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Further results on a matrix equality and matrix set inclusions for
generalized inverses of matrix products

Yongge Tian
CBE, Shanghai Business School, Shanghai, China

Abstract. This note reconsiders a matrix equality A1 A5 AsA; As = A composed by six matrices of appropriate
sizes, where A and A, are generalized inverses of Az and A4, respectively, and solves a selection of matrix set
inclusion problems associated with various mixed reverse order laws for generalized inverses of products of two,
three, and four matrices by means of this equality and its variations.

Keywords: generalized inverse; matrix product; matrix equality; reverse order law; set inclusion; rank equality

AMS classifications: 15A09; 15A24; 47A05; 47A50

1 Introduction

Throughout, let C™*"™ denote the set of all m X n complex matrices, r(A), Z(A), and 4 (A) denote the rank, the
range, and the null space of a matrix A € C™*", respectively; I,,, denote the identity matrix of order m, [ A, B]
denote a columnwise partitioned matrix consisting of two submatrices A and B. The Moore—Penrose inverse of
A e C™*" denoted by AT, is the unique matrix X € C™*™ that satisfies the four Penrose equations

(1) AXA=A, (2) XAX =X, (3) (AX)" = AX, (4) (XA)" = XA. (1.1)

A matrix X is called a {i,...,j}-generalized inverse of A, denoted by ACGr3) if it satisfies the sth,. .., jth
equations in (1.1). The collection of all {i,...,j}-generalized inverses of A is denoted by {A®+)}. A matrix
X is called a generalized inverse of A if it satisfies AXA = A, and is denoted by A) = A~. See [2, 3] for more
exposition on generalized inverses of matrices.

In matrix calculus, one can construct various algebraic expressions (functions) that involve known and un-
known matrices through the conventional additions and multiplications of matrices, and take them as fundamental
objects of study from theoretical and applied points of view. This kind of matrix expressions can generally be writ-
ten as f(Agil’”"jl), Agiz"”’jz), . ,Ag’“"”’j’“))7 where A1, As,..., Ax are a family of given matrices of appropriate
sizes. One of this kind of matrix expressions is

f(Aéig,“.,jg)’Az(li4,m,j4)) _ AlAéig,m,jg)AsAz(lu,.“,j4)A5 —A, (12)

where A7 € C™1*™2 Ay € C™8X™2 A3 € C™3*™4 Ay € C"™5*™4 and A5 € C™*™6 and A € C™*"™6 are
given. This expression is informative because there are six matrices in (1.2), and many matrix expressions in
matrix calculus can be written its special cases. Setting f(A§272) A{ia3a)y

equality

= 0 leads to the following matrix

Ay AG2 72 g A0 gg = A (1.3)
This equality may or may not hold for some or all AgiQ """ 72) and Afj“ """ 74) In a recent article [5], Jiang and Tian
obtained the following result on the equality in (1.3) for {1}-generalized inverses of A2 and Ay.
Lemma 1.1. Let A; and A be as given in (1.3), i =1,2,...,5. The following three statements are equivalent:
(a) FEq. (1.3) holds for all Ay and Ay, which is denoted by A1 Ay AsA] As = A.
(b) A1 A5 A3 A As is invariant with respect to the choice of Ay and Ay, and A = A; AL Az Al As.
(¢) One of the following siz assertions holds:
(i) A1 =0and A=0.
(i) A3 =0 and A=0.
(iii) As =0 and A = 0.

(iv) A=0andr [ij %3] =r(Az2).

(v) A=0 and T[A‘l A5] — r(Ad).

As 0
-A 0 A
(Vl) ' O A3 A2 = T’(AQ) + T’(A4).
As Ay O
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Note that the assertions in Lemma 1.1(c) involve no generalized inverses, and the three block matrices in the
rank equalities in (iv), (v), and (vi) are composed by the given matrices. Then these conditions are easy to verify
and simplify when the matrices in (1.3) are given with specified cases, thus Lemma 1.1 provides a convenient
tool to establish matrix identities that involve mixed products of matrices and their generalized inverses; see
e.g., some applications of Lemma 1.1 to generalized inverse problems in [5]. In addition to the above results, the
present author proposed and solved many set inclusion problems associated with reverse order laws for generalized
inverses of the mixed matrix products in two recent papers [10,11]. As a continuation of this kind of work, the
purpose of this study is to provide several new groups of matrix set inclusions associated with reverse order laws
for generalized inverses of the matrix products AB, ABC, and ABCD. products.

