impose to the latter
to be solution of (8), from day 15th to day 77th. This fitting allows to estimate the social and
epidemiological data such as the average number of contacts per person per day and the probability
to be infected when in contact with an infected person. Assume that the identification rate δ0 is

8
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known. Then, with the infectivity rate denoted by δci = cβci, the fitting system is

a. Sk+1 = Sk + h
(
−ckδ0If kSk −

[
(1− δ0)δci

kIf k + δxIxk + δeEk
]
Sk
)

+h
(
(1− βcik)/14Cf

k + s1If k + α1E
k
)

b. Ek+1 = Ek + h
([

(1− δ0)δci
kIf k + δxIxk + δeEk

]
Sk
)

+h
(
ra/3βcikCf

k − (α1 + α2 + α3)E
k
)

c. Cf
k+1 = Cf

k + h
(
ckδ0If kSk − ((1− βcik)/14 + βcik/3)Cf

k
)

(9)

d. If k+1 = If k + h
(
(−r1 − s1 − µ1)If k + α2E

k + (1− ra)/3βcikCf
k
)

e. Ixk+1 = Ixk + h

(
B
(
1− Ixk

BsIk +BaEk

)
[βsIf k + βaE

k]− µ3Ixk
)

f. Rk+1 = Rk + h
(
r1If k + α3E

k
)
,

where ck and βcik are calculated from equations (10)c,d, say

ck =
1

δ0
kIf kSk

(
Cf

k+1 − Cf
k

h
+ ((1− βcik)/14 + βcik/3)Cf

k

)
, (10)

βcik =
3

(1− ra)Cf
k

(
If k+1 − If k

h
+ (r1 + s1 + µ1)If k − α2E

k

)
. (11)

The fitting results and the simulation being tightly related to senegalese authorities strategies to
fight the CoVid-19 pandemic, let us present an overview of the public decisions made by them during
the first three months of the pandemic.

9
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The infectivity rate δci is calculated from the public data released by senegalese health authorities.
As presented in the graphs below, that critical epidemic parameter has decreased by 51.65% and
34.1% in Senegal in the two periods March 14 - April 1 and April 21 - May 17, respectively. And,
in accordance with the infectivity rate, the basic reproduction number R0 follows the same trend.

The decrease of the infectivity rate in the period March 14 - April 1, must be relatated to the
decisions made by the authorities on March 14, mainly the closure of schools and universities. And
the continuation of the decline in the period April 21 - May 17 is quite possibly due to the new
measures taken, on the 20th and the 24th of March, notably the closure of senegalese international
borders and the declaration of a state of public health emergency.

Recall that the infectivity rate δci = βcic, where the parameter c is the rate of contacts per person
per day, and βci the probability to be infected from a contact. Therefore, these are two parameters
which depend on the decisions made by public authorities and the degree of compliance of the

10
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population with them. In order to highlight the consequences of the definition and application of
such measures, we simulate various scenarios.

In the figure below, the curve represents the status quo relative to the trend between April 21 and
May 17. Notice that the data keep on fitting the curve until about May 27. Beyond that date, all of
a sudden, the status quo is broken because the data become much greater than the corresponding
value of the curve. This phenomenon might be a delayed effect of the relaxation of the state of
health emergency decided by the senegalese authorities on May 11 (71st day after the beginning of
the pandemic in Senegal).

4.2. Post-fitting scenarios
Optimistic scenario: status quo and 50% reduction of the contamination rate in one

month

Regarding the figures below, we mention that if the trend at the 77th day of the pandemic were
maintained, the peak would be reached around the 86th day. One can also notice that reducing the
infectivity rate by 50% would only bring the peak forward by one week, and reduce the number of
deaths by 20%.

11
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Note that the status quo is to stick to the tendency for the infectivity rate to exponentially
decrease. In the sequel, we present simulations in which we gradually assume much less impor-
tant decrease of the infectivity rate. In simulating these scenarios, we consider two strategies: 1.
protecting the people at risk, 2. not protecting the people at risk.

Deviations from the status quo tendency

The simulations we have performed give an evidence that the less important the decrease of the
infectivity rate is, the higher and the earlier the peak is. However, the price to pay is that the
number of the deaths can be dramatically high. For instance, in case the infectivity rate is constant
from the 77th day, the number of deaths is around 77000. This is in line with the worst scenario for
Africa characterized by no interventions and no awareness of african people presented by the United
Nations Economic Commission for Africa in its report in April (see [14]). This report exploiting the
Imperial College COVID-19 Response Team simulations [4] predicts 3.3 million deaths in Africa in
2020, for this scenario. It’s clear that Africa is not heading to this scenario, so far. Indeed, 3 months
after the burst of the pandemic the continent has less than 5 thousand deaths.