Lemma 1.2 ([6]). Let A€ C™*", B € C"*?, and C € CP*9. Then
r7(AB) =r(A) + r(B) —n+r[(I, — BB™)(I, — A” A)], (1.4)
r(ABC) = r(AB) + r(BC) — r(B) + r[(I» — (BC)(BC)™)B(I, — (AB)” (AB))] (1.5)

hold for all A=, B™, (AB)™, and (BC)™. In particular, the following results hold.
(a) The rank of AB satisfies following inequalities

max{0, r(4)+r(B) —n} <r(A)+r(B) —r[A", B] <r(AB) < min{r(4), r(B)}. (1.6)
(b) The rank of ABC satisfies following inequalities

r(ABC) < min{r(AB), r(BC)}
< min{r(4), r(B), r(C)}
< min{m, r(B), q} <min{m, n, p, ¢}, (1.7)
> max{0, r(AB) + r(BC) —r(B)}
> max{0, 7(A) +r(B) +r(C)—r[A", B] —r[B*, C]}
> max{0, r(A4) +r(B) +r(C) —n — p}, (1.8)
r(ABC) > r(AB) +r(C) —r[(AB)", C]

> max{0, r(AB) 4+ r(C) — p}

> max{0, r(A4) +r(B) +r(C) — n — p}, (1.9)
r(ABC) > r(A) + r(BC) — r[ A", BC]

> max{0, r(4) +r(BC) — n}

> max{0, r(4) +r(B) +r(C) —n — p}. (1.10)

r(ABC

~

) =r(

)=71(A)+r(B)+r(C)—n—p < r(ABC) =r(AB)+r(C) —p and r(AB) =r(A) +r(B) — n
(e) r(ABC)=r(A)+r(B)+r(C)—n—p < r(ABC) =r(A) +r(BC) —n and r(BC) =r(B) + r(C) — p.
([7,8]). Let Ac C™*", B C"P?, C € C™*", and D € C™** be given. Then

,max_ r(D~ CA”B) = min {T[C’, Dl, r {g} o [é g} - r(A)} . (1.11)
Thus
CA"B=D forall A~ = [C, D] =0 or {g} —0or {g g] — r(A). (1.12)

2 Set inclusions for generalized inverses of mixed matrix prod-
ucts

One can construct matrix equalities that are composed by inverses and generalized inverses of matrices from
theoretical and applied points of view. In comparison, one class of the most attractive forms of these matrix
equalities are various types of reverse order laws for generalized inverses of matrix products. In this section, the
author first presents two lemmas on links between matrix identity problems and matrix set inclusion issues of
products of matrices and their generalized inverses.

Lemma 2.1. Let A; and A be as given in (1.3), i =1,2,...,5. Then the following five statements are equivalent:
(a) {A1A5 AsAL As} C{A7}, e, AAIAS AsAf As A = A.
(b) {AA1 A5 AsAL A5} C {AA™}.
(c) {A1A; AsA As A} C {A™ A}

—-A 0 AA
(d) A=0orr| 0 As Ay | =r(A2) + r(As).
AsA As 0
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As Ao

(e)A:Oorr{A4 ASAA,

| =rtaa) + o) - ra)

Lemma 2.2. Let A; and A be as given in (1.3), i = 2,3,4. Then the following four statements are equivalent:
(a) {A AsA;} C{A7}, ie, AAJAsAJ A=A
(b) {AA7 AsAT} C {AA").
(c) {A7 AsA7 A} C {4~ A},

(d) A=0 07"7“|:A3 A2

Al A:| =r(A2) +r(As) —r(A).

It is well known that one of the most fundamental reverse order laws for a matrix product AB is (AB)™ =
B~ A7; see e.g., [4,12]. The authors next reconsiders reverse order laws and present a group of known and new
results as follows.

Theorem 2.3. Let A € C™*" and B € C"*? be given. Then the following 23 statements are equivalent:
(i) {(AB)"} D {B A"}, i.e., ABB"A”AB = AB.
(i) {(AB)"} 2 {B"(BB")"(A"A)" A"},
(iti) {(AB)"} 2 {B~(BB~)~(A"A)"A"}.

(iv) {AB(AB)"} D {ABB~A"}.
(v) {AB(AB)™} D {ABB*(BB*)~(A*A)~ A*}.
(vi) {AB(AB)"} D {ABB~(BB~)~(A~A)~A"}.
(vii) {(AB)~AB} D {B~A~AB}.

(viii

(ix

(x

AB)~
{(AB)~AB} D {B*(BB*)~(A*A)~ A*AB}.
{(AB)”AB} 2 {B~(BB~) (A~ A)" A" AB}.
{B(AB)~A} D {BB~ A~ A}.

{(BAB)~A} D {BB~(BB~)~(A~A)" A~ A}.

(xii) {(A"ABB7) "} 2 {(BB7) " (A"A)™}.

(xiii) {(B"A")"} 2{(4")"(B")"}.

(xiv) {(A*ABB*)"} D {(BB*)"(A*A)" }.

(xv) {(BB"A"A)"} 2{(A"A)"(BB")" }.

(xvi) {[(A"A)2(BB)?]7} D {((BB")/?][(A"4)/*] " }.
(xvii) {[(BB*)'/2(A*A)V2)]7} 2 {[(A"A)*]7[(BB)*] " }.
(xviii) {(AA*ABB*B)"} D {(BB*B) (AA*A)™ }.

(xix) {(B*BB*A*AA*)"} D {(A*AA*)"(B*BB*)" }.

(xx
(xxi

(xxii

AB =0 orr(AB) =r(A) +r(B) —n.
AB =0 or (I, — BB™)(I, — A A) =0 for some/all A~ and B~ .
N(A) D R(B) or N(A) C R(B).
R(A™) 2 N(B*) or R(A") C N(B").
Proof. By (a) and (d) in Lemma 2.2, Result (i) holds iff AB =0 or

)
)
)
)
)
i)
)
)
)
xi)
)
)
)
)
i)
)
)
)
)
xi)
)
)

(xxiii

r(A) + (B) — r(AB) = r [i’; /53} =r {Ig 8} =n,

establishing the equivalence of Results (i) and (xx).
By (a) and (e) in Lemma 2.1, Result (ii) holds iff AB =0 or

r(A) + r(B) — r(AB) = r(A*A) + r(BB") — r(AB) = r [A{"A Afié}*} = {Ig 8} —n,

establishing the equivalence of Results (ii) and (xx).
By (a) and (e) in Lemma 2.1, Result (iii) holds iff AB =0 or

r(A)+r(B)—r(AB):r(A—A)+T(BB—)_T(AB):T[In BB~ }_ {In o}

A=A A=ABB~| " "|0o o0

establishing the equivalence of Results (iii) and (xx).
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The equivalences of Results (i) and (xiii)—(xx) follow from the following rank equalities
r(A) =r(AA7) =r(AA") = r(AA™A), (2.1)
r(B) = r(B”B) = r(B*B) = r(BB"B), (2.2)
r(AB) =r(B"A") =r(A"ABB™) =r(A"ABB") = r(BB" A" A)
P[4 A) 2 (BBY)?) = r(BBY)/2(A" A)/?)
r(AA"ABB*B) =r(B"BB"A"AA™). (2.3)

The equivalences of Results (i)—(xii) follows from Lemma 2.1(a), (b), and (c).
The equivalences of (i) and (xx)—(xxiii) were first proved in [12]. O
Theorem 2.4. Let A € C™*" and B € C"*P. Then the following 16 statements are equivalent:
(i) {(AB)"} > B'A", i.e., ABB'ATAB = AB.
(i) {(AB)"} 2 {(B"B)” B*A"(AA")"}.
{AB(AB)"} > ABB'TA".
{AB(AB)"} D {AB(B*B) " B*A"(AA™)" }.
{(AB)"AB} > BTATAB.
{(AB)"AB} D {(B*"B)"B*A*(AA")” AB}.
{B(AB)"A} > BBTATA.
{B(AB)”" A} D {B(B*B)"B*A"(AA")" A}
(ATABB™)"} 3 (BB™)(AA)".
A*ABB*)"} > (BB*)'(A*A)t.
BB*A*A)"} > (A*A)N(BB™)'.
(A" A)/2(BB")Y2)7} 5 [(BB)/2)1[(A" 4)/2)",
(BB*)M/2(A* A)/3)]"} 5 [(A* A2 [(BB* )71,
AA*ABB*B)~} 3 (BB*B)'(AA*A)'.
B*BB*A*AA*)"} 5 (A*AA")(B*BB*)".
r(AB) =r(A)+r(B) —r[A*, B].