12
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Such a favourable situation is possibly due to the youthfulness of the african population. In the
case of Senegal, the median age of the population is 19.4 years whereas the world’s is 30.6 years.
Indeed, the senegalese population is relatively young compared to most of other countries’. See the
age pyramids below.

Figure 1: Source: https://www.populationpyramid.net/world/2019

Youthfulness as an asset for collective immunity

Considering the youthfulness of the senegalese population brings us to add one more optimistic
but realistic scenario to the 4 presented by United Nations Economic Commission for Africa in its
report on CoVid-19 [14]. The previsions of this report are inspired by the Imperial College COVID-19
Response Team simulation results [4] summarized in the table below.

Table 1. CoVid-19 world previsions

By the way, regarding the resistance of young people to SARS-CoV-2, and the fact that the me-
dian age of Africa’s population is only 19.7 years, the continent should define its specific strat-

13
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egy by aiming to collective immunity along with the protection of aged people and other peo-
ple at risk. It’s worth noticing that only 5.3% of Africa’s population are over 60 years old (see
https://www.populationpyramid.net/africa/2019/), and that up to 94% of the deaths from the
CoVid-19 pandemic in the world are over 60 years old (see [9]).

The youthful profile of the population makes it easier for Senegal to attain collective immunity
because it has less (aged) people at risk. This results, for example, in the following simulations with
various levels of protection for people at risk, while the rest of the population are totally exposed.
Indeed, considering the fact that people over 60 years age represent 4.8% of the population, with
different rates of infectivity, we perform a simulation in which: 1) there is no protection for people
at risk ; 2) 90% of them are protected ; 3) 99% of them are protected.

Table 2. CoVid-19 senegalese previsions: collective immunity

14
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Table 3. CoVid-19 senegalese previsions: reinforcing barrier measures

Simulation for various disinfection rates

The influence of the Infected objects on the system can be brought out by tuning their infectivity
rate and the disinfection parameter. Recall that the infectivity rate of objects is tightly related to
hand washing and face touching. Below are some simulations related to three levels of disinfection,
in the context of a 10% increase of the infectivity rate.

Figure 2: Number of infected objects

Note that infected objects affect the magnitude of the peak and its date of occurence. This is an
evidence of the relevancy of considering the objects compartment.
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5. Conclusion

In order to comply with senegalese public health authorities response to the CoVid-19 pandemic,
we have built a 6-compartiment model including a quarantined people compartiment. An infected
objects compartiment is considered not to neglect their impact in the propagation of the disease.
The equation governing the number of objects variable has received a special treatment by imposing
the decrease of contamination parameters as the number of infected objects increases. This condition
ensures that recontamination of infected objects is not counted, which is a trick used to compensate
for the lack of a susceptible objects compartiment. The latter could hardly make sense since the
number of all objects is infinity.

Then, in terms of analysis of the ODE system, using the barrier theorem, one easily proves the
boundedness of solutions, and by the classical decomposition of the system, the basic reproduction
number R0 is formally calculated.

And the last part of this work is devoted to numerical simulation of different scenarios, from the
most optimistic to the most pessimistic in terms of day of occurence and magnitude of the peak,
and number of deaths. Based on the official daily data released by senegalese health authorities,
from the 15th to the 77th day after the burst of the pandemic, by fitting, we estimate epidemiologic
parameters such as the infection and contact rates. Then, from the 77th day of the pandemic, we
have simulated the different possible scenarios depending on the behavior of the population.

The scenarios presented allow to quantify the impact of the application of the barrier measures
taken by public authorities. For instance, the observation of physical distancing measures, the
wearing of masks, hand washing and objects disinfection are variation factors of the infectivity rate.
Here are a few observations we have made:

• If the status quo were maintained from May 17 on, say the infectivity rate decreases with the
same velocity as the period of time April 21 - May 17 2020, the peak would be attained about
May 26.

• There is a deviation from the trend of the period April 21 - May 17 leading to a higher and
later peak.

• The gradual increase of the infectivity rate allows to bring out advantages and drawbacks
of collective immunity. The observation of the different scenarios shows that increasing the
infectivity rate without accompanying measures: brings the peak earlier; puts the peak higher;
causes more deaths (see Tables 2 and 3).

• The ideal scenario in terms of number of deaths, early occurence of the peak, and collective
immunity, consists on:

– taking measures for protecting only the aged people and all the people with comorbidity,
from the virus.

– cancelling all other barrier measures for attaining collective immunity,

• The decontamination of objects affects significantly the magnitude and the date of occurence
of the peak.
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