(iii
(iv
(v
(vi
( vii

)
)
)
)
i)
i)
iii)
(X)
)
i)
if)
iii)
iv)
)
)

{
{(
{(
{l
{l
{(
(xv) {(
(xvi
Proof. The equivalence of Results (i) and (xiv) follows from the well-known rank formula
r(AB — ABB'ATAB) = r[A*, B] — r(A) — r(B) — r(AB);

see [1,9]. By (a) and (d) in Lemma 2.2, Result (ii) holds iff AB =0 or

r(4) +r(B) ~r(AB) = r(AA") + r(B"B) ~r(AB) = r Bf b }

=r([A%, BI"[A", B]) = r[A", B].

However, the second rank equality implies AB = 0, thus establishing the equivalence of Results (ii) and (xvi).
The equivalences of Results (i) and (ix)—(xvi) follow from (2.1), (2.2), (2.3), and

r[A*, Bl =r[(A”A)*, BB"]| =r[A*A, BB*] = r[(A*A)'/?, (BB*)'/?]| = r[A*AA*, BB*B].
The equivalences of Results (i)—(viii) follow from Lemma 2.2(a), (b), and (c). O

We next present two groups of results on set inclusions associated with the two reverse order laws (ABC)™ =
(BC)"B(AB)™ and (ABC)” = C™ B~ A™ and their variations.

Theorem 2.5. Let A € C™*", B € C"*? and C € CP*? be given, and denote M = ABC. Then the following
36 statements are equivalent:

(i) {M7}2{(BC)" B(AB)" }.
) {M~} 2 {C*"(BCC*)”B(A"AB)~ A"}.
) {M~} 2 {(B*BC)"B*BB*(ABB*)"}.
) {M~} 2 {C*(B*BCC")”B*BB*(A"ABB")” A"}.
) {M~} 2 {C~(BCC~™)"B(A"AB)”A"}.

(vi) {M~} 2 {(B"BC)"B BB (ABB~)"}.
)
)
)

—

—~
[
=

(M~} 2 {C~(B-BCC~)"B~BB~(A"ABB~)"A~}.
(MM~} 2 {M(BC) B(AB) }.
(MM~} 2 {MC*(BCC*)~ B(A*AB)~ A*}.



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 June 2020

) {M M(B*BC)”B*BB*(ABB*)™ }.
xi) {M MC*(B*BCC*)"B*BB*(A*ABB*)” A*}.
ii) {M MC~(BCC™)"B(A”AB)"A™}.
iii) {M M(B~BC)"B~BB~ (ABB™)" }.
iv) {MM~} D> {MC~(B"BCC~)"B BB (ATABB™ )" A" }.
) {M~M} D {(BC)"B(AB)"M}.
1) {M~M} D>{C*(BCC*)"B(A*AB)" A*M}.
) {M~M} 2> {(B*BC)"B*BB*(ABB*)” M}.
) {M~M} 2> {C*(B*BCC*)"B*BB*(A*ABB*)" A*M}.
) {M~M} 2>{C~(BCC™)"B(A"AB)" A~ M}.
(xx) {M~M} D{(B~BC)"B~"BB (ABB™)  M}.
(xxi) {M~M} 2{C~ (B BCC~)"B BB (A"ABB™ )" A" M}.
(xxil) {CM~A} D {C(BC) " B(AB)~ A}.
) A
) A
) £
) £
) £
) {
) A
) A
) A
) A
) £
) £
) M

z:::z
ReReRe

(xv
(xvi
(xvii

(xviii

(xix

CM~A} D {CC*(BCC*)” B(A*AB)~ A*A}.

CM~A} D {C(B*BC)” B*BB*(ABB*)" A}.

CM~ A} 2 {CC*(B*BCC*)” B*BB*(A*ABB*)~ A*A}.
CM~A} 2 {CC~(BCC~) B(A~AB)~ A~ A}.

CM~A} 2 {C(B~BC)"B BB~ (ABB~)" A}.

CM~A} D {CC~(B~BCC~)"B BB~ (A" ABB~)” A~ A}.

(xxiii
(xxiv
(xxv
(xxvi
(xxvii
(xxviii

A~MC™)"} 2 {(BCC™)~"B(A=AB)"}.

(xxix
(xxx) {(A*MC*)"} D {(BCC*)"B(A*AB) }.

(
(
(AA*MC*C)™} 2 {(BCC*C)™ B(AA*AB)™}.
[
[
(

(xxxi
(oxxil) {[(AB)"M(BC)~]"} 2 {[(BCO)(BC)~|~ BI(AB)~(AB)|"}.
(xxxiii (AB)*M(BC)*]"} 2 {[(BC)(BC)*]” B[(AB)*(AB)]™ }.

(

(AB)"(AB)]"*B~[(BC)(BC)]%)~} 2 {((BC)(BC)']*/*)” B(I(AB)"(AB)]"/?)"}.
(xxxv =0 or [I, — (BC)(BC)™|B[In — (AB)™(AB)] =0 for some/all (AB)~ and (BC)~.
(xxxvi) M =0 orr(M)=r(AB)+ r(BC) —r(B).

(xxxiv

Proof. By (a) and (d) in Lemma 2.2, Result (i) holds iff

M =0 or T(AB)+T(BC)—T(M):T|:B BO} {B 0

AB ABC 0 0} r(B),

establishing the equivalence of Results (i) and (xxxvi). The equivalences of Results (i)—(xxviii) can also be shown
by Lemmas 2.1 and 2.2, and therefore the details are omitted.
The equivalences of Results (i) and (xxix)—(xxxiv) and (xxxvi) follow from

r(AB) = (A~ AB) = r(A*B) = r(AA" AB),
r(BC) = r(BCC™) = r(BCC™) = r(BCC*C),
r(M) =r(
(A

A"MC™) = r(A*MC*) = r(AA*MC*C)
B)"M(BC)"]=r[(AB)"M(BC)"].

The equivalence of Results (xxxv) and (xxxvi) follow from (1.5). O

Theorem 2.6. Let A € C™*" B € C"*? and C € C?*9 be given, and denote M = ABC. Then the following
27 statements are equivalent:
(i) {M~}2{C"B"A"}.
(i) {M~} 2 {C7(CC)~ B~ (A" 4) A"},
{M~}2{C(CCT)"B"(A"A)" A"}
(M~} 2{(BC)" A"} and {(BC)"} 2 {C" B }.

)
)
)
(v) {M"} 2{C"(AB)"} and {(AB)"} 2 {B~A"}.
i)
i)
)
x)

(iit

(iv

(vi) {(MM~} >{MC~ B~ A™}.
(vil) {MM~} D {MC*(CC*)" B~ (A"A)" A"}
(viii) {MM~} D {MC~(CC™)" B~ (A"A)"A™}.
(ix) {MM~} D {M(BC)" A"} and {BC(BC)"} 2{BCC™B™}.

5
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(MM~} 2 {MC~(AB)"} and {AB(AB)"} D {ABB~A"}.
{M~M} 2 {C~ B~ A M]}.

{M~M} D {C*(CC*)~B~(A*A)~ A*M}.

{(M~M} 2 {C~(CC™)"B (A~ A)~A~M}.

{M~M} D {(BC)" A~ M} and {(BC) BC} 2 {C~B~BC}.
{(M~M} D {C (AB)"M} and {(AB)"} D { B~ A~ AB}.
{CM~A} D {CC~B~ A~ A}.

(xvil) {CM~A} D {CC*(CC*)~" B~ (A*A)~ A" A}.

(x)
i)
ii)
iii)
iv)
)
i)
)

(xviil)) {CM~A} D {CC~(CC™)" B (A"A)" A" A}.
)
)
i)
)
)
)
) M
) M

(xvi

(xix) {BCM~A} D {BC(BC)” A~ A} and {C(BC)” B} 2> {CC~ B~ B}.
(xx) {CM~AB} D {CC~(AB)” AB} and {B(AB)" A} D {BB~A™ A}.
(xxi

(xxii

(C*B"A™)"} 2 {(A")"(B")"(C")" }
(ATMC™) "} 2{(CCT)" B~ (A"A)" }.
(A*MC*)~} D {(CC*) "B~ (A*A)~}.
(AA*MC*C)~} D {(CC*C)~ B~ (AA*A)~}.

(xxiii

{

{

{

(xxiv) {
(xxv =0 orr(M)=r(A)+r(B)+r(C)—n—p.

=0 or {r(M) =r(A) +r(BC) —n and r(BC) = r(B) + r(C) — p}.

(xxvil) M =0 or {r(M) =r(AB)+r(C) —p and r(AB) = r(A) + r(B) — n}.

(

(xxvi

Proof. By (a) and (d) in Lemma 2.2, Result (i) holds iff

B~ C
M=0 or r(A)+r(C)—r(M)= r[ A M} (2.4)
holds for all B™, where by (1.11),
B~ C (1] - 0o C
maXT{A M]—Hg}xr(_o]B [In,O]-l-[A M})
- I, O -B I, O
=min{ r Ié’ 31 ]\CA’ rf0 C ri{l, 0 C|—-r(B)
L A M 0 A M
- I, 0 0 I, O
= min T'Ié) 1(31 8}, rf0 C|, r|I, 0 0| —-r(B)
- 0 O 0O 0 O
=min{p+r(4), n+r(C), n+p—r(B)}. (2.5)
Hence the second equality in (2.4) is equivalent to
min{p — r(C) +r(M), n—r(A)+r(M), n+p—r(A) —r(B)—r(C)+r(M)} =0, (2.6)

where where by Lemma 2.1(b),
p—r(C)+r(M)>r(M) >0,
n—r(A)+r(M)>r(M) >0,
r(M)>r(A)+r(B)+r(C)—n—p=>0.

2
>

Combining (2.6) with the first condition M = 0 in (2.4) leads to the equivalence of Results (i) and (xxv).

The remaining equivalences of Results (i)—(xx) can be shown from Lemmas 2.1 and 2.2 by similar approaches,
and therefore the proofs are omitted.

By Lemma 2.1(b),

(M)
r(MM) >r(AB)+r(C)—p>r(A)+r(B)+7r(C)—n—p.

%

r(A) +r(BC) —n = r(A) +r(B) +r(C) —n—p,

Hence,

r(MM) =r(A) +r(B)+r(C)—n—p
< r(M)=r(A)+r(BC)—n and r(BC)=r(B)+r(C)—p
S r(M)=r(AB)+r(C)—p and r(AB)=r(A)+r(B) —n,
so that Results (xxv), (xxvi), and (xxvii) are equivalent.

The equivalences of Results (i) and (xxi)—(xxiv) follow from r(M) = r(A™M) = r(A*M) = r(AA™M),
r(M)=r(MC™)=r(MC*) =r(MC*C), and r(M) =r(A"MC™) =r(A*MC*) = r(AA*MC*C). O
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Theorem 2.7. Let A € C™*", B € C"*P, C € C?*9, and D € C?*° be given, and denote N = ABCD. Then
the following 36 statements are equivalent:

(i) {N7} 2{(CD)"C(BC)” B(AB)" }.
(ii) {N~} 2 {(C*CD)~C*C(BC)”BB*(ABB*)™}.
(iii) {N~} 2 {(CD)~CC*(B*BCC*)”B*B(AB)"}.
(iv) {N~} 2 {D*(C*CDD*)~C"C(BC)”BB*(A*ABB*)~A"}.
(v) {N"} 2{(C*CD)~C*CC*(B*BCC*)”B*BB*(ABB")"}.
(vi) {N~} 2 {D*(C*CDD*)~C*CC*(B*BCC")” B*BB*(A"ABB")~ A"}.
(vii) {N"} 2 {(C~CD)~C~C(BC) BB~ (ABB™)"}.
(viii) {N~} 2 {(CD)~CC~(B~BCC~)” B B(AB)" }.
(ix) {N"} 2{D~(C~CDD™)~C~C(BC)"BB~(A"ABB™)"A"}.
(x) {N"}2{(C~CD)~C~CC~(B~BCC~) B BB (ABB™)"}.
(xi) {N"} 2{D~(C~CDD~)~C~CC~(B~BCC~) "B BB~ (A"ABB™) " A"}.
) {NN~} 2 {N(CD)~C(BC) B(AB)"}.
i) {NN~} 2 {N(C*CD)C*C(BC)” BB*(ABB*)"}.
) {NN~} 2 {N(CD)~CC*(B*BCC*)”B*B(AB)~}.
) {NN~} D{ND*(C*CDD*)~C*C(BC)”"BB*(A*ABB*)" A*}.
i) {NN"} 2 {N(C*"CD)~C*CC*(B*BCC")”B*BB*(ABB")" }.
) {NN"} D{ND*(C*CDD*)~C*CC*(B*BCC*)"B*BB*(A*ABB*)~ A*}.
) {NN~} 2 {N(C~CD)~C~C(BC) BB~ (ABB~)"}.
) {NN~} 2 {N(CD)~CC~(B~BCC~)~B~B(AB)"}.
) {NN~} 2 {ND~(C~CDD~)~C~C(BC) BB~ (A"ABB~) A" }.
i) {NN"}2{N(C~CD)"C~CC~(B~BCC~)"B BB~ (ABB™)"}.
(xxii) {NN~} 2 {ND~(C~CDD~)"C~CC~(B"BCC~)"B BB~ (A"ABB™)"A"}.
(xxiii) {N"N} 2 {(CD)~C(BC)”B(AB)"N}.
)
)
)
)
)
)
)
)
)
)
) N
) N

(xii
(xiii
(xiv
(xv
(xvi
(xvil
(xviii
(xix
(xx

(xxi

{N™N} D {(C*CD)~C*C(BC)"BB*(ABB*)"N}.

{N™N} D {(CD)”"CC*(B*BCC*)"B*B(AB)" N}.

{N™N} D {D*(C*CDD*)~C*"C(BC)”"BB*(A*ABB*)” A*N}.

{N=N} D {(C*CD)~C*CC*(B*BCC*)~B*BB*(ABB*)~N}.

{N~N} 2 {D*(C*CDD*)~C*CC"* (B BCC*)~B*BB*(A*ABB*)~ A*N}.

{N"N} 2 {(C~CD)"C~C(BC)"BB (ABB™) N}.

(N~N} D {(CD)~CC~(B~BCC~™)~ B~ B(AB)™N}.

{(N"N}2{D (C-CDD~)~C~C(BC) BB~ (A~ABB~)" A N}.

{N"N} D> {(C~CD)"C~CC~(B™BCC™)"B BB (ABB™)"N}.

{N"N}2{D(C~CDD~)"C~CC~(B~BCC~) B BB~ (A"ABB~)"A"N}.
=0or r(N)=r(AB)+r(BC)+r(CD)—r(B) —r(C).

(xxxv =0or {r(N)=r(ABC)+r(CD) —r(C) and r(ABC) = r(AB) + r(BC) — r(B)}.

(xxxvi) N =0 or {r(N)=r(AB)+r(BCD) — r(B) and r(BCD) = r(BC) +r(CD) —r(C)}.
Proof. By (a) and (d) in Lemma 2.2, Result (i) holds iff

(xxiv
(xxv
(xxvi
(xxvii
(xxviii
(xxix
(xxx
(xxxi
(xxxii
(xxxiil

(xxxiv

_ _ |eme)"B CD
N =0 or r(AB)+r(CD) —r(N) = r{ AB N (2.7)
holds for all (BC)™, where by (1.11),
T C(BC)"B CD
(BC)— AB ABCD
C - 0 CD
- <g1c‘r"f‘—’"<[o} (BC)"[B, 0] + [AB ABC’DD
B 0 -BC B 0
— min r|:€ M Agé‘)D] . rlo ecp |, c o ¢p |-rBO
AB ABCD 0 AB ABCD
0 B 0
=min | r(AB) +r(C), r(CD)+r(B), r|C 0 0| —r(BC)
0 0 O
=min {r(AB) +r(C), r(CD)+r(B), 7(B)+r(C)—-r(BC)}. (2.8)
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Hence the second equality in (2.7) is equivalent to

min {r(N) +r(C) — r(CD), r(N)+r(B)—r(AB),
r(N)—r(AB) —r(BC) —r(CD) +r(B)+r(C)} =0, (2.9)

where by Lemma 2.1(b),

r(N) — r(AB) — r(BC) — r(CD) + r(B) + r(C) > 0.

Combining (2.9) with the first condition N = 0 in (2.7) leads to the equivalence of Results (i) and (xxxiv). The
equivalences of Results (i)—(xxxiii) can be shown by similar approaches and therefore the details are omitted.
The equivalence of Results (xxxiv) and (xxxvi) follow from Lemma 1.2(b). O

Some applications of the preceding results are given below.

Corollary 2.8. Let A € C™*™ be given. Then the following results hold

{(A=4)7} 2 {4 Um - A7},

{(A-A)"} 2 {(Im—A4) A}

{m =A%)} 2 {(Im + A)( )"}
{(In =A%)} 2 {(In = A) (I + A},
{(A-A*)"} D {A (I + A)” A7},
{(A= 27} 2 {(In+4)” >},
{(A- A%} 2 {Im +A) AT}

Proof. It follows from the following three well-known rank formulas
r(A— A% =r(A) +r(I, — A) —
r(Im — A?) = (I + A) + 1( mfA) -
r(A— AS) =r(A)+r(Im+A) +r{In — A) —2m,
and Lemmas 2.1 and 2.2. O

Theorem 2.9. Let A, B € C™*" be given. Then the following 6 statements are equivalent:
. _ (AT A 0 _
() {(A+B)}2 { A [0 Bu = }

(i) {(A+B)" g {A 44 0

0 B*BB*] [AA7, BB*}} :

(iii) {(A+B)"} 2

A
B

[ATAT 7AYo _
s [ BT][AAT, BB }

{_BT 0
o aesry2 (il 53] [ B0 B3] [E]}
o waeory2 {3y 55 [0 a5 (2]}
(vi) A+ B=0 or r(A+B):r{g} +r[A, B] = r(A) — r(B).

Proof. Writing the sum A + B as a triple matrix product

A+ B = [In, I’”]{é g} [ﬁ]’

and applying Theorem 2.5 to it yield the desired results. O

It is no doubt that the preceding results can be extended to general settings. For example, the following two
groups of results can be shown by Lemmas 2.1 and 1.3.

Theorem 2.10. Let A; € C™*™2 Ay € C™3*™2 A3 € C™3*™4 Ay € C™X™  and A5 € C™*™6, Ag €
C™7x™6 Az € C™7*™8 and A € C™8*™ qre given. Then the following fact holds Then the following 4 statements
are equivalent:

(1) {A1A7 AsA; AsAg A7} C {A™}.
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(i) {AA1 Ay AsA; AsAg A7} C {AA™}.
(ifi) {A1 Ay AsA; AsAg A7 A} C {A™ A},

0 As Ao
(iv) A=0orr|As A4 0 =r(Az2) + r(As) + r(4s) — r(4).
As 0 —A7AA
Theorem 2.11. let A € C™*™ B € C"*?, C € C**9 and D € C?*° be given, and denote N = ABCD. Then
the following 8 statements are equivalent:
(i) {N"}2{D"C B A }.
(i) (N7} 2 {(BCD)" A"}, {BCD)"} 2 {(CD) B}, and {(CD)"} 2 {D~C"}.
(i) {N"} 2 {D(ABC)"}, {(ABC)"} 2 {C(AB)"}, and {(AB)"} > {B~A"}.
() {N"} 2 {(CD) (AB)"}, {(AB)"} 2 {B" A"}, and {(CD)"} 2 {D"C"}.
(v) N =0 or #(N) = r(A) + r(B) +(C) + (D) = n —p— g.
(vi) N=0 or {r(N) =r(A) +r(BCD) —n, r(BCD) =r(B)+r(CD) —p, r(CD) =r(A)+r(B) —q}.
(vii) N=0 or {r(N)=r(ABC)+r(D) —q, r(ABC) =r(AB) +r(C) —p, r(AB) =r(A) + r(B) — n}.
) N=0or {r(N)=r(AB)+r(CD)—p, r(AB) =r(A)+r(B) —n, and r(CD) =r(C) + r(D) — p}.

(viii

Note that the preceding results and facts concern only with a matrix equality for {1}-generalized inverses of
mixed products of matrices. As extensions, it would be of interest but challenging to approach various matrix
equalities for {4, ..., j}-generalized inverses of multiple matrix products.
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